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Abstract

This dissertation investigates quantum gravity effects and black hole unitarity within the
framework of semiclassical two-dimensional dilaton gravity with the aim at resolving the infor-
mation loss paradox. A central objective is to reproduce the Page curve for the experimentally
relevant dimensionally reduced Schwarzschild black hole, in both evaporating and eternal con-
figurations. To this end, we first develop a coherent method for constructing eternal and
evaporating black hole geometries based on a symmetric ansatz for two-dimensional spacetimes
that admits a Killing vector. With this ansatz in place, we obtain the classical static vacuum
solutions to the equations of motion. Next, we describe a classical collapse scenario by smoothly
matching two such vacuum regions across an infalling matter shockwave. We then incorporate
quantum corrections and solve the quantum-corrected equations of motion in perturbations
around the classical vacuum black hole and the classical collapse scenario by specifying the
Hartle–Hawking state and the Unruh state, respectively, as the underlying quantum states.
The Hartle–Hawking state leads to an eternal black hole solution, whereas the Unruh state
describes an evaporating black hole. Finally, by applying the island rule, we successfully derive
the Page curve in both of these setups.

The second part of this work investigates how spacetime torsion enters black hole ther-
modynamics, with the specific aim of preparing the ground for studying its influence on the
island formula by identifying viable two-dimensional spacetimes with nonzero torsion. To con-
struct such two-dimensional torsional models, we carry out a dimensional reduction of a five-
dimensional Chern–Simons theory. Examining minimal couplings to various matter fields, we
uncover distinct cosmological solutions and a charged Riemannian black hole. In particular,
coupling gravity to Dirac spinors gives rise to a fermionic soliton-star that undergoes a charac-
teristic phase transition: a fully regular fermionic star configuration collapses into a localized,
non-extremal singular horizon once a critical parameter is surpassed. In summary, this work
develops a robust computational framework for studying evaporating black holes and supplies
two-dimensional spacetime solutions with torsion that can be employed in future analyses of
how spacetime torsion alters fine-grained entropy.

Key words: 2D dilaton gravity, black hole thermodynamics, information loss paradox, black
hole evaporation, Page curve, island formula, dimensional reduction, Chern-Simons gravity,
spacetime torsion

Research field: physics
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Apstrakt

Ova disertacija istražuje efekte kvantne gravitacije i unitarnost crnih rupa u okviru semik-
lasične dvodimenzionalne dilatonske gravitacije sa ciljem razrešenja paradoksa gubitka infor-
macija. Glavni cilj disertacije je reprodukcija Pejdžove krive za eksperimentalno relevantnu
dimenziono redukovanu Švarcšildovu crnu rupu, kako u isparavajućoj tako i u večnoj konfigu-
raciji. Najpre razvijamo metod za konstruisanje geometrije večnih i isparavajućih crnih rupa
zasnovan na simetričnom ansatzu za dvodimenzionalno prostor-vreme sa Kilingovim vektorom.
Koristeći ovaj ansatz, dobijamo klasična statička vakuumska rešenja jednačina kretanja. Zatim
opisujemo scenario klasičnog kolapsa glatkim spajanjem dve odgovarajuće vakuumske oblasti
preko kolapsirajućeg talasa materije. Potom dodajemo u naš model kvantne korekcije i rešavamo
kvantno-korigovane jednačine kretanja korisreći perturbativni razvoj oko klasične vakuumske
crne rupe, kao i klasičnog scenarija kolapsa, birajući Hartli-Hokingovo kvatno stanje i Unruhovo
kvantno stanje, redom. Na kraju, uspešno izvodimo Pejdžovu krivu u obe konfiguracije.

Drugi deo ove disertacije bavi se uticajem nenulte torzije u prostor-vremenu na termodi-
namiku crne rupe, sa ciljem izučavanja efekata u formuli sa ostrvom pomoću nalaženja odgovara-
jućih dvodimenzionalnih prostor-vremena sa nenultom torzijom. Da bismo konstruisali takve
dvodimenzionalne modele sa torzijom, primenjujemo dimenzionu redukciju petodimenzionalne
Čern–Sajmonsove teorije. Ispitujući minimalna kuplovanja sa različitim poljima materije, otkri-
vamo razna kosmološka rešenja kao i naelektrisnanu crnu rupu u Rimanovskom sektoru teorije.
Posebno, sprezanje gravitacije sa Dirakovim spinorima dovodi do fermionske solitonske zvezde
koja doživljava karakterističan fazni prelaz: potpuno regularna konfiguracija fermionske zvezde
se kondenzuje u lokalizovani, neekstremalni singularni horizont nakon što se desi fazni prelaz.
Ukratko, ovaj rad razvija računarski okvir za proučavanje isparavajućih crnih rupa i pruža
rešenja za dvodimenzionalna prostor-vreme sa torzijom.

Ključne reči: 2D dilatonska gravitacija, termodinamika crnih rupa, pardoks gubitka informacija,
isparavanje crnih rupa, Pejdžova kriva, pravilo ostrva, dimenziona redukcija, Čern-Sajmons
gravitacija

Naučna oblast: fizika

Uža naučna oblast: fizika visokih energija
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Chapter 1

Introduction

In this dissertation, we study certain thermodynamic aspects of black holes. Black holes arise
as some of the earliest known solutions to Einstein’s field equations. In 1915, Einstein presented
his General Theory of Relativity [2], and in that same year Karl Schwarzschild found the first
spherically symmetric solution of Einstein’s equations [3]. This solution is characterized by the
presence of a singularity, that is, a point where the curvature of spacetime ceases to be well
defined. In addition, this singularity is concealed behind a surface called the event horizon.
More precisely, the event horizon is a boundary that separates spacetime into two distinct
regions. Inside the region enclosed by the horizon, the future evolution of all particles, including
light, is the same: they inevitably end at the singularity. Put differently, once a particle crosses
the event horizon, the gravitational field becomes so intense that escaping would demand a
speed exceeding that of light, which is physically impossible. As a result, the particle remains
confined. Because of these characteristics, this solution is known as a black hole.

1.1 Historical overview of the black hole thermodynamics

As research progressed, further black hole solutions were identified, the most general of which is
the Kerr–Newman solution [4, 5]. This solution provides the most general vacuum configuration
of Einstein’s equations coupled to electrodynamics, describing a singularity concealed behind
an event horizon. Black holes can, in fact, be fully characterized by only a few parameters, i.e.,
conserved quantities: the mass M , the angular momentum (spin) J , the electric charge Q, and
the magnetic charge P . Using Killing vectors, which encode spacetime symmetries, one can
determine these conserved quantities. They are connected via the Smarr relation [6], which
can be derived purely from the spacetime geometry [7]:

M =
κA

4πG
+ 2ΩHJ + ΦHQ+ΨHP, (1.1)

where κ denotes the surface gravity, A is the area of the event horizon, G is Newton’s gravi-
tational constant, ΩH is the angular velocity of the horizon, ΦH is the electric scalar potential
at the horizon, and ΨH is the magnetic scalar potential at the horizon. This formula closely
resembles Euler’s equation in thermodynamics [8], which prompted many researchers to regard
black holes as thermodynamic systems. Taking into account that M = M(A, J,Q2, P 2) is a
homogeneous function of degree 1/2, together with the Hawking area theorem [9], ∆A ⩾ 0,
which is always satisfied, the first law of black hole thermodynamics was established in the
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mid-20th century in the form [10]:

dM =
κ

8πG
dA+ ΩHdJ + ΦHdQ+ΨHdP. (1.2)

From equation (1.2), up to an overall numerical factor, Bekenstein inferred which quantities
should be interpreted as the temperature and entropy of a black hole:

T = α
κ

8π
∧ S =

A

αG
. (1.3)

Information loss paradox

From a classical standpoint, a black hole that “swallows” everything that comes near it should
not exhibit any temperature. Thus, the quantity obtained earlier could not be regarded as a
genuine temperature; it was instead understood merely as a mathematical construct highlight-
ing a formal analogy with thermodynamics. This interpretation remained dominant until 1974,
when Hawking performed the quantization of fields on the fixed Schwarzschild black hole back-
ground. He showed that this semiclassical framework—combining quantum field theory with
general relativity—implies that a stationary observer at infinity measures black hole radiation
with a thermal spectrum and a well-defined temperature. This result determines the previously
undetermined parameter to be α = 4 [11, 12, 13]. It was the first clear indication that black
holes behave as genuine thermal systems.

Two years before Hawking’s discovery, Bekenstein had hypothesized that black holes must
carry entropy [14], and the following year he argued that the proportionality constant should
be very close to α = 4 [15]. Consequently, the expression for black hole entropy is known as
the Bekenstein–Hawking formula and is written as

SBH =
kBA

4l2p
, (1.4)

where lp =
√

Gℏ
c3

denotes the Planck length. Up to this point we have employed natural units
with c = kB = ℏ = 1, whereas here the constants have been reinstated to emphasize the
physical dimensions.

Thus, the notion that black holes possess entropy was confirmed; however, this led to a new
set of problems. The subsequent task was to compute the entropy of the radiation emitted
by the black hole, known as Hawking radiation. Because this entropy is associated with the
subsystem corresponding to the radiation, it is actually the fine-grained entropy. In contrast, the
Bekenstein–Hawking entropy is a coarse-grained entropy, defined as a thermodynamic quantity.
Hawking’s analysis demonstrated that the fine-grained entropy grows monotonically over time
throughout the evaporation process, up until the black hole has completely evaporated. This
behavior is incompatible with unitary time evolution in quantum mechanics. Specifically, if
the black hole is formed by the collapse of a pure state, as is generally assumed, then after
evaporation one is left with a mixed state of radiation. Such an evolution is non-unitary. This
inconsistency is referred to as the Hawking information paradox. Hawking himself did not
consider it a paradox, but instead interpreted it as evidence that black holes act as systems
into which information can fall and be permanently lost [16].

In contrast, numerous researchers challenged this conclusion and sought to pinpoint a mis-
take in Hawking’s calculation of the radiation entropy. As a result, in 1992 Page introduced a
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particular time dependence for the entropy of Hawking radiation so that the overall evolution
would remain unitary [17, 18]. This time dependence is now referred to as the Page curve.

Throughout the 1990s, a large number of papers on black hole entropy appeared, aiming
to address the information paradox, that is, to understand why information seems to be lost.
Many authors followed Hawking’s argument and assumed that quantum fields propagating on
a black hole background do not evolve unitarily. To study this issue, two-dimensional dilaton
gravity models were developed as simplified frameworks. The most prominent among these
are the CGHS model [19] (named after Callan, Giddings, Harvey, and Strominger) and the JT
model [20, 21] (named after Jackiw and Teitelboim). These are not realistic models but rather
“toy models,” designed to capture only the qualitative features of black hole evaporation; a
precise, quantitative treatment still requires numerical computations.

To model black hole evaporation, quantum corrections to the classical theories must be
taken into account. When the matter sector consists of massless scalar fields, this leads to the
inclusion of the Polyakov–Liouville term [22] in the action. However, adding this term alone
does not yield analytic solutions, so additional correction terms were introduced to preserve
analyticity. For the CGHS model, there are two widely used such extensions: the RST model
[23, 24] (named after Russo, Susskind, and Thorlacius) and the BPP model [25] (named after
Bose, Parker, and Peleg). In the 1990s, analyses of both of these models pointed to the same
outcome: black hole evaporation leads to information loss [26, 25]. These constructions were
originally motivated by, and derived from, string theory.

Fine-grained entropy in gravitational systems

In parallel with efforts to resolve the information paradox, Gerard ’t Hooft introduced the
holographic principle in 1993 [27]. By revisiting Hawking’s original results from the 1970s, he
argued that the number of degrees of freedom associated with a black hole scales with the
area of its horizon. This notion was then developed further by Susskind in his 1995 work [28],
where he treated the entire spacetime as the boundary of a higher-dimensional bulk, effectively
portraying the universe as a hologram. The most influential development inspired by the
holographic principle came shortly thereafter in Juan Maldacena’s 1997 paper, which introduced
the AdS/CFT correspondence [29] (Anti-de Sitter/conformal field theory). This work rapidly
became the most cited publication in the history of theoretical high-energy physics.

Drawing on ideas from string theory, and AdS/CFT correspondence in particular, Ryu and
Takayanagi proposed in 2006 a relation between fine-grained (entanglement) entropy and the
conformal field theory defined on the boundary of Anti-de Sitter spacetime. This relation is
now known as the Ryu–Takayanagi formula [30]. A covariant generalization of this formula
was presented in 2007 [31]. The central idea is grounded in the Bekenstein–Hawking expression
for black hole entropy:

SI = min
I

{
ext
I

[
A[I]

4G

]}
, (1.5)

where I denotes a subregion of the boundary of a space-like hypersurface, and A[I] is the area
of the corresponding surface I.

Even so, most researchers in this area aimed primarily at reproducing the Page curve, be-
cause the principle of unitarity in quantum mechanics is broadly accepted. The Ryu–Takayanagi
formula on its own failed to yield the Page curve in any concrete model, but it served as the
initial step toward formulating a general expression for the fine-grained entropy of gravitational
systems. Substantial advances followed. By carrying out a more sophisticated analysis of the
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gravitational path integral, originally introduced by Gibbons and Hawking [32], Maldacena and
Lewkowycz in 2013 derived a formula for the generalized fine-grained entropy in gravitational
systems [33, 34]:

SFG = min
I

{
ext
I

[
A[I]

4G
+ Ssemi−cl (ΣI ∪ Σrad)

]}
. (1.6)

In this work, they introduced the concept of islands ΣI and their boundary I, which appears
in the formula via the Ryu–Takayanagi area term. In addition, they included the semiclassical
fine-grained entropy of the combined region made up of the island ΣI and the Hawking-radiation
region Σrad.

The key insight is that, contrary to the earlier assumption that only a single saddle—the
Hawking saddle—contributes, the gravitational path integral actually has two saddle points.
Using the replica-wormholes construction, a second saddle point, the replica-wormhole saddle,
was identified. The Hawking saddle yields a contribution to the fine-grained entropy that
grows indefinitely, whereas the replica-wormhole saddle gives a contribution that decreases
monotonically. Taking the minimum of these two competing contributions, the formula (1.6)
reproduces the Page curve correctly. Since the replica-wormhole construction arises simply as
an implementation of the replica trick in theories with dynamical gravity, it is expected that
the island rule should apply to essentially any type of black hole.

In the years that followed, many works appeared that refined this formula into its now-
standard form [35, 36, 37]. The main issue was whether it genuinely reproduces the Page curve
in explicit models. This was ultimately demonstrated first in JT gravity in 2019 [35, 38, 39],
and subsequently in the RST/BPP model in 2021 [40, 41] and the DREH model between
2022 and 2025 [42, 43]. Building on this foundational derivation of the Page curve, it has
since been obtained in a broad class of two-dimensional dilaton gravity theories [44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59], as well as in several higher-dimensional
constructions [60, 61, 62, 63, 64]. Additional noteworthy investigations of entanglement entropy
in gravitational settings include [65, 66, 67, 68, 69]. At face value, these results may suggest
that the information paradox has been resolved. Nonetheless, important issues remain open,
such as the detailed quantum state of Hawking radiation, the reconstruction of the relevant
causal diamond [70, 71, 72], and related questions.

1.1.1 Chern-Simons theory of gravity

Another major line of research that emerged over the last century is Chern–Simons theory.
What started as a purely mathematical construction for analyzing topological invariants of
manifolds—especially the Pontryagin characteristic classes—has become a central pillar of con-
temporary theoretical physics. It is applied not only in gravitational and topological quantum
field theory contexts, but also in condensed matter physics to characterize topological phases
of matter, such as those appearing in the fractional quantum Hall effect. The theory was first
introduced by mathematicians Shiing-Shen Chern and James Simons in their seminal 1974
paper [73]. In this work, they identified a boundary term that cannot be defined globally by
a gauge-invariant tensor, yet whose integral over a closed odd-dimensional manifold yields a
topological invariant.

The first appearance of Chern-Simons theory in physics occurred when researchers recog-
nized that this mathematical construct exhibits distinctive physical features, largely because its
action does not depend on the metric and is therefore topologically invariant. In 1982, Stanley
Deser, Roman Jackiw, and Stephen Templeton brought the Chern-Simons term into the realm
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of physics [74]. They demonstrated that incorporating this term into the Einstein–Hilbert
or Maxwell actions in (2 + 1) dimensions generates a mass for the graviton or photon with-
out violating gauge invariance—a mechanism now known as Topologically Massive Gravity or
Topologically Massive Electromagnetism. In 1989, Edward Witten transformed the subject
by proving that Chern-Simons theory defines a Topological Quantum Field Theory (TQFT)
[75]. He famously employed it to formulate a quantum field theoretic description of the Jones
polynomial, a knot invariant in mathematics. This achievement forged a deep link between
physics and topology and played a key role in Witten’s award of the Fields Medal.

The first concrete application to general relativity appeared in 1988. In (2+ 1) dimensions,
general relativity becomes strikingly simple: it lacks local propagating degrees of freedom and
thus realizes a TQFT. Achúcarro and Townsend [76], followed by Witten [77], showed that ordi-
nary three-dimensional general relativity is mathematically equivalent to a pure Chern-Simons
gauge theory. This was the first explicit realization of gravity as a pure gauge theory. Build-
ing on this, in 1992 Bañados, Teitelboim, and Zanelli found that 3D gravity with a negative
cosmological constant admits black hole solutions [78]. Since the bulk theory is purely topolog-
ical (Chern-Simons), the degrees of freedom accounting for the black hole entropy are entirely
localized on the boundary. This represented a major conceptual advance and anticipated the
holographic principle.

In the early 1990s, Ali Chamseddine and collaborators formulated Chern-Simons gravity
and supergravity in arbitrary odd dimensions [79], exploiting the fact that the CS form ex-
ists only in odd-dimensional spacetimes. In contrast to standard Einstein gravity, higher-
dimensional Chern-Simons theories for gravity include higher powers of the curvature, yet they
uniquely evade the occurrence of pathological “ghosts” (negative-energy modes) that usually
plague higher-derivative models. In 1996, Strominger and Vafa demonstrated that string the-
ory can account for the microscopic origin of Bekenstein–Hawking entropy by employing the
five-dimensional Chern-Simons term in minimal 5D supergravity and, in this way, successfully
counted the microstates of five-dimensional black holes [80].

A key feature of the five-dimensional Chern-Simons theory of gravity is that, although the
action has no explicit dependence on torsion, torsion does not vanish on shell, unlike in stan-
dard four-dimensional General Relativity. Consequently, one must adopt the Riemann–Cartan
geometric framework to correctly analyze solutions with nonzero torsion [81]. More generally,
in any spacetime dimension there exists a class of Lagrangians—known as Lovelock Lagrangians
[82]—that contain higher-order curvature terms while preserving properties analogous to those
of ordinary General Relativity. A thorough and foundational exposition of the geometric for-
mulation of Chern-Simons gravity in all odd dimensions is provided by Zanelli in his 2012 work
[83], which details the gauge-theoretic construction, the structure of local degrees of freedom,
and the way in which one passes from standard General Relativity to these Lovelock-type
gravitational theories.

In studying the thermodynamics of any gravitational theory, boundary terms play a crucial
rule. The asymptotic symmetries of AdS3 spacetime were first analyzed by Brown and Henneaux
in their 1986 work [84]. A systematic treatment of boundary terms in Chern–Simons theories
in odd dimensions was later developed by Mišković and Olea in [85]. Their paper introduces
an elegant framework for handling boundary conditions, counterterms, and the regularized
evaluation of Noether charges, which is further extended in [86].

The thermodynamics of three-dimensional Chern–Simons gravity with torsion has been
explored in [87, 88]. In [87], the authors present a thorough study of three-dimensional
black holes in Einstein–Maxwell theory endowed with both gravitational and electromagnetic
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Chern–Simons terms. They construct intrinsically rotating, geodesically complete solutions
and confirm that their mass, angular momentum, and entropy obey the first law of black
hole thermodynamics. In contrast, [88] derives generalized asymptotic configurations for 3D
Maxwell Chern–Simons gravity and proposes a new extension that introduces torsion through a
deformed Maxwell algebra. They show that, whereas the torsionless sector leads to flat cosmo-
logical spacetimes, the torsional sector gives rise to BTZ-like geometries in which the entropy
depends not only on the horizon area but also on additional spin-2 fields integrated over the
horizon. Finally, in five dimensions, one finds a well-defined BTZ-type black hole with torsion,
whose thermodynamics, when coupled to an SU(2) soliton, is analyzed in the recent work [89].

1.2 Motivation

The Einstein–Hilbert action and its black hole predictions form the foundation of contemporary
gravitational theory. Over the decades, numerous experiments have been carried out with the
aim of testing Einstein’s theory of gravity [2], and all have confirmed its validity. The first key
success was the explanation of the anomalous precession of Mercury’s orbit around the Sun,
where the general relativistic correction matches observations with remarkable precision. This
was followed by the confirmation of gravitational lensing, in which a single source (typically
a galaxy) appears in two distinct directions in the sky as seen from Earth. This effect arises
because light is deflected when it passes near a massive body such as a black hole, exactly as
predicted by general relativity. The most recent observational breakthroughs provide especially
compelling evidence for Einstein’s theory: the first ever image of a black hole [90] and the
observation of gravitational waves [91].

Another central feature of general relativity is the set of cosmological solutions it admits,
many of which describe our universe quite accurately. In this domain, there is an even larger
body of experimental data, most notably the observations of the cosmic microwave background
(CMB) radiation. Yet general relativity by itself does not account for the small temperature
fluctuations observed in the CMB. These are generally viewed as phenomena that require a
complete theory of quantum gravity. Consequently, researchers turn to semiclassical meth-
ods—where quantum fields are defined on a curved spacetime background—to explain these
features, and such approaches have achieved partial success.

The same technique is employed to account for the thermal character of black holes. Conse-
quently, they must emit radiation and lose energy—an effect that cannot be understood without
invoking quantum field theory in curved spacetime. Although this phenomenon has not yet
been confirmed experimentally, because the predicted temperature of a black hole is on the
same order of magnitude as the CMB temperature, it is regarded as an unavoidable aspect of
black hole physics. Therefore, it deserves deeper study.

This leads to crucial questions, such as: Do black holes—and by extension, general rela-
tivity—respect the principles of quantum mechanics? In particular: Is black hole radiation
governed by a unitary time evolution? Furthermore, this issue should be investigated in more
intricate settings as well, including cosmological solutions of Einstein’s equations.

The island formula (1.6), obtained from the gravitational path integral, offers a framework
that reproduces the Page curve and thereby suggests that the underlying evolution is unitary.
Nonetheless, this does not yet guarantee that the Hawking radiation itself evolves unitarily,
since the Page curve only captures the correct time dependence of the fine-grained entropy.
Several questions remain unresolved. For instance: Is it possible, in principle, to reconstruct
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the full information about the initially infalling matter solely from measurements performed on
the Hawking radiation?

At present, the explicit form of the island formula is well understood only in two spatial
dimensions. Consequently, the Page curve has been computed primarily in a limited set of "toy
models" based on two-dimensional dilaton gravity, and often in the unphysical context of an
eternal black hole, which describes a black hole in thermal equilibrium with its surroundings.
In this work, we succeed in reproducing the Page curve within a physically relevant DREH
model, derived from experimentally tested Einstein’s general relativity. Moreover, we achieve
this for both the eternal black hole case and the fully evaporating black hole scenario.

The importance of torsion

The second line of research in this dissertation focuses on the dimensionally reduced five-
dimensional Chern–Simons theory. Although this is not a physical theory, the first giveaway
being that it is define in five spacetime dimensionsit nevertheless admits black hole solutions
with non-vanishing torsion. In contrast, general relativity is intrinsically torsion-free, as it is
formulated on a Riemannian manifold. However, such manifolds do not exhaust all geometries
that can arise from the fundamental postulates of general relativity. In particular, the equiva-
lence principle can be viewed as implying that gravity results from the localization of Poincaré
symmetry. When the Poincaré group is localized in this way, the most general resulting manifold
is a Riemann–Cartan manifold, which allows for non-zero torsion.

The presence of torsion has not yet been confirmed experimentally, but we still cannot
definitively claim that spacetime is torsion-free. In many theoretical frameworks, torsion is
intimately connected to the nontrivial interaction between Dirac fermions and gravity, for
example in configurations such as fermionic soliton star solutions. The canonical case is the
Einstein–Cartan theory, which extends general relativity to a Riemann–Cartan spacetime. In
fact, when fermions are absent in this theory, the resulting equations of motion reduce to
Einstein’s field equations, which enforce vanishing torsion.

The central question to be addressed is: How does non-vanishing torsion affect the fine-
grained entropy of gravitational systems such as black holes? Since this problem is too broad, a
more precise first step is to ask: How should the island formula (1.6) be modified to incorporate
the effects of torsion? At the time of writing this dissertation, this remains unresolved. Even
the correct torsion-inclusive generalization of the Ryu–Takayanagi formula is not yet known.
In this context, five-dimensional Chern–Simons theory provides an excellent testing ground for
exploring torsion, as it admits a BTZ-like black hole solution with torsion. From the viewpoint
of the island formula, however, it is natural to dimensionally reduce the full five-dimensional
Chern–Simons theory to two dimensions and consequently recast it as a two-dimensional dilaton
gravity theory that includes both torsion fields inherited from higher dimensions and torsion
intrinsic to two dimensions.

The initial task in pursuing these questions is to obtain solutions with torsion in two-
dimensional dilaton gravity. This is the specific goal of this dissertation within this broader
research program. Achieving this paves the way for the next step: attempting to modify the
Ryu–Takayanagi formula so that torsion is properly taken into account. Ultimately, once the
correct torsion-inclusive formula is established, it should be applied to compute the Page curve
in the dimensionally reduced, experimentally tested Einstein–Cartan theory of gravity.
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1.3 Key results

This dissertation pursues two separate directions within the framework of two-dimensional
dilaton gravity. The first focuses on analyzing the fine-grained entropy of gravitational systems,
while the second explores a dimensionally-reduced model of five-dimensional Chern-Simons
theory, with the ultimate aim of understanding how non-zero torsion influences the fine-grained
entropy in such systems. We begin by outlining the central method used to compute the various
solutions developed in this thesis.

The first key result is the construction of the symmetric ansatz in Section 3.1, designed
to describe 2D spacetimes that admit at least one Killing vector. This ansatz provides a
straightforward route to obtain the equations of motion for any static configuration in 2D
dilaton gravity, including classical vacuum solutions, asymptotically flat Minkowski-like vacua,
and eternal black hole scenarios. Every such solution is characterized by (F+,F−, C, f), where
F± encode the coordinate transformations from an arbitrary coordinate system to Edding-
ton–Finkelstein coordinates associated with the chosen Killing vector, and C denotes a set of
integration constants (or charges) that specify the particular solution. The quantity f repre-
sents a collection of arbitrary functions, which typically emerge from residual gauge freedoms
in the higher-dimensional parent theory from which the 2D dilaton gravity model is obtained.

The same ansatz can be employed to formulate the classical collapse scenario, as discussed
in Section 3.4, where infalling matter propagates along a null hypersurface. In this framework,
the spacetime on each side of the null hypersurface must be given by one of the static vacuum
solutions. By requiring a continuous matching of these vacuum regions across the infalling
matter hypersurface, one relates the parameters of the two solutions. Specifically, the presence
of infalling matter induces a discontinuity in F− and in the charges C, while the other coordinate
transformation remains unchanged. In most situations, these junction conditions fully fix the
remaining gauge freedom and thereby determine any arbitrary functions that may appear in
the general vacuum solutions.

Another important aspect of this matching procedure is that it allows one to obtain a formal
expression for the mass of the spacetime in terms of its parameters, providing an alternative
route to determine the thermodynamic properties of the theory.

However, in many cases these equations of motion cannot be solved exactly. In such situ-
ations, one employs a perturbative expansion in the natural parameter ℏ and determines the
equations of motion only up to first order in ℏ. This allows the ansatz to be applied to obtain
the evaporating black hole solution as well. Because the EMT associated with quantum cor-
rections is of order ℏ, one first uses the zeroth-order static solutions to evaluate the EMT, and
only then integrates the equations of motion. The solutions in the regions of spacetime sepa-
rated by the infalling-matter hypersurface are then characterized by (F+,F−, C, t+(σ

+), t−(σ
−)),

where the additional functions t±(σ±) encode the specific quantum state of the fields. After
enforcing continuous matching of the two solutions across the dividing hypersurface the coor-
dinate transformation F− and constants C receive additional quantum corrections, leading to a
quantum-corrected collapse scenario. This procedure is described in full detail in Section 3.4.1.

We have employed this method to obtain both the eternal and evaporating black hole so-
lutions in the DREH model, as presented in Sections 5.2.3 and 5.3, respectively. An analogous
procedure is applied in the Riemannian sector of the DR5DCS model, where the corresponding
solutions are constructed in Sections 6.2.3 and 6.3, respectively. One might anticipate diffi-
culties near the end-point of evaporation, since the standard non-perturbative solutions in the
BPP and RST models exhibit non-analytic behavior in this region of spacetime. Our method,

8



CHAPTER 1. INTRODUCTION

however, captures precisely this non-analyticity and correctly reproduces the energy balance,
the thunderpop, and the end-state geometry in each model.

The central findings of this research program are summarized in Chapter 10, where we
successfully obtain the Page curve for the DREH model in both the eternal and evaporating
black hole scenarios. The perturbative analysis reproduces the expected behavior of the Page
curve, determines the Page time, and thereby establishes the unitary time evolution of the
fine-grained entropy in the DREH model.

The central outcome of the second line of research is derived in Section 2.3, where the
complete 5DCS theory is dimensionally reduced to two dimensions over the 3-sphere, yielding
the following action:

SDRCS5 =
kπ2

(λl)3

∫
d2x
√
−ge−3ϕ

{(
1 +

3

x2
(
1− Φ2 − θ2

))[
R+ 2εαβ∂αKβ +

2

l2

]
+

4

l2
+

6

lx3
θ2∇αϕ

α +
6

lx

(
1 +

1

x2
(
1− Φ2 − θ2

))[
∇αϕ

α − εαβϕαKβ

]
− 6

x2

[
∇αϕ

β∇βϕ
α −∇αϕ

α∇βϕ
β − εαβKα∇βΦ

2

]}
+ Smat,

(1.7)

In this manner, a two-dimensional dilaton gravity theory with torsion is obtained. Its properties
are examined in detail in Chapter 7. There, it is shown that the general vacuum geometry is
inherited from the original 5DCS theory and corresponds to a BTZ black hole with a non-
vanishing five-dimensional torsion field, which manifests in the 2D theory as a scalar field θ.
This field θ effectively serves as a Lagrange multiplier, imposing a constraint that substantially
restricts the phase space of admissible solutions. In Section 7.2.1, we adopt the symmetric
ansatz and exploit this constraint to explicitly determine all additional fields originating from
the dimensional reduction and the two-dimensional torsion as well, in the presence of two-
dimensional matter. We demonstrate that, as long as θ ̸= 0, the 2D torsion is necessarily
non-vanishing as well.

In Section (7.3) we solve the ensuing equations of motion in the presence of matter that is
minimally coupled to gravity. We consider several types of matter fields. The most compelling
solutions are found when a Dirac spinor field is minimally-coupled to both gravity and torsion.
In that setting, we demonstrate that the system supports a fermionic soliton star configuration
with a clearly defined phase transition mechanism. The transition is governed by two param-
eters, µ and P . For

∣∣ µ
P

∣∣ > π
4
, the solution corresponds to a completely regular spacetime, free

of horizons and singularities. Once this critical threshold is crossed, however, the fermions
condense at a particular spacetime location where the fermion density ψ̄ψ diverges. This diver-
gence in the density produces a curvature singularity and a horizon precisely at that location.
The associated horizon has non-vanishing surface gravity, so the resulting configuration is non-
extremal. We anticipate that including quantum corrections will remove, or “smooth out,” this
singularity.

Beyond the fermionic star configuration, we uncover a wide variety of additional solutions.
In most situations, coupling to scalar fields leads to cosmological solutions. These are typi-
cally singular and often describe spacetimes oscillating between a big bang and a big crunch
events. In some cases, additional singularities arise in between them, occurring at spacetime
locations where the scale factor remains finite. Singularities of this kind are referred to as
sudden singularities and have been thoroughly studied in the literature [92, 93].

9



CHAPTER 1. INTRODUCTION

1.4 Organization

The dissertation is divided into two main parts. The first part, comprising Chapters 2-7, focuses
on two-dimensional dilaton gravity. Various models are presented, their equations of motion
are solved, and quantum corrections are incorporated, leading to both eternal and evaporating
black hole solutions. The second part, consisting of Chapters 8-10, is devoted to the study of
fine-grained entropy in the framework of 2D dilaton gravity, where the Page curve is recovered
for several different models. The final chapter provides concluding remarks.

In Chapter 2 we present the framework of dimensional reduction. This framework is cen-
tral to the thesis, since all theories under consideration are obtained from higher-dimensional
ones by dimensional reduction. We begin by formulating dimensional reduction on a general
Riemannian manifold with a well-defined topology. Using this setup, we then derive the action
for a theory reduced over an n-sphere manifold, and subsequently apply it explicitly to reduce
the five-dimensional Chern-Simons (5DCS) theory and the four-dimensional Einstein-Hilbert
action to two-dimensional dilaton gravity over S3 and S2, respectively. In the final section,
we carry out the dimensional reduction of the full 5DCS theory to a two-dimensional dilaton
gravity with torsion over S3 by employing the most general spherically symmetric ansatz for
both the vielbein and the spin-connection.

Chapter 3 is devoted to the general structure of two-dimensional dilaton gravity. We first
introduce the most general symmetric ansatz for a two-dimensional spacetime that admits at
least one Killing vector. The ansatz for scalar, spinor, vector, and tensor fields, as well as for the
metric and the dilaton is constructed. We then derive the most general covariant conservation
laws in 2D dilaton gravity when non-minimal couplings to curvature and torsion are included.
Next, we incorporate quantum corrections through the Polyakov–Liouville action and study
the transformation properties of the resulting quantum energy-momentum tensor (EMT). The
concluding section of this chapter develops the framework for both classical and quantum-
corrected gravitational collapse, with particular emphasis on a perturbative expansion in ℏ in
the quantum-corrected case.

In Chapter 4 we present an in-depth review of the CGHS model of 2D dilaton gravity,
treated as a fundamental toy model for investigating the entropy of Hawking radiation in an
asymptotically flat spacetime. We begin by deriving the equations of motion and their gen-
eral solutions. We then impose a static ansatz setup, solve the resulting static equations of
motion, and formulate the classical gravitational collapse scenario. After that, we incorporate
Polyakov–Liouville quantum corrections, examine various choices of counterterms that render
the quantum-corrected equations exactly solvable, and determine the most general static vac-
uum solution of these quantum-corrected equations. In the following section, we provide a
detailed analysis of the BPP model, which we adopt as our preferred route. We first construct
the exact quantum-corrected collapse scenario, and then apply the perturbative method devel-
oped in Chapter 3 to demonstrate that it leads to consistent results. The chapter concludes
with a discussion of the thermodynamic properties of the CGHS model.

Chapter 5 focuses on the dimensionally reduced four-dimensional Einstein–Hilbert action
and is organized into three sections. As before, we start by deriving the classical equations
of motion and demonstrate that Birkhoff’s theorem is inhered through the dimensional re-
duction, in the sense that the most general solution of the vacuum equations of motion is
the Schwarzschild black hole spacetime. The second section explains how to incorporate
Polyakov–Liouville quantum corrections in this setting, derives the most general quantum-
corrected static solutions, and discusses both the asymptotically flat static vacuum configura-
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tion and the eternal black hole scenario. The final section systematically introduces evaporating
black hole solutions. In this part, we explicitly compute the end point of evaporation, determine
the final state of black hole radiation, and show that the end-state geometry is the quantum-
corrected Minkowski vacuum solution.

In Chapter 6 we study the Riemannian sector of the dimensionally reduced five-dimensional
Chern-Simons theory (DR5DCS). The organization closely parallels that of the preceding chap-
ter. In the first section, we derive the classical equations of motion together with their most
general vacuum solutions, and then construct the classical collapse scenario and the associated
Penrose diagram. The following section introduces quantum corrections into this framework.
There we obtain the general static solutions to the quantum-corrected equations of motion and
formulate the eternal black hole scenario. The final section is dedicated to the evaporating
black hole solution. We explicitly determine the end-point of evaporation, the corresponding
final state, and the geometry characterizing this end state.

Chapter 7 is devoted to the full dimensionally reduced 5DCS theory with non-vanishing
torsion. Because the equations of motion are, in general, extremely challenging to solve, we
immediately adopt the symmetric ansatz of Section 3.1. Within this framework we derive the
most general symmetric vacuum solution. The second section addresses the general solution
of the gravitational equations of motion. We manage to express all additional fields arising
from dimensional reduction, as well as the two-dimensional contorsion, solely in terms of the
metric, the dilaton, and their derivatives, and from this we obtain the resulting equations for
the dilaton and the metric in terms of the matter EMT and the contorsion current. We then
analyze three distinct cases. First, we consider matter with a completely vanishing contorsion
current; in this regime the matter EMT is entirely determined by the metric. Next, we investi-
gate how non-vanishing components of the contorsion current modify the equations of motion.
The final section examines the coupling of gravity to various matter field theories. We start
with a real scalar field, pure electrodynamics, and spinor field theory, then proceed to scalar
electrodynamics, and conclude with ideal fluid hydrodynamics.

We now turn to the second part of the dissertation. Chapter 8 is devoted to various notions
of entropy in gravitational systems. It is divided into four sections. In the first section, we
highlight the distinction between coarse-grained and fine-grained entropy, and clarify what is
meant by the fine-grained entropy of quantum fields in a gravitational background. We stress
that the crucial ingredient in defining entanglement entropy is the spacetime region in which
the degrees of freedom inaccessible to a static observer reside.

The second section focuses on the Von Neumann entropy in gravity. We begin by computing
the Von Neumann entropy for a Rindler observer and derive the Unruh effect. In the subse-
quent subsections, we examine how changing the inaccessible region affects the fine-grained
entropy and extend the resulting formulas to curved spacetimes, both with and without re-
flective boundaries. The next subsection analyzes how the entropy depends on the choice of
quantum state of the matter fields. This section concludes with a definition of the Hawking
information paradox.

The final section reviews the recent Maldacena–Lewkowycz prescription for evaluating fine-
grained entropy in gravitational systems, following [1]. We begin by presenting the central
dogma, which states that a black hole can be treated as an ordinary quantum system up to a
certain cutoff hypersurface, and then proceed to discuss the reconstruction of the Page curve,
the replica wormhole method, and the problem of entanglement wedge reconstruction.

In Chapter 9 we revisit the derivation of the Page curve in the BPP model. We begin by
computing the Page curve for an eternal black hole, and subsequently analyze the evaporating
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black hole case. For both setups, we first examine the no-island configuration, in which one
recovers the standard Hawking result, and then demonstrate explicitly how incorporating the
island correctly yields the Page curve. At the end of this chapter, we address the reliability of
the Page curve calculation and offer a comment on Page time.

Chapter 10 is devoted to the central result of this dissertation, namely the Page curve in the
DREH model. It is organized into three sections. In the first section, we derive the Page curve
for an eternal black hole, analyze the island and no-island configurations, and comment on their
connection to Wald entropy. The second section focuses on the Page curve in a classical collapse
setup, where we show that the resulting Page curve exhibits the same asymptotic behavior as
in the eternal black hole case, as expected in the absence of quantum back-reaction on the
classical geometry. The final section recovers the Page curve for an evaporating black hole,
with particular emphasis on distinguishing between the island and no-island configurations.

The main text is supplemented by four appendices. Appendix A introduces the Riemann–
Cartan geometry and the spinor conventions employed throughout this dissertation. Appendix
B provides further technical details on the polynomials that appear in the evaporating black hole
solution of the DREH model discussed in Section 5.3. In Appendix C we present a brief review
of the standard four-dimensional Schwarzschild solution. The final Appendix D is devoted to
quantum field theory in curved spacetime, with particular focus on the scalar field. We begin
by discussing canonical quantization in curved spacetime, Bogoliubov transformations, and the
Unruh effect. The fourth section highlights the role of event and Killing horizons within the
black hole spacetimes, while the fifth section derives the Kruskal coordinates and the surface
gravity by imposing regularity of the metric at the horizon. In the last section, we examine the
Hawking effect and Hawking radiation.
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Chapter 2

Dimensional reduction

Higher-dimensional gravitational theories are generally difficult to solve. To address this, one
often attempts to simplify the problem by reducing the number of dimensions. There exist
many consistent methods to carry out such a dimensional reduction. The original historical
proposal, due to Kaluza and Klein [94, 95], suggested introducing a fifth coordinate in order
to unify Einstein’s general relativity with Maxwell’s electromagnetism. To account for the fact
that we do not observe this fifth coordinate, they assumed it is compactified on a tiny circle
with a radius so small that it cannot be detected. Although this framework did not yield the
correct value for the electron mass-to-charge ratio, it nonetheless remains a foundational idea
in modern string theory, where the compactification is done over small complex Calabi–Yau
manifolds, thereby reducing higher-dimensional string theories to an effective four-dimensional
theory.

In this section, we present an alternative approach to dimensional reduction. The idea is
to impose a symmetric ansatz such that the resulting metric has the required topology, and
then integrate out the redundant coordinates. In this way, any solution of the original theory
that possesses the specified topology and symmetries automatically becomes a solution of the
dimensionally reduced theory. Since it is considerably easier to study the thermodynamic prop-
erties in the lower-dimensional framework, this method is particularly valuable, as it ensures
that the desired solutions are indeed captured by the reduced theory.

The chapter is divided into three sections. In the first section, we present a general method
for performing this type of dimensional reduction on a Riemannian manifold. In the follow-
ing chapter, we carry out the dimensional reduction over the n-sphere and, as illustrative
examples, consider the Einstein–Hilbert action and the Riemannian sector of five-dimensional
Chern–Simons theory. In the final part of this chapter, we perform a dimensional reduction
of the complete five-dimensional Chern–Simons theory of gravity, which exhibits a black hole
solution with torsion, which is of great importance for the study of fine-grained entanglement
entropy in gravitational systems with torsion.

2.1 Dimensional reduction of Riemannian manifold

Here we introduce an alternative symmetry-based approach to dimensional reduction of a Rie-
mannian manifold. We begin with an N -dimensional manifold that can be decomposed in K+1
disjunctive sub-manifolds MN = Mn ×Md1 ×Md2 × · · · × MdK , each characterized by its
own dimension da, topology and symmetry properties. The componentMn represents the final
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n-dimensional manifold that remains after the reduction process. The metric on each subman-
ifold is written as ds2a = γ

(a)
iaja

dxiadxja . Accordingly, for the metric on the original manifold we
adopt the following ansatz:

ds2 ≡ GABdX
AdXB = gµνdx

µdxν +
K∑
a=1

1

λ2a
e−2ϕaγ

(a)
iaja

dxiadxja , (2.1)

where we have introduced K dilaton fields ϕa and dimensional constants λa associated with
the corresponding submanifolds. We emphasize that the symmetry requirement is that the
dilaton fields depend solely on the coordinates of the final manifold, namely ϕa = ϕa(x

µ). We
denote the coordinates collectively as XA ∈ {xµ, xi1 , xi2 , ..., xiK}, where Latin indices label the
submanifolds and Greek indices are reserved for the final manifold.

The action of the higher-dimensional Riemannian gravity theory may depend only on the
curvature invariants, namely:

S =

∫
MN

dNX
√
−GL

(
R,RABRAB,RABCDRABCD

)
. (2.2)

Hence, we evaluate these invariants using the ansatz (2.1). In addition to Γρ
µν for the resulting

manifold and Γka
iaja

for each submanifold over which the dimensional reduction is carried out,
the remaining non-vanishing Christoffel symbols are:

Γµ
iaja

=
1

λ2a
e−2ϕaγ

(a)
iaja
∇µϕa, ∀a ∈ {1, 2, ..., K},

Γja
iaµ

= −δjaia∇µϕa, ∀a ∈ {1, 2, ..., K}.
(2.3)

The next step is to compute the Riemannian curvature tensor of the initial manifold using
Christoffel symbols (2.3) and ansatz (2.1). For non-zero components of the Riemannian tensor,
we get:

Rµ
iaνja

=
1

λ2a
e−2ϕaγ

(a)
iaja

(
∇µ∇νϕa −∇µϕa∇νϕa

)
,

Ria
µjaν

= δiaja

(
∇µ∇νϕa −∇µϕa∇νϕa

)
,

Ria
jakala

= R
(a)ia

jakala
+

1

λ2a
e−2ϕa (∇ϕa)

2

(
δialaγ

(a)
jaka
− δiakaγ

(a)
jala

)
,

Ria
ibjajb

= −δiaja
1

λ2b
e−2ϕbγ

(b)
ibjb
∇µϕa∇µϕb,

Rµ
νρσ = Rµ

νρσ,

(2.4)

where Rµ
νρσ and Ria

jakala
are the Riemannian curvature tensors of the final manifold and the

a-th submanifold, respectively. The Ricci tensor is defined by RAB = RD
ADB, and is given by:

Rµν = Rµν +
K∑
a=1

da

(
∇µ∇νϕa −∇µϕa∇νϕa

)
,

Riaja = R
(a)
iaja

+
1

λ2a
e−2ϕaγ

(a)
iaja

(
□ϕa −∇µϕa∇µϕ

)
,

(2.5)

where Rµν and Riaja are the Ricci tensors of the final manifold and the a-th submanifold,
respectively. In addition, we introduce ϕ ≡

∑K
a=1 daϕa. The first curvature invariant, the scalar
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curvature, is directly computed from 2.5:

R = R + (∇ϕ)2 − 2eϕ□e−ϕ +
K∑
a=1

(
λ2aR

(a)e2ϕa − da (∇ϕa)
2) , (2.6)

where R and R(a) denote the scalar curvatures associated with their respective manifolds.
Finally, we evaluate the quadratic curvature terms. The Ricci squared is as follows:

RABRAB = RµνR
µν ++

K∑
a=1

λ4ae
4ϕaR

(a)
iaja

Riaja
(a) +

K∑
a,b=1

dadbe
ϕa+ϕb∇µ∇νe

−ϕa∇µ∇νe−ϕb

+ 2Rµν

K∑
a=1

da (∇µ∇νϕa −∇µϕa∇νϕa) + 2
K∑
a=1

λ2ae
2ϕaR(a) (□ϕa −∇µϕa∇µϕ)

+
K∑
a=1

da (□ϕa −∇µϕa∇µϕ)2 ,

(2.7)

while the Kreshman scalar is given by:

RABCDRABCD = RµνρσR
µνρσ + 4

K∑
a=1

dae
2ϕa∇µ∇νe

−ϕa∇µ∇νe−ϕa + 4
∑

1⩽a<b⩽K

dadb (∇µϕa∇µϕb)
2

+
K∑
a=1

[
λ4ae

4ϕaR
(a)
iajakala

Riajakala
(a) − 4λ2ae

2ϕaR(a)(∇ϕa)
2 + 2da(da − 1)(∇ϕa)

4
]
.

(2.8)
We can see that the resulting action is at most fourth order in derivatives of the dilaton fields.

All of these invariants depend on the corresponding invariants of the submanifold on which
the reduction is carried out. These are the only terms that explicitly depend on the submanifold
coordinates. Substituting (2.6-2.8) into the gravitational action (2.2) and then integrating over
the submanifold coordinates yields an action defined on the final manifold. If one or more
of the submanifolds is non-compact, divergences can arise when attempting to integrate out
the submanifold coordinates. In such cases, an appropriate regularization procedure must be
employed to tame those divergences. In most cases the invariants appear in specific combination
known as Gauss-Bonnet term [96], firstly introduced in Lovelock gravity [97], and later refined
as main ingredient in Gauss-Bonnet gravity:

GB = R2 − 4RµνRµν +RµνρσRµνρσ. (2.9)

This term becomes relevant only in theories with more than five dimensions. In two- and
three-dimensional theories it is exactly equal to zero; while in four dimensions it appears as a
topological term, proportional to the Euler characteristic of the manifold. It arises in topological
gravity theories, most notably in five-dimensional Chern–Simons theory.

Finally, we need to substitute the ansatz (2.1) in order to rewrite
√
−G from (2.2) in terms

of the dilaton fields. Because the metric ansatz is block diagonal, its determinant factorizes
into a product of

√
−g contributions, one from each submanifold:

√
−G ≡

√
−g

K∏
a=1

√
|γa|

(
1

λa
e−ϕa

)da

=
√
−ge−ϕ

K∏
a=1

√
|γa|
λdaa

. (2.10)
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Consequently, the integration decomposes into K separate integrals over submanifolds, each
of which can be computed individually. The corresponding action is then defined on the final
submanifold. Note that, from the standpoint of this final action, Lagrangian terms of the form
eϕ∇µξ

µ are total derivatives and can therefore be disregarded when deriving the equations of
motion.

2.2 Dimensional reduction over n-sphere

In this section we preform the dimensional reduction of manifoldM×Sn over the submanifold
Sn. Since the n-sphere is a maximally symmetric space, the curvature invariants are given by:

R(n) = n(n− 1) ∧ R
(n)
ij R

ij
(n) = n(n− 1)2 ∧ R

(n)
ijklR

ijkl
(n) = 2n(n− 1). (2.11)

Placing this into the scalar curvature yields the following:

R = R + n(n− 1)
[
(∇ϕ)2 + λ2e2ϕ

]
− 2enϕ□e−nϕ. (2.12)

The last term in this expression is a surface term. Consequently, it may be omitted from the
action, since it does not contribute to the equations of motion. The remaining invariants can
likewise be obtained by straightforward substitution. Instead of presenting the full expressions
from this procedure, we only provide the resulting form of the Gauss–Bonnet (2.9) term:

GB =n(n− 1)(n− 2)(n− 3)
(
λ4e4ϕ + 2λ2e2ϕ(∇ϕ)2 − (∇ϕ)4

)
+ 2n(n− 1)

(
λ2e2ϕR + (n− 2)(∇ϕ)2

(
□ϕ− (∇ϕ)2

)
− 2enϕ∇µξ

µ
)
,

(2.13)

where the last term in the second row ∝ enϕ∇µξ
µ represents a total derivative in the action

and as such can be disregarded.

2.2.1 Dimensional reduction of 4D Einstein-Hilbert action over S2

In this section, we consider the dimensional reduction of the Einstein–Hilbert action, commonly
referred to as the DREH model. The four-dimensional action is given by:

S =
1

16πGN

∫
d4x
√
−GR, (2.14)

where GN is the Newton gravitational constant in four dimensions. Since the reduction is
preformed over the S2, the specific four-dimensional metric is given by:

GAB =

(
gµν 0
0 γij

)
∧ γij =

1

λ2

(
e−2ϕ 0
0 e−2ϕ sin2 θ

)
. (2.15)

where the indices correspond to i, j ∈ {2, 3}, while µ, ν ∈ {0, 1}. Here λ is simply a dimensional
parameter. We also assume that gµν = gµν(x

0, x1). In this case, the scalar curvature (2.12) and
the Jacobian (2.10) read:

R = R + 2(∇ϕ)2 + 2λ2e2ϕ − 2e2ϕ□e−2ϕ. (2.16)

d4X
√
−G = d2xdθdφ

1

λ2
√
−ge−2ϕ sin θ. (2.17)
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After integrating out the angles and neglecting the surface term, we arrive at the following
dimensionally reduced action:

Sred =
1

4GNλ2

∫
d2x
√
−ge−2ϕ

[
R + 2(∇ϕ)2 + 2λ2e2ϕ

]
. (2.18)

Let us discuss the dimensionality of the constant appearing in front of the action. Its
dimension matches that of the gravitational constant in two dimensions. This correspondence
enables us to define the two-dimensional gravitational constant as G = λ2GN . To construct
the complete theory, we must also incorporate matter. We introduce matter in the form of a
two-dimensional massless scalar field f . The DREH action then takes the following final form:

SDREH =
1

4G

∫
d2x
√
−ge−2ϕ

[
R + 2(∇ϕ)2 + 2λ2e2ϕ

]
− 1

2

∫
d2x
√
−g (∇f)2 . (2.19)

Note that, as a consequence of the dimensional reduction, the reduced action exhibits a cosmo-
logical constant term as well. In some cases, matter may instead be introduced as a quantity
obtained through dimensional reduction by starting from the four-dimensional scalar field action
and then performing the reduction. In this formulation, the matter Lagrangian is multiplied
by a factor e−2ϕ [98].

2.2.2 Dimensional reduction of 5D Chern-Simons theory over S3

In this subsection, we preform the dimensional reduction of the five-dimensional Chern–Simons
(5DCS) action over S3, obtaining a two-dimensional dilaton gravity theory. Although 5DCS
gravity generally allows for non-zero torsion, here we restrict our analysis to the torsion-free
Riemannian sector. The action can be written as [99]:

S
(5)
CS =

k

2l3

∫
d5x
√
−g
[
R+

6

l2
+
l2

4

(
R2 − 4RABRAB +RABCDRCDAB

)]
. (2.20)

In the same way as in the case of Einstein-Hilbert action, we assume that the metric has a
block diagonal form:

ds2 = gµνdx
µdxν +

1

λ2
e−2ϕdΩ2

3, (2.21)

where ϕ = ϕ(x0, x1) is a newly introduced dilaton field, gµν = gµν(x
0, x1) is a two-dimensional

metric, and dΩ2
3 = dψ2 + sin2 ψ(dθ2 + sin2 θdφ2) ≡ γijdx

idxj is a S3 metric. We use Greek
indices µ, ν = 0, 1 for the remaining two-dimensional manifold, and Latin indices i, j = 2, 3, 4
for the S3. For the S3 reduction, the scalar curvature. For the S3 reduction, the scalar curvature
(2.12), the Gauss-Bonnet term (2.13) and the Jacobian (2.10) read:

R = R + 6
(
(∇ϕ)2 + λ2e2ϕ

)
− 2e3ϕ□e−3ϕ, (2.22)

GB = 12
(
λ2Re2ϕ + (∇ϕ)2

(
□ϕ− (∇ϕ)2

)
− 2e3ϕ∇µξ

µ
)
, (2.23)

d5X
√
−G = d2xdψdϑdφ

1

λ3
e−3ϕ sin2 ψ sinϑ. (2.24)

Placing expressions (2.22-2.24) into the action (2.20) we get the following final expression for
the action of the dimensionally reduced theory:

SDR5DCS−R =
kπ2

(λl)3

∫
dx2
√
−ge−3ϕ

[
R
(
1 + 3(λl)2e2ϕ

)
+ 6

(
(∇ϕ)2 + λ2e2ϕ

)
+

6

l2
+ 3l2(∇ϕ)2

(
□ϕ− (∇ϕ)2

) ]
+ Smat,

(2.25)

where Smat is a mater action in two dimensions.
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2.3 Dimensional reduction of the full 5DCS theory over S3

Let us first introduce the five-dimensional theory of Chern-Simons gravity, following the intro-
duction in [99]. As a first step, we introduce the SO(4, 2) gauge connection:

A =
1

2
ΩABJAB +

1

l
EAPA, (2.26)

where JAB and PA are generators of the so(4, 2) Lie algebra, satisfying:

[JAB, JCD] = ηADJBC + ηBCJAD − (C ↔ D),

[JAB, PC ] = ηBCPA − ηACPB,

[PA, PB] = JAB.

(2.27)

The parameter l denotes the AdS radius. Using this gauge connection, we can then build the
Chern–Simons Lagrangian, which in five dimensions takes the form:

−ik
3

∫
Tr
(
F ∧ F ∧ A− 1

2
F ∧A ∧A ∧A+

1

5
A ∧A ∧A ∧A ∧A

)
, (2.28)

where the trace is taken in a particular representation of the gauge group. After evaluating
this trace, the resulting action can be written in the following form:

S
(5)
CS =

k

8

∫
εABCDE

(1
l
RAB∧RCD∧EE+

2

3l3
RAB∧EC∧ED∧EE+

1

5l5
EA∧EB∧EC∧ED∧EE

)
.

(2.29)
By varying the action (2.29) we arrive at the following set of equations of motion:

εABCDE

(
RAB + EA ∧ EB

)(
RCD + EC ∧ ED

)
= 0,

εABCDET A
(
RBC + EB ∧ EC

)
= 0,

(2.30)

These equations do not require the torsion T A = dEA + ΩA
B ∧ EB to vanish. On the other

hand, they are satisfied when the torsion is set to zero. Consequently, it is consistent to focus
on the torsionless sector of the theory defined by the action (2.20). This is the most common
approach in studies of this class of Lovelock gravity, where Riemannian geometry is assumed
from the outset, as we did in the previous section.

What is interesting about the 5DCS gravity is that it admits the dimensionally continued
BTZ black hole solution [78, 100].

ds2 = −
(
r2 − µ

)
dt2 +

1

(r2 − µ)
dr2 + r2dΩ2

3, (2.31)

where dΩ2
3 denotes the metric on the 3-sphere. It is straightforward to see that the choice µ = −1

yields AdS space-time. The field equations (2.30) admit solutions not only with spherical
symmetry, but also with more general geometries in which dΩ2

3 is replaced by an arbitrary dΣ2
3,

where Σ3 is any fixed manifold describing the horizon geometry [101]. A notable characteristic
of this BH solution is that it allows for nontrivial axial torsion. Adopting conventions where
the indices {i, j, k} ∈ {2, 3, 4} label directions along Σ3, the nonvanishing torsion components
are given by:

T i = −δ
r
εijkejek, (2.32)
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with δ an arbitrary constant, while all remaining torsion components vanish.

The existence of this black hole with torsion makes this theory an interesting testing ground
for the effects of torsion on the fine-grained entropy of gravitational systems. Since most of
the Page curve reconstructions are carried out within the framework of two-dimensional dilaton
gravity, for simplicity, we preform the dimensional reduction of the full 5DCS to two dimensions.

The first step in this procedure is to find ansatz for the spin-connection and the vielbein
which exhibits a spherical symmetry of a 3-sphere. We decompose indices as (A) = (a, i),
where lower Latin indices from the beginning of the alphabet indicate two-dimensional Lorentz
indices, while indices i, j, k · · · ∈ {2, 3, 4}. The five-dimensional vielbein is given by:

Ea = ea0dt+ ea1dr ≡ ea ∧ Ei =
e−ϕ

λ
ei, (2.33)

where e2 = dψ, e3 = sinψ dϑ, and e4 = sinψ sinϑ dφ; while ϕ = ϕ(x0, x1) is the dilaton field.
The most general static, spherically symmetric Riemann–Cartan space-time in five dimensions
[102] admits the following ansatz for the spin connection:

Ω01 = A(x0, x1)dx1 +B(x0, x1)dx0 ≡ ω01, Ω0i = ϕ0ei,

Ω1i = ϕ1(x0, x1)ei, Ω23 = − cosψdϑ+ θ(x0, x1)e4,

Ω24 = − cosψ sinϑdφ− θ(x0, x1)e3, Ω34 = − cosϑdφ+ θ(x0, x1)e2,

(2.34)

where A, B, ϕ0, ϕ1 and θ are arbitrary functions defined on the final manifold. Then the
components of Riemann-Cartan curvature tensor RAB = dΩAB + ΩA

C ∧ ΩCB can be directly
computed. To illustrate how one computes components of the form Rai we explicitly evaluate
component R02:

R02 = dΩ02 + Ω0
1 ∧ Ω12 + Ω0

3 ∧ Ω32 + Ω0
4 ∧ Ω42

= dϕ0 ∧ dψ + ω0
1ϕ

1 ∧ dψ − ϕ0θ
(
e3 ∧ e4 − e4 ∧ e3

)
.

(2.35)

Furthermore, we demonstrate the procedure for calculating the components Rij by explicitly
working out R23:

R23 = dΩ23 + Ω2
4Ω

43 + Ω2
0Ω

03 + Ω2
1Ω

13

= sinψ dψ ∧ dϑ+ dθ − θ2 sinψ dψ ∧ dϑ− (ϕ0ϕ
0 + ϕ1ϕ

1) sinψ dψ ∧ dϑ.

Generalizing this procedure to other components of the Riemannian curvature tensor, we con-
clude that:

Rai = (dϕa)ei − θϕaεijkejek, (2.36)
Rij = (1− ϕaϕa − θ2)eiej + dθ εijkek. (2.37)

One must show that ϕa indeed forms a two-dimensional Lorentz vector multiplet. Under
SO(4, 2) gauge transformations, A transforms according to A 7→ Aϵ = A − dϵ, with ϵ =
1
2
ϵABJAB+ϵAPA. Two-dimensional Lorentz transformations are produced by choosing ϵ = εJ01.

A straightforward calculation yields:

δA = −dεJ01 − ε
(
Ω0iJi1 + Ωi1Ji0 −

1

l
E0P1 +

1

l
E1P0

)
, (2.38)
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from which we conclude:

Aε =
(
ω01 − dε

)
J01 +

(
Ω0i + εΩi1

)
J0i +

(
Ω1i + εΩ0i

)
J1i

+
1

2
ΩijJij +

1

l

(
e0 − εe1

)
P0 +

1

l

(
e1 + εe0

)
P1. (2.39)

Substituting (2.34), we obtain the following transformation law for ϕa:

ϕ0ei → ϕ0ei − εϕ1ei ∧ ϕ1ei → ϕ1e1 + εϕ0ei, =⇒ ϕa 7→ ϕa + εεabϕ
b. (2.40)

Since this quantity indeed transforms as Lorentz vector, we can utilize a vielbein e µ
a to define

a two-dimensional vector ϕµ as ϕµ = e µ
a ϕ

a. Additionally, (2.39) shows that ϕ is a scalar field.
The next step is to evaluate the whole action (2.29) using the ansatz for the spin-connection

(2.34) and for the vielbein (2.33). The resulting reduced action is then given by:

Sred =−
kπ2

(λl)3

∫
N
εab e

−3ϕ
[(
1 + 3(λl)2e2ϕ(1− ϕcϕ

c)
)
R̃ab +

3

l2
(
1 + (λl)2e2ϕ(1− ϕcϕ

c)
)
ea ∧ eb

+ 6λeϕ
(
1 + (λl)2e2ϕ(1− ϕcϕ

c)
)
ea ∧ dϕb + 6(λl)2e2ϕdϕa ∧ dϕb

]
− 3(λl)2θ2e−ϕ

[
R̃ab +

ea ∧ eb

l2
− 2λeϕϕaT b

]
.

Note that after performing integration by parts in the last term, it becomes clear that θ2 plays
the role of a Lagrange multiplier. When the two-dimensional torsion vanishes, the precise
structure of the term containing θ2 coincides with that of JT gravity [20, 21]. Consequently,
assigning a non-zero value to this field greatly simplifies the resulting equations. The action
(2.25) reduces to the Riemannian action (2.25) upon setting θ = 0 and imposing ϕµ = e−ϕ

λ
∇µϕ,

with ϕµ = e a
µ ϕa. These relations are implied by the torsion-free condition T a = 0.

Now we rewrite the Riemann-Cartan action (2.41) into a more suitable Riemannian form.
Using the notation defined in Appendix A, different terms appearing in (2.41) can be expressed
in terms of the metric gµν and the contorsion 1-form Kµ as follows:

εabR
ab = −R̃ = −

(
R+ 2εαβ∂αKβ

)
, (2.41)

εabe
a ∧ eb = −1, (2.42)

εabϕ
aT b = −ϕµT ν

µν = −εµνϕµKν , (2.43)

εabe
a ∧ dϕb = −∇̃µϕ

µ = − (∇µϕ
µ − εµνϕµKν) , (2.44)

εabdϕ
a ∧ dϕb = −

(
∇̃µϕ

µ∇̃νϕ
ν − ∇̃µϕ

ν∇̃νϕ
µ
)
, (2.45)

where R and R̃ are the Riemannian and Riemann-Cartan scalar curvatures, respectively. In ad-
dition, expressions (2.42-2.45) should be multiplied by d2x

√
−g. To further simplify equations,

we define a reduced dilaton filed x by:

x =
1

λl
e−ϕ. (2.46)

Putting all terms (2.42-2.45) into action (2.41) and using the reduced field (2.46), the action
becomes:

SDRCS5 =
kπ2

(λl)3

∫
d2x
√
−ge−3ϕ

{(
1 +

3

x2
(
1− Φ2 − θ2

))[
R+ 2εαβ∂αKβ +

2

l2

]
+

4

l2
+

6

lx3
θ2∇αϕ

α +
6

lx

(
1 +

1

x2
(
1− Φ2 − θ2

))[
∇αϕ

α − εαβϕαKβ

]
− 6

x2

[
∇αϕ

β∇βϕ
α −∇αϕ

α∇βϕ
β − εαβKα∇βΦ

2

]}
+ Smat,

(2.47)
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where Φ2 ≡ ϕαϕα, and Smat denotes the action of the matter fields. The remaining part of
the action is attributed to gravity. This action is a functional of the metric gµν , the contorsion
Kµ, the vector field ϕµ arising from the five-dimensional spin connection, the scalar field θ
linked to the five-dimensional torsion, and the dilaton field ϕ, which plays the role of the radial
coordinate in five dimensions.
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Chapter 3

Dilaton gravity in two dimensions

In the previous chapter, we developed a systematic procedure for performing dimensional reduc-
tion of a gravitational theory between arbitrary spacetime dimensions. This process necessarily
led to the appearance of new dilaton fields as an integral part of the reduction. Dimensional re-
duction offers several advantages. First, it yields an effective theory in fewer dimensions, which
is significantly more tractable. Second, and more importantly, the reduced theory preserves the
solutions of the original higher-dimensional theory that reflect the topology of the manifold used
in the reduction. For instance, if one is interested in spherically symmetric vacuum solutions
of a higher-dimensional theory, then performing a reduction over a sphere ensures that these
configurations remain valid solutions in the lower-dimensional theory. Third, some fine-grained
thermodynamic quantities, such as entanglement entropy, are known in closed analytic form
only in a smaller number of dimensions. Therefore, applying dimensional reduction is a much
need prerequisite for examining these thermodynamic properties.

The dimensionality of the final manifold has not yet been specified. In this chapter, we focus
on the general features of two-dimensional dilaton gravity. A two-dimensional spacetime offers
an excellent setting for studying entanglement entropy, because in two dimensions there exist
well-defined formulas for computing it. As these theories arise from a dimensional reduction of
a higher-dimensional theory, their thermodynamic characteristics retain traces of the original
higher-dimensional system, thereby providing a window into the thermodynamics of higher
dimensional black hole solutions.

In order to study Hawking radiation and its thermodynamic characteristics, one must take
into account the back-reaction of quantum fields on the spacetime geometry. This requires
computing an effective action, at least up to one-loop order. In the case of a two-dimensional
massless scalar field, this effective action is known as the Polyakov–Liouville (PL) action [22].
An additional remarkable feature of the 2D setting is that the PL action is exact at the one-loop
level.

As established in the previous chapter, performing a dimensional reduction of a Riemannian
spacetime leads to the emergence of several dilaton fields ϕa, whose number and structure are
determined by the topology of the manifold on which the reduction is carried out. Imposing
that the original action contains terms at most quadratic in the curvature, the resulting reduced
action has the following form:

S[ϕa, gµν ] ∝
∫

d2x
√
−ge−

∑
a daϕa

(
F0[ϕa] + F1[ϕa]R + F2[ϕa]R

2
)
, (3.1)

where the functionals Fi[ϕa] depend on the dilaton fields and involve at most four derivatives.
This structure follows directly from (2.6-2.8). Moreover, we have exploited the specific features
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CHAPTER 3. DILATON GRAVITY IN TWO DIMENSIONS

of the two-dimensional spacetime (A.15) to express both the Riemann curvature tensor and
the Ricci tensor solely in terms of the Ricci scalar. Note that for higher-dimensional gravity
theories involving the Gauss-Bonnet term (2.9), there is no second-order curvature term in the
reduced action as Gauss-Bonnet in 2D vanishes.

For a dimensional reduction of a full Riemann–Cartan theory with non-vanishing torsion,
the resulting action involves many additional fields. Besides the dilaton associated with the
higher-dimensional vielbeins, there appear both scalar and vector fields arising from the higher-
dimensional spin connection. The two-dimensional geometry is then characterized by the metric
gµν and the contorsion Kµ (see Appendix A).

This chapter consists of four main parts. In the first part, we present an ansatz for the
metric, 1-form, vector field, spinor field, and more generally for any tensor field in spacetimes
that admit at least one non-null Killing vector. To construct this ansatz, we choose one of
the dilatons ϕa as a radial coordinate, thereby expressing all remaining fields as functions
of that single dilaton. The second part addresses how the covariant conservation laws of the
energy–momentum tensor are modified in the presence of non-vanishing torsion. Our derivation
closely follows [81], but we additionally incorporate non-minimally coupled fields, which leads
to an even more intricate structure of the conservation laws. These laws are crucial in deriving
several thermodynamical properties of gravitational theories. The penultimate section presents
the Polyakov–Liouville action, which serves as the framework for incorporating the quantum
corrections. The transformations of the energy-momentum tensor, as well as different vacuum
states are discussed in detail. Finally, in the concluding section, we examine how to construct
a gravitational collapse scenario within the framework of two-dimensional dilaton gravity. As
a by-product of this analysis, we obtain an alternative method for deriving the mass of the
spacetime.

3.1 Symmetric ansatz setup for two-dimensional spacetime

We consider an ansatz for symmetric solutions in a two-dimensional spacetime. That implies
the presence of at least one Killing vector. We focus on configurations with a single Killing
vector, which may be either time-like or space-like. Because these two situations are analogous
with respect to the ansatz for the field content of the theory„ we will present the procedure
specifically for the case of a time-like Killing vector.

In two dimensions, any stationary spacetime is necessarily static. This indicates that the
existence of a time-like Killing vector is the only requirement for the geometry to be static.
The ansatz for the metric is taken to have the form:

ds2 = −e2ρdx+dx−, (3.2)

so that the conformal gauge is satisfied. This is always possible in two dimensions. Using this
ansatz, the Christoffel symbols and scalar curvature are as follows:

Γ±
±± = 2∂±ρ ∧ R = 8e−2ρ∂+∂−ρ. (3.3)

In this gauge, for an arbitrary function f , the scalar quantities are given by:

□f = −4e−2ρ∂+∂−f ∧ (∇f)2 = −4e−2ρ∂+f∂−f. (3.4)

Let us assume that there exists a time-like Killing vector:

ξ = ∂t = F−(x−)∂− − F+(x+)∂+. (3.5)

23



CHAPTER 3. DILATON GRAVITY IN TWO DIMENSIONS

The functions F± are the coordinate transformations from arbitrary coordinates x± to the
Eddington–Finkelstein–type coordinates σ± = t± σ, defined by the following relation:

dσ±

dx±
= − 1

F± . (3.6)

Stating that the spacetime is in the Eddington-Finkelstein gauge amounts to fixing F+ = −1
and F− = 1. In this way, we preserve the arbitrary choice of the coordinates within the
conformal gauge. Note that we use the same label ξ to denote both the Killing vector and the
associated Killing one-form.

The reduced field x can always be introduced by selecting one of the dilatons such that:

L x =
1

λr
e−ϕr ≡ r, (3.7)

where L is the characteristic length scale of the model (for the AdS spacetime, it is the AdS
radius l as in (2.46), while for the Schwarzschild black hole, it equals the Schwarzschild radius
a). The quantity r therefore acts as the radial coordinate in the higher-dimensional theory. In
two dimensions, we can similarly take lx to serve as the radial coordinate. This choice is also
convenient for comparing the two-dimensional theory with the higher-dimensional one from
which it is derived.

For any scalar field f , including the remaining dilaton fields, the presence of a time-like
Killing vector implies ξµ∇µf = 0, which means that f depends only on the spatial coordinate,
f = f(x). The norm of ξ defines the metric function Λ(x):

ξ2 = ξµξµ = F+F−e2ρ ≡ Λ(x), (3.8)

which represents the gtt component of the metric in the (t, r) coordinates. It depends only on
the dilaton field (coordinate r) since there is a time-like Killing vector.

In two-dimensional spacetime, a basis in the space of 1-forms can be chosen to be {ξ, ⋆ξ},
since these two are orthogonal in a sense ξµ(⋆ξ)µ = 0. There are also restrictions on the vector
fields (1-forms) related to the existence of ξ. Any 1-form A can be expressed as:

A = A
∥
(x+, x−)ξ − A⊥(x+, x−) ⋆ ξ, (3.9)

where A∥ and A⊥ are parallel and perpendicular components of 1-form A with regard to Killing
1-form ξ. Then, the restrictions are given by:

LξA = 0 ⇐⇒ ξα∇αAβ + Aα∇βξα = 0, (3.10)

where Lξ is a Lie derivative along the ξ vector field. Inserting ansatz (3.9) reduces Equation
(3.10) to: (

ξα∇αA
∥)
ξβ +

(
ξα∇αA

⊥) εβδξδ = 0. (3.11)

The terms in (3.11) are mutually orthogonal, which implies that each one of them is equal to
zero. This in turn means that A∥ = A∥(x) and A⊥ = A⊥(x). We conclude that any 1-form can
be expressed as:

Aµ = A
∥
(x)ξµ + A⊥(x)εµνξ

ν . (3.12)

The 1-form ∇µx can also be written in form (3.12), but the condition ξµ∇µx = 0 implies that
there is no parallel component:

∇µx =
1

L
D(x)εµνξν . (3.13)
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By applying the same reasoning, namely that LξT = 0 for a rank-2 tensor T , we are led to the
following ansatz for T :

Tµν = T
∥∥
(x)ξµξν + T⊥⊥(x)εµρενσξ

ρξσ +
(
T

∥⊥(x)ξµενρ + T⊥∥
(x)ξνεµρ

)
ξρ. (3.14)

This procedure can be easily generalized to tensors of any rank. A symmetric ansatz for a
spinor field can likewise be formulated. We begin by writing the Kosmann-Lie derivative for a
spinor field [103, 104]:

Lξψ = ξµ∇µψ +
1

4
∇aξbγ

aγbψ. (3.15)

For further information on the spinor notation employed in this work, refer to Appendix A.
Imposing that the spinor field satisfies the symmetry condition leads to the following equation:

Lξψ ≡
(
−F+∂+ + F−∂− + 1

4
(∂+F

+ + ∂−F
−)

−F+∂+ + F−∂− − 1
4
(∂+F

+ + ∂−F
−)

)
ψ = 0. (3.16)

Then, the ansatz for the spinor field is given by:

ψ =


∣∣∣F+

F−

∣∣∣ 14 φ(x)eiα(x)∣∣∣F−

F+

∣∣∣ 14 χ(x)eiβ(x)
 , (3.17)

where φ, χ, α, and β denote unknown functions that depend solely on the dilaton field x.

Now, we can express the tortoise coordinate σ(x) = 1
2
(σ+− σ−) = −1

2

(∫
dx+

F+ +
∫

dx−

F−

)
and

subsequently the metric in the (t, lx) coordinates:

σ

L
= −

∫
dx

ΛD
= − 1

2L

(∫
dx+

F+
+

∫
dx−

F−

)
, (3.18)

ds2 = Λdt2 − l2dx2

ΛD2
. (3.19)

Equation (3.18) gives the coordinate dependence of the dilaton field x = x(x+, x−), while (3.19)
implies that another coordinate transformation can be performed to change the metric to a
standard form associated with the black hole solutions:

dx

dx̄
= D =⇒ ds2 = Λ(x̄)dt2 − l2dx̄2

Λ(x̄)
. (3.20)

In some cases, another coordinate transformation may be performed:

dz

dx̄
= − 1√

−Λ
=⇒ ds2 = Λ(z)dt2 + l2dz2, (3.21)

when Λ < 0. In a case when Λ > 0 a substitution z = iz̃ is consistent. New coordinate z̃ is
time-like, implying that the Killing vector ξ is space-like. In this case, we have a cosmological
solution.

To summarize, by demanding the existence of a time-like Killing vector field ξ the two-
component vector field Aµ is replaced with two scalar functions A∥(x) and A⊥(x), one orthogonal
and the other perpendicular to the Killing field; the two-component spinor field ψ is equivalent
to four scalar functions φ(x), χ(x), α(x) and β(x); metric is replaced with a function Λ(x),
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while the dilaton field x is regarded as a coordinate and a derivatives of a dilaton field introduce
another scalar function D(x).

Note that the arguments presented here are not applicable when the Killing vector is light-
like, because ξ and ⋆ξ cease to span the entirety of the 1-form space. Since we had to include an
auxiliary function D to play the role of the derivative of the dilaton, an additional integration
constant may appear when solving the equations of motion. This constant has no physical
significance and therefore must be fixed by imposing suitable conditions. Up to this point,
we have not specified the asymptotic behavior of the solution. Requiring the spacetime to be
asymptotically flat yields extra conditions on the norm of the time-like Killing vector at infinity
and on the behavior of the tortoise coordinate (3.18) at large distances. Interpreting the dilaton
x as a radial coordinate, these two constraints read:

lim
x→∞

Λ = −1 ∧ lim
x→∞

σ = +∞. (3.22)

If, instead, the spacetime approaches AdS at infinity, a different set of asymptotic conditions
must be enforced:

Λ ∼ −x2(x), x→∞ ∧ lim
x→∞

σ = +∞. (3.23)

In summary, one must always prescribe the asymptotic form of the norm of the Killing vector,
consistent with the spacetime symmetries, and at the same time require that the tortoise
coordinate (3.18) diverges to +∞ as the radial coordinate is taken to infinity.

At the end of this subsection, we give a collection of useful expressions involving different
vector fields is given here:

∇µξν =
D
2L

dΛ

dx
εµν , (3.24)

∇µA
µ = −D

L

d

dx

(
ΛA⊥) , (3.25)

εµν∇µAν = −D
L

d

dx

(
ΛA

∥)
, (3.26)

εµνAµBν = Λ
(
A

∥
B⊥ − A⊥B

∥)
, (3.27)

AµBµ = Λ
(
A

∥
B

∥ − A⊥B⊥) , (3.28)

where ξ is the Killing vector field, Λ = ξ2, while A and B are two arbitrary vector fields. For
the scalars, we have the following set of formulas:

R =
D
L2

d

dx

(
DdΛ

dx

)
, (3.29)

R̃ =
D
L2

d

dx

(
DdΛ

dx
− 2LΛK

∥

)
, (3.30)

□x = −D
L2

d

dx
(ΛD) , (3.31)

(∇x)2 = −ΛD2

L2
, (3.32)

where K∥ is a component of contorsion parallel to the Killing field ξ, R̃ is the Riemann-Cartan
scalar curvature, while R is the Riemannian scalar curvature. Finally, for the rank-2 tensor
field Tµν we have:

gµνTµν ≡ T = Λ
(
T

∥∥ − T⊥⊥) , (3.33)

F±2T±± =
Λ2

4

[
T

∥∥
+ T⊥⊥ ∓

(
T

∥⊥ + T⊥∥)]
. (3.34)
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Note that, in the case of a symmetric tensor, we obtain T ∥⊥ = T⊥∥.

3.2 Covariant conservation laws

In this section, we investigate the modifications to the covariant conservation law for the energy-
momentum tensor due to the presence of a non-zero torsion within the two-dimensional theory.
In this prescription, the main sources are the energy-momentum tensor Tµν and the contorsion
current TK

µ , the latter of which is obtained by taking the variational derivative of the matter
action with respect to the contorsion. In section 2.3 we show that the fundamental fields of
the theory transform as expected with respect to the local Lorentz transformations (2.40) in
the case of the dimensional reduction of 5D Chern-Simons theory. Naturally, it is expected
that this holds true for any well-defined dimensional reduced theory. We analyze the symmetry
properties according to the Poincaré gauge theory (for more details, see [81]). The idea is to
localize the Poincaré group. The compensating fields, which are introduced within this process
of localization, are interpreted as spin-connection ωab

µ and vielbeins e µ
a , and subsequently the

resulting geometry is interpreted as Riemann-Cartan geometry discussed in Appendix A.

The infinitesimal local Poincaré transformations in two dimensions are parametrized by a
translation vector εµ(x) and a rotation angle θ(x), namely:

xµ 7→ x′µ = xµ + ζµ(x) ≡ xµ + εµ(x) + θ(x)εµνxν , (3.35)

where we have used θµν = θεµν in two dimensions. The matter fields then transform according
to the following law:

ϕ(x) 7→ ϕ′(x) = e
1
2
θµν(x)Mµν+εµ(x)Pµ

ϕ(x), (3.36)
where Mµν = xµ∂ν−xν∂µ−Σεµν and Pµ = −∂µ are generators of rotations and translations that
belong to the respective representation of the Poincaré group associated with the field ϕ, and
Σµν = −Σεµν is the matrix part of the Lorentz generator. Infinitesimally, the form-variation of
the matter fields can be expressed as:

δ0ϕ(x) = Pϕ(x) ≡ (θΣ− ζµ∂µ)ϕ(x). (3.37)

When there is a global Poincaré symmetry present, the derivative of a field transforms according
to:

δ0(∂µϕ) = P∂µϕ− ∂µζν∂νϕ. (3.38)
The localization procedure consists of two steps. First, one introduces a connection (gauge
field) so that the transformation law of the newly defined covariant derivative of the field (A.3)
has the same form as (3.38), i.e.

δ0

(
∇̃µϕ

)
≡ P∇̃µϕ− ∂µζν∇̃νϕ. (3.39)

Then, one demands that, in the local reference frame, the covariant derivative transforms the
same way as in the flat case:

δ0(∇̃aϕ) ≡ P∇̃aϕ+ θε b
a ∇̃bϕ, (3.40)

where ∇̃aϕ ≡ e µ
a ∇̃µϕ. Equation (3.40) introduces another set of compensating fields, i.e.

vielbeins e µ
a . For more details on spinor notations see Appendix A. Using equations (3.39) and

(3.40) one derives the form variations of the compensating fields ωµ and e µ
a , given by:

δ0ωµ = −ζα∂αωµ − ωα∂µζ
α − ∂µθ, (3.41)

δ0e
µ

a = θε b
a e

µ
b + e α

a ∂αζ
µ − ζα∂αe µ

a . (3.42)
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Next, we define the gauge-invariant quantities, that is, the field-strength tensors for the ωab
µ

connection and the vielbein e µ
a , R̃ab

µν , and T a
µν , respectively, given by equations (A.13) and

(A.14). From a geometric standpoint, they represent the curvature and torsion of the underlying
Riemann-Cartan manifold. The metric gµν , defined by (A.1), transforms in the following way
(using the transformation law for vielbein (3.42)):

δ0g
µν =

(
gναδµβ + gµαδνβ

)
∂αζ

β − ζα∂αgµν . (3.43)

Using (3.41-3.42) the separate parts of the spin-connection have the following form variations:

δ0∆µ = −ζα∂α∆µ −∆α∂µζ
α − ∂µθ, (3.44)

δ0Kµ = −ζα∂αKµ −Kα∂µζ
α. (3.45)

From these equations, it is evident that contorsion Kµ behaves as a 1-form, in contrast to ∆µ.
Finally, we find the transformation laws for the curvature and the torsion. They are given by:

δ0R̃ = −ζα∂αR̃, (3.46)
δ0T

µ = Kα∂αζ
µ − ζα∂αKµ. (3.47)

It is easy to check that the torsion transforms as a vector under the local Poincaré transforma-
tions, that is:

δT a = θεabT
b. (3.48)

The condition for the invariance of the action results in the following equation for the Lagrangian
of the theory:

∆L̃ ≡ δ0L̃+ ∂α

(
L̃ζα

)
= 0, (3.49)

where L̃ ≡
√
−gL [81]. For instance, by its very construction, the action (2.47) is invariant

under Poincaré transformations. Moreover, it is straightforward to verify that the condition
(3.49) holds, making use of the transformation laws (3.42-3.47) and (2.40). This is expected to
occur for all properly defined dimensionally reduced theories.

Now, we investigate the conditions which are imposed on the action of the matter fields
due to the local Poincaré invariance. To make the matter action manifestly invariant, we
demand that its Lagrangian depends only on the quantities that transform covariantly under
the Poincaré group, i.e.

LM = LM

(
gµν , ωµ, ϕ, ∇̃µϕ, R̃, T

µ
)
. (3.50)

Notice that a non-minimal coupling is allowed since the matter action can directly depend on
curvature and torsion. This violates the equivalence principle. Nonetheless, we will continue
to examine these scenarios as well. Next, we define the following dynamical currents:

τµν ≡ −
2√
−g

∂L̃M

∂gµν
, σµ ≡ ∂LM

∂ωµ

, ϱ ≡ ∂LM

∂R̃
, τµ ≡

∂LM

∂T µ
. (3.51)

Using the form-variations (3.41), (3.43), (3.46-3.47), on-shell condition (3.49) for the matter
Lagrangian can be expressed in the following form:

∆L̃M ≡
√
−gζβIβ + θI + ∂α

(√
−gΛα

)
= 0, (3.52)
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where the quantities I, Iβ and Λα are given by:

Λα = θ

[
∂LM

∂(∇̃αϕ)
Σϕ− σα

]
− ζβ

[
∂LM

∂(∇̃αϕ)
∂βϕ− LMδ

α
β + ταβ + σαωβ − τβKα

]
, (3.53)

I = ∂µ
(√
−gσµ

)
, (3.54)

Iβ =
1√
−g

∂α
[√
−g
(
ταβ + σαωβ − τβKα

)]
+

1

2
τµν∂βg

µν − σα∂βωα − τα∂βKα − ϱ∂βR̃. (3.55)

Because the parameters θ and εα (or ζα) can take any values, nullifying the term ∆L̃M requires
that I, Iβ, and Λα be equal to zero. With Λα being dependent on these parameters as well,
each term within the brackets in Equation (3.53) must thus vanish, leading to the following
two conditions:

σα =
∂LM

∂(∇̃αϕ)
Σϕ ≡ Sα (3.56)

−ταβ + τβK
α =

∂LM

∂(∇̃αϕ)
∇̃βϕ− δαβLM ≡ T

(M)α
β. (3.57)

The first Equation (3.56) demonstrates that the dynamical spin-current σα matches the spin
tensor of the matter fields Sα. In contrast, the subsequent Equation (3.57) illustrates the
relationship between the covariant energy-momentum tensor of the matter fields T (M)α

β and
the dynamical currents specified in (3.51). Note that this quantity is not equal to the energy-
momentum tensor derived by varying the matter action with respect to the metric.

By setting I = 0 (3.54) and employing the Riemannian covariant derivative ∇µ associated
with the Levi-Civita connection, we derive the ensuing conservation law for the dynamical
spin-current:

∇µσ
µ = 0. (3.58)

Finally, imposing the condition Iβ = 0 leads to the covariant conservation law associated with
the dynamical current ταβ, specifically:

∇ατ
αβ = −1

2
R̃εβασα +∇α

(
Kατβ

)
+ τα∇βKα + ϱ∇βR̃, (3.59)

where we have once more employed the Riemannian covariant derivative.

Currently, the covariant conservation laws have been identified, but they are related to the
dynamical currents specified by Equation (3.51), and not directly to the energy-momentum
tensor T µν , which is obtained by varying the matter action in relation to the metric, nor to
the contorsion current T µ

K, which results from variation with respect to the contorsion. Since
the metric and contorsion are the only independent variables present in the theory, given that
torsion, curvature, and the spin connection are intrinsically determined by their derivatives, it
inevitably follows that there exist conservation laws that are reliant solely on T µν and T µ

K. To
obtain these, we first express the contorsion current and energy-momentum tensor in terms of
dynamical currents. Varying the matter action with respect to contorsion results in:

−T µ
K = σµ + τµ + 2εµν∂νϱ, (3.60)

while, the variation with respect to the metric yileds:

T µν = τµν +
1

2

(
εµαgνβ + εναgµβ

)
∇ασβ + 2

[
∇µ∇νϱ− gµν

(
□ϱ+

1

2
ϱR̃

)]
− (τµKν + τ νKµ) .

(3.61)
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The next step is to find the covariant derivatives ∇µT
µ
K and ∇µT

µν . With the help of covariant
conservation laws for σµ (3.58) and τµν (3.59) we arrive at the following expressions:

∇µT
µ
K = −∇µτ

µ, (3.62)

∇µT
µν = −1

2
R[K]ενρ (σρ + τρ + 2ερσ∇σϱ)−Kν∇ρτ

ρ, (3.63)

where R[K] = 2εµν∂µKν . In the case of minimal coupling, that is, τµ = 0 and ϱ = 0, the co-
variant conservation laws reduce to the expressions obtained in [81]. As anticipated, dynamical
currents, as mentioned in (3.51), can be completely removed from conservation laws and re-
placed with the contorsion current and energy-momentum tensor. This is achieved by inserting
equations (3.60) and (3.62) into Equation (3.63). The resulting expression for the covariant
conservation law of the energy-momentum tensor is presented below:

∇µT
µν =

1

2
R[K]ενρTK

ρ +Kν∇ρT
ρ
K. (3.64)

Applying the ansatz defined in the section 3.1, Equation (3.64) can be rewritten in the following
form:

Λ
dT ∥⊥

dx̄
+ 2T

∥⊥dΛ

dx̄
= K

∥ d

dx̄

(
ΛT⊥

K

)
+ T⊥

K

d

dx̄

(
ΛK

∥)
, (3.65)

Λ
dT⊥⊥

dx̄
+

1

2

(
3T⊥⊥ + T

∥∥) dΛ
dx̄

= K⊥ d

dx̄

(
ΛT⊥

K

)
+ T

∥
K

d

dx̄

(
ΛK

∥)
, (3.66)

where we have employed the x̄ coordinate (3.20)The first Equation (3.65) can be integrated,
yielding the following:

T
∥⊥ = K

∥
T⊥
K +

A

Λ2
, (3.67)

where A is an arbitrary constant. Placing T ∥
K = T⊥

K = A = 0 equations (3.67) gives T ∥⊥ = 0,
while Equation (3.66) reduces to the standard conversation law of the energy-momentum tensor,
i.e.:

∇µT
µν ≡ − D

2L

[
Λ
dT⊥⊥

dx̄
+

1

2

(
3T⊥⊥ + T

∥∥) dΛ
dx̄

]
ενρξρ = 0. (3.68)

As a final consistency check of our approach, we verify that, upon setting the non-minimally
coupled terms τµ and ϱ to zero, we reproduce the result of [81]. The spin-current conservation
law (3.58) is already identical in form to that given in [81]. Next, from (3.60) we obtain
T µ
K = −σµ. Using the spin-current conservation law (3.58), this implies ∇µT

µ
K = 0. Inserting

this into (3.64) yields:

∇µT
µν = −1

2
R[K]ενρσρ, (3.69)

∇µσ
µ = 0, (3.70)

which coincide with the conservation laws for the two-dimensional gravitational theory derived
in [81].

3.3 Quantum corrections

In the preceding sections, we have constructed the framework of classical 2D dilaton gravity. To
study Hawking radiation, however, it is necessary to account for the back-reaction of quantum
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fields on the classical geometry. This is achieved by adding the Polyakov–Liouville action [22],
which represents the 1-loop effective action of a two-dimensional massless scalar field, namely:

e
i
ℏSPL =

∫
Dχe

i
ℏ
∫
d2x

√
−g(− 1

2
(∇χ)2), (3.71)

After computing this Gaussian functional integral, we arrive at:

SPL = − ℏ
96π

∫
d2x

∫
d2y
√
−g(x)

√
−g(y)R(x)G(x− y)R(y). (3.72)

Here, G(x−y) denotes the Green’s function of the massless Klein–Gordon equation in a curved
(1+1)-dimensional spacetime, defined by □G(x − y) = 1√

−g
δ(2)(x − y). A striking feature of

this action is that it is 1-loop exact. In the form given above, the action is manifestly nonlocal.
However, one can render it local by introducing an auxiliary scalar field ψ, in terms of which
the action becomes:

SPL = − ℏ
96π

∫
d2x
√
−g
[
2Rψ + (∇ψ)2

]
, (3.73)

which is on-shell equivalent to (3.72). The field equation of the auxiliary field is as follows:

□ψ = R. (3.74)

By varying the action with respect to the metric we obtain the following energy-momentum
tensor of the quantum fields:

⟨∆T f
µν⟩ =

ℏ
48π

[
−2∇µ∇νψ +∇µψ∇νψ + gµν

(
2□ψ − 1

2
(∇ψ)2

)]
. (3.75)

It corresponds to the expectation value of the quantum energy-momentum tensor operator. The
limitation of this approach is that it requires the introduction of an additional field. However,
Equation (3.74) can be readily solved once we substitute (3.3) into it:

ψ = −2ρ+ f+(x
+) + f−(x

−), (3.76)

where f± represent a set of arbitrary functions. Using this result, the energy-momentum tensor
is given by:

⟨∆T f
±±⟩ =

ℏ
12π

[
∂2±ρ− (∂±ρ)

2 − t±(x±)
]
, ⟨∆T f

+−⟩ = −
ℏ

12π
∂+∂−ρ, (3.77)

where the functions t± are given in terms of f± by the following relations:

t±(x
±) =

1

2
∂2±f± −

1

4
(∂±f±)

2 . (3.78)

The quantity ε = ℏ
12π

serves as a natural expansion parameter in perturbation theory and will
be employed in later chapters whenever we deal with a theory that cannot be solved exactly.
Finally, we rewrite the EMT of the PL action (3.75) once more, now employing the symmetric
ansatz introduced in Section 3.1:

⟨∆T (f)
µν ⟩ = −

ℏ
12π

1

(2LΛ)2

{[
4L2
(
t+(σ

+) + t−(σ
−)
)
+

1

2

(
DdΛ

dx

)2
− 2ΛD d

dx

(
DdΛ

dx

)]
ξµξν

+

[
4L2
(
t+(σ

+) + t−(σ
−)
)
+

1

2

(
DdΛ

dx

)2]
εµρενσξ

ρξσ

− 4L2
(
t+(σ

+)− t−(σ−)
)(
εµρξν + ενρξµ

)
ξρ
}
, (3.79)
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where we have used the form of the EMT in the arbitrary coordinates x±, namely expression
(3.77), together with the observation that, after inserting the metric ansatz (3.2), the func-
tions t±(x±) transform to the Eddington–Finkelstein coordinates, due to the appearance of the
coordinate transformation functions F±:

(∂±ρ)
2 − ∂2±ρ+ t±(x

±) =
1

4

(
∂± ln F±)2 + 1

2
∂2± ln F± + t±(x

±) +

(
λ

2F±

)2

F [x] (3.80)

= t±(x
±)− 1

2
Dx±

[
σ±]+ ( λ

2F±

)2

F [x] = 1

F±2
t±(σ

±) +

(
λ

2F±

)2

F [x],

where F [x] denotes a function which depends only on metric function Λ (3.8) and its derivatives.
Note that for (3.79) to be only a function of the dilaton x, functions t±(σ±) must be constants.

3.3.1 Transformation properties of the energy–momentum tensor

To proceed with our analysis of these equations, we must first clarify the meaning of the
seemingly arbitrary functions t± (3.78). To this end, we examine how the energy–momentum
tensor behaves under coordinate transformations. To preserve the conformal gauge, we limit
our consideration to conformal coordinate transformations, specifically those of the form y± =
y±(x±). It is enough to focus on the quantum part of the energy–momentum tensor, because
the classical contribution is already known to obey the standard tensor transformation law.
Under the conformal transformations, the metric function ρ changes in the following way:

ρ(y) = ρ(x) +
1

2
ln
dy+

dx+
+

1

2
ln
dy−

dx−
. (3.81)

Since the energy–momentum tensor is required to transform as a tensor, and its classical com-
ponent already obeys the standard tensor transformation law, the quantum fluctuation of the
energy–momentum tensor (3.77) must likewise satisfy this same tensor transformation law,
namely:

⟨∆T f
±±(y)⟩ =

(
dx±

dy±

)2

⟨∆T f
±±(x)⟩. (3.82)

By enforcing condition 3.82, we arrive at the following expression for the transformation law of
the t± functions:

t±(y
±) =

(
dx±

dy±

)2 [
t±(x

±)− 1

2
Dx±

[
y±
]]
, Dx±

[
y±
]
=
y+

′′′

y+′ −
3

2

(
y+

′′

y+′

)2

. (3.83)

The quantity Dx± [y±] is called the Schwarzian derivative. It represents a functional acting
on a function of a single variable. In 3.83 the quantity y+

′ denotes the first derivative of the
function y+ = y+(x+). In order to better understand the nature of the quantity t±, we perform
canonical quantization of the scalar field in curved spacetime (see Appendix D.1). The equation
for the scalar field, and its solution, are given by:

□f = 0 =⇒ ∂+∂−f = 0 =⇒ f(x+, x−) = f+(x
+) + f−(x

−). (3.84)

We define positive-frequency modes as:

∂0f
ω = −iωfω =⇒

dfω
±(x

±)

dx±
= −iωfω(x±) =⇒ fω

±(x
±) = A±

ω e
−iωx±

. (3.85)
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The standard scalar product is given by:(
fω1
± , fω2

±
)
= −i

∫
x0=0

dx
√
γnµ

[
fω1
± (x±)∇µf

ω2∗
± (x±)− fω2∗

± (x±)∇µf
ω1
± (x±)

]
, (3.86)

where: nµ = (e−ρ, 0, 0, 0)
T i √γ = eρ. By imposing the orthogonality condition of the modes:

(fω1
± , fω2

± ) = δ(ω1 − ω2), we arrive at the following quantized scalar field:

f±(x
±) =

∫ ∞

0

dω√
4πω

[
a±(ω)e

−iωx±
+ a†±e

iωx±
]
, (3.87)

where a±(ω) and a†±(ω) represent the creation and annihilation operators of the modes fω
±.

We now compute the two–point Green’s function. Because the definition of the vacuum
state is coordinate–dependent, we label it as |0, x⟩ to underline that it is specified with respect
to the x± coordinates. Since the explicit dependence on ℏ is relevant for what follows, we
reinstate the factor of

√
ℏ multiplying the field. The two-point correlation function then takes

the form:

G(x, x′) = ⟨0, x| f±(x±)f±(x′±) |0, x⟩ = ℏ
∫∫ ∞

0

dωdω′

4π
√
ωω′

eiω
′x′−iωx± ⟨0, x| a±(ω)a†±(ω′) |0, x⟩

= ℏ
∫ ∞

0

dω

4πω
eiω(x

′±−x±) = − ℏ
4π

ln
∣∣x′± − x±∣∣+ const. (3.88)

Next, we evaluate the expectation value of the energy–momentum tensor by applying ∂±∂′± to
the Green’s function and then taking the limit x′ → x, which yields:

⟨0, x| T̂ f
±±(x) |0, x⟩ = lim

x′±→x±

∂

∂x±
∂

∂x′±
G(x, x′) = − ℏ

4π
lim

x′±→x±

1

(x′± − x±)2
. (3.89)

The energy–momentum tensor operator can be decomposed as T̂µν =: T̂µν : + ⟨0, x| T̂µν |0, x⟩,
leading to:

T̂ f
±±(x) =: T̂ f

±±(x) : −
ℏ
4π

lim
x′±→x±

1

(x′± − x±)2
, (3.90)

where : T̂ f
µν : denotes the normally ordered part of the energy–momentum tensor expressed in

the x± coordinates. This represents the energy–momentum tensor as measured by an observer
in the x± frame. The key question is what an observer in the y± frame measures if, for example,
the energy–momentum tensor is normally ordered with respect to the x± coordinates (so that
an observer in the x± frame detects no excitations of the matter fields). More generally, we
may ask how the normally ordered part of the energy–momentum tensor changes under the
transformation x± 7→ y±, assuming that the complete energy–momentum tensor satisfies the
usual tensor transformation law. We find:

: T̂ f
±±(y

±) : = T̂ f
±±(y

±) +
ℏ
4π

lim
y′±→y±

1

(y′± − y±)2

= lim
y′±→y±

dx±

dy±
dx′±

dy′±
T̂ f
±±(x

±) +
ℏ
4π

lim
y′±→y±

1

(y′± − y±)2

=

(
dx±

dy±

)2

: T̂ f
±±(x) : −

ℏ
4π

lim
x′±→x±

[
1

(x′± − x±)2
dx±

dy±
dx′±

dy′±
− 1

(y′± − y±)2

]
︸ ︷︷ ︸

L

.

(3.91)
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It remains to evaluate the limit L. We as-
sume that the transformation y± = y±(x±) is
differentiable, so that whenever x′± → x± it
follows that y′± → y±. For convenience, in
the calculation of the limit L, we will denote
x± simply by x and y± simply by y. We set
x′ − x = ε → 0 and perform an expansion in
powers of ε. A representative behavior of such
functions is illustrated in Figure 3.1:

y
′
= y + ε

dy

dx
+
ε2

2

d2y

dx2
+
ε3

6

d3y

dx3
,

dy
′

dx′ =
dy

dx
+ ε

d2y

dx2
+
ε2

2

d3y

dx3
.

(3.92)
Figure 3.1: Representation of the behavior of
the transformation y(x)

Furthermore, we use the notation dy
dx

= y′, d2y
dx2 = y′′, and similarly for higher derivatives. We

now proceed to evaluate the desired limit of L.:

L = lim
ε→0

[
dx
dy

dx′

dy′

(x′ − x)2
− 1

(y′ − y)2

]
= lim

ε→0

(y′ − y)2 − (x′ − x)2 dy
dx

dy′

dx′

(x′ − x)2(y′ − y)2 dy
dx

dy′

dx′

= lim
ε→0

(
εy′ + ε2

2
y′′ + ε3

6
y′′′
)2
− ε2y′

(
y′ + εy′′ + ε2

2
y′′′
)
+ o(ε4)

ε4(y′)4

= lim
ε→0

(y′)2 + εy′y′′ + ε2

3
y′y′′′ + ε2

4
(y′′)2 − (y′)4 − εy′y′′ − ε2

2
y′y′′ + o(ε2)

ε2(y′)4

= lim
ε→0

1
4
(y′′)2 − 1

6
y′y′′′ + o(1)

(y′)4
= − 1

6(y′)2

[
y′′′

y′
− 3

2

(
y′′

y′

)2
]
= − 1

6(y′)2
Dx [y] . (3.93)

Finally, the transformation law can be written as : T̂ f
±±(x

±) :

: T̂ f
±±(y

±) :=

(
dx±

dy±

)2 [
: T̂ f

±±(x
±) : +

ℏ
24π

Dx±
[
y±
]]
. (3.94)

This formula corresponds to a standard transformation law for the energy-momentum tensor
in conformal field theory [105]. The coefficient in front of the Schwarzian derivative, when
multiplied by ℏ

24π
, defines the central charge, which takes the value c = 1 for a free massless

boson.

From this we conclude that an energy–momentum tensor that is normally ordered with
respect to one coordinate system will, in general, not remain normally ordered after a change
of coordinates. This is consistent with the fact that one observer can perceive the vacuum,
while another detects a particle spectrum (see Appendix D.1). It is also crucial to note that
the Schwarzian derivative enters the transformation, so the transformation law coincides with
the one in (3.83) for the quantity t±(x±). Consequently, we obtain

⟨ψ| : T̂ f
±± : (x±) |ψ⟩ = − ℏ

12π
t±(x

±), (3.95)
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where |ψ⟩ denotes the quantum state of the field. Equation (3.95) gives the expectation value
of the normally ordered energy–momentum tensor, and thus indicates whether an observer
associated with a particular reference frame measures a particle spectrum or not. On this
basis, we characterize the quantum state in which the system is found. The central issue is
whether a particle spectrum is present at asymptotic infinity, i.e. at J ±. Three distinct choices
of vacuum state are commonly considered [26, 106]:

• Boulware state |B⟩: This is a state that exhibits no energy flux through either of
the asymptotic null infinities, J + or J −. In other words, it describes a non-radiating
black hole. For this requirement to hold, the energy–momentum tensor must be normally
ordered with respect to the Eddington–Finkelstein, asymptotically flat coordinates σ±,
specifically:

⟨B| : T̂ f
±±(σ

±) : |B⟩ = −εt±(σ±) = 0 =⇒ |B⟩ = |0, σ⟩ . (3.96)

• Hartle–Hawking state |HH⟩: This is a state in which the energy flux through J + and
J − is equal. In other words, the black hole is in thermal equilibrium with its surroundings
[107], evaporating at the same rate at which it absorbs. For this requirement to hold,
the energy–momentum tensor must be normally ordered with respect to the Kruskal
coordinates x±, i.e. the coordinates in which the metric remains regular at the horizon,
namely:

⟨HH| : T̂ f
±±(x

±) : |HH⟩ = −εt±(x±) = 0 =⇒ |HH⟩ = |0, x⟩ . (3.97)

• Unruh state |U⟩: This state corresponds to a black hole that has no energy flux at J − in
the distant past, but does exhibit energy flux at J + in the far future. In other words, we
are dealing with a scenario where, at some point in time, matter collapses and a black hole
forms. Prior to the collapse, there is no energy flux, and the energy–momentum tensor
is normally ordered with respect to the asymptotically flat coordinates σ±. Once the
collapse occurs, the appropriate asymptotically flat coordinates switch to σ̂±. Because the
quantum state is defined in terms of the original σ± coordinates, the energy–momentum
tensor is no longer normally ordered in the new asymptotically flat coordinates σ̂±. This
mismatch produces an energy flux at J +, implying that the black hole evaporates.

⟨U | : T̂ f
±±(σ

±) : |U⟩ = −εt±(σ±) = 0 =⇒ |U⟩ = |0, σ⟩ . (3.98)

In recent years, a new class of quantum states, known as hybrid quantum states, has been
explored. This idea was first put forward in [108, 109] within the framework of the RST model
[23, 24], where it was shown that the entanglement entropy of quantum fields can exhibit a
Page-curve-like behavior even without invoking an island [110]. The core concept is to introduce
non-physical, ghost-like fields arranged in a hybrid state. A hybrid state is a mixture of two
quantum states (for example, a Hartle–Hawking state for the physical fields together with a
Boulware state for the auxiliary non-physical fields, i.e. |ψ⟩ ≡ |HH⟩ ⊗ |B⟩). Because of the
inclusion of these non-physical fields, the effective central charge of the conformal field theory
can become negative. When this occurs, the space-time singularity is removed, which appears
to be the primary mechanism driving the Page-curve-like evolution of the entanglement entropy
in this setting. In contrast, the resolution of space-time singularities has long been expected
to be a hallmark of a fully consistent theory of quantum gravity. Although the island formula
(1.6) reproduces a Page curve, it does not, by itself, resolve singularities. This shortcoming can
be viewed as a consequence of working within the semiclassical approximation.
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3.4 Gravitational collapse scenario

In this section, we explain how to construct a gravitational collapse scenario within the frame-
work of two-dimensional dilaton gravity. For studying the Page curve, one needs an evaporating
black hole solution, i.e. a dynamical semi-classical configuration that does not admit a global
timelike Killing vector field.

We begin by setting up the classical collapse scenario. The infalling matter is represented
as a null shockwave of mass M propagating along the x+ = x+0 hypersurface. Once this
shockwave reaches the boundary of spacetime, namely the x = 0 hypersurface, a singularity
forms together with an event horizon. The energy-momentum tensor for the simplest ingoing
shockwave is described using a Dirac δ-function as follows:

T++ = sδ
(
x+ − x+0

)
, T−− = T+− = 0, (3.99)

where s is a constant connected to the mass of the shockwave. The mass carried by the energy-
momentum tensor is given by [106]:

M =

∫
Σ

dσ
√
γnµξνTµν , (3.100)

where Σ is a space-like hypersurface, n is an orthogonal vector to the surface Σ normalized
as nµn

µ = −1, ξ is the time-like Killing vector, γ is the induced metric on Σ and Tµν is the
energy-momentum tensor. Since ξ is orthogonal to Σ, we can choose n to be proportional to ξ,
i.e. nµ = ξµ√

−ξ·ξ . The induced metric on the hypersurface Σ is then: ds2 = −Λdσ2. Substituting
all of this into Equation (3.100) gives:

M =

∫
Σ

dσ
√
−Λξµ ξν√

−Λ
Tµν =

∫
Σ

dσF+2T++ = −
∫

dx+

F+
sF+2δ

(
x+ − x+0

)
= −sF+(x+0 ).

(3.101)

The collapse scenario is illustrated in Figure
3.2. The blue line, representing the mat-
ter shockwave, divides the diagram into two
parts. Because matter is confined to the shock-
wave itself, regions I and II are described
by vacuum solutions of the form (F+,F−, C),
where F±(x±) denote conformal transforma-
tions from arbitrary coordinates x± to Edding-
ton–Finkelstein coordinates σ±, and C is a set
of constants specifying the solution in Edding-
ton–Finkelstein coordinates (such as the black
hole mass or charge). In this way, one encodes
the most general static vacuum solution within
the formalism developed in 3.1. When crossing
the shockwave hypersurface, two of these three
parameters can jump, namely C and F−. To
determine these discontinuities, we impose ap-
propriate gluing conditions on the metric and
dilaton field. Figure 3.2: Penrose diagram of the gravita-

tional collapse
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Both the metric and the dilaton must remain continuous functions of x+ and x− across the
hypersurface x+ = x+0 , which implies:

e2ρI
∣∣∣∣
x+=x+

0 −ϵ

= e2ρII
∣∣∣∣
x+=x+

0 +ϵ

, e−ϕI

∣∣∣∣
x+=x+

0 −ϵ

= e−ϕII

∣∣∣∣
x+=x+

0 +ϵ

, (3.102)

when ϵ→ 0, where the indices I and II refer, respectively, to region I and region II of space-time
(see Figure 3.2). In addition to these two continuity conditions, all derivatives of the metric
and the dilaton with respect to the coordinate x− must also be continuous. Finally, we have to
examine the ++ component of the metric equation, since its source term, T++, is proportional
to a Dirac δ-function. This function can always be expressed in the following form:

∂+F + G<η(x+0 − x+) + G>η(x+ − x+0 ) =
M

F+
δ
(
x+ − x+0

)
, (3.103)

where it is repeatedly used that the metric and the dilaton field and their derivatives with
respect to x− must be continuous along the hypersurface x+ = x+0 . Integrating this equation
from x+0 − ϵ to x+0 + ϵ and then taking the limit ϵ→ 0 yields:

F
∣∣∣∣>
<

=
M

F+(x+0 )
. (3.104)

What we have essentially done here is to split the ++ equation into a term proportional to
the Dirac δ-function, ∂+F , and a term, G>/<, which is discontinuous at x+ = x+0 . The latter
contribution is integrable at x+ = x+0 and therefore its integral vanishes in the limit ϵ → 0.
This constitutes the final condition imposed on the fields. Solving equations (3.102) and (3.104)
then determines the parameters of region II of the spacetime in terms of those of region I, or
equivalently:

F−
II(x

−) = F−
II

(
F−
I (x

−), ϕ(x−, x+0 ),F
+
I (x

+
0 ), CI,M

)
, F+

II = F+
I , CII = CII

(
F+
I (x

+
0 )), CI,M

)
.

(3.105)

The net result of this kind of construction is that the static vacuum solutions remain present
in both spacetime regions I and II. What does change is the Killing vector, because the com-
ponent ξ− becomes discontinuous, rendering the spacetime as a whole non-stationary. As a
consequence, the asymptotically flat Eddington–Finkelstein coordinates are modified, going
from σ± to σ̂±, since they are defined by:

dσ±

dx±
= ∓ 1

F±
I

,
dσ̂±

dx±
= ∓ 1

F±
II

, (3.106)

specifically the σ− coordinate. For later convenience, we introduce a new set of coordinates
adapted to the shockwave hypersurface:

x̂ ≡ σ+
0 − σ−

2L
, ∧ δ ≡ e−

σ+−σ+
0

2L , (3.107)

where the first coordinate plays the role of a redefined σ−, and the second encodes a shift in
the σ+ coordinate. Note that δ ∈ (0, 1), and it monotonically decreases from 1 to 0 (the latter
corresponding to infinity) throughout region II of the spacetime, where the black hole is located.
When region I is the flat Minkowski space, we have x̂ = x at the shockwave hypersurface.

According to the cosmic censorship conjecture [106], any singularity must remain concealed
behind some kind of horizon, typically the event horizon. In dynamical spacetimes, however,
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another type of horizon can arise, known as the apparent horizon, which can lie outside and
thus obscure the event horizon. The apparent horizon is defined as the surface behind which
all trapped surfaces are located (i.e., all null geodesics converge, preventing light from escaping
that region). In dilaton gravity the apparent horizon is determined by the condition ∂+e−nϕ = 0,
because this expression is proportional to the area of the n-sphere in the higher-dimensional
theory from which the model is obtained via spherical reduction (see Chapter 2). For consider-
ations involving entropy, the apparent horizon is in fact more relevant than the event horizon
itself [26].

3.4.1 Quantum-corrected collapse scenario

Here we assume that quantum corrections are incorporated via the PL action defined in (3.72).
The starting point is the same as in the previous section: the infalling matter is modeled as an
ingoing null shockwave located on the x+ = x+0 hypersurface, which splits the spacetime into
two regions. Region I denotes the portion of spacetime prior to the passage of the shockwave, i.e.
x+ < x+0 , and coincides with the corresponding region in the classical setup. The essential new
element is that we must now specify the quantum state of the fields, because in the quantum-
corrected framework the geometry is characterized by the ordered quintuple (F+,F−, t+, t−, C).
Choosing t± = 0 then selects the quantum state in which the EMT is normal ordered, as in
(3.95).

In region I we introduce the Eddington–Finkelstein coordinates σ± and impose that the
EMT is normal ordered with respect to these coordinates, i.e. t±(σ

±) = 0. This condition
guarantees the absence of Hawking radiation at the J − hypersurface, prior to the introduction
of the infalling matter. Without the shockwave, this would indicate that the matter fields are
prepared in the Boulware state (3.96).

Once the infalling matter is introduced, the asymptotically flat coordinates change from σ±

to a new set σ̂±. This is already apparent in the purely classical collapse setup (3.106), and
therefore should remain valid when quantum effects are included. Moreover, upon incorporat-
ing quantum corrections, these coordinate transformations are expected to receive additional
contributions. Since the EMT is no longer normal ordered in the new asymptotically flat co-
ordinates, Hawking radiation is present on the J + hypersurface. Consequently, the underlying
quantum state is in fact the Unruh state (3.98).

Classically, the model features two stationary geometries with distinct time-like Killing
vectors, which are smoothly matched across the σ+ = σ+

0 hypersurface. Thus, each region
can be regarded as stationary on its own, even though the full spacetime is dynamical. Once
quantum corrections are turned on, this picture changes. The geometry in region I may still
be treated as stationary with respect to its corresponding Killing vector, but this is no longer
true for region II. The key point is that, upon crossing the matching hypersurface, not only the
coordinate transformations F± change, but the functions t± also undergo a change.

In many practical situations, the full vacuum solution (F+,F−, t+, t−, C) cannot be obtained
in closed analytic form. When this is the case, one possible approach is to carry out a formal
perturbative expansion in the natural small parameter ε = ℏG

12π
(often written without G), which

multiplies the EMT components (3.77). At zeroth order in ε one recovers the classical collapse
solution. The next step is to expend the fields to first order in ε, namely:

ρ 7→ ρ(x) + εα, ∧ e−ϕ 7→ e−ϕ(x) + εθ. (3.108)
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Since the quantum correction to the EMT already appears at first order in the expansion
parameter ε, we insert the fields at zeroth order and evaluate it. The resulting expression is:

⟨∆T (f)
±±⟩ = −

ε

(2LF+)2

[
4L2t±(σ

±) +
1

4

(
D0

dΛ0

dx

)2

− Λ0D0

2

d

dx

(
D0

dΛ0

dx

)]
,

⟨∆T (f)⟩ = ε

2L2
D0

d

dx

(
D0

dΛ0

dx

)
, (3.109)

where Λ0 and D0 are given by (3.8) and (3.13), respectively. The explicit dependence on the
x± coordinates arises from the term − ε

F± t±(σ
±). The "±±" equations of motion can always be

rewritten as a first-order differential equations for the quantity e−2ρD−1
0 ∂±θ − 1

L
αF∓, that is:

∂±

(
e−2ρ

D0

∂±θ −
αF∓

L

)
=
FF∓t±(σ

±)

F± +
F∓

2L

F [x]
D0Λ2

0

[
1

4

(
D0

dΛ0

dx

)2

− Λ0D0

2

d

dx

(
D0

dΛ0

dx

)]
∂±x.

(3.110)
The first term on the right-hand side is fixed by the choice of a vacuum state and therefore
remains in integral form as a source. The second term depends only on x and is multiplied by
a function that is independent of the coordinate associated with the derivative on the left-hand
side. Finally, the function F [x] depends on the model. Consequently, integration can be carried
out. The result is:

∂±θ =
1

2L

[
F∓(D1 + 2α) + G∓]D0e

2ρ + F∓D0e
2ρ

∫
dx+

F± t±(σ
±)F [x], (3.111)

where a new set of arbitrary functions G± = G±(x±) is introduced. They represent the quantum
corrections to the coordinate transformations F±. The new function D1 is defined via:

dD1

dx
=
F [x]
D0Λ2

0

[
1

4

(
D0

dΛ0

dx

)2

− Λ0D0

2

d

dx

(
D0

dΛ0

dx

)]
. (3.112)

Employing a combination of the dilaton equation and the trace equation makes it possible to
remove the unknown function α and therefore make Equation (3.111) integrable once more.
This integration gives a solution for θ in terms of the derivatives of θ, thus making it a first
order differential equation for θ. Solving this equation gives a closed form of the θ function
in terms of x and the integrals of the sources. These two integrations result in another set of
integration constants C1, which represent quantum corrections to the constants of the classical
solution. Combining the zeroth and first order corrections together:

ρ(x) + εα 7→ ρ, e−ϕ(x) + εθ 7→ e−ϕ, F± + εG± 7→ F±, C + εC1 7→ C, (3.113)

we get the quantum-corrected solution that depends on x and the sources t±(σ
±).

With this, the general vacuum solution to the quantum-corrected equations of motion has
been determined to first order in ε. We now turn to the collapse setup. As in the classical
analysis, the spacetime is split into two regions, each described by a vacuum solution. In the
first part, we select a solution with vanishing energy flux at both future and past null infinity.
Consequently, the quantum state is |0, σ⟩, which implies t±(σ±) = 0. Upon entering the second
part of the spacetime, the asymptotically flat coordinates are replaced by σ̂±, but the quantum
state itself remains unchanged. In contrast, the solution in part II depends on t±(σ̂

±). Since
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this dependence is of order ε, it suffices to evaluate it at zeroth order, so that it is governed
solely by the classical coordinate transformations F±, namely:

t±(σ̂
±) = F±2

[
1

4

(
∂± ln F±)2 + 1

2
∂2± ln F±

]
. (3.114)

Because only the σ− coordinate is transformed non-trivially, we have t−(σ̂−) ̸= 0 as the only
non-vanishing component. In this way, the functions t± that specify the quantum state are
determined in part II of the spacetime. The continuity conditions (3.102) and (3.104) must
then be imposed, yielding the quantum-corrected coordinate transformations into part II, as
well as the quantum-corrected discontinuity in the constants C, which encode the mass and
other charges of the theory. The geometry in part II of the spacetime is thus completely
specified.

The quantum-corrected collapse scenario is de-
picted in Figure 3.3. It closely resembles the
classical collapse shown in Figure 3.2. The key
distinction is the emergence of region III within
the second part of the spacetime. This fea-
ture arises from the non-stationary geometry,
which gives rise to an evaporating black hole
located in region II of the spacetime. In this
region, the geometry is such that the apparent
horizon, defined by ∂+e

−nϕ = 0, and the sin-
gularity determined by solving 1/R = 0 meet
at a finite point in spacetime, denoted as the
end-point of the evaporation (σ+

E , σ
−
E ). Nev-

ertheless, in many 2D dilaton gravity models
[23, 24, 25], the black hole has not radiated
away all of its mass by this stage. In accor-
dance with the cosmic censorship conjecture
[106], a naked singularity cannot be allowed to
form; thus, the remaining mass is discharged as
an outgoing shockwave along the hypersurface
σ− = σ−

E . This shockwave is commonly re-
ferred to in the literature as “the thunderpop.”

Figure 3.3: Penrose diagram of the quantum-
corrected gravitational collapse featuring an
evaporating black hole

Next, we need to identify the end-state geometry. The first step is to rewrite the solution
using the radial coordinate x and the σ− coordinate, since the hypersurface that separates the
evaporating black hole in region II from the end-state geometry of region III is specified by the
condition σ− = σ−

E . We then recast the metric and the dilaton field in region II by introducing
a running constant Ĉ = Ĉ(σ−), expanded as Ĉ = C + εC1(σ

−). This quantity closely follows
the apparent horizon. Because the singularity is typically of ε-order„ the parameter Ĉ becomes
small when the apparent horizon meets the singularity, i.e. near the end point of evaporation.
Consequently, in the vicinity of the hypersurface σ− = σ−

E we can take the limit Ĉ → 0
within the first-order terms in the solution. In this limit, the solution reduces to one of the
static configurations without energy flux at asymptotic infinity. Therefore, the metric and the
dilaton field are already smoothly matched across the hypersurface σ− = σ−

E .
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Since no further coordinate transformation takes place in this step, the EMT in region III is
already normal ordered with respect to the σ̂± coordinates. We also identify the final vacuum
state as |0, σ̂⟩. Consequently, the evolution both starts and ends in a pure state, implying that
no information is lost during this process. Nevertheless, the final state does not depend on the
detailed structure of the initial infalling matter shockwave. To determine whether information
is genuinely lost, one must evaluate the entanglement entropy and verify whether it exceeds
the coarse-grained limit set by the thermodynamic entropy.

Finally, as already noted, the black hole does not radiate away all of its mass by the time the
evaporation reaches its end-point. One should determine how much mass remains by evaluating
the emitted energy:

Erad = −ε
∫ σ−

E

−∞

dσ−

F− t−(σ̂
−) =M +MS1 −MS2 −M0, (3.115)

where M is the mass carried by the infalling matter shockwave, MS1 denotes the mass of the
initial spacetime of region I, MS2 the mass of the final spacetime of region III, and M0 = O(ε)
is the small residual mass of the black hole at the end-point of the evaporation. This remaining
mass is expected to be released as an outgoing energy shockwave. Equation (3.115) is referred
to as the energy balance equation.

To verify the internal consistency of this treatment, one has to evaluate the EMT at the
σ− = σ−

E hypersurface and demonstrate explicitly that it contains a term proportional to the
Dirac-δ function, with mass equal to M0. This confirms the presence of an outgoing shockwave
originating from the evaporation end-point. One way to show this is to use the "−−" component
of the metric equation and integrate it across the σ− = σ−

E hypersurface. This procedure is
analogous to the one previously used when the spacetime was matched across the infalling
shockwave hypersurface (3.104).

41



Chapter 4

Review of the CGHS model

The classical CGHS model [19] is an example of a 2D dilaton gravity theory emerging from
string theory. We are not be concerned here with the detailed derivation of its action. It can be
obtained by dimensionally reducing an extremal magnetically charged black hole. Because the
Einstein–Hilbert term in two dimensions is purely topological, gravitational dynamics originates
from the interplay between the dilaton, acting as a scalar field, and the spacetime curvature.
Furthermore, the model includes matter in the form of N massless scalar fields. The role of
these N fields becomes crucial once quantum fluctuations are taken into account. The action
of the CGHS model is given by:

SCGHS =
1

2πG

∫
d2x
√
−ge−2ϕ

[
R + 4 (∇ϕ)2 + 4λ2

]
− 1

2

N∑
i=1

∫
d2x
√
−g (∇fi)2 , (4.1)

where ϕ denotes the dilaton field, R the Ricci scalar curvature, λ a constant with dimensions
of inverse length, and fi is the one of the N scalar matter fields in the model. The constant
G appearing in the first term is the two-dimensional Newton constant. Although it is often
set to one or omitted in the literature, we keep it explicit to maintain dimensional consistency.
We refer to the first term as Sg (the gravitational action) and the second as Sm (the matter
action).

The chapter is organized into five sections. In the first section, we derive the equations of
motion of the model. We then obtain their general solution and impose the static ansatz of
Section 3.1. Among the resulting configurations, besides the usual linear dilaton vacuum and
the static black hole, we study a particular cosmological solution with charged scalar matter
fields. The section concludes with the introduction of a dynamical collapse scenario.

In the second section, we incorporate quantum fluctuations through the Polyakov–Liouville
action (3.72), together with an additional correction term in the action designed to render the
resulting equations exactly solvable. We examine how this new term modifies the equations of
motion and determine the general static solutions using a symmetric ansatz.

The third section is devoted to the BPP model [25], specified by a particular choice of the
correction terms. Within the BPP framework, we analyze the linear dilaton vacuum solution,
a Minkowski vacuum solution characterized by a vanishing EMT at asymptotic infinity, as well
as eternal and evaporating black hole solutions.

The penultimate section focuses on the perturbative treatment of the BPP model introduced
in Section 3.4.1, specifically the quantum-corrected gravitational collapse scenario. Whereas
the final section discusses the thermodynamical quantities within the classical CGHS model.
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4.1 Equations of Motion

By varying the action with respect to the metric gµν and the dilaton field ϕ, we obtain the
corresponding equations of motion:

δSg =
1

2πG

∫
d2x
√
−ge−2ϕ

{(
δ ln

(√
−g
)
− 2δϕ

) [
R + 4 (∇ϕ)2 + 4λ2

]
+ δR + 4δ (∇ϕ)2

}
=

1

2πG

∫
d2x
√
−ge−2ϕ

{(
−1

2
gµνδg

µν − 2δϕ

)[
R + 4 (∇ϕ)2 + 4λ2

]
+Rµνδg

µν + gµνδRµν + 4∇µϕ∇νϕδg
µν + 8gµν∇νϕ∇µ (δϕ)

}
=

1

2πG

∫
d2x
√
−ge−2ϕ

{[
−2
(
(∇ϕ)2 + λ2

)
gµν + 4∇µϕ∇νϕ+���

0
Gµν

]
δgµν

+ gµνδRµν︸ ︷︷ ︸
A

−2
[
R + 4 (∇ϕ)2 + 4λ2

]
δϕ+ 8gµν∇νϕ∇µ(δϕ)︸ ︷︷ ︸

B

}
. (4.2)

In the second line, we employed the standard relation for the variation of the metric determinant,
δ
√
−g = −1

2

√
−ggµνδgµν , along with δ(∇ϕ)2 = ∇µϕ∇νϕδg

µν + 2gµν∇νϕ∇µ(δϕ) [106]. Due to
the enhanced symmetry of a 2D spacetime, the Ricci tensor is proportional to the metric, which
makes the Einstein tensor Gµν = Rµν − 1

2
Rgµν , appearing in the third line, vanish identically.

Thus, we are left with simplifying the terms A and B in (4.2). The term B can be directly
simplified via partial integration. Neglecting boundary terms (as they do not influence the
equations of motion), we obtain:

B =
1

2πG

∫
d2x
√
−ge−2ϕ

[
−8□ϕ+ 16(∇ϕ)2

]
δϕ. (4.3)

The simplification of term A in (4.2) is more complex. We begin by evaluating the variation
δRµν . To this end, let us examine the situation in a locally flat reference frame (where Γρ

µν = 0
but ∂σΓρ

µν ̸= 0):

δRµν = δRρ
µρν = δ

(
∂ρΓ

ρ
µν − ∂νΓρ

ρµ − Γρ
ραΓ

α
µν − Γρ

ναΓ
α
µρ

)
= ∂ρ

(
δΓρ

µν

)
− ∂ν

(
δΓρ

ρµ

)
. (4.4)

It is well established that Christoffel symbols themselves do not transform as tensor components.
However, it is also known that the difference between two Christoffel symbols does behave as
a tensor component [106]. Since we are dealing with such a quantity, specifically δΓρ

µν , we are
allowed to use the principle of minimal substitution. Consequently, we obtain

δRµν = ∇ρ

(
δΓρ

µν

)
−∇ν

(
δΓρ

ρµ

)
. (4.5)

Inserting this relation into the expression for A and carrying out a partial integration (discarding
boundary terms) leads to:

A =
1

πG

∫
d2x
√
−ge−2ϕgµν

[
∇ρϕ δΓ

ρ
µν −∇νϕ δΓ

ρ
µρ

]
. (4.6)

Because this quantity is a tensor, it is more convenient to evaluate it in a locally flat reference
frame (LFRF). The transformation to such a locally flat reference frame is given by:

gµν ←→ ηµν ∧ ∇µ ←→ ∂µ ∧ d2x
√
−g ←→ d2x ∧ ∂ρgµν = 0 ∧ ∂σ∂ρgµν ̸= 0. (4.7)
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Therefore, under this transition, the variations of the Christoffel symbols persist, even though
the Christoffel symbols themselves vanish. The term A in the locally flat reference frame then
takes the following form:

A

∣∣∣∣
LFRF

=
1

πG

∫
d2xe−2ϕηµν

[
∂ρϕ δΓ

ρ
µν − ∂νϕ δΓρ

µρ

]
=

1

πG

∫
d2xe−2ϕ∂ρϕ

(
ηλνηρµ − ηµνηλρ

)
∂λ(δgµν)

=
1

πG

∫
d2x

(
ηµνηλρ − ηλνηρµ

)
∂λ
(
e−2ϕ∂ρϕ

)
δgµν .

(4.8)

In the first line we applied the transition to the LFRF. In the second line we substituted the ex-
pressions for the variation of the metric in the LFRF: δΓρ

µν = 1
2
ηλρ [∂µ(δgνλ) + ∂ν(δgµλ)− ∂λ(δgµν)]

and simplified the expression. In the third line we applied partial integration. Following the
principle of minimal substitution and returning to a general reference frame, as well as using
the relation: δgρσ = −gρµgσνδgµν the term A becomes:

A =
1

2πG

∫
d2x
√
−g
[
−∇µ∇νe

−2ϕ + gµν□e
−2ϕ
]
δgµν . (4.9)

By substituting back into the expression 4.2 for the variation of the gravitational action Sg, we
obtain:

δSg =
1

2πG

∫
d2x
√
−ge−2ϕ

{[
2∇µ∇νϕ+

(
2(∇ϕ)2 − 2□ϕ− 2λ2

)
gµν
]
δgµν

+
[
−2R + 8(∇ϕ)2 − 8λ2 − 8□ϕ

]
δϕ

}
.

(4.10)

To derive the complete set of equations of motion, one must also vary the matter action Sm

with respect to both the metric gµν and the matter fields fi. This procedure mirrors the one
applied to the gravitational action Sg. As a consequence, we arrive at the following result:

δSm = −
N∑
i=1

∫
d2x
√
−g
{
1

2

[
∇µfi∇νfi −

1

2
gµν(∇fi)2

]
δgµν − (□fi) δfi

}
. (4.11)

We observe that the energy–momentum tensor (EMT), given by T f
µν ≡ −2√

−g
δSm

δgµν
=
∑N

i=1 T
(i)
µν ,

coincides with the EMT of massless scalar fields. In this expression, T (i)
µν denotes the EMT

corresponding to the i-th particle species, obtained from the action S
(i)
m of the associated i-th

matter field. Therefore, enforcing Hamilton’s principle, δSCGHS = δSg + δSm = 0, yields the
following equations of motion:

δS

δgµν
= 0 : ∇µ∇νϕ e

−2ϕ + gµν
(
(∇ϕ)2 −□ϕ− λ2

)
e−2ϕ =

πG

2
T f
µν ,

δS

δϕ
= 0 : □ϕ = (∇ϕ)2 − λ2 − 1

4
R,

δS

δfi
= 0 : □fi = 0; ∀i ∈ {1, 2, ..., N}

T (i)
µν ≡

−2√
−g

δS
(i)
m

δ, gµν
: T (i)

µν = ∇µfi∇νfi −
1

2
gµν(∇fi)2 ∀i ∈ {1, 2, ..., N}.

(4.12)
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Up to this point, we have treated the first term in the CGHS action as the gravitational
action, but it can be interpreted in another way. More precisely, it encodes the coupling
between the dilaton and the spacetime curvature and can therefore be viewed as the matter
action associated with the dilaton. The truly gravitational contribution is instead given by the
Einstein–Hilbert action. Since it appears in the field equations as 0 = Gµν ∝ Tµν , we infer
that, in two dimensions, the equations of motion reduce to Tµν = 0. With this in mind, we can
introduce the dilaton energy–momentum tensor:

T ϕ
µν =

−2√
−g

δSg

δgµν
= − 2

πG

[
∇µ∇νϕ+

(
(∇ϕ)2 −□ϕ− λ2

)
gµν

]
e−2ϕ. (4.13)

We thus find that the equations of motion take the expected form, T ϕ
µν + T f

µν = 0. This obser-
vation will play a crucial role when we later discuss the interpretation of the limit N ≫ 1 for
the matter fields.

4.1.1 General solution of the equations of motion

In this subsection, we proceed to solve the equations of motion (4.12). We adopt light-
cone coordinates x± = t ± x and work in the conformal gauge introduced in Chapter 3.
Substituting the conformal-gauge metric (3.2) together with the scalar invariants (3.4) into
(4.12), we obtain the corresponding equations for ρ and ϕ. Using the identity ∂+∂−e

−2ϕ =
(−2∂+∂−ϕ+ 4∂+ϕ ∂−ϕ) e

−2ϕ, the equations of motion can be rewritten in the following form:

+− : ∂+∂−e
−2ϕ + λ2e2(ρ−ϕ) = πGT f

+−, (4.14)

±± : −∂2±e−2ϕ + 4∂±ϕ∂±(ϕ− ρ)e−2ϕ = πGT f
±±, (4.15)

ϕ : ∂+∂−e
−2ϕ − 2∂+∂−(ϕ− ρ)e−2ϕ + λ2e2(ρ−ϕ) = 0, (4.16)

where the first two equations follow from the metric equation, while the third is derived from
the dilaton field equation. Since T (i)

+− = 0 for massless scalar matter fields and T (i)
±± = (∇±fi)

2,
equations (4.14) and (4.16) can be combined to yield:

∂+∂−(ϕ− ρ) = 0, (4.17)

whose general solution takes the form:

2(ρ− ϕ) = ω−(x
−) + ω+(x

+) (4.18)

where ω+ and ω− denote arbitrary functions of a single variable. We can now insert this
expression back into Equation (4.14). Doing so gives:

e−2ϕ = −λ2
∫

dx−eω−

∫
dx+eω+ + F+(x

+) + F−(x
−), (4.19)

where F±(x
±) constitute another set of arbitrary single-variable functions. We now transition

to the y± coordinates, which offer a more suitable description while maintaining the conformal
gauge, defined by dy±

dx± = eω± , leading to the following form of the metric:

ds2 =
dy+dy−

−λ2y+y− + F+(y+) + F−(y−)
. (4.20)
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Using (4.19), we can readily determine e−2ϕ as follows:

e−2ϕ = −λ2y+y− + F+(y
+) + F−(y

−). (4.21)

In this way, we have demonstrated that one can choose coordinates such that ρ = ϕ. This
particular choice is referred to as the Kruskal gauge condition, as it is directly connected to the
Kruskal coordinates appearing in the Schwarzschild solution (see Appendix C.3). From this
point onward, we work in the Kruskal gauge. Moreover, instead of denoting the coordinates by
y±, we use x± to represent the Kruskal coordinates. The remaining task is to solve Equation
(4.15), which simplifies to:

d2F±

dx±2
= −πGT f

±±(x
±), (4.22)

which leads to the following form of the functions F± expressed in terms of the given EMT:

F±(x
±) = −πG

∫
dx±

∫
dx±T f

±±(x
±) + a±x

± +
b

2
. (4.23)

where a± and b are arbitrary constants. From Equation (4.22), it follows that T f
±± can de-

pend only on x±. By inspecting the matter field equations from (4.12), we confirm that this
requirement is indeed fulfilled:

□fi = 0 =⇒ ∂+∂−fi = 0 =⇒ fi = fi+(x
+) + fi−(x

−) =⇒ T
(i)
±±(x

±) =

(
dfi±
dx±

)2

. (4.24)

Therefore, the general solution of the equations of motion in the Kruskal gauge is given by:

e−2ϕ = −λ2x+x− − πG
∫

dx+
∫

dx+T++ − πG
∫

dx−
∫

dx−T−− + a+x
+ + a−x

− + b.

(4.25)
In this setup, the geometry is characterized by three constants, a± and b, together with the EMT
of the matter fields, T f

±±(x
±). In the absence of matter, the constants a± can be eliminated

by an appropriate change of coordinates, x± 7→ x± − a∓
λ2 . Depending on this choice, we obtain

various distinct solutions, i.e. different geometries. It should be remembered that all of this
has been formulated in the Kruskal gauge. If required, we can easily switch to other coordinate
systems.

4.1.2 Applying the static ansatz setup

In the preceding subsection, we described the standard procedure for solving the CGHS equa-
tions of motion in the Kruskal gauge. We now instead employ the symmetric ansatz introduced
in Section 3.1, which is obtained by imposing the presence of a time-like Killing vector. In this
setup, the natural length scale is determined by λ, implying L = 1/λ, and the reduced field
defined in (3.7) becomes x = e−ϕ. By rewriting the metric equation using (3.8) for the metric
function Λ, together with (3.13), we obtain:

D
4Λ

[
d

dx

(
x2DdΛ

dx

)
ξµξν −

(
d

dx

(
x2DdΛ

dx

)
+ 4x2Λ

d

dx

(
D
x

))
εµρενσξ

ρξσ
]
=
πG

2λ2
T f
µν , (4.26)

where we have employed the auxiliary relations (3.32) and (3.33) for the scalar invariants □x
and (∇x)2, respectively, as well as (3.24) and (3.29) for the covariant derivative of the Killing
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vector and the scalar curvature. This equation implies that the only non-zero components of
the EMT are the one aligned with the Killing vector, T ∥∥, and the one orthogonal to it, T⊥⊥,
while all mixed components vanish. Similarly, for the dilaton equation one gets:

D d

dx
(ΛD) + x +

x

4
D d

dx

(
DdΛ

dx

)
= 0. (4.27)

Since the matter field are massless scalar fields, we can use the fact that their EMT is traceless
in two dimensions. Thus, taking the trace of the metric Equation (4.26) gives:

d

dx

(
x2DdΛ

dx

)
+ 2x2Λ

d

dx

(
D
x

)
= 0. (4.28)

This equation is integrable, resulting into:
1

2
DdΛ

dx
+

ΛD
x

= C, (4.29)

where C is an integration constant. This equation can be regarded as a solution for D. Substi-
tuting this solution into the dilaton Equation (4.27) we once again get an integrable equation,
the solution being as follows:

Λx2 + CxΛD = µ, (4.30)
where µ is another integration constant. Combining equations (4.29) and (4.30) results into a
differential equation for Λ whose solution is:

Λx2 − µ ln
∣∣Λx2∣∣ = b− C2x2, (4.31)

where yet another integration constant b is introduced. Next, we compute the tortoise coordi-
nate (3.18). Direct calculation, yields

λσ = − 1

2C
ln
∣∣Λx2∣∣. (4.32)

Finally, one has to enforce the constraints (3.22) for the asymptotical flat solution at infinity.
Taking the limit x → ∞ of Equation (4.31), gives Λ → −C2, implying that C = ±1. Then,
form (4.32) we deduce that C = −1, by demanding that σ → +∞ in this limit. Hence, the
solution in the asymptotically flat coordinates depends on two constants b and µ and is given
by:

Λ =


− 1

1 + (b+ 2µλσ)e−2λσ
, Λ < 0,

− 1

1− (b+ 2µλσ)e−2λσ
, Λ > 0,

x =

{√
b+ 2µλσ + e2λσ, Λ < 0,√
b+ 2µλσ − e2λσ, Λ > 0.

(4.33)

Next, we compute the components of the EMT by substituting this solution into (4.26). This
gives:

Λ2T
∥∥

= Λ2T⊥⊥ =
2µλ2

πG
. (4.34)

In contrast, evaluation of the components of the EMT using the scalar field f and the equation
of motion for the i-th field yields the following.

T
∥∥

= T⊥⊥ =
λ2

2

N∑
i=1

(
Ddfi

dx

)2

,
d

dx

(
ΛDdfi

dx

)
= 0. (4.35)

Hence, the physical interpretation of the constant µ > 0 is that it is some type of a charge
carried by the matter fields. Since the Equation (4.31) is transcendental when µ ̸= 0, we cannot
write down the explicit expression for Λ in terms of x.
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4.1.3 Static vacuum solutions

In this subsection, we examine the static vacuum solution, defined by the condition T f
µν = 0,

which holds when µ = 0, as can be seen from (4.34). From (4.31) it follows that D = x, and
Equation (4.32) provides an expression for Λ solely as a function of x, namely:

Λ =
b

x2
− 1, D = x, 2λσ = ln

∣∣b− x2
∣∣ , (4.36)

where the last expression determines the tortoise coordinate (4.32). There are three possi-
ble scenarios depending on the sign of the constant b. To see if this solution possesses any
singularity, we compute the scalar curvature. Using (3.29) we obtain:

R =
4λ2b

x2
. (4.37)

It is now evident that as long as b ̸= 0 there is a singularity at xS = 0. When b = 0, we have
Λ = −1 throughout the entire spacetime and R = 0, so the geometry is simply flat Minkowski
spacetime. For b ̸= 0, in order to determine whether the solution describes a black hole or
a naked singularity, we must check for the presence of an event horizon. The event horizon
is defined as the hypersurface on which the time-like Killing vector becomes null, i.e., where
Λ = 0. If b < 0, then Λ < 0 everywhere, indicating that no event horizon exists. Conversely,
for b > 0, imposing Λ = 0 gives xH =

√
b. It is therefore clear that in this case the solution

corresponds to a static black hole. Hence, the solutions can be classified according to the sign
of the constant b as follows:

• b = 0: Flat Minkowski spacetime,

• b < 0: Naked singularity,

• b > 0: Static black hole.

The cosmic censorship conjecture rules out the formation of naked singularities, which in turn
requires that the constant b be nonnegative. Now we examine each of the two allowed cases in
detail.

Linear dilaton vacumm

Within the CGHS model, the vacuum configuration is referred to as the linear dilaton vacuum.
This terminology stems from the fact that, for b = 0, the dilaton field ϕ depends linearly on
the spatial coordinate σ. Explicitly, the solution is

d2s = −dt2 + dσ2, ϕ = −λσ, (4.38)

and it arises as the limit b → 0 of the general static vacuum solution (4.36). This solution
exhibits the full two-dimensional Poincaré symmetry, meaning that, in addition to the Killing
vector ∂t, there are two more Killing vectors: ∂σ corresponding to spatial translations, and
L = σ∂t + t∂σ corresponding to Lorentz boosts.
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Static black hole

This scenario corresponds to a choice b > 0 in the general static solution (4.36). As men-
tioned before, the event horizon is xH =

√
b, while the singularity is xS = 0. The two extra

Killing vectors vanish, leaving only the Killing vector of time translations. Transitioning to the
Eddington-Finkelstein coordinates, similarly to the general solution of the CGSH model with
matter (4.33), we get:

Λ =


− 1

1 + be−2λσ
, Λ < 0,

− 1

1− be−2λσ
, Λ > 0,

x =

{√
b+ e2λσ, Λ < 0,√
b− e2λσ, Λ > 0.

(4.39)

In this coordinate system, the horizon is shifted to infinity, that is, σH = −∞. Consequently,
the two cases in (4.39) represent two coordinate charts that are joined along the event horizon
hypersurface located at infinity. The singularity is still determined by xS = 0, which gives
b = e2λσ in Eddington-Finkelstein coordinates.

To construct the maximally extended black hole solution, as in the Schwarzschild case, we
need to switch to Kruskal coordinates (see Appendix D.5). Our first task is to determine the
surface gravity at the horizon:

κ =
λ

2

∣∣∣∣DdΛ

dx

∣∣∣∣
H

= λ, (4.40)

accordingly, the Kruskal coordinates follow from exponentiating the Eddington–Finkelstein
coordinates using the surface gravity, that is:

|λx+| = eλσ
+ ∧ |λx−| = e−λσ−

, (4.41)

where the signs of x± determine four patches connected by the event horizon. In all four
patches, the metric and the dilaton exhibit the same form:

ds2 = − dx+dx−

−λ2x+x− + b
, e−2ϕ = −λ2x+x− + b. (4.42)

As anticipated, in Kruskal coordinates we have ϕ = ρ. This solution coincides with the general
solution (4.33) once the condition of a vanishing EMT is enforced (along with a± = 0).

The transformation (4.41) divides the space-
time into four distinct regions, classified ac-
cording to the signs of the Kruskal coordinates
x±. As an illustration, region III is charac-
terized by x+ < 0 and x− < 0. Collec-
tively, these four regions serve as coordinate
charts that together constitute an atlas for the
spacetime manifold. In practical applications,
one typically focuses on region I and, in some
cases, region II. Region I describes the exte-
rior of the black hole and directly corresponds
to the Λ < 0 case in (4.36), whereas region
II describes the black hole interior, where the
Killing vector is space-like, i.e. Λ > 0. Figure 4.1: Different patches of the spacetime
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We now examine the coordinate curves t =
const. and σ = const. in Kruskal coordinates:

t = c :
x+

x−
= e2λt =⇒ x+ = c x−,

σ = c : λ2x+x− = ±e2λσ =⇒ x+x− = c.

In Figure 4.2, the t = const. curves are plot-
ted in red, whereas the σ = const. curves
appear in blue. The Killing horizons (i.e.,
the event horizons) lie at σ → −∞ and are
drawn in green. Singularities occur in regions
I and IV of Figure 4.1, specified by the rela-
tion λ2x+x− = b, i.e. 2λσ = ln b, and are
indicated in the figure by a black wavy line. Figure 4.2: Kruskal diagram in CGHS model

We observe that the resulting diagram is completely analogous to the Kruskal diagram of
the Schwarzschild solution (see Appendix C.3). Consequently, the corresponding conformal dia-
grams also match (see Appendix C.4). Even the singularity is described by the same functional
relation x+ = x+(x−). We now proceed to identify the standard black-hole (t, r) coordinates,
in which the metric assumes the following form:

ds2 = −l(r)dt2 + dr2

l(r)
=⇒ dr

dσ
=

1

1± be−2λσ
=⇒ e2λr = C

(
e2λσ ± b

)
. (4.43)

We note that the ± signs in these expressions determine whether the solution is defined in
quadrants I and II or in quadrants III and IV, respectively. Enforcing the condition r = rH at
the horizon leads to C = ± e2λrH

b
. Thus, for l(r) we find:

l(r) = 1− e−2λ(r−rH), 2λσ = ln
[
±b
(
e2λ(r−rH) − 1

)]
. (4.44)

The singularity is located at:

rS = rH +
1

2λ
ln b. (4.45)

As in the Schwarzschild case, regions I and II are both represented by the same metric in the
(t, r) coordinate system. Spacetime terminates at the value of the radial coordinate r associated
with the singularity. The domain r > rH represents region I in Figure 4.1, while r < rH denotes
region II. Moreover, the dilaton reduces to a linear function of r, namely:

ϕ = −1

2
ln b− λ(r − rH). (4.46)

We still have to clarify the physical interpretation of the constant b, namely how it relates to
the black hole mass. Although one could determine this using the ADM formalism, we will not
adopt that approach here. Instead, we will deduce the form of this relation from the dynamical
setup introduced in the following subsection.

4.1.4 Cosmological solution with charged matter

In this subsection, we examine the general static solution (4.90) in the case where the matter
charged with µ ̸= 0. The event horizon is defined by the condition Λ = 0. From Equation
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(4.31) we infer that, as long as µ ̸= 0, there is no finite value of x that satisfies this condition.
Let us first consider the case Λ < 0. Attempting to determine the apparent horizon from
∂+x

2 = 0 leads to the equation µ + e2λσ = 0. Since µ > 0, this equation admits no solutions.
The curvature scalar is given by

R = 4λ2

[(
e2λσ + µ

b+ 2µλσ + e2λσ

)2

− 1

]
. (4.47)

It is evident that the curvature diverges along the hypersurface x = 0. This equation always
admits a solution for a negative value of the coordinate σ. Consequently, this configuration
describes a naked singularity and is therefore excluded by the cosmic censorship conjecture.

For Λ > 0 we are effectively looking for the cosmological solution. The first order of business
is to determine under which conditions Λ > 0 holds. This is the case when:

e2λσ ⩽ b+ 2µλσ. (4.48)

For a fixed value of µ, with µ > 0, there is
a critical value of b above which the inequal-
ity admits a solution. In Figure 4.3 we plot
the functions f(x) = ex and gb(x) = b + µx,
where x = 2λσ. For sufficiently small b, a solu-
tion does not always exist. As b increases, one
reaches a critical point at which gb(x) becomes
tangent to f(x). Differentiating (4.48), we ob-
tain 2λσcr = lnµ. Substituting this back into
(4.48) yields the condition on b:

b ⩾ µ (1− lnµ) . (4.49)

For µ > e, this inequality is automatically ful-
filled for any positive b.

Figure 4.3: Graphical solution to inequality
(4.48)

Now assume that condition (4.49) holds. As illustrated in Figure 4.3, inequality (4.48)
admits two critical values, denoted by σ1 and σ2. Because Λ > 0, the Killing vector ξ is space-
like, which means that σ plays the role of a time coordinate. We therefore relabel it as σ 7→ τ .
The metric then takes the form

ds2 =
−dτ 2 + dr2

(b+ 2µλτ)e−2λτ − 1
, (4.50)

which can be cast into the standard cosmological form ds2 = −dt2 + a(t)2dr2, where the new
time coordinate t and the derivative of the scale factor a =

√
Λ, namely ȧ(t), are given by

t =

∫
dτ√

(b+ 2µλτ)e−2λτ − 1
, ȧ(t) = λ

b− µ+ 2µλτ

((b+ 2µλτ)e−2λτ − 1)3/2
e−2λτ . (4.51)

From this expression we observe that ȧ(t) < 0 for τ1 < τ < b−µ
2λµ

, and ȧ(t) > 0 for b−µ
2λµ

< τ < τ2.
Hence, the universe undergoes a contraction phase with ȧ(t) > 0 until the moment τ = b−µ

2λµ
,

after which it begins to expand to infinity. The curvature becomes singular at both endpoints,
so this solution corresponds to a universe that originates as an infinite universe at τ = τ1 and
terminates in a big rip at τ = τ2, once again diverging to infinity.
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4.1.5 Dynamical solution and gravitational collapse

In this section, we consider the dynamical solution of the equations of motion (4.14-4.16),
closely following the method described in Section 3.4. The overall setup is illustrated in Figure
3.2. The matter content is represented by an infalling shockwave localized on the hypersurface
x+ = x+0 . We begin by re-deriving Equation (3.104) within this framework. Because both ϕ
and ρ must remain continuous throughout spacetime, as required by (3.102), the derivatives
∂+ϕ and ∂+ρ do not contain contributions proportional to the Dirac δ-function. Integrating
the equations across the shockwave then yields:

∂+e
−2ϕ

∣∣∣∣<
>

=
πGM

F+(x+0 )
. (4.52)

Using the ansatz for the derivative of the dilaton (3.13), together with the general static vacuum
solution (4.36), we find:

2x
λ

2
F−De2ρ

∣∣∣∣>
<

=
πGM

F+(x+0 )
=⇒ Λx2

∣∣∣∣>
<

=
πGM

λ
⇐= b> − b< =

πGM

λ
. (4.53)

Imposing continuity of the metric then determines the jump in the function F−:

ΛI

F−
I

=
ΛII

F−
II

=⇒ F−
II = F−

I

b> − x̂2

b< − x̂2
=⇒ F−

II = F−
I

(
1 +

πGM
λ

b< − x̂2

)
, (4.54)

where we have introduced the coordinate x̂ defined in (3.107). Hence, the general discontinuity
of the solution when crossing the shockwave hypersurface is described by the following relation:

(
F+,F−, b

)
7→

(
F+,F−

(
1 +

πGM
λ

b− x̂2

)
, b+

πGM

λ

)
. (4.55)

This equation shows how the solution evolves when an additional mass M is added to the
total mass of the black hole. The gravitational collapse corresponds to a scenario in which
the initial spacetime is the linear dilaton vacuum, specified by (−1, 1, 0), expressed in Edding-
ton–Finkelstein coordinates. The subsequent transition to a black hole solution in region II of
the spacetime is then:

(−1, 1, 0) 7→
(
−1, 1− πGM

λ

1

x̂2
,
πGM

λ

)
. (4.56)

At this stage, the physical relation between the constant b and the black hole mass becomes
clear: b = πGM

λ
. The final step in the computation is to write down the explicit form of the

dilaton field in the (δ, x̂) coordinate system. In region II of spacetime, the solution takes the
form:

Λ =
πGM

λ

1

x2
− 1, D = x, ln

∣∣b− x2
∣∣ = −2 ln δ + ln

∣∣b− x̂2
∣∣ . (4.57)

From this relation, it is immediately evident that at the shockwave hypersurface δ = 1, we
recover the expected identity x = x̂.

We now rewrite the solution in terms of the Kruskal coordinates (4.41). A straightforward
calculation gives:

e−2ϕ = e−2ρ = −λ2x+
(
x− +

πGM

λ3x+0

)
+
πGM

λ
. (4.58)
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Conversely, substituting T++ = M
λx+

0

δ(x+−x+0 ), together with F+(x+0 ) = −λx+0 , into the general
CGHS solution (4.81) and then carrying out the integration reproduces the same result, pro-
vided that continuity of both the metric and the dilaton field is enforced. For later convenience,
we also define the notation ∆ = πGM

λ3x+
0

.

Using the coordinate transformations in region II of the spacetime (4.56), we directly cal-
culate the new Eddington-Finkelstein coordinates in region II of the spacetime:

λx+ = eλσ̂
+ ∧ λ(x− +∆) = −e−λσ̂−

. (4.59)

Inserting these expressions into the solution (4.58), we can immediately confirm that the so-
lution depends solely on the coordinate σ̂. Therefore, the solution is genuinely static within
region II of the spacetime. It should be kept in mind, however, that although the solutions
in each of the two spacetime regions are static, the spacetime as a whole does not possess a
time-translation symmetry.

To obtain the Penrose diagram, we switch to compactified coordinates. The transformation
that produces the required form is:

λx+ =
πMG

λ2∆
tan y+ ∧ λ

(
x− +∆

)
= λ∆tan y−. (4.60)

Under this transformation, the point x+0 is mapped to y+0 = π
4
. In these new coordinates, the

metric takes the form:

ds2 =


dy+dy−

λ2 cos2 y+ cos2 y− tan y+ (tan y− − 1)
, y+ <

π

4

dy+dy−

λ2 cos2 y+ cos2 y− (tan y+ tan y− − 1)
, y+ >

π

4

(4.61)

In Figure 4.4, the conformal diagram of the
dynamical black hole is displayed. The
singularity is specified by tan y+ tan y− =
1, i.e. y+ + y− = π

2
, and is depicted as

the black wavy line. The infalling matter is
shown as the red arrowed curve. The hypersur-
faces i± denote future and past timelike infin-
ity (in red), while i0 represents spatial infinity
(in blue). The hypersurfaces J ± correspond
to future and past null infinity (in green). The
spacetime boundary is drawn as a solid black
line. In region II, the event horizon is present,
indicated by the solid blue line and given by
x−H = −∆. This expression follows from ex-
tremizing the two-dimensional area of a sphere,
namely by imposing ∂+e

−2ϕ = 0 (see Section
3.4). We find that the apparent horizon and
the event horizon are identical.

Figure 4.4: Penrose diagram of the dynamical
scenario

This configuration does not describe an evaporating black hole. Indeed, the apparent horizon
and the singularity meet at future time infinity i+. Moreover, in region II of the spacetime,
the fields are independent of the new time coordinate. To obtain a genuinely evaporating black
hole solution, quantum corrections must be taken into account. For more details, see Section
3.4.
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4.2 Adding quantum fluctuations

In this section, we incorporate quantum corrections into the classical CGHS model. Gravity
is kept classical, while the scalar matter fields are quantized via the Polyakov–Liouville action
(3.72). Further details on the quantization procedure for the scalar fields are provided in
Section 3.3. Thus, we work within the semiclassical framework of quantum field theory on a
fixed classical background geometry [26, 25]:

The central objective of these toy models is to obtain exactly solvable equations of motion
that still capture the essential qualitative features of the system. The full CGHS action sup-
plemented only with the PL term is not exactly solvable. For this reason, we introduce an
additional correction term in the action, denoted by Scor, which depends exclusively on the
dilaton and the geometry. The complete action then takes the form:

SQC = Sg[g, ϕ] + Sm[g, fi] +NSPL[g, ψ] + Scor[g, ϕ]. (4.62)

The first two contributions reproduce the classical CGHS model (4.1). Since SPL is independent
of the detailed structure of the matter fields, it is simply multiplied by N when there are
N distinct matter fields. In two-dimensional models, the equations of motion reduce to the
condition Tµν = 0, so we obtain:

T ϕ
µν +∆T ϕ

µν + T f,cl
µν +N < ∆T f

µν >= 0, (4.63)

where the various energy–momentum tensors are defined as follows:

T ϕ
µν =

−2√
−g

δSg

δgµν
, ∆T ϕ

µν =
−2√
−g

δScor

δgµν
, T f,cl

µν =
−2√
−g

δSm

δgµν
, ⟨∆T f

µν⟩ =
−2√
−g

δSPL

δgµν .
(4.64)

The correction term Scorr can be interpreted as a classical modification of the original CGHS
model; consequently, the EMT derived from this part of the action is labeled ∆T ϕ

µν . We do
not interpret this contribution as a quantum effect. In contrast, the only genuine quantum
contributions stem from the Polyakov–Liouville term, so the corresponding EMT is written as
⟨∆T f

µν⟩. Hence, the total EMT of the matter fields is:

T f
µν = T f,cl

µν + ⟨∆T f
µν⟩ . (4.65)

Since the correction term must cancel the part of the PL action that renders the equations
of motion not exactly solvable, it must scale as Nℏ. This creates an apparent tension: the
correction term is intended to be classical, yet it is proportional to ℏ. To resolve this, let
us consider a very large number of matter fields. In that case, the combination Nℏ can be
treated as a constant of the same order as 1

2πG
. Thus, we need not view it as a small quantum

correction, but instead as a finite constant. Since the overall factor in front of the correction
term can be chosen as an arbitrary constant that is not intrinsically of order ℏ, we are free to
set it equal to the constant Nℏ.

Due to this correction term, the dilaton field equation of motion is modified as well and
takes the following form:

δSg

δϕ
+
δScorr

δϕ
= 0. (4.66)
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4.2.1 The correction term in the action

Here we examine which forms of the correction term in the action can make the equations of
motion exactly solvable. While the main body of this work focuses on the BPP model, we
introduce here a more general expression for the correction term. It is given by [26, 25]:

Scor =
Nℏ
2π

∫
d2x
√
−g
[
−C1ϕR +

C2

12
(∇ϕ)2

]
, (4.67)

where C1 and C2 are free parameters whose specific values determine the particular model. In
the next section, we demonstrate how to choose these constants so that the resulting model
possesses exactly solvable equations of motion. For the moment, we simply note which choices
correspond to the most relevant models, namely the RST [23, 24] and BPP [25] models.

• BPP model: C1 =
1
12

∧ C2 = 1

• RST model: C1 =
1
24

∧ C2 = 0

By explicitly solving the equations of motion in detail, we can see why the constants are fixed
in exactly this way. In this section, we keep the constants arbitrary. We now vary the action
with respect to the metric and the dilaton field. The same type of term appears repeatedly in
this calculation as in (4.2). After performing a large number of simplifications, we arrive at

δScor =
Nℏ
2π

∫
d2x
√
−g
{[

C1

(
∇µ∇νϕ− gµν□ϕ

)
+
C2

12

(
∇µϕ∇νϕ−

1

2
gµν (∇ϕ)2

)]
δgµν

+

[
−C1R−

C2

6
□ϕ

]
δϕ

}
. (4.68)

After a direct identification with (4.64), we can read off the correction to the energy–momentum
tensor and the variation of the correction term with respect to the field ϕ, which are given by:

∆T ϕ
µν = −Nℏ

π

[
C1

(
∇µ∇νϕ− gµν□ϕ

)
+
C2

12

(
∇µϕ∇νϕ−

1

2
gµν (∇ϕ)2

)]
,

δScor

δϕ
=
Nℏ
2π

[
−C1R−

C2

6
□ϕ

]
.

(4.69)

4.2.2 Equations of motion and their general solutions

Now we can write down the full set of equations of motion. On the left–hand side we collect
the geometric contributions, i.e. all terms arising from the dilaton energy–momentum tensor,
while on the right–hand side we put all matter contributions. Using (3.75) and (4.69), we arrive
at the following system:

∇µ∇νϕ e
−2ϕ + gµν

(
(∇ϕ)2 −□ϕ− λ2

)
e−2ϕ

+
NℏG
2

[
C1

(
∇µ∇νϕ− gµν□ϕ

)
+
C2

12

(
∇µϕ∇νϕ−

1

2
gµν (∇ϕ)2

)]
=
πG

2
T f
µν ,(

−2R + 8 (∇ϕ)2 − 8λ2 − 8□ϕ
)
e−2ϕ = NℏG

(
C1R +

C2

6
□ϕ

)
,

(4.70)
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where the only source term entering the equations of motion is the quantum–corrected en-
ergy–momentum tensor,

T f
µν = T f,cl

µν +
Nℏ
48π

[
− 2∇µ∇νψ +∇µψ∇νψ + gµν

(
2□ψ − 1

2
(∇ψ)2

)]
. (4.71)

The second term in (4.70) precisely coincides with the EMT derived from the PL action in
(3.75). Consequently, these equations merely represent a compact rewriting of the relations
we have already obtained in the preceding sections. Our next task is to solve this coupled
system. Expressing the equations of motion (4.70) in light–cone coordinates x± and choosing
the conformal gauge metric (3.2), we find:

+− : ∂+∂−e
−2ϕ + λ2e2(ρ−ϕ) −NℏGC1∂+∂−ϕ = πGT f

+−, (4.72)
±± : −∂2±e−2ϕ + 4∂±ϕ∂± (ϕ− ρ) e−2ϕ+

NℏG
[
C1

(
∂2±ϕ− 2∂±ρ∂±ϕ

)
+
C2

12
(∂±ϕ)

2

]
= πGT f

±±, (4.73)

ϕ : ∂+∂−e
−2ϕ − 2∂+∂−(ϕ− ρ)e−2ϕ + λ2e2(ρ−ϕ) = NℏG

[
−C1∂+∂−ρ+

C2

12
∂+∂−ϕ

]
(4.74)

T : T f
+− = −Nℏ

12π
∂+∂−ρ ∧ T f

±± = T f,cl
±± +

Nℏ
12π

[
∂2±ρ− (∂±ρ)

2 − t±(x±)
]
, (4.75)

where, in the last line, we have written the components of the quantum–corrected EMT explic-
itly in terms of the PL EMT components introduced in (3.77).

Next, we choose the constants such that the resulting system of equations admits an exact
solution. In the classical CGHS model, the key requirement for obtaining a closed-form analytic
solution was the Kruskal gauge condition, which followed from equations (4.14) and (4.16). We
now investigate what happens when we combine equations (4.72) and (4.74). This yields

Nℏ
(
C1 −

C2

12

)
∂+∂−ϕ+Nℏ

(
C1 −

1

12

)
∂+∂−ρ−

2

G
∂+∂−(ϕ− ρ)e−2ϕ = 0. (4.76)

In order to obtain the equation ∂+∂−(ϕ − ρ) = 0, which is required to impose the Kruskal
gauge, the constants must satisfy

C1 −
C2

12
= −

(
C1 −

1

12

)
=⇒ C1 =

C2 + 1

24
. (4.77)

With this choice, the equation simplifies to[
Nℏ

(
C1 −

C2

12

)
− 2

G
e−2ϕ

]
∂+∂−(ϕ− ρ) = 0. (4.78)

Consequently, we can also impose the Kruskal gauge condition ρ = ϕ in the quantum-corrected
case. In both the RST and BPP models, the relation (4.77) between the constants C1 and
C2 is indeed fulfilled. After enforcing the Kruskal gauge condition, the equations of motion
(4.72-4.74) take the form:

+− : ∂+∂−

[
e−2ϕ +NℏG

(
1

12
− C1

)
ϕ

]
= −λ2, (4.79)

±± : ∂2±

[
e−2ϕ +NℏG

(
1

12
− C1

)
ϕ

]
=
NℏG
12

t±(x
±)− πGT f,cl

±± (x±). (4.80)
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It is clear that this system of equations can be solved exactly by directly integrating the
sources, which are now determined by T f,cl

±± together with the function t± defined in (3.78). The
particular choice of the functions t± is tied to the specification of the quantum vacuum state
(see Section 3.3). The general solution to the quantum-corrected equations of motion is given
by:

e−2ϕ +NℏG
(

1

12
− C1

)
ϕ = −λ2x+x− − πG

∫
dx+

∫
dx+

(
T f,cl
++ − εt+

)
− πG

∫
dx−

∫
dx−

(
T f,cl
−− − εt−

)
+ a+x

+ + a−x
− + b.

(4.81)

We also introduce the constant ε = Nℏ
12π

, which multiplies the quantum correction to the
matter energy–momentum tensor. Equation (4.81) is transcendental in ϕ, except in the special
case C1 = 1

12
, which corresponds to the BPP model. The quantities a± and b are integration

constants, just as in the classical CGHS solution (4.25). Hence, in the BPP case the equations
coincide exactly with the classical ones, and for this reason that model will be of particular
interest in the following analysis..

4.2.3 General static solution

In this subsection, we solve the system of equations (4.70) by employing the symmetric ansatz
introduced in Section 3.1. Once this ansatz is implemented, the equations of motion reduce to:[

d

dx

(
x2DdΛ

dx

)
+
NℏGC1

2

(
d

dx

(
DdΛ

dx

)
− 4Λ

d

dx

(
D
x

)
− 2

x
DdΛ

dx

)
+
NℏG
12

C2

x

d (ΛD)
dx

]
ξµξν

−
[
d

dx

(
x2DdΛ

dx

)
+ 4x2Λ

d

dx

(
D
x

)
+
NℏGC1x

2

2

d

dx

(
D
x2

dΛ

dx

)
+
NℏGC2x

12

d

dx

(
ΛD
x2

)]
εµρενσξ

ρξσ

=
πG

2λ2
T f
µν =

πG

2λ2

(
T f,cl
µν + ⟨∆T (f)

µν ⟩
)
, (4.82)

Dxd(ΛD)
dx

+
x2

4
D d

dx

(
DdΛ

dx

)
+ x2 +

NℏG
8
D
[
C1

d

dx

(
DdΛ

dx

)
+
C2

6

d

dx

(
ΛD
x

)]
= 0, (4.83)

where the symmetric-ansatz form of the EMT ⟨∆T (f)
µν ⟩ is provided in Equation (3.79). Be-

cause the left-hand side of (4.82) contains no mixed parallel–normal component, the con-
stants associated with the functions t± must coincide. We denote their common value by
t+(σ

+) = t−(σ
−) = λ2

4
Ξ. Subtracting the parallel and orthogonal components of (4.82), we

arrive at:

NℏG
2

[
1

2

(
C1 −

1

12

)
d

dx

(
DdΛ

dx

)
+

(
C2

12
− C1

)
d

dx

(
ΛD
x

)]
+ x2

d

dx

(
1

2
DdΛ

dx
+

ΛD
x

)
= 0.

(4.84)
This equation is akin to taking the trace of the original system (4.82), together with the
property that the EMT of a massless scalar field is traceless. It coincides with Equation (4.76).
For this equation to be explicitly integrable, the constants C1 and C2 must obey condition
(4.77). Imposing that condition and integrating yields

1

2
DdΛ

dx
+

ΛD
x

= C, (4.85)
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which is equivalent to (4.29) and encodes the Kruskal gauge condition for a static geometry.
Proceeding in complete analogy with the purely classical static solution, we now integrate the
dilaton Equation (4.83). The result is

Λx2 + C

[
x +

NℏG
2

(
C1 −

1

12

)
1

x

]
ΛD = Q, (4.86)

where Q denotes an integration constant. Combining (4.85) and (4.86) leads to the following
expression for the metric function Λ:

Λx2 −Q ln
∣∣Λx2∣∣ = b− C2

(
x2 +NℏG

(
C1 −

1

12

)
ln x

)
, (4.87)

with b introduced as the final integration constant. The tortoise coordinate σ keeps the same
form as in (4.32). The last step is to insert all these results back into the original Equation
(4.82) and extract the constraints on the classical part of the EMT. We obtain

Λ2T
∥∥
f,cl = Λ2T⊥⊥

f,cl =
2λ2

πG

(
Q+

NℏG
48

(
Ξ + C2

))
. (4.88)

This matches our expectations, as the equation of motion for the matter sector coincides with
that of the classical static configuration, thereby introducing an additional charge µ. Conse-
quently, we express Q in terms of the remaining parameters:

Q = µ− NℏG
48

(
Ξ + C2

)
. (4.89)

As in the purely classical setup, the constant C must be chosen such that the metric satisfies
Λ → −1 when x → ∞ and σ → +∞. From (4.87) it follows that Λ → −C2 in this limit,
hence the second condition fixes C = −1. Finally, we rewrite the solution (4.87) for the metric
function in Kruskal coordinates by using |Λx2| = e2λσ = −λ2x+x− and reverting to x = e−ϕ:

e−2ϕ +NℏG
(

1

12
− C1

)
ϕ = −λ2x+x− −

(
NℏG
48

(Ξ + 1)− µ
)
ln
∣∣λ2x+x−∣∣+ b. (4.90)

Note that for µ ̸= 0, the geometry remains very similar to the classical case analyzed in Section
4.1.4. The resulting spacetime is a cosmological solution that describes an infinite universe
shrinking from an infinite scale factor and subsequently re-expanding back to an infinite scale
factor. We now turn to specific vacuum configurations: the linear dilaton vacuum, the static
solution, and the static black hole, all specified with µ = 0.

Linear dilaton vacuum

Here we determine which values the constants must take so that the linear dilaton vacuum solves
the original field equations. The general solution of this model is given by (4.90). Imposing the
condition e−2ϕ = −λ2x+x− leads to:

NℏG
(

1

12
− C1

)
ϕ =

(
NℏG
24

(Ξ + 1)− 2µ

)
ϕ+ b . (4.91)

From this relation it follows that the state must be massless, i.e. b = 0. Setting µ = 0, the
constraint becomes:

1

24
− C1 = Ξ . (4.92)
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For the static configuration with no energy flux at infinity—namely, the Boulware state—the
energy-momentum tensor is normal ordered in Eddington–Finkelstein coordinates, which en-
forces t±(σ±) = Ξ = 0. Consequently, the linear dilaton vacuum represents a genuine vacuum
state, devoid of any particle content, only in the RST model, where one has C1 = 1/24. While
in the BPP model, we instead obtain Ξ = −1, which corresponds to the Hartle–Hawking state.
This connection is demonstrated in the following sections.

Static vacuum solution

A static vacuum solution is defined as one that carries no energy flux through either past or
future null infinity. This requirement leads to the choice:

Ξ = 0. (4.93)

Imposing this together with µ = 0 simplifies the general solution (4.90) to:

e−2ϕ +NℏG
(

1

12
− C1

)
ϕ = −λ2x+x− − NℏG

48
ln
∣∣λ2x+x−∣∣+ b. (4.94)

In general, this relation is transcendental in ϕ. It becomes algebraically solvable for ϕ only in
the BPP model, characterized by C1 = 1/12. This is the main advantage of the BPP model.
However, the drawback is that no choice of b can recover the linear dilaton vacuum from this
solution. Consequently, the linear dilaton vacuum necessarily carries a nonvanishing energy
flux at future null infinity.

Static vacuum black hole solution

Note that for any non-vanishing Q, no event horizon appears at a finite value of x. Since the
presence of an event horizon is a prerequisite for a solution to qualify as a black hole [106], we
must therefore set Q = 0. Moreover, because we are interested in a vacuum configuration, we
also impose µ = 0. Under these conditions, we obtain a constraint on the parameter Ξ, namely:

Ξ = −1. (4.95)

Inserting this relation into the general solution (4.90) yields:

e−2ϕ +NℏG
(

1

12
− C1

)
ϕ = −λ2x+x− + b. (4.96)

Here again, we see the benefit of working with the BPP model rather than the RST model. For
C1 = 1/12, this solution coincides with the classical expression (4.42).

4.3 BPP model

In this section, we study the various solutions within the BPP model, following the derivation
of [25]. Unlike in the previous section, we begin with the most general solution in Kruskal
coordinates, and then obtain different geometries by specifying in advance the vacuum state
of the quantum fields. We then explicitly compute which of these geometries give rise to a
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non-vanishing energy flux at infinity. Moreover, we clarify why Ξ = −1 (4.95) holds for the
static black hole.

As already stated, the BPP model arises when the constants in the correction term of the
action 4.67 are fixed to C1 =

1
12

and C2 = 1 [25]. With this choice, the general solution to the
BPP equations of motion takes the form

e−2ϕ = −λ2x+x− − πG
∫

dx+
∫

dx+
(
T f,cl
++ − εt+

)
− πG

∫
dx−

∫
dx−

(
T f,cl
−− − εt−

)
+ a+x

+ + a−x
− + b,

(4.97)

which is obtained by substituting C1 = 1/12 into the general solution of the quantum-corrected
CGHS model (4.81).

Equation (4.97) gives the solution for the dilaton (and thus for the metric as well, since
ρ = ϕ in Kruskal gauge), with T f,cl

±± , t±, a±, and b serving as sources. Relative to the classical
CGHS solution (4.25), the only new ingredients are the functions t±, which encode the choice of
quantum state of the matter fields. Recall that ε = Nℏ

12π
is the parameter signaling the presence

of quantum corrections in the model; in the limit ε→ 0, the solutions revert to their classical
forms.

We now briefly comment on the dimensions of the constants appearing in these expressions.
In D spatial dimensions, Newton’s law takes the form F = Gm1m2

rD−1 . For D = 1, this implies
[G] = m

kg s2
. It follows that the combination ℏG

c3
is dimensionless. Hence, in the product εG the

factor 1/c3 is effectively absent.

4.3.1 Linear dilaton vacuum

The linear dilaton vacuum corresponds to a solution with flat spacetime, as is already known
from the classical CGHS model. For this case, the appropriate choice of sources in Equation
(4.97) is:

T f,cl
±± = 0 ∧ a± = 0 ∧ b = 0 ∧ t±(x

±) = 0. (4.98)

The last condition specifies that the quantum state is the Hartle–Hawking vacuum (3.97) (be-
cause the energy–momentum tensor is normal ordered in Kruskal coordinates). The metric
takes the form:

ds2 = − dx+dx−

−λ2x+x−
∧ ϕ = −1

2
ln
∣∣λ2x+x−∣∣ . (4.99)

To verify that we truly have the Hartle–Hawking state, we compute the energy–momentum
tensor in the x± coordinates:

⟨∆T f
±±(x

±)⟩ = ε

[
∂2±ρ− (∂±ρ)

2 −���
0

t±(x
±)

]
=
ελ2

4

1

(λx±)2
. (4.100)

Next, we must determine whether there is any energy flux at infinity. To this end, we transform
to the asymptotically flat coordinates σ± and consider the limit σ →∞:

⟨∆T f
±±(σ

±)⟩ =
(
dx±

dσ±

)2

⟨∆T f
±±(x

±)⟩ = ελ2

4
=⇒ ⟨0, x|∆T̂ f

±±(σ
±) |0, x⟩

∣∣∣∣
J±

=
ελ2

4
. (4.101)
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We observe that an energy flux is present both at J + and J −, and thus we identify the
configuration as a system in thermal equilibrium. Evaluating the temperature of the radiation,
we obtain:

T =
κ

2πℏ
=

λ

4πℏ

∣∣∣∣DdΛ

dx

∣∣∣∣ = λ

2πℏ
. (4.102)

For more details see Appendix D.5. This shows that, even though the geometry is that of
Minkowski flat spacetime, there is still a nonvanishing energy flux. This is the same outcome as
in the preceding section. Therefore, this solution cannot be identified with the true Minkowski
vacuum. The geometry behaves as the geometry in the vicinity of a black hole, although no
singularity exists, leading us to classify it as nonphysical.

4.3.2 Eternal black hole solution

Here we present the quantum–corrected static black hole solution, corresponding to the Har-
tle–Hawking vacuum (3.97) for the matter fields. We require the energy–momentum tensor to
be normal ordered in the x± coordinates. Consequently, the setup is specified by the following
choice of sources in Equation (4.97):

T f,cl
±± = 0 ∧ a± = 0 ∧ b =

πGM

λ
∧ t±(x

±) = 0. (4.103)

Just as for the linear dilaton vacuum, the metric here also coincides exactly with the classical
one (Equation (4.42)):

ds2 = − dx+dx−

−λ2x+x− + πGM
λ

∧ ϕ = −1

2
ln

∣∣∣∣−λ2x+x− +
πGM

λ

∣∣∣∣. (4.104)

Note that this solution is equivalent to (4.96). We now investigate whether this configuration
gives rise to an energy flux at infinity, as is necessary for describing a black hole in thermal
equilibrium:

⟨∆T f
±±(x

±)⟩ = ε

[
∂2±ρ− (∂±ρ)

2 −���
0

t±(x
±)

]
=
ελ2

4

[
λx∓

−λ2x+x− + πGM
λ

]2
. (4.105)

Expressing the energy–momentum tensor in the σ± coordinates and then taking the limit
σ →∞ yields:

⟨∆T f
±±(σ

±)⟩ = ελ2

4

1(
1 + πGM

λ
e−2λσ

)2 =⇒ ⟨0, x|∆T̂ f
±±(σ

±) |0, x⟩
∣∣∣∣
J±

=
ελ2

4
. (4.106)

Thus, the energy flux at J ± matches that of the linear dilaton vacuum (4.101). The crucial
distinction is that in the present case there is an actual black hole of mass M . In this way we
have obtained the eternal black hole configuration, which will serve as the basis for our analysis
of the fine-grained entropy of Hawking radiation in Chapter 9.

At the conclusion of this subsection, we determine the value of the Ξ parameter that corre-
sponds to the static black hole configuration. By transforming t±(x±) to Eddington–Finkelstein
coordinates using the transformation law (3.83), we obtain:

t±(σ
±) =

(
dx±

dσ±

)2 [
���

0
t±(x

±)− 1

2
Dx± [σ±]

]
=⇒ t±(σ

±) = −λ
2

4
. (4.107)

On the other hand, Ξ is defined by t±(σ
±) = λ2

4
Ξ, which immediately implies Ξ = −1. This

coincides with the value previously obtained by requiring the presence of an event horizon in
the general static vacuum solution (4.95).
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4.3.3 Minkowski vacuum

Since our aim is to study gravitational collapse, we require a vacuum configuration that does
not emit radiation at infinity, unlike the situation for the linear dilaton vacuum 4.101. Such a
configuration is realized by the Boulware vacuum (3.96), defined by the condition t±(σ±) = 0.
Consequently, the setup is characterized by the following values for the sources in Equation
(4.97):

T f,cl
±± = 0 ∧ a± = 0 ∧ b = 0 ∧ t±(σ

±) = 0. (4.108)

Let us now examine in more detail the requirement t±(σ±) = 0. This condition implies that
the energy–momentum tensor is normal ordered with respect to the σ± coordinates. Equiva-
lently, there is no energy flux through J ±. We can verify this explicitly:

⟨∆T f
±±(σ

±)⟩
∣∣∣∣
J±

= ε
[
∂2±ρ− (∂±ρ)

2 − t±(σ±)
] ∣∣∣∣

J±
= −εt±(σ±)

∣∣∣∣
J±
. (4.109)

The contributions involving derivatives of the metric must vanish, because ρ must remain finite
as σ →∞. A necessary and sufficient condition for this behavior is t±(σ±) = 0.

To determine the metric, we must now compute t±(x±). This can be achieved by applying
the transformation law (3.83) for this quantity, derived in Section 3.3. This yields:

t±(x
±) =

(
dσ±

dx±

)[
���

0
t±(σ

±)− 1

2
Dσ±

[
x±
]]

=
1

(λx±)2

(
−1

2

)(
−1

2
λ2
)

=
1

4(x±)2
. (4.110)

All the required source parameters in Equation (4.97) have now been evaluated. Performing
the corresponding integrations yields

e−2ϕ = e−2ρ = −λ2x+x− − επG

4
ln
(
−λ2x+x−

)
+ C. (4.111)

Here C is an arbitrary constant, playing the role of the constant b. We adopt the notation C
in order to align with the conventions of [25]. We now determine the metric and dilaton in
asymptotically flat coordinates (in quadrant I of Figure 4.1):

ds2 =
−dt2 + dσ2

1−
(
επG
2
λσ − C

)
e−2λσ

∧ ϕ(σ) = −λσ − 1

2
ln

[
1−

(
επG

2
λσ − C

)
e−2λσ

]
. (4.112)

It is immediately evident that this configuration is static. Moreover, in the limit σ → ∞,
we recover the linear dilaton vacuum, precisely as desired. A straightforward computation of
the energy–momentum tensor in the x± coordinates, followed by a transformation to the σ±

coordinates, leads to:

⟨∆T̂ f
±±(σ

±)⟩ = ελ2

4

( 1− επG
4
e−2λσ

1−
(
επG
2
λσ − C

)
e−2λσ

)2

−
επG
2
e−2λσ

1−
(
επG
2
λσ − C

)
e−2λσ

− 1


=⇒ ⟨0, σ|∆T̂ f

±±(σ
±) |0, σ⟩

∣∣∣∣
J±

= 0. (4.113)

All these solutions approach the linear dilaton vacuum at J ± because e2ϕ vanishes expo-
nentially fast in this region. We now address the interpretation of the constant C [25]. For
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the spacetime mass (for example, in the ADM formalism) one finds πGM
λ

= C − C0, where C0

is a reference value corresponding to the massless solution. However, the ADM mass of both
the linear dilaton vacuum and the static black hole diverges. This divergence arises from the
presence of radiation at J ±. Since the static solutions have a smaller ADM mass, we are led
to expect that the true ground state is given by one of these static configurations.

This also clarifies why the linear dilaton vacuum actually corresponds to the Hartle–Hawking
state. It is smoothly connected to the choice b = 0 in the general eternal black hole solution
(4.104), and not to any particular value of the constant C in the family of static vacuum
solutions (4.111). Consequently, it must display the same Hawking radiation as the eternal
black hole. We therefore conclude that the genuine vacuum state associated with flat Minkowski
spacetime, once quantum corrections are switched off, is represented by one of the static vacuum
solutions (4.111).

We now examine the behavior of solution 4.111 in greater detail. From a mathematical
standpoint, it closely resembles the cosmological solution discussed in Section (4.1.4). Setting
µ = − επG

4
renders the two solutions identical. Nonetheless, flipping the sign of µ has significant

physical implications. For the cosmological solution, µ is positive, which implies Λ > 0. By
contrast, solution (4.111) is a vacuum solution with Λ < 0. Consequently, unlike the cosmo-
logical case, it should not contain any singularity, as it does not describe a black hole. As
in the cosmological case, we begin our analysis with the scalar curvature. A straightforward
computation gives:

R = 4λ2
επG
2

+ (επG)2

16λ2x+x− − επG
4

ln (−λ2x+x−) + C

−λ2x+x− − επG
4

ln (−λ2x+x−) + C
. (4.114)

Two different kinds of singularities appear in this setting. First, the curvature clearly blows
up at x± = 0. These singularities can be handled in a straightforward way by removing the
hypersurfaces x+ = 0 and x− = 0 from the manifold. More interesting, however, is the situation
in which the denominator vanishes:

−λ2x+x− − επG

4
ln
(
−λ2x+x−

)
+ C = 0 =⇒ e2λσ − επG

2
λσ + C = 0. (4.115)

We carry out an analysis analogous to that in
Section 4.1.4. A graphical representation of
the solution to Equation (4.115) is depicted
in Figure 4.5. We introduce the functions
f(x) = ex and gC(x) = επG

4
x − C, and de-

termine their point of intersection. An inter-
section occurs only when C < C∗. The critical
value C∗ is obtained by identifying the straight
line gC∗(x) that is tangent to the curve f(x).
The tangency point is located at x0 = ln επG

4
.

Consequently, for the constant C∗ we obtain:

C∗ = −επG
4

[
1− ln

επG

4

]
. (4.116)

Figure 4.5: The intersection of the functions f
and gC

We conclude that for C < C∗ there exist spacelike hypersurfaces given by σ = σs, which solve
this equation. In this regime, the curves intersect twice, producing two distinct hypersurfaces.
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This defines the strong coupling region, where strong quantum correlations are expected and
the semiclassical approximation breaks down. Consequently, we choose to discard this region.

For C > C∗, divergences appear at the hypersurfaces x± = 0. In this case, the previously
studied equation has no solutions, but we can still identify a strong coupling region. It is located
in the neighborhood of the point 2λσmin = ln επG

4
, where the curves are closest to each other.

The terminology “strong coupling region” arises because e2ϕ becomes very large there; this
factor acts as the coupling strength between the curvature and the dilaton in the action. In our
static vacuum configuration, we must avoid both singularities and strong coupling regions. We
eliminate them by imposing reflective boundary conditions at the boundary of spacetime. This
boundary coincides with one of the hypersurfaces σ = σb, so we enforce reflective boundary
conditions at σ = σb via:

⟨∆T f
++⟩
∣∣∣∣
σ=σb

= ⟨∆T f
−−⟩
∣∣∣∣
σ=σb

. (4.117)

Hence, a well-defined Minkowski vacuum exists only in the region σ > σs when C < C∗, or in
the region σ > σmin when C > C∗, with reflective boundary conditions imposed at σb = σs + δ
or σb = σmin + δ, respectively, where δ > 0.

4.3.4 Evaporating black hole solution

In this subsection, we construct the dynamical scenario for an evaporating black hole. In
contrast to Section 4.1.5, the spacetime here is divided not into two, but into three distinct
regions. Specifically, evaporation ends at a finite point in the spacetime, and beyond this point
the geometry returns to a static vacuum solution. This third region is absent in the purely
classical case, where no radiation is present. The solution is fixed by the following choice of
source parameters in Equation (4.97):

T f,cl
++ =

M

λx+0
δ
(
x+ − x+0

)
∧ T f,cl

−− = 0 ∧ a± = 0 ∧ t±(σ
±) = 0. (4.118)

For an evaporating black hole, there is no energy flux in the distant past, i.e. at J −

(x+ < x+0 ), whereas in the far future (x+ > x+0 ) there is an energy flux at J +. Consequently,
the appropriate quantum state is |ψ⟩ = |0, σ⟩, namely the Unruh state (3.98). This implies that
the metric before the collapse corresponds to one of the Minkowski vacuum states (4.111) with
some constant C (region I). After collapse, the metric is determined, as in the classical scenario,
by imposing the continuity of both the metric and the dilaton field along the hypersurface
x+ = x+0 . We then obtain:

ds2 =


− dx+dx−

−λ2x+x− − επG
4

ln (−λ2x+x−) + C
, x+ < x+0

− dx+dx−

−λ2x+ (x− +∆)− επG
4

ln (−λ2x+x−) + πGM
λ

+ C
, x+ > x+0

(4.119)

We now focus on region I of the spacetime, i.e. the portion after the shockwave. If the
spacetime boundary is fixed by σ = σb, then the coordinate x+0 coordinate is determined by
−λ2x+0 x−0 = e2λσb . Two distinct possibilities arise. In the first, when the infalling mass satisfies
M < Mcr, it is too small to create a singularity, and the matter shockwave is simply reflected
due to the reflective boundary conditions (4.117). Our primary interest, however, lies in the
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second situation, where the mass exceeds the critical value and a singularity forms, thereby
generating region II of the spacetime. By evaluating the curvature, we obtain that the curve
along which it diverges, i.e. the singularity, is given by:

−λ2x+S
(
x−S +∆

)
− επG

4
ln
(
−λ2x+S x

−
S

)
+
πGM

λ
+ C = 0. (4.120)

According to the cosmic censorship hypothesis, an event horizon must exist to conceal this
singularity. In addition, there may be an apparent horizon that encloses the event horizon and,
therefore, also hides the singularity. The apparent horizon is obtained by solving the equation
∂+e

−2ϕ = 0, which yields

−λ2x+AH

(
x−AH +∆

)
=
επG

4
. (4.121)

Once the singularity has formed, the black hole starts to evaporate. To demonstrate this
explicitly, one needs to compute the components of the energy–momentum tensor in the asymp-
totically flat coordinates, which in this case are the σ̂± coordinates defined in (4.59). The
relevant component is ⟨∆T f

−−(σ̂
−)⟩ evaluated along the J + hypersurface. Since the metric ap-

proaches a constant on J +, the EMT there is given by ⟨∆T f
−−(σ̂

−)⟩|J+ = −ε t−(σ̂−). Moreover,
from Equation (4.110) we know how the condition t−(σ

−) = 0 is modified when we transform
to Kruskal gauge coordinates, namely t−(x−) = 1

4(x−)2
. Thus, using (3.83), we obtain:

t−(σ̂
−) =

(
dx−

dσ̂−

)2 [
t−(x

−)− 1

2
Dx−

[
σ̂−]] = λ2

(
x− +∆

)2 [ 1

4 (x−)2
− 1

4 (x− +∆)2

]
. (4.122)

Expressing this relation in σ̂− coordinate, the EMT along the J + hypersurface reads:

⟨0, σ|∆T̂ f
−−(σ̂

−) |0, σ⟩
∣∣∣∣
J+

=
ελ2

4

[
1− 1

(1 + λ∆eλσ̂−)
2

]
. (4.123)

The dynamical nature of this setup manifests itself in the explicit dependence of the EMT
on the σ̂− coordinate, in contrast with the static configurations discussed in the previous sub-
sections. As the black hole continues to evaporate, the apparent horizon gradually contracts
until it eventually meets the singularity. To locate this event in the spacetime, we have to solve
the pair of equations (4.120) and (4.121). Solving for the intersection coordinates x+E and x−E ,
we find:

x+E =
1

λ2∆

[
e1+

4(πGM+λC)
επGλ − επG

4

]
∧ x−E = − ∆

1− επG
4
e−1− 4(πGM+λC)

επGλ

. (4.124)

Thus, the intersection takes place within a finite time interval. At that moment, the singu-
larity becomes naked. According to the cosmic censorship theorem [106], this is not allowed to
occur. This issue is resolved, however, if the entire black hole has evaporated by the time the
intersection is reached. For this reason, it is also referred to as the evaporation end-point. We
now verify whether the black hole has completely evaporated by calculating the energy emitted
via Hawking radiation up to this point. Since the metric at J + is flat, namely ds2 = −dσ̂+dσ̂−,
the radiated energy is given by:

Erad =

∫ σ̂−
E

−∞
dσ̂−⟨∆T f

−−(σ̂
−)⟩
∣∣∣∣
J+

=
ελ2

4

∫ σ̂−
E

−∞
dσ̂−

[
1− 1

(1 + λ∆eλσ̂−)2

]
=
ελ

4

∫ ξE

1

dξ
ξ + 1

ξ2
=
ελ

4

[
ln ξE + 1− 1

ξE

]
, (4.125)
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where in the second line, we make a change of variables, defining ξ = 1+λ∆eλσ̂
− , which implies

ξE = 4
επG

e1+
4(πGM+λC)

επGλ and 1 + 1
ξE

= − ∆
x−
E

. With these relations, we can then write the radiated
energy in an explicit form:

Erad =
ελ

4

[
− ln

επG

4
+ 1 +

4M

ελ
+

4C

επG
− ∆

x−E

]
(4.126)

=M +
λ

πG

[
C +

επG

4

(
1− ln

επG

4

)]
− ελ∆

4x−E
=M +

λ

πG
(C − C∗)− ελ∆

4x−E
,

where the quantity C∗, defined in (4.116), appears in the second line. This shows that the
black hole does not fully evaporate by the time the evaporation process reaches its endpoint.
We now compute the residual mass. A straightforward calculation gives:

δM =

(
M +

λ

πG
(C − C0)

)
− Erad =

λ

πG
(C∗ − C0) +

ελ∆

4x−E
. (4.127)

We observe that, up to the end-point of the evaporation, the black hole emits nearly all of
its energy. Yet, the cosmic censorship conjecture requires that the entire initial mass is radiated
away at the end-point. We now try to smoothly match the solution along the line x− = x−E , so
that in region III of the spacetime (x− > x−E) we obtain a Minkowski vacuum solution (4.111)
characterized by a new constant C ′ and asymptotically flat coordinates σ̂±, namely:

ds2 = − dσ̂+dσ̂−

1−
(
επG
2
λσ̂ − C ′) e−2λσ̂

= − dx+dx−

−λ2x+ (x− +∆)− επG
4

ln (−λ2x+ (x− +∆)) + C ′ .

(4.128)
To ensure a continuous matching of both the metric and the dilaton field across the hypersurface
x− = x−E , the following condition must be satisfied:

e−2ρ

∣∣∣∣
x−=x

−(+)
p

= e−2ρ

∣∣∣∣
x−=x

−(−)
p

=⇒ C
′
= C∗. (4.129)

One might then conclude that the difference in the mass of spacetime prior to the beginning
of the evaporation and after the evaporation ends λ

πG
(C∗ − C0) is equal to the mass (4.127),

but this is incorrect because (4.127) contains an additional contribution. We must therefore
determine the physical origin of this extra term. In regions II and III, the field e−2ϕ is given
by:

e−2ϕ = −λ2x+
(
x− +∆

)
+

[
−επG

4
ln
(
−λ2x+x−

)
+
πGM

λ
+ C

]
η(x−E − x

−)

+

[
−επG

4
ln
(
−λ2x+(x− +∆)

)
+ C∗

]
η(x− − x−E),

(4.130)

where η is the Heaviside function. After a careful calculation of the second derivative of e−2ϕ,
we obtain:

∂2+e
−2ϕ =

επG

4(x+)2
,

∂2−e
−2ϕ =

επG

4

[
1

(x−)2
η(x−E − x

−) +
1

(x− +∆)2
η(x− − x−E)

]
+

επG∆

4x−E
(
x−E +∆

)δ(x− − x−E),
∂+∂−e

−2ϕ = −λ2. (4.131)
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These three equations correspond to the original system (4.79-4.80), with the third equation
exactly coinciding with (4.79). Because the expression for the asymptotically flat coordinate
x+ is identical in all three spacetime regions, we deduce that t+(x+) = 1

4(x+)2
holds everywhere.

This is precisely what the first equation states. To interpret the second equation, we must
determine t−(x−) in the third region. Region III is defined to be the Minkowski vacuum in the
σ̂± coordinates, so the quantum state there is |ψ⟩ = |0, σ̂⟩. This implies t−(σ̂−) = 0, which
in turn leads to t−(x−) = 1

4(x−+∆)2
. Therefore, we can now identify the meaning of each term

appearing in the second equation:

t−(x
−) =

η(x−E − x−)
4(x−)2

+
η(x− − x−E)
4 (x− +∆)2

, T f,cl
−− (x−) = − ε∆

4x−E
(
x−E +∆

)δ(x− − x−E). (4.132)

Due to the presence of a term proportional to the Dirac δ-function, an additional matter
shockwave arises, which exits the black hole and travels to future null infinity at the precise
instant when the singularity meets the apparent horizon. To compute the mass transported
by this outgoing shockwave, we employ Equation (3.100), taking nµ to be proportional to the
time-like Killing vector in region III, ξ = λx+∂+−λ (x− +∆) ∂−. The calculation simplifies to:

M
′
=

∫
Σ

√
γdσ̂ nµξνTµν = − ε∆

4x−E
(
x−E +∆

)F−(x−E) =
ελ∆

4x−E
, (4.133)

where we have used F−(x−E) = −λ(x
−
E +∆).

Therefore, we find that the mass carried away by this shockwave precisely matches the
second term in the expression for δM (4.127). Let us briefly recapitulate the physical picture. At
the instant when the singularity reaches the apparent horizon, a small amount of negative energy
(since x−E < 0) is emitted as an outgoing shockwave (the so-called thunderpop [23, 24, 25, 26]),
which transports the surplus energy to infinity. After this emission, what remains is a static
universe with no energy flux at J +, described by the Minkowski vacuum metric.

What is noteworthy is that the constant C ′ determining the Minkowski vacuum state in
region III of the spacetime is independent of the initial choice of C and in fact coincides with
the critical value C∗. As before, we must discard the strong-coupling region, implying that
the spacetime boundary in region III is located at 2λσ̂B = ln επG

4
, which, upon rewriting in x±

coordinates, becomes:

−λ2x+B
(
x−B +∆

)
=
επG

4
. (4.134)

Hence, the boundary in region III is simply the extension of the apparent horizon from region
II. It is also evident that the event horizon (in region II) is given by:

x−H = x−E . (4.135)

If we expand the metric near the strong-coupling region, i.e., close to the boundary σ̂ = σ̂B+ δ,
where δ > 0 is a small parameter, we find:

ds2 =
−dt2 + dδ2

2λ2δ2 + o(δ3)
. (4.136)

Thus, in the vicinity of δ = 0, the spacetime exhibits the geometry of a semi-infinite throat.
The proper distance diverges logarithmically as one approaches the boundary, mirroring the
behavior found in higher-dimensional black holes. Furthermore, the curvature remains finite
everywhere, so the spacetime is geodesically complete.
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Figure 4.6: Penrose diagram of the evaporating black hole solution in the BPP model

There is still one "degree of freedom" remaining that we have not fixed: the constant C0,
which selects which particular static Minkowski vacuum corresponds to the massless solution. It
is natural to demand that the ADM mass of the final spacetime vanish. Under this assumption,
the natural assignment is C0 = C∗. However, for this choice, the spacetime in region I acquires
a nonzero mass unless C = C∗. This consideration motivates us to fix the initial constant C
as well. Although such a choice is not strictly required within this model, it provides the most
physically meaningful specification of the constants.

The full dynamical picture of the evaporating black hole is presented in Figure 4.6. The
axes represent the compactified Kruskal coordinates. One can clearly track the evolution of
the spacetime boundary (black line). Initially, it coincides with the boundary of the strongly
coupled region of the Minkowski vacuum solution in region I, which is described by Equation
(4.115). In this stage, it is a constant-σ hypersurface, σ = σs, subject to the reflective boundary
conditions (4.117). Entering region II, the boundary turns into a singularity (4.120), indicated
by the wavy line in Figure 4.6. In region III, it again becomes a constant-σ̂ hypersurface,
σ̂ = σ̂B (4.134), representing the continuation of the apparent horizon of region II, defined in
(4.121). The trapped surfaces, located between the apparent horizon and the singularity, are
shown in green. The initial ingoing shockwave is colored red. The end-point of evaporation
(4.124) is explicitly marked, with the outgoing shockwave emerging from it also drawn in red,
while in the opposite direction the event horizon (4.135) of the black hole in region II extends.

In region III, the energy–momentum tensor is normal ordered with respect to the σ̂ coor-
dinates, which implies that the final quantum state is |ψ⟩ = |0, σ̂⟩, i.e., a pure state. Since
there is no Hawking radiation in this region, the evolution appears to be unitary. Nevertheless,
the only parameter describing the initial matter is its mass, and this is also the only piece of
information that can be inferred from the final spacetime. Consequently, the model seems to
exhibit information loss. However, because there are strong correlations in the vicinity of the
boundary, we might expect substantial quantum gravitational effects there, which could provide
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a mechanism for recovering the apparently lost information. Whether information is actually
lost depends on the behavior of the entanglement entropy, more specifically, on whether or not
it follows the Page curve. This is discussed in detail in Chapter 9.

Evaporation time

At the end of this section, we determine the total evaporation time. We begin with the relation

e2λtE = −
x+p

x−E +∆
. (4.137)

The evaporation time is evaluated by fixing the integration constant C according to the above
choice, i.e. by setting C = C∗. With this choice, the intersection point takes the form

x+E =
επG

4λ2∆

[
e

4M
ελ

−1
]
∧ x−E = − ∆

1− e− 4M
ελ

. (4.138)

Substituting these expressions into Equation (4.137) for the evaporation time yields

e2λtE =
επG

4(λ∆)2

(
e

4M
ελ − 1

)2
=⇒ 2λtE = 2 ln

(
e

4M
ελ − 1

)
− ln

4πGM2

ελ2
+ 2 ln

(
λx+0

)
. (4.139)

If we now assume that the black hole mass is very large, namely 4M
ελ
≫ 1, the evaporation time

simplifies to

λtp =
4M

ελ
− 1

2
ln

4πGM2

ελ2
+ ln

(
λx+0

)
. (4.140)

In the large-mass regime, the second term in this expression can also be neglected, since the
logarithmic contribution grows much more slowly than the linear one. Let us next consider the
behavior of the event horizon (4.135) in this limit: x− = x−E ≈ −∆. Thus, in this regime, the
horizon is located slightly below the hypersurface x− = −∆. Restoring the physical constants,
the evaporation time becomes

∆tE =
48πM

Nℏλ2
, (4.141)

where we have discarded the last term in (4.140) as well, since it is constant and therefore
negligible compared to the leading term, which scales linearly with the mass.

4.4 Perturbative treatment of the gravitational collapse

In this section, we demonstrate how the perturbative method introduced in Section 3.4.1 can be
employed to derive the quantum-corrected collapse scenario discussed in the previous section.
We work in Eddington–Finkelstein coordinates. Because the linear dilaton vacuum in the BPP
model carries a non-vanishing energy flux at infinity, both spacetime regions I and II (see Fig.
3.3) must be quantum-corrected. When solving the equations, it is not necessary to treat these
two regions separately, since the Minkowski vacuum should emerge as the b → 0 limit of the
solution in the region x+ > x+0 , where the black hole exists. We therefore first determine the
general solution of the BPP equations of motion.
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We begin by expanding the equations of motion (4.72-4.74) for the BPP model to first
order in ε, using an expansion analogous to (3.108), namely ρ 7→ ρ+ εα and ϕ 7→ ϕ+ εθ. The
equations of motion then become:

λαe2ρ =
1

λ
∂+∂−θ + e2ρ

(
F+∂+θ + F−∂−θ

)
,

∂±
(
e−2ρ

(
∂±θ + λαF±e2ρ

))
= −1

2
eϕ−ρ∂2±e

ϕ−ρ,

∂+∂−θ = ∂+∂−α.

(4.142)

Since the right-hand side of Equation (4.73) is already of ε order, a simple substitution of ϕ−ρ
in zeroth order from (4.36) yields:

∂±
(
e−2ρ

(
∂±θ + λαF∓e2ρ

))
=
e2(ϕ−ρ)

F±2

[
t±(σ̂

±) +
λ2

4

]
, (4.143)

where Equation (4.73) has been recast into the form (3.109). To determine the normal ordered
components of the energy-momentum tensor t±(σ̂±) in region II of the spacetime, we make use
of (3.114). These components read:

t+(σ̂
+) = 0 ∧ t−(σ̂

−) =
λ2

4

(
F−2 − 1

)
. (4.144)

Expressing F− in terms of ϕ and δ (3.107) with the help of (4.57) and substituting in Equation
(4.143), after integration, yields:

∂+θ = −
λ

2
F−e2ρ

[
2α +

G−

F− +
1

4

1

b− e−2ϕ

]
,

∂−θ = −
λ

2
F+e2ρ

[
2α +

G+

F+
+

1

4

δ2

δ2 (b− e−2ϕ)− b

]
,

(4.145)

where another set of arbitrary fictions G±(σ±) is introduced. These two expressions correspond
to (3.111). The function D1 is determined by direct comparison. Following further the method
introduced in Section 3.4.1 we express α from the first equation in (4.142) and substitute it in
(4.145). The subsequent integration gives:

λbθe2ϕ =
λ

2

G−

F− − F−∂−θ +
λ

8
e2ϕ
(
ln
∣∣b− e−2ϕ

∣∣+H−) ,
λbθe2ϕ =

λ

2

G+

F+
− F+∂+θ +

λ

8
e2ϕ
(
ln
∣∣b− δ2 (b− e−2ϕ

)∣∣+H+
)
,

with an additional pair of functions H±(x±). Requiring these two equations to coincide deter-
mines the form of the functions H± in terms of another constant D, resulting in the following
expression:

λbθe2ϕ =
λ

2

(
be2ϕ − 1

) [
2α +

G+

F+
+

G−

F−

]
+
λ

8
e2ϕ
[
− 2 ln δ −D + 1 + ln

∣∣b− δ2 (b− e−2ϕ
)∣∣ ].

(4.146)
To obtain the function θ, we follow the same procedure once again. Solving (4.145) for α
and substituting the result into (4.146) yields a pair of first-order differential equations for θ
(one involving ∂+θ and the other involving ∂−θ). Integrating these two equations introduces
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a new family of arbitrary functions, which are then fixed by requiring that the two resulting
expressions for θ agree. The final form of θ is given by:

θ =
λ

2

(
be2ϕ − 1

)(∫
dx+

G+

F+2
+

∫
dx−

G−

F−2

)
+

1

8
e2ϕ
(
1−D − 2 ln δ + ln

∣∣b− δ2 (b− e−2ϕ
)∣∣ )

(4.147)
We now switch back to the quantum-corrected fields ϕ+ εθ 7→ ϕ and ρ+ εα 7→ ρ, as described
in (3.113) by substituting the solutions for α (4.146) and θ (4.147). In this way, we obtain the
quantum-corrected counterparts of the expressions in (4.57):

F+F−e2ρ = be2ϕ − 1 +
επG

4
e2ϕ
[
2 ln δ +D − 1− ln

∣∣b− δ2 (b− e−2ϕ
)∣∣ ],

ln
∣∣b− e−2ϕ

∣∣+ επG

4
e2ϕ

2 ln δ +D − 1− ln
∣∣b− δ2 (b− e−2ϕ

)∣∣
be2ϕ − 1

= −λ
(∫

dx+

F+
+

∫
dx−

F−

)
≡ 2λσ̂,

(4.148)
where F± + εG± 7→ F±. Taking the limit b → 0 gives the following quantum-corrected
Minkowski vacuum solution:

F+F−e2ρ = −1 + επG

2
(ϕ+ ϕ0) e

2ϕ,

ϕ+
επG

4
(ϕ+ ϕ0) e

2ϕ =
λ

2

(∫
dx+

F+
+

∫
dx−

F−

)
,

(4.149)

where ϕ0 denotes the integration constant. Choosing Eddington–Finkelstein coordinates as the
starting coordinate system is equivalent to fixing F+ = −1 and F− = 1. If one then performs
an additional coordinate transformation to Kruskal coordinates (4.41), it is straightforward to
check that, to first order in perturbation theory, the solution (4.149) coincides with the exact
Minkowski vacuum solution (4.111). Under this identification, the constant C appearing in
(4.111) is related to ϕ0 via C = επG

2
ϕ0.

In Section 3.4.1, the next step is to smoothly match the solution (4.148) to the initial
Minkowski vacuum configuration (4.149). This is done by imposing continuity of e2ρ and ϕ,
while allowing their derivatives ∂+ρ and ∂+ϕ to exhibit discontinuities across the hypersurface
x+ = x+0 . Under these conditions, the evaporating black hole solution is fixed by specific choices
of the constants b, D, and coordinate transformations F+ and F− that enter the general solution
(4.148):

b =
πGM

λ
, D = 1 + 2ϕ0, F

+ = −1, F− = 1− be−2x̂. (4.150)

As we can see, the coordinate transformations do not gain any quantum corrections in this
procedure, and the coordinates are the same as in the classical case:

2λσ̂ = −2 ln δ + ln
∣∣b− e2x̂∣∣ . (4.151)

A direct check shows that solution (4.150) coincides with the exact solution (4.119) expanded
to first order in ε.

The end-state of the evaporation

To find the apparent horizon, we solve the equation ∂+e
−2ϕ = 0. Employing the solution

(4.148), the apparent horizon hypersurface to first order in ε is given by

e2x̂ = b+
επG

4
δ2. (4.152)
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The scalar curvature, defined as R = 8e−2ρ∂+∂−ρ, is found to be

R =
4λ2b̃δ2

b̃δ2 − b+ e2x̂
, (4.153)

where the quantum-corrected constant b is introduced as b̃ = b − επG
2

(x̂− ln δ − ϕ0). The
singularity line is described by

e2x̂ = b− b̃δ2, (4.154)

since this corresponds to the hypersurface along which the curvature diverges. To obtain the
end-point of the evaporation, one must determine where the apparent horizon and singularity
hypersurfaces intersect. This intersection can be computed from equations (4.152) and (4.154)
to first order in ε, yielding the following result:

δ2E = be−
4b

επG
−1−2ϕ0 ∧ e2x̂E = b

[
1 +

επG

4
e−

4b
επG

−1−2ϕ0

]
. (4.155)

By rewriting the solution in Kruskal coordinates and employing δ2E =
x+
0

x+
E

together with e2x̂E =

−λ2x+0 x−E , we obtain that these expressions reproduce the precise end-point (4.124) to first
order in ε.

Next, we show how to extract the end-state geometry. As a first step, we rewrite the so-
lution in terms of the radial coordinate ϕ and the coordinate x̂, since the hypersurface that
separates the evaporating black hole from the end-state geometry is defined using this coor-
dinate, specifically by the condition x̂ = x̂E. For this purpose, we introduce the running b
constant:

b̂ = b+
επG

2
ϕ0 +

επG

4
ln
∣∣be−2x̂ − 1

∣∣ . (4.156)

Since the deviation from the constant b is of order ε, we can replace every occurrence of b in the
first-order perturbation theory with b̂. Consequently, equations (4.148) are modified as follows:

F+F−e2ρ = b̂e2ϕ − 1− επG

4
e2ϕ ln

∣∣∣b̂− e−2ϕ
∣∣∣ ,

ln
∣∣∣b̂− e−2ϕ

∣∣∣− επG

4

ln
∣∣∣b̂− e−2ϕ

∣∣∣
b̂− e−2ϕ

= 2λσ̂.

(4.157)

These two relations are valid for every value of the coordinate x̂. As we move toward the event
horizon at x̂ = x̂E, the quantity b̂ decreases smoothly and takes the value:

b̂E =
επG

4

(
ln
επG

4
− 1

)
, (4.158)

at x̂ = x̂E. Because b̂E is of order ε at this point, we may set b̂→ 0 in the first-order perturbative
expansion. After taking this limit, equations (4.157) reduce to the Minkowski vacuum solution
(4.149) with constant ϕ′

0 = 2
επG

b̂E. Comparing with the exact solution (4.128), we find that,
upon transforming to Kruskal coordinates, the two solutions coincide to first order.

To determine whether a further outgoing shockwave emerges from the evaporation end-
point, we integrate the "−−" equation in (4.73) from σ−

E − ϵ to σ−
E + ϵ, and then take the limit

ϵ→ 0, which yields:

lim
ϵ→0

e−2ρ

[
∂−ϕ+

επG

2
e2ϕ∂− (ϕ− ρ)

] ∣∣∣∣σ−
E+ϵ

σ−
E−ϵ

=
λb0
2F− e

2(ϕ−ρ), (4.159)
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where b0 = πG∆M
λ

and ∆M denotes the mass of the shockwave. By substituting the derivatives
directly, we obtain:

− b0
F− e

2(ϕ−ρ) =
επG

4
e2ϕ +

επG

2

1

b− e−2ϕ
+
επG

4

δ2

b− δ2 (b− e−2ϕ)
. (4.160)

A careful calculation of this expression yields the following:

b0 = −
επG

4
be−2x̂E − επG

4
be−2ϕ. (4.161)

Since e−2x̂E ∝ 1/b, the first term remains finite in the limit b → 0, whereas the second term
vanishes. Consequently, the mass of the thunderpop is:

∆M = −ελ
4
be−2xE =

ελ∆

4x−E
, (4.162)

which matches the exact expression.

Finally, we turn to verifying the energy balance (3.115) in the BPP model. We begin by
evaluating the total energy emitted by the black hole throughout its entire evaporation process:

Erad = ε

∫ σ−
E

−∞

dσ−

F− t−(σ̂
−) =

ελ

4

[
be−2x̂E − ln

∣∣be−2x̂E − 1
∣∣ ] =M +

ελ

4

[
2ϕ0 − ln

επG

4
+ 1− ∆

x−E

]
,

(4.163)
where, in the last step, we have made use of the expression (4.144) for t−(σ̂−). Observe that this
result matches exactly the exact formula (4.126). This agreement arises because the coordinate
transformation F−, which enters the computation of the radiated energy, does not acquire
quantum corrections in the BPP model. The energy balance can be reformulated in terms of
the b-parameters as:

brad = b+
επG

2
ϕ0 −

επG

2
ϕ′
0 − b0, (4.164)

In this relation, επG
2
ϕ0 represents the mass of the spacetime before the collapse, while επG

2
ϕ′
0

corresponds to the mass of the final configuration. The parameter b = πGM
λ

is the b-parameter
associated with the incoming shockwave, b0 denotes the b-parameter of the outgoing shockwave,
and brad = πGErad

λ
is the b-parameter describing the Hawking radiation.

4.5 Thermodynamical quantities

In this section, we derive the temperature and entropy of the static black hole in the CGHS
model. At first glance, discussing black hole entropy might seem meaningless unless one adopts
the framework of quantum field theory in curved spacetime. Nonetheless, the temperature
can actually be obtained purely from the geometric data (see Appendix D.6). In general, the
temperature is given by T = κ

2πℏ , where κ is the surface gravity calculated in (4.40). For our
case, this yields:

T =
λ

2π
=⇒ T =

λℏc
2πkB

. (4.165)

We observe that the temperature is independent of the mass. Applying the thermodynamic
relation dM = T dS, we obtain the entropy as S = M

T
. The integration constant is chosen such
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that S = 0 at M = 0. It is customary to express the entropy in terms of the value of the dilaton
at the horizon, namely:

e−2ϕH = b =
πGM

λc2
=⇒ M =

λc2

πG
e−2ϕH =⇒ S = kB

2c3

Gℏ
e−2ϕH , (4.166)

where we have employed the expression for the temperature (4.165) together with the static
black hole solution (4.42). Finally, by setting kB = ℏ = c = G = 1, we arrive at the following
expressions for the temperature and entropy of a static black hole in the CGHS model:

T =
λ

2π
∧ S = 2e−2ϕH . (4.167)

Note that these expressions remain valid even after quantum corrections are included, since the
surface gravity stays unchanged.
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Chapter 5

Dimensionally-reduced Einstein gravity

In this chapter, we set the stage for studying the information loss paradox by computing
the Page curve for the theory of dimensionally reduced Einstein–Hilbert gravity (the DREH
model). Our primary goal here is to construct the eternal and evaporating black hole scenarios
within this theory. In the preceding chapter, we pursued the same objective using the CGHS
model of dilaton gravity. That model has the key benefit that its equations of motion remain
exactly solvable even after incorporating quantum corrections. This feature is absent in the
DREH model. Nonetheless, since Einstein gravity is a thoroughly experimentally tested theory,
analyzing entanglement entropy in the DREH model is highly significant. Once quantum
corrections are introduced, we employ the perturbative approach described in Section 4.3.4.
The reduced action (2.19) was obtained in Chapter 2. For convenience, we rewrite it here:

SDREH =
1

4G

∫
d2x
√
−ge−2ϕ

[
R + 2(∇ϕ)2 + 2λ2e2ϕ

]
− 1

2

∫
d2x
√
−g (∇f)2 . (5.1)

The first term in (5.1) represents the gravitational action, denoted by Sg, whereas the second
term introduces the matter contribution as a single scalar field, labeled Sm. Unlike in the CGHS
model, we do not require additional scalar fields, since no correction term can be incorporated
into the action that would make the equations of motion exactly solvable.

The chapter is divided into three main sections. In the first section, we solve the classical
equations of motion derived from (5.1). We begin by analyzing the vacuum solution, then
determine the solution with charged matter, and finally formulate the classical gravitational
collapse. In this part we largely follow [111].

In the second section, quantum corrections are included through the Polyakov–Liouville
action (3.72). The general static vacuum solution is obtained by employing the static ansatz
introduced in Section 3.1. We then examine two specific cases: the vacuum solution associated
with the Boulware state of the quantum fields and the eternal black hole solution. Here, our
presentation is based on the arguments given in both [42] and [111].

The final section addresses the evaporating black hole scenario. We obtain the solution that
satisfies the Unruh vacuum condition, and then demonstrate that the apparent horizon and the
singularity meet at a finite point in the spacetime. We also show that the end-state geometry
is again described by the static Boulware vacuum solution, and that there is no need to invoke
a thunderpop. The entire analysis is carried out to first order in a perturbative expansion in
ℏ. In this section we mainly follow [111].
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5.1 Equations of motion and their solutions

We now proceed to determine the equations of motion obtained by varying the action 5.1.First,
we address the gravitational part of the action:

δSg =
1

4G

∫
d2x

{
δ
(√
−ge−2ϕR

)
+ 2δ
√
−g
[
(∇ϕ)2 + λ2e2ϕ

]
e−2ϕ + 2

√
−gδ

(
e−2ϕ(∇ϕ)2

)}
=

1

4G

∫
d2x
√
−ge−2ϕ

{
− e2ϕ

[
∇µ∇νe

−2ϕ + gµν□e
−2ϕ
]
δgµν − 2Rδϕ

− gµν
[
(∇ϕ)2 + λ2e2ϕ

]
e−2ϕδgµν + 2∇µϕ∇νϕδg

µν + 4
[
(∇ϕ)2 −□ϕ

]
δϕ

}
=

1

4G

∫
d2x
√
−ge−2ϕ

{[
2∇µ∇νϕ− 2∇µϕ∇νϕ+ gµν

(
3(∇ϕ)2 − 2□ϕ− λ2e2ϕ

)]
δgµν

+
[
4(∇ϕ)2 − 4□ϕ− 2R

]
δϕ

}
. (5.2)

Throughout this computation, the same terms as in the CGHS model appear. In the second line,
we employ (4.9) for the variation of the scalar curvature, together with δ ln (

√
−g) = −1

2
gµνδg

µν .
Moreover, we make use of the enhanced symmetry of the 2D spacetime, which leads to a
vanishing Einstein tensor, Gµν = 0. The matter contribution is exactly the same as in the
CGHS model (4.11), so we simply reproduce it here:

δSm = −
∫
d2x
√
−g
{
1

2

[
∇µf∇νf −

1

2
gµν(∇f)2

]
δgµν − (□f) δf

}
, (5.3)

where we have omitted the sum, since the DREH model involves only a single scalar field.
Using the same notation for the energy–momentum tensor as in the CGHS model, we arrive at
the following equations of motion:

δS

δgµν
= 0 : 2∇µ∇νϕe

−2ϕ − 2∇µϕ∇νϕe
−2ϕ + gµν

(
3(∇ϕ)2 − 2□ϕ− λ2e2ϕ

)
e−2ϕ = 2GT f

µν ,

δS

δϕ
= 0 : (∇ϕ)2 −□ϕ =

R

2
,

δS

δf
= 0 : □f = 0,

Tµν =
−2√
−g

δSm

δgµν
: Tµν = ∇µf∇νf −

1

2
gµν(∇f)2 (5.4)

The metric equation in (5.4) can be simplified. Contracting it with the metric tensor gµν
yields □e−2ϕ = 2λ2 + 2GT , where T = gµνTµν . Defining a new field φ = e−ϕ and using the
dilaton equation, we arrive, after some algebraic manipulations, at:

∇µ∇νφ−
1

2
Rµνφ = −G

(
Tµν −

1

2
gµνT

)
φ−1, (5.5)

□φ2 = 2λ2 + 2GT. (5.6)

Note that we have not introduced the reduced field x (2.46) in the same manner as in the
CGHS model. Instead, we use φ. The reduced field is defined later, and its definition involves
the Schwarzschild radius.
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5.1.1 Vacuum solution of classical equations of motion

We now determine the general solution of the classical vacuum equations of motion in the con-
formal gauge ds2 = −e2ρdx+dx−, introduced in (3.2). In this gauge, the non-zero components
of the connection, Ricci tensor, and scalar curvature are listed in (3.3), and the scalar field
invariants are specified in (3.4). With these choices, the equations of motion (5.5) and (5.6)
take the form:

∂±
(
e−2ρ∂±φ

)
= −GT±±φ

−1e−2ρ, (5.7)
∂+∂−φ+ φ∂+∂−ρ = 0, (5.8)

∂+∂−φ
2 +

λ2

2
e2ρ = 0. (5.9)

In this step, we have made explicit use of the symmetry of the scalar field EMT, the fact that
its trace is zero, and that the only non-vanishing components are T±±, which are set to zero
when considering the vacuum solution. Integrating Equation (5.7), we obtain:

∂±φ =
λ

2
F∓(x∓)e2ρ, (5.10)

where F±(x±) denote a set of arbitrary functions. Shortly, it will become evident that they are
identified with the Killing vector (3.5) associated with time translations. The functions ∂±φ
obey the consistency condition ∂+∂−φ = ∂−∂+φ. Making use of this property leads to:

∇+F
+ = ∇−F

−, (5.11)

∂+∂−φ =
λ

2
∇+F

+e2ρ. (5.12)

Combining this expression with equations (5.9) and (5.10), we can write φ in terms of F± and
ρ as

φ = −λ
2

1 + F+F−e2ρ

∇+F+
. (5.13)

We now determine ∂+∂−ρ by inserting equations (5.13) and (5.12) into Equation (5.8):

∂+∂−ρ =
(∇+F

+)
2
e2ρ

1 + F+F−e2ρ
. (5.14)

One readily verifies that ∂− (1 + F+F−e2ρ) = F+∇+F
+e2ρ and that ∂+∂−ρ =

∂−(∇+F+)
2F+ . Using

these relations together with Equation (5.14), we obtain

∇+F
+ = G+(x+)

(
1 + F+F−e2ρ

)2
, (5.15)

where G+(x+) is an arbitrary function. Differentiation with respect to x+ reproduces the same
relation, implying that we also find:

∇+F
+ = G−(x−)

(
1 + F+F−e2ρ

)2
, (5.16)

where G−(x−) is likewise an arbitrary function. Because these two expressions coincide, the
functions G± must in fact be equal to the same constant: G+(x+) = G−(x−) = − 1

2a
, where

the significance of a will be clarified shortly. Therefore, using Equation (5.13), we arrive at the
following result:

∇+F
+ = − 1

2a

(
1 + F+F−e2ρ

)2
= −λ

2

λa

φ2
. (5.17)
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We can check that∇+F
+ likewise obeys∇+F

+ = F±∂± ln (F+F−e2ρ). Combined with equations
(5.17) and (5.13), this allows the derivatives of φ to be written as:

∂±φ = − λ

2F±
φ− λa
φ

. (5.18)

By integrating this equation, we obtain the final result, which is expressed by the following two
equations:

φ+ λa ln
( φ
λa
− 1
)
= −λ

2

(∫
dx+

F+
+

∫
dx−

F−

)
≡ λσ, (5.19)

F+F−e2ρ =
λa

φ
− 1. (5.20)

The general solution of the classical vacuum equations (5.19-5.20) is characterized by one in-
tegration constant and two arbitrary functions. We denote it by the ordered triplet (F+,F−, a).
It is clear that this solution is expressed in the form (3.18-3.19). The first line gives the dilaton
field and defines the tortoise coordinate, whereas the second line provides the metric functions
Λ. The functions F± represent the coordinate transformations from an arbitrary coordinate
system to the Eddington–Finkelstein coordinates. Therefore, we conclude that the most gen-
eral vacuum solution of the DREH equations of motion corresponds to the static Schwarzschild
black hole. A natural choice for the dilaton field is φ = e−ϕ = λr, thereby introducing the
radial coordinate. Expressing the metric in terms of this radial coordinate yields

ds2 = −
(
1− a

r

)
dt2 +

dr2

1− a
r

. (5.21)

Thus, the Schwarzschild metric is recovered within the DREH model. By direct comparison
with the standard Schwarzschild solution, we identify the constant a as the Schwarzschild radius.
The appearance of the Schwarzschild black hole as the most general solution of the vacuum
equations of motion in the DREH model is precisely how Birkhoff’s theorem [106] manifests
itself in this two-dimensional framework. This observation also makes it clear that the model
arises from dimensional reduction over S2. For more details on the standard Schwarzschild
solution see Appendix C.

5.1.2 General static solution with charged matter

The key conclusion of the previous subsection is that the most general vacuum solution coincides
with a static black hole configuration corresponding to the 4D Schwarzschild geometry. We now
turn to determining the most general static solution when the matter fields are permitted to
carry a certain type of charge, similarly to the CGHS model in Section 4.1.4. In doing so, we
make explicit use of the fact that the classical scalar field EMT is traceless. After imposing the
static ansatz of Section 3.1, the equations of motion (5.5-5.6) take the following form:

2GΛ

λ2φ
Tµν =

[
D2dΛ

dφ
+
Dφ
2

d

dφ

(
DdΛ

dφ

)]
ξµξν −

[
d (ΛD2)

dφ
+
Dφ
2

d

dφ

(
DdΛ

dφ

)]
εµρενσξ

ρξσ,

D d

dφ
(ΛDφ) = −1. (5.22)
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The trace of the metric equation gives:

D2dΛ

dφ
+

d (ΛD2)

dφ
+Dφ d

dφ

(
DdΛ

dφ

)
= 0. (5.23)

Substituting the second equation from (5.22) into (5.23) yields an integrable equation. Solving
it introduces a positive charge µ > 0, associated with the scalar field in the same way as in
(4.34) of the CGHS model, namely:

φΛ2DdD
dφ

= −µ, D2 =
(µ
Λ
− 1
)(d (Λφ)

dφ

)−1

, Λ2T
∥∥

= Λ2T⊥⊥ =
λ2µ

2G
. (5.24)

Inserting this form of D1 leads to a second-order differential equation for Λ. Integrating once,
we obtain: (

1− µ

Λ

) d (Λφ)

dφ
= −A− 2µ ln |Λφ| , (5.25)

where A is an additional integration constant. Plugging (5.25) back into the expression for D1

in (5.24) we see that A + 2µ ln |Λφ| > 0. Treating (5.25) as a differential equation for φ as a
function of Λφ, we find the solution:

φ =
Λφ

µ
+
√
A+ 2µ ln |Λφ|

[
B −

√
2π sgn(Λ)

2µ3/2
e−

A
2µ erfi

(√
ln |Λφ|+ A

2µ

)]
, (5.26)

where B is the final integration constant, and erfi(x) denotes the imaginary error function,
defined by

erfi(x) =
2√
π

∫ x

0

et
2

dt. (5.27)

The tortoise coordinate (3.18) can likewise be expressed in terms of Λφ and takes the form:

λσ =
1√
2µ

[
φ

√
ln |Λφ|+ A

2µ
+

√
π sgn(Λ)

2µ
e−

A
2µ erfi

(√
ln |Λφ|+ A

2µ

)]
. (5.28)

The asymptotic behavior of this solution is given by φ = Λφ
2µ ln |Λφ| . Hence, the geometry is not

asymptotically flat, and the solution is therefore completely disconnected from the standard
Schwarzschild black hole solution.

5.1.3 Classical gravitational collapse

To describe classical gravitational collapse, we adopt the approach presented in Section 3.4.
The energy-momentum tensor is specified as an incoming shockwave with components T++ =
− M

F+(x+
0 )
δ(x+ − x+0 ) and T−− = 0, where M denotes the mass carried by the shockwave. The

associated Penrose diagram is depicted in Figure 3.2. The spacetime consists of two regions
(I and II in Figure 3.2), which must be joined smoothly. In particular, the metric and the
dilaton field are required to match continuously across the hypersurface x+ = x+0 , as imposed
by condition (3.102):

e2ρI
∣∣∣∣
x+=x+

0 −ϵ

= e2ρII
∣∣∣∣
x+=x+

0 +ϵ

, (5.29)

φI

∣∣∣∣
x+=x+

0 −ϵ

= φII

∣∣∣∣
x+=x+

0 +ϵ

, (5.30)
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when ϵ→ 0, and the indices I and II label parts I and II of the spacetime, respectively, in the
same manner as in Section 3.4. In region I, the vacuum solution is specified by (F+

I ,F
−
I , aI),

whereas in region II it is characterized by (F+
II,F

−
II, aII). The final condition (3.104) follows from

integrating Equation (5.7). This yields:

e−2ρII∂+φII

∣∣∣∣
x+=x+

0 +ϵ

− e−2ρI∂+φI

∣∣∣∣
x+=x+

0 −ϵ

=
GM

F+
e−2ρφ−1

∣∣∣∣
x+=x+

0

. (5.31)

Equation (5.31), together with (5.10) and (5.29), leads to a discontinuity in the derivatives
of the dilaton field and consequently to a discontinuity in the F− coordinate transformation,
which is given by:

F−
II = F−

I +
2MG

λF+
e−2ρφ−1

∣∣∣∣
x+=x+

0

. (5.32)

From Equation (5.29) and solution (5.20), together with Equation (5.30), we also find that the
constant a undergoes a change at x+ = x+0 .

aII = aI +
2GM

λ2
. (5.33)

Hence, we conclude that the solution in region II of the spacetime takes the following form:(
F+
I ,F

−
I

(
1 +

2MG/λ

λaI − φ(x+0 , x−)

)
, aI +

2MG

λ2

)
. (5.34)

Equation (5.34) specifies the structure of the solution in region II, given that region I already
contains a black hole solution and that this black hole consumes matter of massM . Without loss
of generality, we may adopt the Eddington–Finkelstein gauge in region I, which corresponds to
choosing F+

I = −1 and F−
I = 1. To investigate gravitational collapse, we further set the metric

in region I to be that of Minkowski spacetime by taking aI = 0. The associated dilaton field is
then φI =

λ
2
(σ+ − σ−). With these choices, Equation (5.34) shows that the geometry in region

II indeed contains a black hole of mass M :(
−1, 1− 4MG/λ2

σ+
0 − σ− ,

2MG

λ2

)
. (5.35)

Let us now introduce the notation that will be used from this point onward. To begin with,
we take the solution in region I of the spacetime to be the Minkowski vacuum, specified by
(−1, 1, 0). We then define φ̂(σ−) = λ

2

(
σ+
0 − σ−). With this function, the coordinate transfor-

mations in region II can be written as:

F+ = −1, F− =
φ̂− λa
φ̂

. (5.36)

Here we omit the index II on the functions F±
II as well as on the constant aII, and simply

write a = 2MG
λ2 . In region II of the spacetime, relation (5.19) remains valid, so we define new

Eddington–Finkelstein coordinates σ̂± via (3.106). Expressed in terms of σ±, these are:

σ̂+ = σ+, (5.37)

σ̂− = σ+
0 −

2

λ

[
φ̂+ λa ln

(
φ̂

λa
− 1

)]
. (5.38)
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Next, we define the reduced dilaton field (2.46) using the Schwarzschild radius a as:

x =
φ

λa
. (5.39)

Moreover, the solutions (5.19) and (5.20) in region II of the spacetime can be recast in terms
of the coordinates δ and x̂, defined in (3.107) and the reduced field x:

x + ln (x− 1) = − ln δ + x̂ + ln (x̂− 1),

F+F−e2ρ =
1

x
− 1.

(5.40)

Now we analyze solution (5.40). From the metric equation we infer the presence of a
black hole, with a singularity located at x = 0 and an event horizon at x = 1. Recall that
φ = λr̂, where r̂ is the radial coordinate in region II of the spacetime. Inspecting solution
(5.40) once more, we find that the condition φ = λa translates into φ̂ = λa. Consequently, the
hypersurfaces corresponding to the horizon and the singularity are given by:

σ−
H = σ+

0 − 2a, (5.41)
ln δS = x̂S + ln |x̂S − 1|, (5.42)

respectively. In the limit t→∞, we obtain σ+ →∞, which is equivalent to δ → 0. Applying
Equation (5.42), we conclude that the horizon and the singularity meet at future time infinity
i+. This is precisely what one expects, as quantum corrections are absent in this scenario.
Both of these lines are depicted in the conformal diagram (see Figure 3.2). In both spacetime
regions there exists a timelike Killing vector, but its form changes upon crossing the separating
hypersurface. Therefore, the full spacetime is not stationary. This configuration corresponds
to the classical CGHS gravitational collapse analyzed in Section 4.1.5.

5.2 Adding quantum corrections

In close analogy with the treatment of the CGHS model in Sections 4.2 and 4.3, we now consider
the quantum-corrected DREH model by supplementing the classical DREH action (5.1) with
the Polyakov–Liouville term (3.72). Further details on the PL action are provided in Section 3.3.
Unlike in the CGHS case, here no additional correction terms can be introduced that render the
quantum-corrected equations of motion exactly solvable. Consequently, the dilaton equation of
motion in (5.4) remains unchanged. The metric equation, on the other hand, is modified solely
through the contribution of the energy–momentum tensor of the quantum fluctuations (3.75),
and takes the form:[

2∇µ∇νϕ− 2∇µϕ∇νϕ+gµν

(
3(∇ϕ)2 − 2□ϕ− λ2e2ϕ

)]
e−2ϕ = 2GN

{
∇µf∇νf −

1

2
gµν(∇f)2

+
ℏ

48π

[
− 2∇µ∇νψ +∇µψ∇νψ + gµν

(
2□ψ − 1

2
(∇ψ)2

)]}
, (5.43)

where the EMT of the PL-type quantum fluctuations is explicitly presented in the second line.
In this section, we focus exclusively on quantum-corrected vacuum solutions. Therefore, the
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classical contribution to the EMT is set to zero. In the conformal gauge (3.2), the equations of
motion become:

∂±
(
e−2ρ∂±φ

)
=

ℏG
12π

[
(∂±ρ)

2 − ∂2±ρ+ t±(x
±)
]
φ−1e−2ρ, (5.44)

∂+∂−φ+ φ∂+∂−ρ = 0, (5.45)

∂+∂−φ
2 +

λ2

2
e2ρ +

ℏG
6π

∂+∂−ρ = 0, (5.46)

where the explicit forms of the quantum-corrected EMT components in (3.77) have been em-
ployed. From this, we clearly observe that the dilaton Equation (5.45) coincides with (5.8),
and therefore remains unchanged. In contrast, the trace Equation (5.9), associated with its
quantum-corrected counterpart (5.46), is modified. This modification arises due to the gravi-
tational trace anomaly. Specifically, the trace of the quantum-corrected EMT takes the form
⟨δT (f)⟩ = ℏ

3
e−2ρ∂+∂−ρ, whereas in the classical case the scalar field EMT is traceless.

These quantum-corrected equations are not exactly solvable. Instead, we treat them per-
turbatively to first order in the expansion parameter ε = ℏG

12π
, following the procedure outlined

in Section 3.4.1. We apply this method in complete analogy with the BPP model discussed
in Section 4.3.4. Concretely, we perform the perturbative expansion by shifting the dilaton as
φ 7→ φ+ εθ and the metric as ρ 7→ ρ+ εα, as specified in (3.108). The quantum correction to
equations (5.44-5.46), expressed in terms of θ and α, is then given by:

∂±
[
e−2ρ∂±θ − 2αe−2ρ∂±φ

]
=
[
(∂±ρ)

2 − ∂2±ρ+ t±(x
±)
]
φ−1e−2ρ, (5.47)

∂+∂−θ + φ∂+∂−α + θ∂+∂−ρ = 0, (5.48)

∂+∂− (θφ+ ρ) +
λ2

2
αe2ρ = 0. (5.49)

The first step in solving these equations is to integrate the first one, Equation (5.47). By
expressing ρ from (5.20) and substituting it into (∂±ρ)

2 − ∂2±ρ + t+(x
±), this equation can be

recast into the form (3.110). After further using the relation (5.18), we obtain:

∂±
(
e−2ρ∂±θ − λαF∓) = 1

F±2
t±(σ

±)e−2ρφ−1 +
λ

2
F∓λa

φ− 3
4
λa

φ3(φ− λa)2
∂±φ, (5.50)

Since D0 = 1, it follows that F [φ] = −1/(φ − λa). We then introduce the function D1(φ) via
its derivative:

dD1

dφ
= λa

φ− 3
4
λa

φ3(φ− λa)2
. (5.51)

This relation is precisely equivalent to (3.112). Upon integrating (5.50), we arrive at the
expressions for the derivatives of θ:

∂+θ =
λ

2

[
F−(D1 + 2α) + G−] e2ρ − F−e2ρ

∫
dx+

F+

t+(σ
+)

φ− λa
, (5.52)

∂−θ =
λ

2

[
F+(D1 + 2α) + G+

]
e2ρ − F+e2ρ

∫
dx−

F−
t−(σ

−)

φ− λa
, (5.53)

where G±(x±) are arbitrary functions encoding the quantum corrections to the coordinate
transformations. At this stage, the derivatives ∂±θ are still not known in closed form, because
the integrals in (5.52) and (5.53) cannot yet be performed explicitly. The obstacle is the
functional dependence φ = φ(x+, x−), which is only implicitly determined by the transcendental
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Equation (5.19). For the moment, we therefore keep the solution in this integral representation.
In order to integrate (5.52) once more, we must remove the undetermined function α. This can
be achieved by using Equation (5.49), together with (5.10) and (5.20), from which we obtain:

θ +
2F−

λ
(φ∂−θ + θ∂−φ+ ∂−ρ) =

∫
D1dφ+

G−

F− φ−
∫

dx+

F+

(
λa

φ
− 1

)∫
dx+

F+

t+(σ
+)

φ− λa
+H−,

(5.54)
where we have introduced an additional arbitrary function H−(x−). By eliminating the deriva-
tives ∂−φ and ∂−θ using equations (5.18) and (5.53), respectively, and then applying the same
procedure once more to Equation (5.53), we obtain:

θ =
φ(φ− λa)

λa

(
D1 + 2α +

G+

F+

)
+
φ2

λa

G−

F− +
1

2φ
(5.55)

+
φ

λa

[∫
D1dφ−

2

λ
(φ− λa)

∫
dx−

F−
t−(σ

−)

φ− λa
−
∫

dx+

F+

(
λa

φ
− 1

)∫
dx+

F+

t+(σ
+)

φ− λa
− H−

]
,

θ =
φ(φ− λa)

λa

(
D1 + 2α +

G−

F−

)
+
φ2

λa

G+

F+
+

1

2φ
(5.56)

+
φ

λa

[∫
D1dφ−

2

λ
(φ− λa)

∫
dx+

F+

t+(σ
+)

φ− λa
−
∫

dx−

F−

(
λa

φ
− 1

)∫
dx−

F−
t−(σ

−)

φ− λa
− H+

]
.

By equating (5.55) and (5.56) we obtain the following consistency condition:

H− + λa
G−

F− −
2

λ

∫
dx−

F− t−(σ
−) = H+ + λa

G+

F+
− 2

λ

∫
dx+

F+
t+.(σ

+) = C, (5.57)

where C denotes an arbitrary constant. Adding equations (5.55) and (5.56), and making use
of (5.57), we express θ in terms of φ and α as:

θ =
φ(φ− λa)

λa

[
D1 + 2α +

G+

F+
+

G−

F−

]
+

1

2φ
+

φ

λa

∫
D1dφ (5.58)

− φ

λa

[∫
dx+

F+

(
λa

φ
− 1

)∫
dx+

F+

t+(σ
+)

φ− λa
+

∫
dx−

F−

(
λa

φ
− 1

)∫
dx−

F−
t−(σ

−)

φ− λa

]
.

At this stage, a single integration has been performed. As in Section 3.4.1, another inte-
gration is required. This is clear from the fact that (5.58) is not yet the final form of the field
θ, since it still involves the unknown function α, which must be eliminated. A straightforward
way to accomplish this is to use either Equation (5.52) or (5.53), thereby obtaining another
first-order differential equation for θ. Note that the constant C defined in (5.57) does not ap-
pear explicitly in (5.58); instead, it is absorbed as the integration constant of

∫
D1dφ. We later

demonstrate that C represents a quantum correction to the constant a. Proceeding with either
(5.53) or (5.52) leads to the same outcome: one derives two alternative expressions for θ, each
containing its own arbitrary functions, which are then removed by setting these expressions
equal to each other. The resulting final expression for θ is:

θ =
φ− λa
φ

[
λ

2

(∫
dx+

G+

F+2
+

∫
dx−

G−

F−2

)
−
∫
dφ

(
λa

2φ(φ− λa)2
+

φ

(φ− λa)2

∫
D1dφ

)
+

∫
dx+

F+

1

φ− λa

∫
dx+

F+
t+(σ

+) +

∫
dx−

F−
1

φ− λa

∫
dx−

F− t−(σ
−)

]
, (5.59)

in terms of x+, x−, t+(σ+(x+)), t−(σ−(x−)) and φ(x+, x−). The next step would be to determine
α. One possible approach is to use Equation (5.52), from which it is straightforward to derive
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an expression for α in terms of x+ and x−. However, as discussed in Section 3.4.1, this is not
required, because we already possess all the information needed to write down the quantum-
corrected forms of (5.19-5.20).

Let us first simplify the expressions by using the reduced field x = φ
λa

and the coordinate
x̂ = φ̂

λa
. In terms of x, the function D1(x) and its integral can be written as:

D1 =
1

4(λa)2

[
ln

∣∣∣∣1− 1

x

∣∣∣∣− 1

x− 1
+

3

2

1

x2
+

2

x

]
, (5.60)

∫
D1dφ =

1

4λa

[
(x− 2) ln

∣∣∣∣1− 1

x

∣∣∣∣− 3

2

1

x

]
+ C, (5.61)

where C is the constant introduced in Equation (5.57). For later convenience, we now define
the function:

θ0(φ) = −
∫

dφ

(
λa

2φ(φ− λa)2
+

φ

(φ− λa)2

∫
D1dφ

)
, (5.62)

which, upon using Equation (5.61), takes the form:

θ0(x) =
−1
4λa

1

x− 1

[
1

2
+ (x2 − 3x + 3) ln |x− 1| − (x2 − 2x + 2) ln x

]
+ C

(
1

x− 1
− ln |x− 1|

)
.

(5.63)
We furthermore introduce the integrals:

I± =

∫
dx±

F±
1

φ− λa

∫
dx±

F± t±(σ
±). (5.64)

Using this notation, Equation (5.59) can be recast in a considerably more compact form:

θ =
x− 1

x

[
λ

2

(∫
dx+

G+

F+2
+

∫
dx−

G−

F−2

)
+ θ0 + I

]
, (5.65)

where I = I+ + I−. We now proceed to demonstrate that the functions G± represent the
quantum corrections to the coordinate transformations, by examining how Equation (5.19) is
modified when these quantum corrections are included. From Equation (5.65) we extract the
term involving G±, multiply it by ε, and add it to the right-hand side of Equation (5.19):

φ+ λa ln
( φ
λa
− 1
)
+ ε

φθ

φ− λa
− εθ0 − εI = −

λ

2

[∫
dx+

F+

(
1− εG

+

F+

)
+

∫
dx−

F−

(
1− εG

−

F−

)]
.

(5.66)

The final step is to revert to the quantum-corrected fields (3.113). If we expand Equation
(5.19) to first order in ε, we obtain precisely the term linear in θ that appears in Equation
(5.66). On the right-hand side of Equation (5.66), we have the first-order expansion in ε of
(F± + εG±)−1, implying that the transformation F± + εG± 7→ F± should be interpreted as
the quantum-corrected coordinate transformation. Furthermore, observe that the constant C
in Equation (5.63) represents the quantum correction in λa + εC 7→ λa. This can be verified
straightforwardly by expanding (λa + εC) ln (φ/(λa+ εC)− 1) to first order in ε. We are
similarly interested in how quantum corrections modify Equation (5.20). To this end, we now
employ the newly defined quantum-corrected coordinate transformations:

F+F−e2ρ 7→ F+F−e2ρ
[
1 + ε

(
2α +

G+

F+
+

G−

F−

)]
. (5.67)
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The quantity in brackets of Equation (5.67) also appears in Equation (5.58), which allows us
to isolate it from that expression. Before doing so, we introduce another set of integrals:

I′± = −
∫

dx±

F±

(
λa

φ
− 1

)∫
dx±

F±
t±(σ

±)

φ− λa
. (5.68)

We then define I′ = I′+ + I′−, insert this into Equation (5.67), and make use of Equation (5.20)
to obtain:

F+F−e2ρ 7→ λa

φ
− 1− ελaθ

φ2
+ ε

[
φ− λa
φ
D1 +

λa

2φ3
+

1

φ

∫
D1dφ+

1

φ
I′
]
. (5.69)

The first three terms are precisely the expansion of λa(φ + εθ)−1 − 1. Because C is the
integration constant of

∫
D1dφ, the only term in which it appears is εC/φ, which, once again,

demonstrates that C corresponds to the quantum correction to the constant λa. Expressing
equations (5.66) and (5.69) in terms of the quantum-corrected reduced field x and the quantum-
corrected constant λa, we finally obtain:

x + ln |x− 1|+ ε

4(λa)2
1

x− 1

[
1

2
+ (x2 − 3x + 3) ln |x− 1| − (x2 − 2x + 2) ln x

]
− ε

λa
I

= − 1

2a

(∫
dx+

F+
+

∫
dx−

F−

)
≡ σ

a
, (5.70)

F+F−e2ρ =
1

x
− 1 +

ε

4(λa)2

[
2x− 3

x
ln

∣∣∣∣1− 1

x

∣∣∣∣+ 1

x
− 2

x2
+

1

2

1

x3

]
+

ε

λa

I′

x
. (5.71)

Equations (5.70) and (5.71) provide the general solution to the vacuum equations (5.47–5.49).
They therefore represent the quantum-corrected analogues of equations (5.19) and (5.20) ob-
tained from the classical equations of motion. Consequently, the solution to the quantum-
corrected equations of motion is specified by an ordered quintuple (F+,F−, a, t+, t−). Note that
F± and a are now quantum-corrected quantities. An explicit solution can be constructed once
the integrals I and I′ have been evaluated. These integrals are not independent, but are linked
through equations (5.52) and (5.53), so that it suffices to compute only one of them. Since the
condition t±(x

±) = 0 specifies the vacuum we adopt (see Section (3.3)), the integrals I and I′

are closely related to the particular choice of vacuum state.

5.2.1 Applying the static ansatz

The general static solution in the classical DREH model is obtained in Section 5.1.2. Once
quantum corrections are incorporated, the main distinction is the presence of the gravitational
trace anomaly. Consequently, the trace of the EMT on the right-hand side of Equation (5.5)
can no longer be neglected. For the quantum-corrected EMT (3.79) it reads:

2GΛ

λ2φ

(
Tµν −

1

2
gµνT

)
=

ε

Λx

[
µ

ε
− Ξ− 1

4
D2

(
dΛ

dφ

)2

+
1

2
ΛD d

dφ

(
DdΛ

dφ

)]
(ξµξν + εµρενσξ

ρξσ) ,

(5.72)
where µ and ξ denote the scalar-field charge and the parameter specifying the quantum vacuum
state, respectively, defined through:

Λ2T
∥∥

= Λ2T⊥⊥ =
λ2µ

2G
, t+(σ

+) = t−(σ
−) =

λ2

4
Ξ. (5.73)
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Because the action itself does not receive correction terms, the left-hand side of (5.5) remains
identical to the classical expression (5.22). Thus, the resulting system of equations takes the
form:

D2dΛ

dφ
+

d (ΛD2)

dφ
+Dφ d

dφ

(
DdΛ

dφ

)
= 0, (5.74)

D d

dφ
(ΛDφ) + 1 +

ε

2
D d

dφ

(
DdΛ

dφ

)
= 0, (5.75)

D2dΛ

dφ
+
Dφ
2

d

dφ

(
DdΛ

dφ

)
=

ε

Λx

[
µ

ε
− Ξ− 1

4
D2

(
dΛ

dφ

)2

+
1

2
ΛD d

dφ

(
DdΛ

dφ

)]
. (5.76)

Since we are not interested in the classical charged matter in this subsection, we set µ = 0. By
combining the three equations in a particular way, we obtain an expression for D in terms of
Λ and its derivative:

D2

[
φ
dΛ

dφ
+ Λ+

ε

4Λ

(
dΛ

dφ

)2
]
= −1− εΞ

Λ
. (5.77)

Substituting this into (5.74) yields an expression for dD2

dφ
in terms of Λ and its derivatives.

Consequently, Equation (5.75) reduces to a second-order nonlinear differential equation that
determines the metric function Λ:(
φ2 − ε

) d2Λ

dφ2
+ 2φ

dΛ

dφ
+

3ε

2Λ

(
dΛ

dφ

)2

+
εφ

4Λ2

(
dΛ

dφ

)3

= εΞ

[
2 + φ

d lnΛ

dφ
−
(
φ2 − ε

) d2 ln Λ

dφ2

]
.

(5.78)

In general, Equation (5.78) is extremely difficult to solve. In the special case Ξ = 0, it can be
recast as a first-order differential equation for u = d lnΛ

dφ
:

(
φ2 − ε

) du
dφ

+ 2φu+
(
φ2 +

ε

2

)
u2 +

ε

4
φu3 = 0 (5.79)

This is an Abel differential equation, which is well known to be highly nontrivial to solve; closed-
form solutions exist only for a limited set of specific relations among the coefficients multiplying
the powers of u. In our situation, these conditions are not met, and an exact analytic solution
is not available. Therefore, as anticipated, we resort to a perturbative approach. In the limit
ε→ 0, Equation (5.78) simplifies to:

φ
d2Λ

dφ2
+ 2

dΛ

dφ
= 0 =⇒ Λ = A+

B

φ
, (5.80)

where A and B are integration constants. Imposing the asymptotic condition (3.22), i.e. Λ→
−1 as φ → ∞ yields the Schwarzschild solution (5.21) with B = λa, as expected. Expanding
Λ = Λ0 + εΛ1, where Λ0 denotes the Schwarzschild solution, we obtain the following general
solution:

Λ =
1

x
−1+ ε

4(λa)2

[
2x− 3

x
ln

∣∣∣∣1− 1

x

∣∣∣∣+ 2

x
− 2

x2
+

1

2

1

x3

]
+εΞ

(
2x− 3

x
ln |x− 1|+ 1

2x

)
, (5.81)

where we have employed the reduced field (5.39) and have also dropped the two integration
constants in Λ1. In the most general case, the solution can be written as Λ1 7→ Λ1 +D1 +

D2

x
.

The constant D2, however, is absorbed into a as its quantum correction, whereas D1 represents
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the quantum-corrected contribution to the constant A in (5.80) and thus merely rescales the
entire Killing vector. Consequently, it can be removed by a redefinition of the time coordinate
and will be disregarded here. Inserting (5.81) into the expression (5.77) for D, we find:

D = 1 +
ε

4(λa)2

[
ln

∣∣∣∣1− 1

x

∣∣∣∣− 1

x− 1
+

3

2

1

x2
+

2

x

]
+ εΞ

[
1

2
+ ln |x− 1| − 1

x− 1

]
. (5.82)

Finally, we derive the tortoise coordinate (3.18). A straightforward integration gives:

σ

a
= x + ln |x− 1|+ ε

4(λa)2
1

x− 1

[(
x2 − 2x + 2

)
ln

∣∣∣∣1− 1

x

∣∣∣∣+ x− 3

2

]
+

εΞ

x− 1

[(
x2 − x + 1

)
ln |x− 1| − 1

2
− 1

2
(3x− 5)(x− 1)

]
.

(5.83)

5.2.2 Solution without energy flux at the asymptotic infinity

Here, we focus on the solution for which there is no energy flux in either of the two asymptotic
regions of the spacetime. The associated vacuum state is the Boulware vacuum |0, σ⟩ (3.96).
It is characterized by normal ordering of the EMT with respect to the Eddington–Finkelstein
coordinates, that is, by the condition t±(σ

±) = 0. For the general static solution discussed
in the previous section, this requirement implies Ξ = 0. Consequently, the solution takes the
form:

Λ =
1

x
− 1 +

ε

4(λa)2

[
2x− 3

x
ln

∣∣∣∣1− 1

x

∣∣∣∣+ 2

x
− 2

x2
+

1

2

1

x3

]
,

D = 1 +
ε

4(λa)2

[
ln

∣∣∣∣1− 1

x

∣∣∣∣− 1

x− 1
+

3

2

1

x2
+

2

x

]
,

σ

a
= x + ln |x− 1|+ ε

4(λa)2
1

x− 1

[(
x2 − 2x + 2

)
ln

∣∣∣∣1− 1

x

∣∣∣∣+ x− 3

2

]
.

(5.84)

In contrast to the BPP model (see Section 4.3.3), solution (5.84) admits a well-defined a→ 0
limit, which yields Minkowski spacetime, i.e. Λ = −1, D = 1, and σ = xa. This indicates that
the Minkowski solution is a regular configuration with no energy flux at null infinities. The
solution was first obtained in [111].

One can also derive this solution from the general solution of the quantum-corrected model
(5.70-5.71). In that framework, imposing t±(σ±) = 0 is equivalent to requiring that the integrals
I± (5.64) and I′± (5.68) vanish. At first glance, the resulting solution appears to diverge in the
limit a → 0. However, we must recall that the constant λa is modified as λa 7→ λa + εC(λa).
The apparent divergence can be removed by a suitable choice of the constant C(λa), namely
C(λa) = 1

4λa
. With this specific choice, the metric function and the tortoise coordinate are

exactly transformed into 5.84. Finally, for the function D in (5.84) we have D = 1+εD1, where
D1 is defined in (5.60). Hence, the two derivations are mutually consistent.

Since these configurations correspond to solutions with no energy flux at infinity, they are
expected to be horizonless and therefore not to resemble black hole solutions. It has been shown
in [112, 113] that the classical horizon disappears once quantum corrections are incorporated.
The horizon is defined as the hypersurface on which the Killing vector (3.5) becomes null, i.e.
where Λ = 0. In a perturbative framework, if a horizon is present, its position should be written
as xH = x

(0)
H + εx

(1)
H . From (5.84), we immediately deduce that x

(0)
H = 1, which represents the

classical horizon. The first-order correction is then found by taking the limit x → 1 of the
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first-order terms in (5.84). This limit diverges, showing that the perturbative expansion breaks
down in the region of spacetime near the classical horizon. Equivalently, one may interpret this
divergence as evidence that the quantum corrections actually eliminate the classical horizon.
We thus reach the same conclusion as in [112, 113].

Another significant property of solution (5.84) is that it exhibits a curvature singularity
whenever the mass parameter is non-vanishing. This can be checked explicitly by evaluating
the scalar curvature, which to first order in the perturbative expansion is given by:

R = 2λ2
λa

(φ2 − ε)3/2
. (5.85)

As expected, this expression vanishes in the massless limit, a = 0. This leads to the same
conclusion as in the RST and BPP dilaton gravity models [23, 24, 25]. There is, however, a
subtle difference between our model and the BPP construction. Furthermore, we find that if
the central charge of the conformal matter fields obeys ε < 0, the singularity disappears from
this Boulware state at first order in perturbation theory. This phenomenon has been analyzed
thoroughly in the context of the RST model [108, 109]. A negative central charge may result
from the presence of unphysical, ghost-like fields. Moreover, numerical investigations within
the DREH model [114] likewise suggest the appearance of this type of behavior.

5.2.3 Eternal black hole scenario

An eternal black hole solution describes a black hole that is in thermal equilibrium with its
environment. Consequently, the quantum fields are in the Hartle–Hawking state (3.97), which is
defined by imposing that the normal-ordered EMT vanishes in Kruskal coordinates, t±(x±) = 0.
By construction, this configuration is static and therefore must belong to the family of solutions
(5.81-5.83) for a particular value of the constant Ξ. The defining property of a static black hole
is the presence of an event horizon [106]. This horizon is the hypersurface on which the Killing
vector becomes null, i.e., where Λ = 0. However, solving this condition perturbatively in the
form xH = 1+ εx

(1)
H is not feasible as long as the term ln |x− 1| is present in expression (5.81).

Fortunately, there exists a particular choice of Ξ that removes this term. It is given by:

Ξ = − 1

4(λa)2
. (5.86)

The solution can now be written as:

Λ =
1

x
− 1 +

ε

4(λa)2
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−2x− 3

x
ln x +

3

2

1

x
− 2

x2
+

1

2

1

x3

]
,

D = 1 +
ε

4(λa)2

[
− ln x +

3

2

1

x2
+

2

x
− 1

2

]
,

σ

a
= x + ln |x− 1|+ ε

4(λa)2

[
− ln |x− 1|+

(
1− x− 1

x− 1

)
ln x +

3

2
(x− 1)

]
.

(5.87)

We observe that the integration constants in the Ξ term are fixed such that xH = 1, because for
this value of the dilaton the associated Killing vector becomes null. To locate the singularity,
we evaluate the curvature (3.29), which takes the form:

R =
2

a2x3

[
1 +

ε

4(λa)2

(
ln x + x− 7

2
+

1

x
+

15

2

1

x

)]
. (5.88)
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Consequently, the curvature diverges along the hypersurface approaching the classical singu-
larity at xS ≈ 0. The surface gravity (see Appendix D.5) is given by:

κ =
1

2a

∣∣∣∣DdΛ

dx

∣∣∣∣
H

=
1

2a

(
1 +

ε

4(λa)2

)
. (5.89)

We now confirm that the condition (5.86) imposed on the parameter Ξ indeed implements
normal ordering of the EMT in Kruskal coordinates. To move to the Kruskal coordinates we
use the classical part of the surface gravity. After applying the transformations (see Appendix
D.5), we obtain:

λ2

4
Ξ = t±(σ

±) =

(
dx±

dσ±

)2 [
���

0
t±(x

±)− 1

2
Dx± [σ±]

]
= −κ

2

4
=⇒ Ξ = −κ

2

λ2
= − 1

4(λa)2
. (5.90)

Therefore, the choice (5.86) for Ξ, originally obtained by requiring the presence of an event hori-
zon, is precisely equivalent to selecting the Hartle–Hawking state. Finally, we should examine
the nature of the pole of the tortoise coordinate appearing in (5.87). Using the expression for
the surface gravity (5.89), we obtain

σ =
1

2κ

[
x + ln |x− 1|+ ε

4(λa)2

((
1− x− 1

x− 1

)
ln x +

5

2
x− 3

2

)]
. (5.91)

Expressed in this way, the tortoise coordinate exhibits precisely the same near-horizon behavior
as in the classical case, namely σ = 1

2κ
ln |x− 1|, because the term of order ε vanishes at the

horizon xH = 1. This is made possible by the specific choice of the integration constant of the
Ξ term in (5.83).

Next, we demonstrate how to obtain the same result starting from the general solution
(5.70-5.71). The sources are the functions t±(σ±). For the Hartle–Hawking state, they are
specified by Equation (5.90). Hence, we can easily evaluate the integrals I (5.64) and (5.68).
Performing the integration, we find:

I′ = Ξλa
[
(2x− 4) ln |x− 1|+

(
A+(x

+) + A−(x
−)
)
x +B+(x

+) +B−(x
−)
]
, (5.92)

where A±(x
±) and B±(x

±) are arbitrary functions. At this point, one has to proceed with cau-
tion. If these arbitrary functions are simply discarded, the correct Ξ term in (5.81) cannot be
recovered. This issue appears as an artifact of the procedure in which the quantum corrections
to the coordinate transformations G± are eliminated in (5.57) after the first integration. Con-
sequently, choosing A± and B± arbitrarily effectively corresponds to performing an additional
coordinate transformation. The appropriate choice of this transformation is fixed by requiring
that F± represent the components of the time-like Killing vector (3.5), i.e. that∇+F

+ = ∇−F
−.

Imposing this condition uniquely determines the arbitrary functions and restores the original
solution (5.81).

The solution (5.87) was first derived in [42], albeit in a slightly different form. There, the
metric ansatz is taken to be:

ds2 = −
(
1− a

r
+
εm(r)

r

)
e2εφ(r)dt2 +

dr2

1− a
r
+ εm(r)

r

, (5.93)

with the functions m and φ specified by:

m(r) =
a

4(λa)2

[
−7

2

(a
r

)2
+
a

r
+ ln

a

r
− r

a

]
+ aC1, (5.94)

φ(r) =
1

4(λa)2

[
−3

2

(a
r

)2
− 2

a

r
− ln

a

r

]
+ C2, (5.95)
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where r = xa. We also use the notation h = 1 − (a − εm)/r. In this framework, the norm of
the Killing vector is as follows:

Λ = −
(
1− a

r
+
εm(r)

r

)
e2εφ(r). (5.96)

Requiring this expression to coincide with the solution (5.81) fixes the constants C1 and C2 to

C1 =
7

8(λa)2
∧ C2 =

1

8(λa)2
. (5.97)

As an additional consistency check, we note that this particular choice of constants reduces
the surface gravity in [42] to (5.89). Moreover, comparing the tortoise coordinate in [42] with
(5.91), we find that they coincide up to an integration constant.

5.3 Evaporating black hole scenario

The evaporating black hole scenario describes both the gravitational collapse leading to black
hole formation and the subsequent evaporation driven by Hawking radiation. This framework
is introduced in Section 3.4. Here we follow [111], where this scenario was first developed within
the DREH model.

The purely classical gravitational collapse was analyzed in Section 5.1.3. Since the classical
treatment does not include the back-reaction of quantum fields on the geometry, the black hole
does not evaporate in that setting. Unlike in the BPP model discussed in Section 4.3, where the
Minkowski vacuum carries a non-vanishing energy flux at infinity, in the DREH model the initial
spacetime can still be chosen as Minkowski space after quantum corrections are included. This
is because the Minkowski metric satisfies the quantum-corrected field equations (5.44)–(5.46)
and does not exhibit any energy flux. For the evaporating black hole case, the relevant vacuum
state is the Unruh state (3.98), defined by t±(σ±) = 0. While the initial spacetime has vanishing
energy flux at infinity, a non-zero flux appears at future null infinity once the black hole forms,
arising from the change in asymptotically flat coordinates (see Section 3.4).

Before the black hole forms (region I of the spacetime in Figure 3.3), we work in the Ed-
dington–Finkelstein gauge, which corresponds to choosing the σ± coordinates for the solution
(5.70-5.71). In this gauge, the solution takes the form (−1, 1, a, 0, 0). In region II of the space-
time an evaporating black hole is present. There, the Eddington–Finkelstein coordinates are
denoted by σ̂±, and the solution is characterized by (−1,F−, 0, t−(σ̂

−)). Consequently, we need
to determine the functions t±(σ̂±) using the transformation law (3.83). Since the coordinate
transformation (3.106) is expressed in terms of the functions F±, defined in (5.36), the problem
reduces to computing the Schwarzian derivative. The final expression is written in terms of the
coordinate x̂:

t+(σ̂
+) = 0, t−(σ̂

−) = − λ2

4(λa)2
x̂− 3

4

x̂4
. (5.98)

Observe that the spacetime depicted in Figure 3.2 differs from that in Figure 3.3 by the presence
of a third region (III). This additional region corresponds to the spacetime that remains after
the black hole has fully evaporated and is characterized by the end-state geometry. With all
necessary ingredients specified, the next task is to determine θ, whose general expression is
given in Equation (5.65). This solution, however, is only fixed up to the integral I in (5.64).
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The problem therefore reduces to computing these integrals for the particular choice (5.98).
Because t+ = 0, the integral I+ vanishes, leaving us solely with the integral I−:

I =

∫
dσ−

F−
1

φ− λa

∫
dσ−

F− t−(σ̂
−). (5.99)

The inner integral, expressed in terms of the coordinate x̂(σ−), takes the form∫
dσ−

F− t−(σ̂
−) =

1

8a
F(x̂) =

1

8a

[
ln

(
1− 1

x̂

)
+

1

x̂
− 3

2

1

x̂2

]
, (5.100)

where we have introduced the function F(x̂). With this, the integral I can be rewritten as

I = − 1

4λa

∫
x̂ dx̂

x̂− 1

F(x̂)

x− 1
. (5.101)

The key difficulty is that we must integrate with respect to x̂, even though the integrand still
involves the field x, and the two variables are related by the transcendental Equation (5.40),
which can be cast in the following form:

ex̂(x̂− 1) = δ ex(x− 1). (5.102)

To proceed, we must solve Equation (5.102) for x̂, i.e. obtain x̂ = x̂(x, δ). Since in region II of
the spacetime we have δ < 1, this equation admits an analytic solution. The full derivation,
including a rigorous proof of the uniform convergence of the resulting series, is presented in
Appendix B, see Theorems 1 and 3. Here we simply state the final result:

x̂ =


1−

∞∑
n=1

δn

n!
en(x−1)(1− x)n Pn−1(1), x ⩽ 1,

x−
∞∑
n=1

(1− δ)n

n!

(
1− 1

x

)n

Pn−1

(
1

x

)
, x > 1,

(5.103)

where Pn(x) are the polynomials introduced in Theorem 1. In the subsequent calculation we
also require the function ln x̂ = ln x̂(x, δ), which is given by (Theorems 5 and 7)

ln x̂ =


−

∞∑
n=1

δn

n!
en(x−1)(1− x)nQn−1(1), x ⩽ 1,

ln x−
∞∑
n=1

(1− δ)n

n!

(
1− 1

x

)n

Qn−1

(
1

x

)
, x > 1,

(5.104)

where Qn(x) are the polynomials defined in Corollary 1. Making use of the series representations
(5.103) and (5.104), together with their uniform convergence (see Appendix B), one readily finds
that I can be written as

I(x, δ) =
1

8λa


I<0 (x) + I<−1(x) ln δ −

∞∑
n=1

δn

n!
I<n (x), x < 1,

I>0 (x) + I>−1(x) ln δ −
∞∑
n=1

(1− δ)n

n!
I>n (x), x > 1,

(5.105)
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where the newly introduced functions In are given by

I<0 (x) =
1

x− 1
− x− 3

x− 1
ln(1− x)− ln2(1− x)− 2x + c0,

I>0 (x) =
1

x− 1
− x− 3

x− 1
ln

(
1− 1

x

)
− ln2(x− 1)− 2L(x) + c0,

I>−1(x) = I<−1(x) = 2

(
1

x− 1
− ln |x− 1|+ c−1

)
, (5.106)

I>n (x) =

∫
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1
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)
+

∫
(2x− 3) dx
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+ cn,

I<n (x) = Pn−1(1)
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∫
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)
+ c̃n,

where L(x) = π2

6
−
∫ x

0
ds
s−1

ln s, so that L(1) = 0. The constants cn are free parameters. By
comparing (5.106) with (5.70), we can interpret these constants as being associated with a
redefinition of the σ+ coordinate, because the contribution to I that contains them depends
solely on δ = δ(σ+). On the other hand, the constants c̃n are fixed, since the functions In
must be continuous across the hypersurface at x = 1, which imposes the matching condition
I>n (1) = I<n (1).

The integral in (5.101) has been reduced to the simple integrals appearing in (5.106). Con-
sequently, we can express the function θ(x, δ) from Equation (5.65) as

θ(x, δ) =
x− 1

x

[
λ

2

(∫
dσ+ G+

F+2
+

∫
dσ− G−

F−2

)
+

1

8λa

(
S0(x) + S−1(x) ln δ −

∞∑
n=1

δ̃n

n!
Sn(x)

)]
.

(5.107)
Here, S0(x) = I0(x) + (8λa)θ0(x), S−1 = I−1, and Sn = In. The function θ0(x) is defined in
(5.63). Note that Equation (5.107) simultaneously covers the cases x < 1 and x > 1, with δ̃ = δ
for x < 1 and δ̃ = 1 − δ for x > 1. The explicit expression for S0(x) is given in (5.109). For
n ≥ 1, the functions Sn(x) coincide with the corresponding In(x), so we do not rewrite them
here. It is straightforward to verify that the set of functions Sn(x) obeys the recurrence relation

n
dSn

dx
− 1

x− 1

d

dx

(
(x− 1)2

x

dSn

dx

)
=


dSn+1

dx
, x > 1,

0, x < 1.
(5.108)

The function S0 is explicitly given by:

S0(x) =



2
x2 − 2x + 2

x− 1
ln x−(2x− 3) ln (1− x)− ln2(1− x)− 2x

+8λaC

(
1

x− 1
− ln (1− x)

)
+ c0,

x ⩽ 1,

(2x− 1) ln x− (2x− 3) ln (x− 1)− ln2(x− 1)− 2L(x)

+ 8λaC

(
1

x− 1
− ln (x− 1)

)
+ c0,

x ⩾ 1.

(5.109)

92



CHAPTER 5. DIMENSIONALLY-REDUCED EINSTEIN GRAVITY

Using Equation (5.52), we can then compute α(x, δ) directly. Substituting the obtained expres-
sions for θ and α into the equations of motion (5.47–5.49) confirms that (5.107) indeed provides
the required solution.

5.3.1 Evaporating black hole solution

In the preceding subsections, we obtained a solution in region II of the spacetime (see Figure
3.3), where the black hole has already formed. This solution involves several constants: c0,
c−1, cn, c̃n, and C. Since the constants cn and c̃n are arbitrary (they encode the choice of the
function G+), we fix them by imposing Sn(1) = 0 and setting c0 = 0. Using Equation (5.52),
one can then straightforwardly compute α(x, δ). Next, by repeating the same procedure as
before, namely ρ+εα 7→ ρ, x+ ε

λa
θ 7→ x, and F±+εG± 7→ F± (see equations (5.66) and (5.67)),

we arrive at the following set of equations:

x + ln |x− 1| − ε

8(λa)2

[
S0(x) + S−1(x) ln δ −

∑ δ̃n

n!
Sn(x)

]

= −λ
2

1

λa

[∫
dσ+

F+
+

∫
dσ−

F−

]
≡ σ̂+ − σ̂−

2a
, (5.110)

F+F−e2ρ =



(
1

x
− 1

){
1 +

ε

8(λa)2

[
x− 1

x

dS0(x)

dx
+

x− 1

x

dS−1(x)

dx
ln δ − 2c−1

−c1 −
∞∑
n=1

(1− δ)n

n!

(
x− 1

x

dSn(x)

dx
+ Sn+1(x)− nSn(x)

)]}
,

x ⩾ 1,

(
1

x
− 1

){
1 +

ε

8(λa)2

[
x− 1

x

dS0(x)

dx
− S−1(x)− 8(λa)2D(x)

+
x− 1

x

dS−1(x)

dx
ln δ −

∞∑
n=1

δn

n!

(
x− 1

x

dSn(x)

dx
− nSn(x)

)]}
,

x ⩽ 1.

(5.111)

The only remaining free constants are c−1 and C. The solution in region II of the spacetime
must match continuously with the solution in region I across the hypersurface σ+ = σ+

0 , i.e.,
at δ = 1 (see Figure 3.2). Let us first consider the "++" component of Equation (5.44):

∂+(e
−2ρ∂+φ) =

λ

2

λa

F+
δ(σ+ − σ+

0 )φ
−1e−2ρ + ε

(
(∂+ρ)

2 − ∂2+ρ
)
φ−1e−2ρ. (5.112)

Integrating this relation yields

e−2ρ∂+φ> − e−2ρ∂+φ< = −λ
2
λaφ−1e−2ρ − ε(∂+ρ> − ∂+ρ<)φ−1e−2ρ, (5.113)

where the subscript ">" denotes the region σ+ > σ+
0 and "<" the region σ+ < σ+

0 . The origin
of the last term in (5.113) deserves clarification: it is inherited from the final term in (5.112).
Since ∂+ρ = λ

4
λa
φ2η(σ

+−σ+
0 )+ o(ε), with η(σ+−σ+

0 ) the Heaviside step function, it follows that
∂2+ρ contains a contribution proportional to a Dirac δ-function. Using Equation (5.52), one can
then establish that

∂+φ> =
λ

2
F−
>e

2ρ (1 + εD(x)) . (5.114)
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At δ = 1 we have x = x̂, e2ρ = 1, and ∂+φ< = λ/2. A straightforward computation then leads
to the following form for the function F−(x̂):

F− =

(
1− 1

x̂

)[
1− εD(x̂)− ε

2(λa)2
1

x̂2(x̂− 1)

]
. (5.115)

Now we impose the continuity conditions on ρ and θ. This analysis will be carried out
independently in the two separate regions of the spacetime, specifically for x > 1 and for x < 1.
We begin with the case x > 1. Substituting δ = 1 into Equation (5.111) and using Equation
(5.115), we obtain:

8λaC − 2

x̂− 1
+ 2c−1 + c1 = 0. (5.116)

From Equation (5.116) it follows that C = 1
4λa

and c−1 = −c1/2. Since c1 = 7 was already
fixed by the condition S1(1) = 0, where S1(x) = 2 ln x − 4

x
− 3

x2
+ c1, we obtain c−1 = −7

2
.

The remaining continuity requirement is θ(x̂, 1) = 0. Using Equation (5.110), this condition
becomes:

λ

2

∫
dσ+ G+

F+2

∣∣∣∣
δ=1

+
λ

2

∫
dσ− G−

F−2
= −S0(x̂)

8λa
. (5.117)

To fully specify the solution, we set G+ = 0, which then yields the following coordinate trans-
formations:

F− =

(
1− 1

x̂

)[
1 +

ε

8(λa)2
x̂− 1

x̂

dS0(x̂)

dx̂

]
, (5.118)

F+ = −1, (5.119)

σ̂− = σ+
0 − 2a

[
x̂ + ln |x̂− 1| − ε

8(λa)2
S0(x̂)

]
, (5.120)

σ̂+ = σ+. (5.121)

Next, we turn to the region x < 1 of the spacetime. Setting δ = 1 in Equation (5.111) yields
the following condition:

2 ln x̂− 2
ln x̂

x̂− 1
− 3

x̂
− 2− 2c−1 + 2

1− 4λaC

x̂− 1
=

∞∑
n=1

1

n!

[
x̂− 1

x̂

dSn(x̂)

dx̂
− nSn(x̂)

]
. (5.122)

Inserting δ = 1 into equations (5.103) and (5.104) gives:

x̂ = 1−
∞∑
n=1

Pn−1(1)

n!
en(x̂−1)(1− x̂)n, (5.123)

ln x̂ = −
∞∑
n=1

Qn−1(1)

n!
en(x̂−1)(1− x̂)n. (5.124)

From Equation (5.106) we obtain the following expression for the derivatives of Sn(x):

dS<
n (x̂)

dx̂
= x̂(1− x̂)n−2en(x̂−1)

[
(2− n)Pn−1(1) + (2− 3n)Qn−1(1)

]
. (5.125)

Substituting (5.125) into the first series on the right-hand side of (5.122) and using (5.123) and
(5.124), the sum can be evaluated straightforwardly, giving:

x̂− 1

x̂

∞∑
n=0

1

n!

dS<
n (x̂)

dx̂
= −2− 2

ln x̂

x̂− 1
+

1

x̂
+

3

x̂2
. (5.126)
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The second series in (5.122) can be obtained in a similar way: we first differentiate, use the
same technique as for the preceding sum, and then integrate, imposing the condition that the
sum vanishes at x̂ = 1. This procedure leads to:

−
∞∑
n=1

S<
n (x̂)

(n− 1)!
= 2 ln x̂− 4

x̂
− 3

x̂2
+ 7 ≡ S>

1 (x̂). (5.127)

By inserting (5.126) and (5.127) into (5.122), one indeed recovers condition (5.116). The re-
maining requirement is the continuity of the function θ. Using Equation (5.110), this continuity
condition can be rewritten as:

S>
0 (x̂) = S<

0 (x̂)−
∞∑
n=1

S<
n (x̂)

n!
. (5.128)

Once again, employing equations (5.123) and (5.124), the series in (5.128) can be evaluated,
yielding:

∞∑
n=1

S<
n (x̂)

n!
= 2L(x̂)− 2x̂− x̂− 3

x̂− 1
ln x̂. (5.129)

Substituting (5.129) into (5.128) one readily verifies that the continuity condition is met.

5.3.2 Asymptotically flat solution

Our final task is to verify whether the solution defined by equations (5.110) and (5.111) is
asymptotically flat. For this purpose, it is useful to clarify the behaviour of S>

n (x) as x → ∞.
We demonstrate that, for n > 1, the following relation holds:

S>
n (x) = (n− 1)!S>

1 (x) +
6

x4
Z2(n−2)

(
1

x

)
− 6Z2(n−2)(1), (5.130)

where Z2(n−2)(x) denotes polynomials of degree 2(n − 2). Expression (5.130) is written so as
to incorporate the condition Sn(1) = 0, given that S1(1) = 0. We will collectively denote the
last two terms in (5.130) by Rn(x). Using the recurrence relation (5.108), one can derive the
following recurrence relation for the functions Rn:

dRn+1

dx
− ndRn

dx
= −(n− 1)!

24

x5
− 1

x− 1

d

dx

(
(x− 1)2

x

dRn

dx

)
. (5.131)

We now substitute dRn

dx
= −24

x5
Mn(x) into Equation (5.131), which leads to:

Mn+1 − nMn = (n− 1)! + 2

(
2

x
− 3

x2

)
Mn −

x− 1

x

dMn

dx
. (5.132)

Since M2(x) = 1, Equation (5.132) shows that the functions Mn(x) can be expressed as
polynomials in 1/x, and that their degree increases by two each time n is incremented by one.
Consequently, the degree of the n-th polynomial is 2(n − 2). After integrating the functions
Mn/x

5, we obtain the representation (5.130) for the functions S>
n (x). For later convenience, we

introduce the shorthand 6Z2(n−2)(1) = zn. To determine whether the spacetime is asymptot-
ically flat, we examine the large–x behavior of the metric, i.e., the limit x → ∞. We do this
term by term using Equation (5.111). The δ-independent term is given by:(

x− 1

x

)2
dS>

0

dx
= −2x− 1

x
ln

(
1− 1

x

)
− 2

x
+

1

x2
− 1

x3
, (5.133)
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from which it follows that this contribution goes to zero as x→∞. The term proportional to
ln δ/x also vanishes in the limit x → ∞. Furthermore, since dS>n

dx
∼ (n − 1)! 2

x
for x → ∞, this

contribution likewise tends to zero. The only remaining term in the sum is

S>
n+1 − nS>

n = −(zn+1 − nzn) +O
(

1

x4

)
. (5.134)

Thus, we are finally left with the following expression:

lim
x→∞

F+F−e2ρ = −1− ε

8(λa)2

∞∑
n=1

(1− δ)n

n!
(zn+1 − nzn). (5.135)

From Equation (5.135) we infer that, in the σ̂± coordinates introduced in (5.120) and (5.121),
the metric is not asymptotically flat. Since its asymptotic form depends solely on σ+, we
attempt to perform a coordinate transformation that renders the metric flat at infinity:

ds2 = e2ρdσ+dσ− = −F+F−e2ρdσ̂+dσ̂− = −F+F′+F−e2ρdσ̂′+dσ̂−. (5.136)

Requiring that the metric be asymptotically flat in the coordinates σ̂− and σ̂′+ is equivalent to
choosing

F′+ = 1− ε

8(λa)2

∞∑
n=1

(1− δ)n

n!
(zn+1 − nzn). (5.137)

To determine the new coordinate σ̂′+, one must evaluate the integral
∫

dσ̂+

F′+ . The resulting
expression is

σ̂′+ = −2a ln δ + aε

4(λa)2

∞∑
n=1

(1− δ)n

n!
zn + 2aD, (5.138)

where D denotes an arbitrary integration constant. We now investigate the behavior of Equa-
tion (5.110) for the dilaton field at infinity. Solving Equation (5.138) for ln δ and substituting
the result into (5.110) leads to:

x+ln (x− 1)− ε

8(λa)2

[
S>
0 (x)+S−1(x) ln δ−

∞∑
n=1

(1− δ)n

n!
(S>

n (x)+zn)

]
=
σ̂′+ − σ̂−

2a
−D. (5.139)

First, we extract the δ-dependent contributions from Equation (5.139). For large x we have

Sn(x) ∼ (n− 1)!
(
2 ln x + 7

)
− zn, (5.140)

which allows us to rewrite the sum appearing in Equation (5.139) as:

−
∞∑
n=1

(1− δ)n

n!

(
S>
n (x) + zn

)
∼ ln δ

(
2 ln x + 7

)
. (5.141)

In the limit x→∞, the contribution in (5.141) cancels exactly with the term S−1(x) ln δ. The
S>
0 (x) contribution in (5.139) behaves as:

lim
x→∞

S>
0 (x) = 2 +

π2

3
, (5.142)

as x→∞. The key ingredient in deriving (5.142) is the asymptotic form of L(x):

L(x) ∼ −1

2
ln2(x− 1)− π2

6
. (5.143)
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Thus, in the limit x→∞, Equation (5.139 simplifies to:

x + ln (x− 1)− ε

4(λa)2

(
π2

6
+ 1

)
=
σ̂′+ − σ̂−

2a
−D. (5.144)

Imposing that the asymptotic behavior of the dilaton field remains unchanged under quan-
tum corrections fixes the constant to be D = ε

4(λa)2

(
π2

6
+ 1
)
. For simplicity, we can redefine the

coordinate transformation for σ+ by taking F+F′+ 7→ F+ and σ̂′+ 7→ σ̂+. In this new notation,
the coordinate transformations become:

F− =

(
1− 1

x̂

)[
1 +

ε

8(λa)2
x̂− 1

x̂

dS0(x̂)

dx̂

]
, (5.145)

F+ = −1 + ε

8(λa)2

∞∑
n=1

(1− δ)n

n!
(zn+1 − nzn), (5.146)

and the corresponding asymptotically flat coordinates read:

σ̂− = σ+
0 − 2a

[
x̂ + ln |x̂− 1| − ε

8(λa)2
S0(x̂)

]
, (5.147)

σ̂+ = σ+ +
2aε

8(λa)2

[
π2

3
+ 2 +

∞∑
n=1

(1− δ)n

n!
zn

]
. (5.148)

We then introduce a new coordinate δ̂ in terms of σ̂+:

δ̂ = exp

{(
− σ̂

+ − σ+
0

2a

)}
. (5.149)

With these definitions, the final forms of the metric and the dilaton field in region II of the
spacetime (see Figure 3.2) are as follows,

F+F−e2ρ =

[
1− ε

8(λa)2

∞∑
n=1

(1− δ)n

n!
(zn+1 − nzn)

](
1

x
− 1

){
1 +

ε

8(λa)2

[
x− 1

x

dS>
0 (x)

dx

− 2 ln δ

x− 1
−

∞∑
n=1

(1− δ)n

n!

(
x− 1

x

dS>
n (x)

dx
+ S>

n+1(x)− nS>
n (x)

)]}
(5.150)

F+F−e2ρ =

[
1− ε

8(λa)2

∞∑
n=1

(1− δ)n

n!
(zn+1 − nzn)

](
1

x
− 1

){
1 +

ε

8(λa)2

[
x− 1

x

dS<
0 (x)

dx

+S>
1 (x)−

2 ln δ

x− 1
−

∞∑
n=1

δn

n!

(
x− 1

x

dS<
n (x)

dx
− nS<

n (x)

)]}
(5.151)

x + ln (x− 1)− ε

8(λa)2

[
S>
0 (x)−

π2

3
− 2 + ln δS−1(x)−

∞∑
n=1

(1− δ)n

n!
(S>

n (x) + zn)

]

= − ln δ̂ + x̂ + ln (x̂− 1)− ε

8(λa)2
S>
0 (x̂) ≡

σ̂+ − σ̂−

2a
≡ σ̂

a
, (5.152)

x + ln (1− x)− ε

8(λa)2

[
S<
0 (x)−

π2

3
− 2 + ln δS−1(x)−

∞∑
n=1

δn

n!
S<
n (x)−

∞∑
n=1

(1− δ)n

n!
zn

]

= − ln δ̂ + x̂ + ln (1− x̂)− ε

8(λa)2
S>
0 (x̂) ≡

σ̂+ − σ̂−

2a
≡ σ̂

a
. (5.153)
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Equation (5.150) provides the form of the metric for x ⩾ 1, while Equation (5.151) gives
the corresponding expression for x ⩽ 1. The relations (5.152) and (5.153) are the quantum-
corrected transcendental equations for the dilaton field x = 1

λa
e−ϕ in the regimes x ⩾ 1 and

x ⩽ 1, respectively, expressed in terms of the coordinates σ+ (via their dependence on δ) and σ−

(through the dependence on x̂). The functions S
>/<
0 and S

>/<
n (x) appearing in (5.150)–(5.153)

are defined in Equations (5.109) and (5.106), respectively. Observe that for δ = 1 both (5.150)
and (5.151) reduce to Equation (5.145) for the coordinate transformation F−. Consequently,
e2ρ = 1 when δ = 1, which enforces continuity of the metric. Moreover, Equations (5.152) and
(5.153) show that x = x̂ when δ = 1, ensuring continuity of the dilaton field. In (5.152) and
(5.153) we also identify new asymptotically flat coordinates σ̂±, defined in (5.147) and (5.148).
Note that in the following subsections we alternate between the original σ̂± coordinates and
the ones introduced in this subsection.

5.3.3 Evaporation adapted form of the solution

The terms involving ln δ appear in the evaporating black hole solution (5.150-5.153). Since
ln δ ∼ σ+, these contributions grow without bound at late evaporation times. One might
therefore conclude that this behavior leads to a divergent metric at J +. However, they cancel
precisely against the δ terms coming from the sums, so that the metric remains asymptotically
flat. Still, their presence in this explicit form is somewhat unexpected. From a physical point
of view, the apparent horizon should shrink as the black hole continues to evaporate. Hence, it
is natural to expect that the ln δ terms are effectively incorporated into the constant λa as part
of its quantum corrections. In this subsection, we rewrite the solution (5.150-5.153) guided by
this line of reasoning.

As a consequence, the solution is well defined on hypersurfaces specified by x = 1+O(ε̃) or
equivalently x̂ = 1 +O(ε̃). We also introduce the notation ε̃ = ε

(λa)2
. This is relevant because

many hypersurfaces of physical interest (apparent horizon, horizon, island, QES, etc.) are
described by relations of this form. From the structure of the equations of motion (5.44-5.46)
and the method by which they are solved (5.47-5.59), one is naturally led to expect that the
formulas for ∂±x (5.52-5.53) remain well defined when x = 1 + O(ε̃), since they follow from
straightforward integration of the original equations of motion. This expectation is indeed
confirmed:

∂+x =
1

2a

{
1−

1 + ε̃
4
ln δ

√
x2 − ε̃

[
1− ε̃

8

(
2(x− 2) ln x− 8 + 5x +

3

x

−(x− 1)
∞∑
n=1

δn

n!

(
x− 1

x

dS<
n

dx
− nS<

n

))]}
, (5.154)

∂−x = − 1

2aF−

{
1−

1 + ε̃
4
ln δ

√
x2 − ε̃

[
1− ε̃

8

(
2(x− 2) ln x− 2(x− 1) ln (1− x) + 1− 2x +

3

x

−(x− 1)2

x

∞∑
n=1

δn

n!

dS<
n

dx

)]}
. (5.155)

This indicates that the problem emerges in the course of performing the final integration (5.58-
5.59). We now introduce a new coordinate:

y =
x

1 + ε̃
4
ln δ
≡ x

ã
, (5.156)
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such that aã can be interpreted as a quantum-corrected version of the constant a. With this
substitution, equations (5.154-5.155) take the form:

∂+x =
1

2a

{
1− 1√

y2 − ε̃

[
1− ε̃

8

(
2(y − 2) ln y − 8 + 5y +

3

y

−(y − 1)
∞∑
n=1

δn

n!

(
y − 1

y

dS<
n

dy
− nS<

n

))]}
, (5.157)

∂−x = − 1

2aF−

{
1− 1√

y2 − ε̃

[
1− ε̃

8

(
2(y − 2) ln y − 2(y − 1) ln (1− y) + 1− 2y +

3

y

−(y − 1)2

y

∞∑
n=1

δn

n!

dS<
n

dy

)]}
. (5.158)

We therefore expect the evaporation dynamics to be determined by the zeroth-order term
in ε̃ in equations (5.157) and (5.158), because the first-order contribution vanishes at y = 1.
Hence, we temporarily ignore the O(ε̃) term in the square brackets of (5.157), which yields:

∂+x
(0) =

1

2a

(
1− 1√

y2 − ε̃

)
. (5.159)

Next, we introduce a function J (x) defined implicitly through

ãJ (y) = σ+

2a
. (5.160)

Differentiating (5.160) with respect to σ+ and substituting (5.159) leads to the following dif-
ferential equation for J :

dJ
dy
− ε̃

4

√
y2 − ε̃

(1 + ε̃
4
y)
√

y2 − ε̃− 1
J =

√
y2 − ε̃

(1 + ε̃
4
y)
√

y2 − ε̃− 1
. (5.161)

A solution of (5.161) can then be written as:

J (y) = −4

ε̃
+ S exp

{(
ε̃

4
f̃(y)

)}
, (5.162)

where S is an integration constant to be fixed, and f̃(y) is defined by:

f̃(y) =

∫ √
y2 − ε̃

(1 + ε̃
4
y)
√

y2 − ε̃− 1
dy. (5.163)

Upon performing the substitution z =
√

y−
√
ε̃

y+
√
ε̃
, the integral (5.163) takes the form

f̃ = 8ε̃

∫
z2dz

(z2 − 1)R(z)
, (5.164)

where

R(z) = z4 + 2
√
ε̃

(
1− ε̃3/2

4

)
z3 − 2z2 − 2

√
ε̃

(
1 +

ε̃3/2

4

)
z + 1. (5.165)
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This quartic polynomial can be factorized as

R(z) = (z2 + α1z + β1)(z
2 + α2z + β2). (5.166)

The coefficients α1,2 and β1,2 are constrained by

α1 + α2 = 2
√
ε̃

(
1− ε̃

3
2

4

)
, β1 + β2 = −2− α1α2,

α1β2 + α2β1 = −2
√
ε̃

(
1 +

ε̃
3
2

4

)
, β1β2 = 1.

(5.167)

Although the system (5.167) can be solved exactly, we instead determine its solution perturba-
tively up to O(ε̃4). This yields

α1 = 2
√
ε̃

(
1− ε̃

3
2

4

)[
1− ε̃2

16

(
1 +

ε̃
3
2

2

)]
, α2 =

ε̃
5
2

8

(
1 +

ε̃
3
2

4

)
,

β1 = −1 +
ε̃

3
2

2

(
1− ε̃

3
2

4
+
ε̃2

8

)
, β2 = −1−

ε̃
3
2

2

(
1 +

ε̃
3
2

4
+
ε̃2

8

)
.

(5.168)

The corresponding expressions for the roots of the polynomial R(z) are:

z+2 = 1 +
ε̃

3
2

4
− ε̃

5
2

16
+
ε̃3

32
+
ε̃

7
2

32
− ε̃4

64
(5.169)

z−2 = −1− ε̃
3
2

4
− ε̃

5
2

16
− ε̃3

32
− ε̃

7
2

32
− ε̃4

64
(5.170)

z+1 = 1− ε̃
1
2 +

ε̃

2
− ε̃

3
2

4
+
ε̃2

8
− ε̃

5
2

16
+
ε̃3

32
− ε̃4

128
, (5.171)

z−1 = −1− ε̃
1
2 − ε̃

2
+
ε̃

3
2

4
+

3ε̃2

8
+

3ε̃
5
2

16
− ε̃3

32
+

5ε̃4

128
. (5.172)

Now the integral (5.164) can be evaluated in a straightforward manner, yielding

f̃(z) =
4

ε̃
ln

∣∣∣∣z2 + α2z + β2
1− z2

∣∣∣∣+ (1− 5

4
ε̃

)
ln |z− z+1 | −

(
1− 1

4
ε̃

)
ln |z− z−1 |

−
(
1− 3

4
ε̃

)
ln |z− z+2 |+

(
1 +

3

4
ε̃

)
ln |z− z−2 |+

ε̃

4
ln

ε̃

16
.

(5.173)

A convenient and consistent choice for the constant S in (5.162) is S = 4
ε̃
+ 9

2
, which ensures

that the divergent contributions in (5.152) and (5.153) are entirely absorbed into the function
J (y). By expanding J , we obtain

J (y) = y+ln |y − 1|− ε̃
8

[
−4 ln y − (2y − 1) ln |y − 1| − ln2 |y − 1|+ 2

y − 1
− 5y

]
+
9

2
. (5.174)

From (5.174) it follows that the function J incorporates all divergent terms, including the ln δ
contribution (after substituting y = x

ã
) appearing in (5.152) and (5.153). These equations can
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therefore be recast in the form:(
1 +

ε

4(λa)2
ln δ

)
J (y)− ε

8(λa)2

[
(2y + 3) ln y + 5y − 2L(y)−

∞∑
n=1

(1− δ)n

n!
S>
n (y)

]
(5.175)

= − ln δ + J (x̂)− ε

8(λa)2
[(2x̂ + 3) ln x̂ + 5x̂− 2L(x̂)] , when y > 1(

1 +
ε

4(λa)2
ln δ

)
J (y)− ε

8(λa)2

[
2y2

y − 1
ln y + 3y −

∞∑
n=1

δn

n!
S<
n (y)

]
(5.176)

= − ln δ + J (x̂)− ε

8(λa)2
[(2x̂ + 3) ln x̂ + 5x̂− 2L(x̂)] , when y < 1.

Note that both equations are well defined in the vicinity of y = 1 + O(ε̃), which was
the primary objective of this subsection. Next, we determine the general solution under the
assumption y = 1+ ε

(λa)2
η and ã≫ 0. This condition yields x̂ = 1+ ε

(λa)2
µ. Consequently, both

equations (5.175) and (5.176) reduce to:

ãJ (1 + ε̃η) = − ln δ + J (1 + ε̃µ) . (5.177)

Formula (5.177) can be further recast as:

ã exp

{(
ε̃

4
f̃(1 + ε̃η)

)}
= exp

{(
ε̃

4
f̃(1 + ε̃µ)

)}
. (5.178)

A detailed analysis of the function f̃(z) then yields:

ã
4
ε̃ =

∣∣∣∣4µ− 1

4η − 1

∣∣∣∣. (5.179)

Because the solution is derived only to first order in perturbation theory, we obtain ã4/ε̃ = δ.
We expect that this relation will remain valid at higher orders in perturbation theory as well.
Under this assumption, Equation (5.179) reduces to:

δ =

∣∣∣∣4µ− 1

4η − 1

∣∣∣∣. (5.180)

Substituting back, yields the following expression:

x̂ = 1 +
ε

4(λa)2

(
1 + (4η − 1)δ

)
. (5.181)

Together with (5.157) and (5.158), derivative we give a closed form for the metric derivatives:
∂±ρ:

∂+ρ =
1

4aã

y

(y2 − ε̃) 3
2

{
1 +

ε̃

4

[
(3 + 2y)

(
1− 1

y2

)
+ 2 ln y (5.182)

+
1

2

∞∑
n=1

δn

n!

(
n(1− ny2)S<

n −
y − 1

y
(y2 + y − 1)

dS<
n

dy

)]}
,

∂−ρ = −
1

4aF−

{
x̂2 − 1

x̂2

(
1− ε̃

4
F(x̂)

)
− 1

ã

(
1− 1

y2

)
(5.183)

+
ε̃

4ãy2

[
(y2 − 1)

(
ln (1− y) + (2y − 3)

y2 + 2

2y2

)
+ 2 ln y +

(y2 + 1)(y − 1)2

2

∞∑
n=1

δn

n!

dS<
n

dy

]}
.
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In terms of the function F(x̂), the coordinate transformation F− can be expressed as:

F− =
x̂− 1

x̂

[
1− ε̃

4

(
F(x̂) +

2x̂− 1

x̂2(x̂− 1)

)]
. (5.184)

Notice that all these expressions are well defined around the y = 1 and x̂ = 1 hypersurfaces

5.3.4 The end-state of black hole evolution

In the previous subsection, we obtained an evaporating black hole solution generated by col-
lapsing matter. In this subsection, we examine the final state of the black hole’s evolution. We
adopt the approach described in Section 3.4.1. We first determine the apparent horizon, then
analyze the curvature and locate the singularity. Their intersection specifies the end-point of
the evaporation. At the conclusion of this subsection, we compute the total energy radiated
away from the black hole during its evolution. The apparent horizon is defined by ∂+e−2ϕ = 0,
which is equivalent to x∂+x = 0. Employing formula (5.114), a straightforward calculation
gives:

x = 1 +
ε

4(λa)2

[
ln δ + 4− (x− 2) ln x− 3

2x
+

2

x2
− 5x

2
+

x− 1

2

∞∑
n=1

δn

n!

(
x− 1

x

dSn

dx
− nSn

)]
.

(5.185)
Solving Equation (5.185) perturbatively, by choosing ansatz xAH = x

(0)
AH + εx

(1)
AH , we obtain:

xAH = 1 +
ε

4(λa)2

(
2 + ln δ

)
. (5.186)

As time elapses, δ becomes progressively smaller, which correspondingly decreases the apparent
horizon. This is precisely the outcome we anticipate. Observe that in computing ∂+x we have
employed expression (5.151). The same expression for the apparent horizon can also be obtained
using formula (5.150), given that x

(0)
AH = 1. Adopting the new notation introduced in Section

5.3.3, and setting expression (5.157) equal to zero, the apparent horizon is determined by

yAH =

√
1 +

ε

(λa)2
. (5.187)

It is straightforward to verify that this relation reproduces the same result as in (5.186). Making
use of formula (5.179), the dependence of the apparent horizon on x̂(δ) is

x̂AH = 1 +
ε

4(λa)2

1 + (1 + ε

4(λa)2
ln δ

) 4(λa)2

ε

 . (5.188)

Taking the limit ε→ 0 of the expression inside the square brackets, and noting that this term is
already of order O(ε), we arrive at the following simplified expression for the apparent horizon
in the (x̂, δ) coordinates:

x̂AH(δ) = 1 +
ε

4(λa)2
(1 + δ). (5.189)

The next step is to determine the line of the singularity. To achieve this, we must first com-
pute the scalar curvature (3.3). Employing the equations of motion (5.45-5.46), the curvature
can be written in terms of the first derivatives of the dilaton field:

R =
2

a2
1 + 4a2e−2ρ∂+x∂−x

x2 − ε
(λa)2

. (5.190)
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At first glance, Equation (5.190) appears to shift the singularity from xS = 0 to xS =
√
ε

λa
once

quantum corrections are taken into account. If this were indeed the case, it could signal a
potential problem for the perturbative treatment. Making use of expression (5.190) together
with the recurrence relation (5.108), the scalar curvature can be recast as

R =
2

a2x3

{
1 +

ε

8(λa)2

[
2 ln x− 3− 2

x
+

15

x2
+ 2x + 2 ln δ +

(x− 1)2

x

∞∑
n=1

δn

n!

dSn(x)

dx

]}
.

(5.191)
We first examine the beginning of evaporation, δ = 1. Applying the relation (5.126), we obtain

R =
2

a2x3

(
1 +

3ε

2(λa)2
1

x2

)
. (5.192)

From Equation (5.192), we find that the singularity line admits two distinct solutions:

xS = 0 and xS ≈

√
3ε

2(λa)2
. (5.193)

Neither of these two solutions matches the expected result xS =
√
ε

λa
. This discrepancy may

stem from the use of the perturbative approach. Fortunately, one can obtain a non-perturbative
expression for the scalar curvature at the beginning of the evaporation. To this end, we solve
the equations of motion on the hypersurface σ+ = σ+

0 + ϵ, ϵ → 0. On this hypersurface, the
metric is fixed by e2ρ = 1, and the dilaton field is given by x =

σ+
0 −σ−

2a
. This follows from the

continuity conditions imposed across the hypersurface. From Equation (5.113) we then find:

x∂+x +
ε

(λa)2
∂+ρ =

x− 1

2a
. (5.194)

Using (5.194), one readily verifies that Equation (5.46) holds. Combining (5.45) with (5.194)
yields the following differential equation for ∂+ρ = f(x(σ−)):

df

dx
= − 1

2a

1 + 2a ε
(λa)2

f

x
(
x2 − ε

(λa)2

) . (5.195)

The solution of (5.195) is given by:

f(x) =
λ2a

2ε

 Qx√
x2 − ε

(λa)2

− 1

 , (5.196)

where Q is an integration constant. By directly comparing (5.196) with the expression for ∂+ρ
obtained from (5.151) in the case δ = 1, we infer that Q = 1. Consequently, the solutions for
∂±ρ and ∂±x, together with the condition σ+ = σ+

0 , take the form:

∂+x =
1

2a

1− 1√
x2 − ε

(λa)2

 , ∂−x = − 1

2a
, (5.197)

∂+ρ =
λ2a

2ε

 x√
x2 − ε

(λa)2

− 1

 , ∂−ρ = 0. (5.198)

103



CHAPTER 5. DIMENSIONALLY-REDUCED EINSTEIN GRAVITY

The scalar curvature is then given by:

R =
2

a2
1(

x2 − ε
(λa)2

) 3
2

. (5.199)

We therefore conclude that, at the beginning of the evaporation, the singularity forms at

xS =

√
ε

λa
, (5.200)

as anticipated. Restoring all physical constants, this corresponds to φS =
√

ℏG
12πc3

, which is of
the order of the Planck length.

Next, we determine the quantum-corrected expression for the line of singularity given in
(5.42). In the y coordinates (defined in Section 5.3.3), the singularity takes the form

yS =

√
ε

λa

1

1 + ε
4(λa)2

ln δS
. (5.201)

Substituting (5.201) into Equation (5.176) and expanding the result up to terms of order O(ε)
yields the following condition for the singularity:(

1 +
9ε

8(λa)2

)
ln δS +

ε

8(λa)2

∞∑
n=1

δnS
n!
S<
n (0) = x̂S + ln |x̂S − 1| − ε

8(λa)2
S>
0 (x̂S). (5.202)

Thus, Equation (5.202) shows that the singularity (5.42) acquires a quantum correction of order
O(ε).

The end-point of the evaporation

According to the cosmic censorship conjecture [106], a naked singularity cannot result from
gravitational collapse. In contrast, the two hypersurfaces yAH(δ) (5.187) and yS(δ) (5.201)
intersect at a finite value of the coordinate δ, determined by ãE =

√
ε

λa
. The corresponding point

marks the end-point of evaporation, and is given by:

σ+
E = σ+

0 +
8a(λa)2

ε

(
1−
√
ε

λa

)
. (5.203)

If we now substitute all constants, expression (5.203) can be rewritten as

σ+
E = σ+

0 +
768πM3G2

ℏλ4

(
1− λ

4M

√
ℏ

3πG

)
. (5.204)

Equation (5.204) shows that the leading contribution to the black hole evaporation time scales
as M3, which agrees with the standard thermodynamic estimate and coincides with the result
obtained in [115]. It is convenient to rewrite the evaporation end-point in terms of the δ
coordinate:

δE = e
− 4(λa)2

ε

(
1−

√
ε

λa

)
. (5.205)

The quantity (5.205) is extremely small, δE ≪ ε
4(λa)2

. Conversely, ln δE is very large, scaling
as 1/ε. This indicates that the perturbative expansion ceases to be reliable at this stage.
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Nevertheless, by proceeding with care we can still extract meaningful information. To determine
the exact location of the evaporation end-point, besides δE we must also compute x̂E. From
yE = yAH = 1+ ε

2(λa)2
, we infer that x̂E = 1+O(ε). Employing (5.180), the second coordinate

of the evaporation end-point is

x̂E = 1 +
ε

4(λa)2

[
1 + e

− 4(λa)2

ε

(
1−

√
ε

λa

)]
. (5.206)

Formula (5.206) can equivalently be obtained by using (5.189) and setting δ = δE. Observe
that the end-point exhibits the same type of singular behavior as in the BPP model (4.124).

Finally, we discuss the location of the black hole’s event horizon, which is determined by
x̂ = x̂E. We expect it to form for x < 1, but initially to lie very close to the x = 1 hypersurface
at the beginning of the evaporation. Subsequently, it should gradually move inward until it
meets the singularity. To obtain the horizon curve yH(δ), we return to Equation (5.179), which
yields

yH = 1 +
ε

4(λa)2

1 + ( ãE
ãH

) 4(λa)2

ε

 . (5.207)

Observe that in the limit ãH → ãE, expression (5.207) simplifies to yH = yAH , as anticipated.
It is now straightforward to determine xH , which is given by

xH =

(
1 +

ε

4(λa)2
ln δH

)[
1 +

ε

4(λa)2

(
1 +

δE
δH

)]
. (5.208)

Using Equation (5.190) along the apparent horizon hypersurface, we obtain the non-perturbative
expression for the scalar curvature:

RAH =
2

a2
1

x2 − ε
(λa)2

. (5.209)

A perturbative counterpart of this result can also be derived starting from (5.191), which can
be recast as

R =
2

a2
1

x2 − ε
(λa)2

1√
y2 − ε

(λa)2

{
1 +

ε

4(λa)2

[
ln y +

(y2 − 1)(2y − 3)

2y2
+

(y − 1)2

2y

∞∑
n=1

δn

n!

dS<
n

dy

]}
,

(5.210)
and, upon inserting (5.187), this expression reduces to (5.209), as required.

The radiated energy

We now evaluate the total energy radiated by the black hole over its entire lifetime. It is given
by (3.115):

Erad = −
ε

G

∫ σ−
E

−∞

dσ−

F− t−(σ̂
−) = − ε

8aG
F(x̂E). (5.211)

Because the Schwarzschild radius λa scales linearly with the mass, it can serve as an energy
measure. Accordingly, we can associate the quantity λarad = 2EradG

λ
with the radiated energy.

Thus, λarad takes the form:
λarad = −

ε

4λa
F(x̂E). (5.212)
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The function F(x̂) becomes ill-defined in the limit x̂ → 1. This is precisely the kind of issue
discussed in Section 5.3.3. To address it, one needs to compute the first-order correction to
F(x̂):

F(x̂) = −2dF
−

dx̂
+

∫
dx̂

F−

(
dF−

dx̂

)2

. (5.213)

Using Equation (5.176), we find:

1

F− =
dJ
dx̂
− ε

8(λa)2

(
2̂x

x̂− 1
ln x̂ +

3

x̂
+ 7

)
, (5.214)

dF−

dx̂
= −F−2

[
d2J
dx̂2

+
ε

8(λa)2

(
3

x̂2
+ 2

ln x̂− 1

x̂− 1

)]
. (5.215)

Since the terms of order O(ε) remain regular as x̂→ 1, they can be discarded. After changing
variables to z (as defined in (5.164)), the upper integration limit becomes 1, while the lower

limit becomes zE = z+1 +
(√

ε
λa

)3
δE
4

, where z+1 is given in (5.171). The integral now extends over
a narrow interval around z = 1, which allows us to set z = 1 wherever this does not affect the
well-definedness of the integrand. The integral then takes the form:∫ x̂E

∞

dx̂

F−

(
dF−

dx̂

)2

= −4(λa)4

ε2

∫ 1

zE

(1− z)4dz

(z− z+1 )(z− z+2 )
2
. (5.216)

A straightforward evaluation up to order O(1) yields the following expression for F(x̂E):

F(x̂E) = −
4(λa)2

ε
+

8(λa)√
ε

+ ln
ε

4(λa)2
+

3

2
. (5.217)

Hence, the radiated energy (5.211) is:

Erad =Mc2

[
1−

√
ℏc

12πM2GN

− ℏc
192πM2GN

(
ln

ℏc
192πM2GN

+
3

2

)
+ o

(
ℏc

M2GN

)]
,

(5.218)
where we have reinstated all physical constants. Equation (5.218) shows that, during evapo-
ration, nearly the entire initial mass of the black hole is radiated away, leaving only a small
remnant of order

√
ε. This agrees with the results obtained in the RST and BPP dilaton gravity

models [23, 24, 25].

5.3.5 The end-state geometry

Having already determined both the evaporation end-point and the total radiated energy in
the previous subsection, the final element from Section 3.4.1 that remains to be examined is
the geometry of region III of the spacetime (see Figure 3.3). As in the BPP model, analyzing
the late-time geometry within the perturbative scheme is difficult because the approximation
fails close to the evaporation end-point. Nevertheless, we can still attempt to extract useful
information by rewriting the Schwarzschild radius in terms of the x̂ coordinate, rather than the
δ coordinate, following the procedure outlined in Section 3.4.1.

We start by evaluating F(x̂), as defined in formula (5.100), in terms of x and δ. Applying
the same procedure as in theorem 1, we obtain

F(x̂) = F(x) +
∞∑
n=1

(δ − 1)n

n!

∂nF(x̂)

∂δn

∣∣∣∣
δ=1

. (5.219)
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Following the method used in theorem 5, we derive

∂nF(x̂)

∂δn

∣∣∣∣
δ=1

= enx(x− 1)n
(
e−x

x

d

dx

)n−1
e−x

x

dF(x)

dx
. (5.220)

Independently, one can show by induction that the following identity holds:

∂nF(x̂)

∂δn

∣∣∣∣
δ=1

= (−1)n
[
1

2

(x− 1)2

x

dS>
n (x)

dx
− (n− 1)!

]
. (5.221)

The inductive step reduces to the recurrence relation for the functions S>
n (x) given in (5.108).

Substituting this form of ∂nF(x̂)
∂δn
|δ=1 into the series (5.219), we obtain:

F(x̂) = F(x) + ln δ +
(x− 1)2

2x

∞∑
n=1

(1− δ)2

n!

dS>
n (x)

dx
. (5.222)

Using Equation (5.222), we remove the ln δ contribution from the expressions for the metric
(5.150) and for the tortoise coordinate σ̂ (5.152), which leads to:

F+F−e2ρ =
1 + ε

4(λa)2
F(x̂)

x
− 1 +

ε

4(λa)2

[
x− 2

x
ln

x− 1

x
+

1

x
− 3

2

1

x2
+

2

x3

+
x− 1

2x

∞∑
n=1

(1− δ)n

n!

(
S>
n+1(x)− nS>

n (x) + zn+1 − nzn
)]

, (5.223)

σ̂

a
= x +

(
1 +

ε

4(λa)2
F(x̂)

)
ln

(
x

1 + ε
4(λa)2

F(x̂)
− 1

)

− ε

8(λa)2

[
S>
0 (x)−

π2

3
− 2− 2

(
x

x− 1
− ln (x− 1)

)
F(x)− 9 ln δ

]
+

ε

8(λa)2

∞∑
n=1

(1− δ)n

n!

[
S>
n (x) + zn +

(x− 1)2

x

(
x

x− 1
− ln (x− 1)

)
dS>

n (x)

dx

]
. (5.224)

In (5.223) and (5.224), the factor φ/λa has, to zeroth order in ε, been replaced by φ/
(
λa+ ε

4λa
F(x̂)

)
.

We now introduce a new running Schwarzschild radius, depending on the coordinate σ−:

λâ(x̂) = λa+
ε

4λa
F(x̂). (5.225)

To first order in ε, λâ coincides with λa, which means that in all expressions for the metric and
dilaton we may replace λa by λâ.

To analyze the final state of evaporation, we must first determine the behavior along the
hypersurface x̂ = x̂E for δ < δE. On this hypersurface, λâ(x̂E) is fixed. Since F(x̂E) ∼ ln δE,
Equation (5.217) leads to λâ = O(

√
ε), which, within first-order perturbation theory, effectively

gives λâ = 0. Taking this limit is analogous to the x → ∞ limit discussed in the previous
subsection. From the behavior of S>

n (x) given in (5.130), we obtain:

S>
n (x) = (n− 1)!S>

1 (x)− zn +O((λâ)4). (5.226)

In the metric Equation (5.223), the first-order correction then vanishes in the limit λâ → 0,
because the sum scales as O((λâ)2), while the δ–independent part is of order O(λâ). We next
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consider the first-order term in ε in the dilaton Equation (5.224) and again take the λâ → 0
limit. In this regime, the δ–dependent contribution becomes

λâ ln δ

(λâ)2

[
S>
1 +

(x− 1)2

x

(
x

x− 1
− ln (x− 1)

)
dS>

1

dx
− 9

]
. (5.227)

This term also disappears in the λâ → 0 limit, which can be seen by expanding in powers of
λâ and then sending λâ → 0. A crucial point is that ln δ scales as 1/λâ, so that the product
λâ ln δ remains finite. The δ–independent terms vanish in essentially the same manner as in
the x→∞ limit. Performing this limit yields the following final results:

F+F−e2ρ =
λâE
φ
− 1, (5.228)

φ+ λâE ln

(
φ

λâE

)
= λσ̂. (5.229)

Since λâE = λâ(x̂E) is of order O(
√
ε), equations (5.228) and (5.229) describe a quantum-

corrected Minkowski spacetime, as discussed in section 5.2.2. This is encouraging, because we
expect the final state to be free of energy fluxes at infinity. The next task is to smoothly match
this solution to the vacuum solution along x̂ = x̂E. This matching has to be performed so that
no new coordinate discontinuities are introduced, which implies that the final solution has the
form (F+,F−, af ), where F± agree with the coordinate transformations of the evaporating black
hole, and af is a new constant. Further details are provided in Section 3.4.1.

By analogy with the BPP and RST models of dilaton gravity discussed in Chapter 4, one
might anticipate the appearance of a shockwave at the end-point of the evaporation known
as a thunderpop. To determine whether such a feature arises in the DREH model, one must
smoothly join regions II and III (Figure 3.3) across the σ− = σ−

E hypersurface by integrating
the "−−" component of Equation (5.44):

e−2ρ∂−φ> − e−2ρ∂−φ< = − λ

2F−λa0φ
−1e−2ρ − ε(∂−ρ> − ∂−ρ<)φ−1e−2ρ, (5.230)

where λa0 = 2∆MG
λ

denotes the mass carried by the shockwave at the end of evaporation, the
symbol "<" refers to the portion of spacetime with σ− < σ−

E , and ">" to the portion with
σ− > σ−

E . The derivatives in (5.230) are readily obtained from equations (5.150) and (5.152) in
the region σ+ < σ+

0 . They are:

∂−φ< = − λ

2F−

{
1− λâ(x̂)√

φ2 − ε

[
1− ε

4(λa)2

(
(2− x)F(x)− 2

x
+

3

x2

)]}
, (5.231)

∂−ρ< = −1

2
∂− ln F− − λ

4F−
λâ(x̂)

φ2

[
1− ε

2(λa)2
F(x)

]
. (5.232)

Using the expressions (5.70) and (5.71) for the static configuration analyzed in section 5.2.2, we
compute the derivatives in the domain σ− > σ−

E . These derivatives match (5.231-5.232) upon
replacing â with af . This supports the conclusion that the final state is precisely the static
solution presented in section 5.2.2. In direct analogy with equations (5.224-5.223), for x̂ = x̂E
we take the limit λâ → 0 to first order in perturbation theory. Under this limit, equations
(5.231-5.232) simplify to:

∂−φ< = − λ

2F−

(
1− λâE

φ

)
, (5.233)

∂−ρ< = −1

2
∂− ln F− − λ

4F−
λâE
φ2

, (5.234)
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whereas in the region σ− > σ−
E we find:

∂−φ> = − λ

2F−

(
1− λaf

φ

)
, (5.235)

∂−ρ> = −1

2
∂− ln F− − λ

4F−
λaf
φ2

. (5.236)

Substituting (5.233-5.236) into (5.230) yields the following energy-balance relation:

λarad = λ(a− af )− λa0, (5.237)

where, using Equation (5.211), we identify λarad = 2EradG
λ

= − ε
4λa

F(x̂E). It is thus evident that
energy is conserved: the initial mass of the infalling matter, λa, equals the sum of the radiated
energy λarad, the mass of the residual spacetime λaf , and the energy carried by the thunderpop
λa0.

Since no further coordinate transformation is permitted as the x̂ = x̂E hypersurface is
crossed, continuity of the metric and the dilaton field, enforced by equations (5.228-5.229),
implies that the mass parameter of the final geometry must satisfy λaf = λâE. When this is
combined with the energy balance condition (5.237), it follows that there is no thunderpop at
the end-point of the evaporation process, i.e. λa0 = 0. This result is valid within a perturbative
analysis to first order in ε.

Another important issue to emphasize is that the asymptotically flat solution described in
section 5.2.2 develops a curvature singularity already at first order in the perturbative expan-
sion. This behavior is similar to what occurs in the BPP and RST models (Section 4.3.3). As
in those cases, one must therefore impose reflective boundary conditions at the hypersurface
where the singularity appears.

In conclusion, the final geometry coincides with one of the static, quantum-corrected Minkowski
vacuum configurations from section 5.2.2, specified by t±(σ̂

±) = 0. Thus, even though the
asymptotically flat coordinates remain continuous across the x̂ = x̂E hypersurface and no thun-
derpop arises at the end of evaporation, the quantum state still undergoes a transition from
|0, σ⟩ to |0, σ̂⟩.

It should be emphasized that we do not know the exact structure of the ε correction to
the metric in the λâE term in (5.228), because at this stage perturbation theory ceases to be
reliable and higher-order contributions may affect the first-order terms. In particular, there
may be an extra contribution beyond − ε

4λa
F(x̂E). The presence of such a term would generate

a non-vanishing thunderpop. To clarify this issue, one would require either a non-perturbative
solution that captures the end-point of evaporation, or a numerical analysis of the equations
of motion (5.44–5.46). However, this uncertainty does not affect the derivation of the energy
balance relation (5.237).
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Chapter 6

Dimensionally-reduced 5DCS gravity:
Riemannian sector

In this chapter, we study the Riemannian sector of the dimensionally-reduced theory of five-
dimensional Chern–Simons gravity (DR5DCS). Our analysis follows the same methodological
framework as that employed for the CGHS model in Chapter 4 and for the DREH model in
Chapter 5. Analogously to the DREH model, we demonstrate that the DR5DCS model does
not admit exactly solvable equations of motion once quantum corrections are included. Thus,
we resort to the perturbative treatment like in the analysis of the DREH model. The action
in the Riemannian sector is obtained in Section 2.2.2 and is explicitly presented in (2.25). For
convenience, we rewrite it here:

SDR5DCS−R =
kπ2

(λl)3

∫
dx2
√
−ge−3ϕ

[
R
(
1 + 3(λl)2e2ϕ

)
+ 6

(
(∇ϕ)2 + λ2e2ϕ

)
+

6

l2
+ 3l2(∇ϕ)2

(
□ϕ− (∇ϕ)2

) ]
− 1

2

∫
d2x
√
−g (∇f)2 ,

(6.1)
For simplicity, we introduce the constant prefactor of the action as a = kπ2

(λl)3
. The first term

in (5.1) encodes the gravitational action, denoted by Sg, whereas the second term accounts for
the matter sector, modeled here as a single scalar field, labeled Sm. The key difference here
is the emergence of terms containing four derivatives of the dilaton field, which originate from
the Gauss–Bonnet contribution in the full five-dimensional theory.

The chapter is organized into three sections. In the first, we examine the classical theory
and demonstrate that the most general vacuum solution of the classical equations of motion
corresponds to the dimensionally reduced BTZ black hole. We then analyze the classical grav-
itational collapse and determine how the spacetime mass depends on the integration constants
appearing in the general solution. In the final subsection, we construct in detail the Penrose
diagram corresponding to this collapse scenario.

The second section introduces the quantum corrections via the Polyakov-Liouville action.
Since the resulting equations of motion cannot be solved exactly, we adopt the perturbative
approach outlined in Section 3.4.1, derive the general quantum-corrected solution, and examine
the static configurations that mimic the empty AdS spacetime. As in the BPP model, the AdS
vacuum ceases to be a fluxless solution once the quantum corrections are included, so we obtain
the quantum-corrected AdS spacetime. The final subsection then explores the eternal black hole
scenario.
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The final section addresses the evaporating black hole scenario. We construct the quantum-
corrected collapse model by matching the quantum-corrected AdS spacetime to the evaporating
black hole solution. Next, we determine the final state of the evaporation and analyze the
geometry of the final spacetime. We demonstrate that it is once again a quantum-correctedagain
an AdS spacetime with a particular mass constant. Within first-order perturbation theory the
thunderpop does not appear; however, when the solution is computed to higher orders in ℏ,
one should obtain a non-vanishing mass for the thunderpop.

6.1 Classical equations of motion and their solutions

In this section, we examine the equations of motion, derive and analyze their solutions, and
discuss selected thermodynamic properties within the Riemannian sector of the full theory of
dimensionally-reduced 5DCS theory. We begin by deriving the general vacuum solution. It is
found that the vacuum sector exhibits two distinct branches. We demonstrate that one branch
corresponds to the dimensionally-reduced BTZ black hole [78, 116], whereas the other branch
yields a family of solutions characterized by an arbitrary function. Consequently, the solution
within the first branch is analogous to the Birkhoff-type configuration discussed in Chapter 5,
in the sense that the most general solution in this branch is static. At the end of this section,
we formulate the classical gravitational collapse scenario.

We begin by varying the the gravitational part of action (6.1) with respect to the metric:

δ(g)Sg = a

∫
d2x
√
−ge−3ϕ

{
3
[
2 + l2

(
□ϕ− 2 (∇ϕ)2

)]
∇µϕ∇νϕδg

µν + 3l2 (∇ϕ)2∇µ∇νϕδg
µν

− 3

[(
(∇ϕ)2 + λ2e2ϕ

)
+

1

l2
+
l2

2
(∇ϕ)2

(
□ϕ− (∇ϕ)2

)]
gµνδg

µν

+
(
1 + 3(λl)2e2ϕ

)
gµνδRµν︸ ︷︷ ︸

A

− 3l2 (∇ϕ)2 gµν∂ρϕδΓρ
µν︸ ︷︷ ︸

B

}
. (6.2)

The only remaining terms to be varied in (6.2) are A and B in the last line. The term A has
the same form as in the CGHS case and is therefore obtained from (4.9) by performing the
replacement e−2ϕ 7→ e−3ϕ + 3(λl)2e−ϕ, namely:

A = a

∫
d2x
√
−g
[
−∇µ∇ν

(
e−3ϕ + 3(λl)2e−ϕ

)
+ gµν□

(
e−3ϕ + 3(λl)2e−ϕ

) ]
δgµν . (6.3)

To compute the term B in (6.2) we move to the locally-flat reference frame (LFRF) defined in
(4.7):

B

∣∣∣∣
LFRF

= −3al2

2

∫
d2xe−3ϕ(∂ϕ)2ηµν∂ρϕη

λρ

[
∂µ (δgλν) + ∂ν (δgλµ)− ∂λ (δgµν)

]
= −3al2

2

∫
d2xe−3ϕ(∂ϕ)2∂ρϕ

[
2ηγαηρβ − ηαβηργ

]
∂γ (δgαβ)

= −3al2
∫

d2x

[
∂µ
(
e−3ϕ(∂ϕ)2∂νϕ

)
− 1

2
ηµν∂ρ

(
e−3ϕ(∂ϕ)2∂ρϕ

) ]
δgµν . (6.4)

Once more, by applying the identification (4.7), we lift the term B from the locally flat reference
frame (6.4) back to a general Riemannian manifold. The resulting expression is:

B = −3al2
∫

d2x
√
−g
[
∇µ

(
e−3ϕ(∇ϕ)2∇νϕ

)
− 1

2
ηµν∇ρ

(
e−3ϕ(∇ϕ)2∇ρϕ

) ]
δgµν . (6.5)
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After substituting both terms A and B from (6.3) and (6.5), respectively, and performing
algebraic manipulations, we obtain the following equation of motion for the metric field:[

1 + (λl)2e2ϕ − l2
(
□ϕ+ (∇ϕ)2

) ]
∇µϕ∇νϕ−

[
1 + (λl)2e2ϕ

]
∇µ∇νϕ

+
l2

2

[
∇µϕ∇ν (∇ϕ)2 +∇νϕ∇µ (∇ϕ)2

]
+

[
□ϕ− 2(∇ϕ)2 + λ2e2ϕ +

1

l2

]
gµν

+ l2
[
(∇ϕ)4 +

(
□ϕ− (∇ϕ)2

)
λ2e2ϕ − 1

2
∇ρϕ∇ρ (∇ϕ)2

]
= −(λl)3

6kπ2
Tµνe

3ϕ,

(6.6)

where Tµν = −2√
−g

δSmat

δgµν
is the energy-momentum tensor of matter fields. Next, we vary the

action (6.1) with respect to the dilaton field:

δ(ϕ)Sg = −3a
∫

d2x
√
−ge−3ϕ

{[
R
(
1 + (λl)2e2ϕ

)
+ 6(∇ϕ)2 + 2λ2e2ϕ +

6

l2

]
δϕ

+ 3l2(∇ϕ)2
(
□ϕ− (∇ϕ)2

)
δϕ− l2(∇ϕ)2□(δϕ)

−
[
2 + l2

(
□ϕ− (∇ϕ)2

)]
δ
(
(∇ϕ)2

)}
. (6.7)

Using δ ((∇ϕ)2) = 2gµν∇νϕ∇µ(δϕ) and □(δϕ) = gµν∇ν∇µ(δϕ), and performing an integration
by parts, Equation (6.7) can, after some algebraic manipulation, be simplified to:

3(∇ϕ)2 − 2□ϕ+ l2
[ (

2(∇ϕ)2 −□ϕ
)
□ϕ+ (∇µ∇νϕ+ 4∇µϕ∇νϕ)∇µ∇νϕ

]
− 3l2∇µϕ∇µ

(
(∇ϕ)2

)
= λ2e2ϕ +

3

l2
+

1

2
R

[
1 + (λl)2e2ϕ − l2(∇ϕ)2

]
.

(6.8)

After changing to the reduced field x, defined in (2.46) the metric Equation of motion (6.6)
becomes:

(x2 + 1)∇µ∇νx + l2□x∇µx∇νx−
l2

2

(
∇µx∇ν (∇x)2 +∇νx∇µ (∇x)2

)
(6.9)

− gµν
[
(x2 + 1)□x− x

l2
(
x2 + 1− l2 (∇x)2

)
− l2

2
∇αx∇α (∇x)2

]
= − 1

6kπ2
Tµν ,

It turns out that Equation (6.9) can be simplified even further, using the following identity:

(∇x)2∇µ∇νx +□x∇µx∇νx−
1

2

(
∇µx∇ν (∇x)2 +∇νx∇µ (∇x)2

)
=

[
(∇x)2□x− 1

2
∇αx∇α (∇x)2

]
gµν ,

(6.10)

where the two identities involving the Levi-Civita tensor (A.16) and (A.17), have been exten-
sively used. The resulting expressions for the equations of motion of both the metric and the
dilaton field take the following form:(

x2 + 1− l2(∇x)2
)[
∇µ∇νx− gµν

(
□x− x

l2

)]
= − 1

6kπ2
Tµν , (6.11)(

x2 + 1− l2 (∇x)2
)(

R+
2

l2

)
+

4x2

l2
− 4x□x = 2l2

(
∇µ∇νx∇ν∇µx− (□x)2

)
, (6.12)

where we have used the identity (6.10) to simplify the metric equation.
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6.1.1 General vacuum solution

In this section, we address the equations of motion (6.11-6.12) in the absence of matter fields,
i.e., in the regime where the energy–momentum tensor Tµν vanishes. The metric equation
(6.11) factorizes into the product of two independent terms, thereby giving rise to two distinct
branches of solutions. We begin by examining the branch defined by:

∇µ∇νx = gµν

(
□x− x

l2

)
. (6.13)

Taking the trace of this equation yields l2□x = 2x. Combining this result with the dilaton
Equation (6.12) leads to the following system of differential equations in the conformal gauge
(3.2):

∂±
(
e−2ρ∂±x

)
= 0 =⇒ ∂±x =

1

2l
F∓e2ρ, (6.14)

l2□x = 2x =⇒ ∂±
(
F+F−e2ρ + x2

)
= 0, (6.15)

R +
2

l2
= 0. (6.16)

From Equation (6.14), it follows directly that the derivatives of the dilaton field take the static
ansatz form (3.13) with D = 1. Equation (6.15) implies that the quantity Λ is indeed static
Λ = −(x2 − µ), where µ denotes an arbitrary integration constant. The final Equation (6.16)
is fulfilled automatically. Consequently, the general solution in the first branch can be written
as:

ds2 = −(x2 − µ)dt2 + l2dx2

x2 − µ
,

x =


√
µ tanh

[√
µ

2l

(∫
dx+

F+
+

∫
dx−

F−

)]
, 0 < x <

√
µ,

√
µ coth

[√
µ

2l

(∫
dx+

F+
+

∫
dx−

F−

)]
, x >

√
µ,

(6.17)

where the second equation follows directly from the definition of the tortoise coordinate (3.18).
There are two coordinate charts that overlap across the x =

√
µ hypersurface. We conclude

that the general vacuum solution within the first branch is the two-dimensional BTZ black hole
solution [78]. It is defined by two arbitrary function F± and one constant µ, in other words
RI(F+,F−, µ). It represents a static solution and is expressed in the form described in Section
3.1.

The second branch reduces to only one equation, namely:

l2(∇x)2 = x2 + 1. (6.18)

This equation directly solves the metric equations of motion. However, with some algebraic
transformation, one can verify that it also satisfies the dilaton Equation (6.12). Therefore, the
general vacuum solution within the second brunch is given by:

ds2 = 4l2
∂+x∂−x

x2 + 1
dx+dx−, (6.19)

where the dilaton field x = x(x+, x−) is an arbitrary function. This arbitrariness can be
attributed to the residual freedom in the five-dimensional gauge transformations. We therefore
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infer that, in this branch, the solution does not have to be static, and the dilaton field remains
an unconstrained function.

Upon applying the static ansatz from Section 3.1, Equation (6.18) reduces to x2+1+ΛD2 =
0. Since this is the sole requirement, the most general static vacuum solution in the second
branch, expressed in the form (3.18-3.19), is given by:

ds2 = Λ(x)dt2 +
l2dx2

x2 + 1
,∫

dx√
−Λ(x)(x2 + 1)

= − 1

2l

(∫
dx+

F+
+

∫
dx−

F−

)
,

(6.20)

Thus, the most general static solution within this sector can be written as RII(F+,F−,Λ(x)),
where the functions F± are arbitrary and encode the coordinate transformations, and Λ = Λ(x)
is an arbitrary function of the dilaton field.

One can readily verify that both solutions RI (6.17) and RII (6.19) fulfill the five-dimensional
Chern-Simons equations of motion (2.30). The first branch represents a dimensionally reduced
BTZ black hole [116]. The event horizon is determined by xH =

√
µ. It is linked to the mass

of the black hole—on which we will elaborate later—as well as to the surface gravity and, in
turn, to the black hole’s temperature:

κ =
1

2l

∣∣∣∣DdΛ

dx

∣∣∣∣
H

=

√
µ

l
. (6.21)

6.1.2 General static equations of motion

Let us first examine the metric Equation (6.11). By inserting the ansatz (3.8), (3.13) and
employing Equations (3.31) and (3.32), we obtain:(

x2 + 1 + ΛD2

)
Λ2DdD

dx
= − 2l2

3kπ2
F±2T±±, (6.22)(

x2 + 1 + ΛD2

)(
D d

dx
(ΛD) + 2x

)
= − l2

6kπ2
T, (6.23)

where T is the trace of the energy-momentum tensor. Recasting these two equations with the
rank-two tensor ansatz (3.14) for the EMT, together with the identities (3.33) and (3.34), leads
to:

d

dx

(
x2 + 1 + ΛD2

)2

= − 2l2

3kπ2
ΛT

∥∥
, (6.24)(

x2 + 1 + ΛD2

)(
D2dΛ

dx
+ 2x

)
=

l2

3kπ2
ΛT⊥⊥, (6.25)

T⊥∥
= T

∥⊥ = 0. (6.26)

Next, the dilaton field Equation (6.12) reduces to:

(
x2 + 1 + ΛD2

) [
D d

dx

(
DdΛ

dx

)
+ 2

]
+ 4x2 + 4xDd (ΛD)

dx
+D2dΛ

dx

d (ΛD2)

dx
= 0. (6.27)
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By subtracting Equations (6.22) and (6.23), then differentiating the resulting expression and
employing Equation (6.27), we obtain the following condition for the EMT components:

d

dx

(
4F±2T±±

)
= Λ

dT

dx
=⇒

(
T

∥∥
+ 3T⊥⊥) dΛ

dx
+ 2Λ

T⊥⊥

dx
= 0. (6.28)

The final Equation (6.28) expresses the conservation law for the Riemannian EMT of the matter
fields, namely ∇µT

µν = 0, as previously introduced in Equation (3.68).

It is possible to eliminate D from Equations (6.24-6.27) and derive one second-order differ-
ential equation for the metric function Λ. However, this equation cannot, in general, be solved
exactly for arbitrary matter fields, even in the particular case where the EMT is traceless. For
this reason, we do not present it here. When the matter is comprised of the massless real
scalar fields, the EMT is traceless and satisfies (4.34). In contrast to the Sections 4.1.4 and
5.1.2 where the solution with charged scalar matter is presented in the BPP and DREH models
respectively, in case of the DR5DCS model there is no closed form for the charged scalar matter
solution.

6.1.3 Classical collapse scenario

Here, we investigate the classical collapse scenario. We strictly follow Section 3.4 where it was
first described. The matter fields are incorporated as an ingoing shockwave of massless particles
along the x+ = x+0 hypersurface, with the EMT given in (3.99). This shockwave divides the
spacetime into two distinct regions, as illustrated in Figure 3.2. Subsequently, one has to join
these regions smoothly by imposing the continuity conditions (3.102) and (3.104).

We start by rewriting the "++" equation of motion (6.11) in the form (3.103). It is given
by: (

x2 + 1− l2 (∇x)2
)
∂+
(
e−2ρ∂+x

)
=

M

6kπ2F+
δ
(
x+ − x+0

)
e−2ρ. (6.29)

Next, we integrate Equation (6.29) with respect to the x+ coordinate over the interval from
x+0 −ϵ to x+0 +ϵ, and then take the limit ϵ→ 0. We assume that x, ∂−x, ρ and ∂−ρ are continuous
functions, whereas ∂+x, ∂+ρ, ∂+∂−x, and ∂+∂−ρ are allowed to exhibit discontinuities across
the hypersurface x+ = x+0 . Under these conditions, the integration yields:(

x2 + 1− 1

2
l2 (∇x)2

)
∂+x

∣∣∣∣>
<

=
M

6kπ2F+

∣∣∣∣
x+=x+

0

, (6.30)

where ">" ("<") corresponds to the region of the spacetime where x+ > x+0 (x+ < x+0 ). Using
the static ansatz (3.8) and (3.13), Equation (6.30) becomes:(

x2 + 1 +
1

2
ΛD2

)
ΛD
∣∣∣∣>
<

=
Ml

3kπ2
, (6.31)

which coincides with the form given in (3.104). We now continuously connect two solutions
RI(F+

I ,F
−
I , µI) and RI(F+

II,F
−
II, µII). Upon inserting the expression (6.17) into Equation (6.31),

the latter simplifies to:

µII (µII + 2)− µI (µI + 2) =
2Ml

3kπ2
. (6.32)

Requiring the continuity of metric gives the jump in F− coordinate transformation:

F+F−
IIe

2ρ

F+F−
I e

2ρ
=

F−
II

F−
I

=
x2 − µII

x2 − µI

∣∣∣∣
x+=x+

0

. (6.33)
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Finally, one has to verify whether the continuity condition for the dilaton field holds. Since
Equation (6.32) requires µII > µI, we must distinguish three separate cases: 0 < x <

√
µI,√

µI < x <
√
µII, and x >

√
µII. These intervals correspond to two coordinate charts that

together form the atlas of the BTZ solution (6.17) in both spacetime regions. Thus, we obtain:

√
µI

µII

=



tanh
(√

µII

2l

(
σ+
0 − σ̂−))

tanh
(√

µI

2l

(
σ+
0 − σ−

)) , 0 < x <
√
µI,

tanh
(√

µII

2l

(
σ+
0 − σ̂−))

coth
(√

µI

2l

(
σ+
0 − σ−

)) , √µI < x <
√
µII,

coth
(√

µII

2l

(
σ+
0 − σ̂−))

coth
(√

µI

2l

(
σ+
0 − σ−

)) , x >
√
µII,

(6.34)

where σ̂± denote Eddington–Finkelstein-like coordinates in region II of the spacetime. One can
readily verify that Equations (6.33) and (6.34) are mutually consistent. Moreover, Equation
(6.34) serves as the defining relation for the σ̂− coordinate, while the other coordinate remains
unchanged, σ̂+ = σ+. Therefore, we conclude that the solution in region II takes the form:

RI

(
F+
I ,F

−
I

[
1 +

µII − µI

µI

cosh2

(√
µI

2l

(
σ+
0 − σ−))] ,√(µI + 1)2 +

2Ml

3kπ2
− 1

)
, x <

√
µI,

RI

(
F+
I ,F

−
I

[
1− µII − µI

µI

sinh2

(√
µI

2l

(
σ+
0 − σ−))] ,√(µI + 1)2 +

2Ml

3kπ2
− 1

)
, x >

√
µI.

(6.35)

Equation (6.35) describes how the spacetime is modified when an infalling shockwave with
mass M is introduced. To obtain a genuine gravitational collapse setup, region I must be
described by a massless AdS spacetime. There are two possible values of the parameter µ that
yield AdS: µ = 0 and µ = −1. The appropriate choice in this context is µ = 0. This follows
from the fact that, for µ in the range between −1 and 0, there are several naked singularities
[78, 89], which are forbidden by the cosmic censorship conjecture [106]. Consequently, the
classical collapse scenario corresponds to the situation in which the initial spacetime is described
by RI(−1, 1, 0). Taking the limit µ→ 0 in the solution (6.17) one obtains:

ds2 = −x2dt2 + l2dx2

x2
,

1

x
=

1

2l

(∫
dx+

F+
+

∫
dx−

F−

)
, (6.36)

where we have used only the second chart, corresponding to x >
√
µ, and set µ = 0. One can

readily verify that this metric indeed describes AdS spacetime in Poincaré coordinates. Under
the coordinate transformation x = −1/z, the metric is immediately brought into the standard
Poincaré patch form, namely

ds2 =
−dt2 + l2dz2

z2
, −1

x
= z = − 1

2l

(∫
dx+

F+
+

∫
dx−

F−

)
. (6.37)

Having established that µ = 0 corresponds to empty AdS spacetime, taking this limit in (6.35)
yields the following solution in region II of the spacetime:

RI

(
−1, 1− µ

(
σ+
0 − σ−

2l

)2

,

√
1 +

2Ml

3kπ2
− 1

)
. (6.38)
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The σ̂± coordinates following the collapse are therefore:

σ̂+ = σ+, (6.39)

σ̂− = σ+
0 −

l
√
µ
ln

∣∣∣∣∣1 +
√
µ

2l

(
σ+
0 − σ−)

1−
√
µ

2l

(
σ+
0 − σ−

)∣∣∣∣∣. (6.40)

Then, the solution in region II of the spacetime is given by:

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣ = − ln δ +
1

2
√
µ
ln

∣∣∣∣1 + x̂
√
µ

1− x̂
√
µ

∣∣∣∣,
F+F−e2ρ = −x2 + µ,

(6.41)

where we have used the collapse-adapted coordinates (δ, x̂) defined in (3.107). In these coordi-
nates the coordinate transformations take the form:

F+ = 1 ∧ F− = 1− µx̂2. (6.42)

Note that, on the shockwave hypersurface δ = 1, equations reduce to the solution (6.36). The
horizon and the singularity remain xH =

√
µ and xS = 0, respectively, or in terms of the σ±

coordinates:
x̂H = − 1

√
µ
, ln δS/i0 =

1

2
√
µ
ln

∣∣∣∣1 + x̂S/i0
√
µ

1− x̂S/i0
√
µ

∣∣∣∣. (6.43)

Observe that these two hypersurfaces intersect at infinity, that is σ+
E = +∞, which is consistent

with the absence of quantum corrections in the classical setting. Another important point is
that the two limits, x → 0 (corresponding to the singularity) and x → +∞ (corresponding to
spatial infinity i0), are described by the same formula in (6.43). The logarithmic term admits
two distinct branches. The singularity is characterized by the branch where x̂S < −1/√µ,
whereas spatial infinity is associated with the interval −1/√µ < x̂B < 0.

Figure 6.1 depicts the classical collapse
setup in the (δ, x̂) coordinates (3.107). The
ingoing shockwave at δ = 1, shown in red, di-
vides the spacetime into two distinct regions,
labeled region I and region II. Through the re-
lation x = −1/z, spatial infinity is identified
with z = 0, while the spacetime boundary at
x = 0 is mapped to z → −∞. As a result,
the ingoing shockwave intersects the spacetime
boundary only at infinity, and it is exactly at
this location that the singularity forms. In Fig-
ure 6.1, this singularity is shown as the wavy
black line. The event horizon, dashed purple
line, links the singularity to spatial infinity at
future time infinity i+, which is located at co-
ordinates (0,−1/√µ). The explicit forms of
these hypersurfaces are given in (6.43), and the
spacetime metric with the corresponding tor-
toise coordinate is given in (6.41).

Figure 6.1: Classical gravitational collapse sce-
nario for the BTZ black hole in (δ, x̂) coordi-
nates.
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Next, we turn to the analysis of solutions of type RII. Since ∂−x< = ∂−x>, the function D
is continuous across the hypersurface x+ = x+0 , which in turn implies that Λ is also continuous.
We therefore conclude that, within this framework of gravitational collapse, solutions of type
RII cannot be continuously connected.

Finally, one needs to investigate what happens if the solution in one spacetime region is of
type RI, while the solution in the other region is of type RII. As before, the continuity condition
for the D function has to be applied. Because the RI solution satisfies D = 1, the remaining
portion of the spacetime corresponds to an AdS patch. Consequently, the problem reduces to
that of matching two RI-type solutions, with the caveat that one of them has µ = −1, which,
as previously noted, is unphysical.

Observe that Equation (6.38) implies the proper relation between the mass of a BTZ black
hole and the parameter µ is:

µ =

√
1 +

2Ml

3kπ2
− 1. (6.44)

This outcome agrees with the result obtained in [117]. It can likewise be reproduced using the
ADM formalism [118], or by employing the holographic framework together with the boundary
stress-energy tensor [119].

6.1.4 Conformal diagram depicting the classical collapse scenario

In this section, we construct the conformal diagram for the classical gravitational collapse
scenario, illustrated in Figure 6.1. Region I represents the massless BTZ black hole, whose
metric and tortoise coordinate are given in (6.36). We have seen that, by performing the
substitution x = −1/z, one obtains the Poincaré patch of the two-dimensional AdS spacetime,
as defined in (6.37). Because x > 0 implies z < 0, the spacetime of region I corresponds to a
part of the left Poincaré patch. We now define the conformal coordinates as:

x+ = arctan

(√
µ

2l

(
σ+ − σ+

0

))
, ∧ x− = arctan

(√
µ

2l

(
σ− − σ+

0

))
. (6.45)

Then, the spatial infinity i0, characterized by x → ∞ prior to the shockwave corresponds to
z = 0, or σ+ = σ−. In terms of the conformal coordinates (6.45), this condition becomes
x+ = x−. Conversely, the spacetime boundary at x = 0 corresponds to the limit z→ −∞. As
a result, it consists of two distinct hypersurfaces:

σ+ → −∞ =⇒ x+ = −π
2
,

σ+ →∞ =⇒ x− =
π

2
,

(6.46)

In the absence of the shockwave, we simply recover the left Poincaré patch of AdS spacetime.
Once the infalling matter is introduced, the region I terminates at the shockwave hypersurface,
which slices through the left Poincaré patch along σ+ = σ+

0 . In terms of the conformal coordi-
nates, this corresponds to x+ = 0. Consequently, region II occupies the part of the spacetime
characterized by x+ > 0.

In region II, spatial infinity is again located at z = 0. Due to the change in the asymptotic
coordinates, however, this hypersurface becomes curved. Its form is determined by Equation
(6.43), which can be written as:

x̂i0
√
µ =

δ
2
√
µ

i0 − 1

δ
2
√
µ

i0 + 1
= tanh(

√
µ ln δi0) =⇒ x−i0 = arctan

(
tanh

(
tan x+i0

))
, (6.47)
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in the conformal coordinates (6.45). The other branch of (6.43) defines the singularity hyper-
surface generated by the gravitational collapse. The singularity is given by:

x̂S
√
µ =

δ
2
√
µ

S + 1

δ
2
√
µ

S − 1
= coth(

√
µ ln δS) =⇒ x−S = arctan

(
coth

(
tan x+S

))
, (6.48)

in the conformal coordinates (6.45). Finally, the horizon becomes:

x̂H
√
µ = −1 =⇒ x−H =

π

4
. (6.49)

These three hypersurfaces (6.47), (6.48), and (6.49) intersect at future time infinity i+. The
coordinates of the future time infinity point i+ and the past time infinity point i− are:

i+ =
(π
4
,
π

2

)
, ∧ i− =

(
−π
2
,−π

2

)
. (6.50)

respectively, in the format (x−, x+). The conformal diagram is shown in Figure 6.2.

Figure 6.2 shows the Penrose diagram
for the classical gravitational collapse sce-
nario within the dimensionally-reduced five-
dimensional Chern-Simons gravity. Both re-
gion I, prior to the collapse, and region II,
following the collapse, are clearly displayed.
Region I corresponds to the part of the left
Poincaré patch of AdS spacetime discussed
above. It is separated from the other region by
the ingoing shockwave hypersurface, depicted
in red. The spacetime boundary at x = 0 is
shown as the black line within region I of the
diagram. It extends into region II of spacetime,
where it represents the black hole singularity
(illustrated by the wavy black line), which is
concealed behind the event horizon, drawn as
the dashed purple line. The spatial infinity i0
appears as a smooth green line which extends
in both regions. The figure also displays both
future time infinity i+ and past time infinity
i−.

Figure 6.2: Penrose diagram of the classical
gravitational collapse for the BTZ black hole.

6.2 Adding quantum corrections

In this section, we incorporate quantum corrections into the classical DR5DCS action (6.1).
These corrections are included via the Polyakov–Liouville action (3.72), in the same manner as
in the BPP and DREH models. As in the DREH model, equations cannot be solved exactly, so
we adopt the perturbative method presented in Section 3.3. Because no counterterms are added,
the dilaton Equation of motion (6.12) remains unchanged. In contrast, the metric equation of
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motion (6.11) is modified by the EMT of the quantum fields (3.77). We now directly express
the metric equation in the conformal gauge (3.2):(

x2 + 1− l2(∇x)2
)
∂±
(
e−2ρ∂±x

)
= ε

[
(∂±ρ)

2 − ∂2±ρ+ t±(x
±)

]
e−2ρ, (6.51)(

x2 + 1− l2(∇x)2
)(

2x

l2
−□x

)
= −ε

2
R, (6.52)

where, in the second line, we have made use of the trace anomaly of the scalar-field EMT,
namely ⟨∆T (f)⟩ = ℏ

24π
R. Moreover, we introduce a natural perturbative parameter ε = ℏ

72kπ3 .
We then evaluate the quantum-corrected solution corresponding to the first branch (6.17). The
derivatives of the dilaton field and of the metric take the form:

∂±x = −x2 − µ
2lF± ∧ ∂±ρ = −

x

2lF± −
1

2
∂± ln F±. (6.53)

The first step in the perturbative treatment of these equations is to expand the fields to
first order in ε using (3.108), i.e. x 7→ x + εθ and ρ 7→ ρ + εα. Since both ∂±(e

−2ρ∂±x) and
2x
l2
−□x are already of first order in ε, quantity x2 + 1− l2(∇x)2 is evaluated at zeroth order.

The same reasoning applies to the EMT components. A straightforward calculation based on
(6.53) gives:

x2 + 1− l2(∇x)2 = µ+ 1, R = − 2

l2
, (∂±ρ)

2 − ∂2±ρ+ t±(x
±) =

t±(σ
±)

F±2
+

µ

4l2F±2
. (6.54)

Upon substituting (6.54), the equations of motion (6.51) and (6.52) take the form (3.109),
which reads:

∂±

(
e−2ρ∂±θ −

α

l
F∓
)
=

1

µ+ 1

[
t±(σ

±)

F±2
+

µ

4l2F±2

]
, (6.55)

2θ + 4l2e−2ρ∂+∂−θ + 4xα =
1

µ+ 1
. (6.56)

The next step is to integrate Equation (6.55) and derive the closed-form expressions for the
derivatives of θ, as outlined in (3.110). These expressions are given by:

∂±θ =
1

2l
F∓
[
D1 + 2α +

G∓

F∓

]
e2ρ − 1

µ+ 1
F∓e2ρ

∫
dx±

F±
t±(σ

±)

x2 − µ
(6.57)

where the function D1 is defined through:

dD1

dx
=

1

µ+ 1

µ

(x2 − µ)2
. (6.58)

Next, we need to remove the function α from (6.57). This can be achieved by employing
Equation (6.56). As a result, we obtain two first-order differential equations for θ: one involving
∂+θ and the other involving ∂−θ. These equations can be solved, leading to:

xθ = H∓ +
1

2

(
x2 − µ

) [G−

F− +
G+

F+
+ 2α +D1

]
+

x

2(µ+ 1)
+

∫
dxD1x

+
1

µ+ 1

∫
dx±

F± x
(
x2 − µ

) ∫ dx±

F±
t±(σ

±)

x2 − µ
− lx

2 − µ
µ+ 1

∫
dx∓

F∓
t∓(σ

−)

x2 − µ
,

(6.59)
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where H∓ represent another set of arbitrary functions. Furthermore, by using (6.57) we have
removed the remaining derivative term ∂∓θ, which reintroduces the function α. Requiring that
the two equations in (6.59) coincide then imposes the following consistency condition on the
functions H∓:

H− − l

µ+ 1

∫
dx−

F− t−(σ
−) = H+ − l

µ+ 1

∫
dx+

F+
t+(σ

+) = C, (6.60)

where we have included an integration constant C. It may be interpreted as the integration
constant of

∫
dxDx. Consequently, by eliminating the H∓ functions, we obtain:

xθ =
1

2

(
x2 − µ

) [G−

F− +
G+

F+
+ 2α +D1

]
+

x

2(µ+ 1)
+

∫
dxD1x +

I′+ + I′−
2(µ+ 1)

, (6.61)

where the integrals I′± are defined as follows:

I′± = 2

∫
dx±

F± x
(
x2 − µ

) ∫ dx±

F±
t±(σ

±)

x2 − µ
. (6.62)

By following the method outlined in Section 3.4.1, a final integration remains to be carried
out. Isolating α from (6.57) and substituting it into (6.61) transforms (6.61) into a first-order
differential equation for θ. As before, there are two such equations, depending on whether the
derivative ∂±θ appears. Solving these equations introduces two additional arbitrary functions,
which are then determined by imposing mutual consistency of the two solutions. In this way,
one ultimately obtains the following expression for the final solution of θ:

θ

x2 − µ
=

1

2l

(∫
dx+

G+

F+2
+

∫
dx−

G−

F−2

)
−
∫

dx

(x2 − µ)2

[
x

µ+ 1
+ 2

∫
dxD1x

]
+

I+ + I−
µ+ 1

,

(6.63)
where we have introduced another set of integrals:

I± =

∫
dx±

F±
1

x2 − µ

∫
dx±

F± t±(σ
±). (6.64)

The final step consists in reverting to the quantum-corrected quantities (3.113). We begin
by examining the quantum-corrected metric:

F+F−e2ρ = −(x2 − µ)
[
1 + ε

(
G−

F− +
G+

F+
+ 2α

)]
= −x2 + µ− 2εxθ + ε

[
x

µ+ 1
+ 2

∫
dxD1x +

(
x2 − µ

)
D1

]
+

ε

µ+ 1

(
I′+ + I′−

)
= − (x + εθ)2 + µ+ ε

[
x

µ+ 1
+ 2

∫
dxD1x +

(
x2 − µ

)
D1

]
+

ε

µ+ 1

(
I′+ + I′−

)
,

(6.65)

where Equation (6.61) has been applied. We now determine the quantum-corrected tortoise
coordinate by making use of (6.63):

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ εθ

x2 − µ
+ ε

∫
dx

(x2 − µ)2

[
x

µ+ 1
+ 2

∫
dxD1x

]
− ε

µ+ 1
(I+ + I−)

= − 1

2l

[∫
dx+

F+

(
1− εG

+

F+

)
+

∫
dx−

F−

(
1− εG

−

F−

)]
. (6.66)
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From this equation, it is evident that G± indeed encode the quantum corrections to the coor-
dinate transformations. The only remaining task is to explicitly evaluate all integrals over x
that appear in (6.65) and (6.66). These are:

D1 = −
1

2(µ+ 1)

[
1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ x

x2 − µ

]
, (6.67)

x

µ+ 1
+ 2

∫
dxD1x +

(
x2 − µ

)
D1 = −

x2

µ+ 1

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ C, (6.68)∫
dx

(x2 − µ)2

[
x

µ+ 1
+ 2

∫
dxD1x

]
=

1

µ+ 1

1

4
√
µ

x

x2 − µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ C
µ+ 1

µ
D1. (6.69)

Finally, as anticipated, the integration constant C is understood as the quantum correction to
the constant µ. In other words, we make the replacement µ + εC 7→ µ. This removes C from
both of the final equations, (6.65) and (6.66). Consequently, the general quantum-corrected
solution takes the form:

F+F−e2ρ = −x2 + µ− ε

µ+ 1

[
x2

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− I′
]
, (6.70)

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ ε

µ+ 1

[
x

x2 − µ
1

4
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− I

]
= − 1

2l

(∫
dx+

F+
+

∫
dx−

F−

)
. (6.71)

We therefore find that the general quantum-corrected branch-one solution, which is contin-
uously connected to the dimensionally reduced BTZ black hole at the classical level, is defined
by (F+,F−, µ, t+(σ

+), t−(σ
−)). The integrals (6.62) and (6.64) can be evaluated once the quan-

tum state is chosen, because they depend on the functions t±(σ±). In particular, the quantum
state |0, x⟩ is characterized by t±(x

±) = 0 (see Section 3.3). We have adopted the shorthand
notation I = I+ + I− and I′ = I′+ + I′−. Note that these two integrals are not independent;
they are related through the equations of motion, so once the quantum state is fixed, only one
of them actually needs to be computed. A key property of the solution (6.70-6.71) is that, in
contrast to the DREH model (see Section 5.2), Equation (6.71) is not transcendental, and thus
x can be written in terms of the coordinates using elementary functions.

Note that we have not addressed the dilaton equation of motion (6.12) explicitly. This
equation is automatically fulfilled once the solution (6.70-6.71) is substituted, because it is
equivalent to the metric equation combined with the EMT conservation law, which is obeyed
by the quantum-corrected EMT (3.75).

For completeness one could also consider the quantum-corrected branch-two solution. Yet
this solution is not continuously connected to a well-behaved BTZ black hole and involves an
arbitrary function, which likely originates from unfixed five-dimensional gauge transformations.
Consequently, it does not constitute a physically meaningful solution. Therefore, we will not
examine it further here.

6.2.1 General static quantum-corrected solution

In this subsection, we employ the static ansatz from Section 3.1 for the quantum-corrected
equations of motion (6.24-6.26). Upon substituting the explicit expressions for the components
of the EMT describing the quantum corrections (3.79), the metric equation of motion simplifies
to:
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T⊥∥
= T

∥⊥ = 0 =⇒ t+(σ
+) = t−(σ

−) =
1

4l2
Ξ, (6.72)

Λ

2

d

dx

(
x2 + 1 + ΛD2

)2

= ε

[
Ξ +

1

4

(
DdΛ

dx

)2

− ΛD d

dx

(
DdΛ

dx

)]
, (6.73)

Λ

(
x2 + 1 + ΛD2

)(
D2dΛ

dx
+ 2x

)
= −ε

[
Ξ +

1

4

(
DdΛ

dx

)2
]
, (6.74)

where Ξ is a constant related to the state of the quantum fields. To complete this system, we
must also include the dilaton equation of motion (6.27). Since both the left-hand side and the
right-hand side are of order ε, we can directly insert the classical static solution (6.17). The
system of Equations (6.73) and (6.74) then takes the form:

d (ΛD2)

dx
= −2x− ε

µ+ 1

(
Ξ + µ

x2 − µ
− 1

)
, (6.75)

D2dΛ

dx
= −2x + ε

µ+ 1

(
Ξ + µ

x2 − µ
+ 1

)
. (6.76)

Subtracting Equation (6.76) from Equation (6.75) gives the following solution for the function
D:

dD2

dx
=

2ε

µ+ 1

Ξ + µ

x2 − µ
= 2ε

(
Ξ

µ
+ 1

)
dD1

dx
=⇒ D2 = 1 + 2ε

(
Ξ

µ
+ 1

)
D1, (6.77)

where we have employed (6.58) to rewrite the solution for D in terms of the function D1,
presented in (6.67). Upon substituting this expression for D into (6.76) and performing the
integration, the metric function Λ takes the form:

Λ = −x2 + µ+ ε

(
Ξ

µ
+ 1

)[
x

µ+ 1
+ 2

∫
dxD1x +

(
x2 − µ

)
D1

]
− ε

µ+ 1

Ξ

µ
(x−√µ) . (6.78)

Finally, we determine the tortoise coordinate using (3.18), which gives:

σ

l
=

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ ε

(
Ξ

µ
+ 1

)∫
dx

(x2 − µ)2

[
x

µ+ 1
+ 2

∫
dxD1x

]
− εΞ

4µ2(µ+ 1)

(
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− x−√µ
x +
√
µ

)
.

(6.79)

The solutions (6.77), (6.78), and (6.79) are expressed through the integrals (6.58-6.69). By
substituting these expressions, we obtain the following final solution:

D = 1− ε

2(µ+ 1)

(
Ξ

µ
+ 1

)[
1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ x

x2 − µ

]
,

Λ = −x2 + µ− ε

µ+ 1

(
Ξ

µ
+ 1

)
x2

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− ε

µ+ 1

Ξ

µ
(x−√µ) ,

σ

l
=

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ ε

µ+ 1

(
Ξ

µ
+ 1

)
x

x2 − µ
1

4
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣
− εΞ

4µ2(µ+ 1)

(
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− x−√µ
x +
√
µ

)
.

(6.80)
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6.2.2 Solution without energy flux at the asymptotic infinity

In this section, we derive the quantum-corrected AdS vacuum solution. By definition, it is
a static configuration with no energy flux at asymptotic infinity. The corresponding vacuum
state is the Boulware state (3.96), which is implemented by choosing t±(σ

±) = 0. Equiva-
lently, this means that the EMT of the quantum fields is normal-ordered with respect to the
Eddington–Finkelstein coordinates. The general static solution (6.80) depends on the constant
Ξ, which is fixed by the choice of vacuum through (6.72). Setting Ξ = 0 selects the Boulware
state. In this case, the solution simplifies to:

D = 1− ε

2(µ+ 1)

[
1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ x

x2 − µ

]
,

Λ = −x2 + µ− ε

µ+ 1

x2

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣ ,
σ

l
=

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ ε

µ+ 1

x

x2 − µ
1

4
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣ .
(6.81)

This solution can be obtained directly from the general solution of the quantum-corrected
equations of motion (6.70-6.71). It is specified by (F+,F−, µ, 0, 0), which corresponds to the
vanishing integrals (6.62) and (6.64). Once these integrals are set to zero, the two solutions
coincide.

The important feature of the fluxless solution in the DREH model is that, in the limit of
vanishing mass, it remains smoothly connected to the Minkowski vacuum solution (see Section
5.2.2). This feature does not hold in the BPP model. As demonstrated in Section 4.3.1,
the linear dilaton vacuum in the BPP framework carries energy flux at both past and future
null infinity. Solution (6.81) displays analogous behavior. Although the limit µ → 0 is well
defined, it does not reproduce the AdS vacuum solution. Instead, in this limit the configuration
approaches the quantum-corrected AdS spacetime, given by:

D = 1, Λ = −x2 + εx + εC,
σ

l
= −1

x
− ε

2x2
− εC

3x3
, (6.82)

where we have retained the quantum correction C to the µ constant. It is worth emphasizing
that, even in the limit C → 0, the solution does not reduce to pure AdS spacetime.

In Sections 4.3.3 and 5.2.2 we show that the fluxless solutions are horizonless in both BPP
and DREH models. The same logic follows here as well. Trying to find the horizon reduces
to demanding that the norm of the Killing vector vanishes, i.e. Λ = 0. Solving this equation
in a perturbative expansion yields xH =

√
µ + O(ε). At first sight, this suggests the presence

of a quantum-corrected horizon. Nevertheless, this solution is not well defined within the
perturbative framework, because the quantum correction to Λ vanishes when evaluated on
the classical horizon. Consequently, there is actually no horizon within the first-order of the
perturbation theory.

Another issue that needs to be addressed is whether the solution (6.81) develops any sin-
gularities. In both the BPP and DREH models, the scalar curvature diverges on a certain
hypersurface, which must therefore be identified as the boundary of the spacetime. A straight-
forward calculation of the scalar curvature reveals that it does not receive any quantum cor-
rections within the first order in ε, i.e.:

R = − 2

l2
. (6.83)
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From this analysis, we infer that no curvature singularities arise at first order in perturbation
theory. Nonetheless, one must keep in mind that x > 0, so within the DR5DCS framework we
are still required to impose the reflective boundary conditions (4.117) on the hypersurface at
x = 0.

6.2.3 Eternal black hole scenario

In this section, we present the eternal black hole scenario. It describes a black hole in equilibrium
with its environment. Consequently, it corresponds to a static configuration and must be
specified by choosing a particular value of the constant Ξ within the general static solution
(6.80). Because this is a black hole solution, it must possess a well-defined event horizon [106].
The event horizon is specified by the condition Λ = 0, so the classical location of the horizon
is xH =

√
µ. As long as the solution contains a term of the form ln |x − √µ|, the quantum

correction diverges at the classical horizon, just as in the fluxless solution discussed in the
previous section. There is a unique value of Ξ that eliminates the logarithmic contribution in
Λ, namely:

Ξ = −µ. (6.84)

Substituting this value of Ξ into the general solution (6.80), we obtain the following eternal
black hole solution:

D = 1,

Λ = −x2 + µ+
ε

µ+ 1
(x−√µ) ,

σ

l
=

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ ε

4µ(µ+ 1)

(
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− x−√µ
x +
√
µ

) (6.85)

We can now straightforwardly determine the event horizon by solving Λ = 0. One observes
that the integration constant in the Ξ-dependent term of (6.80) is fixed such that the quantum-
corrected horizon coincides with the classical one, xH =

√
µ. We then proceed to evaluate the

curvature. A direct calculation gives:

R =
1

l2
d2Λ

dx2
= − 2

l2
=⇒ xS = 0. (6.86)

Thus, the singularity does not acquire any quantum corrections as well. The surface gravity is
given by:

κ =
1

2l

∣∣∣∣DdΛ

dx

∣∣∣∣
H

=

√
µ

l

[
1− ε

2(µ+ 1)
√
µ

]
. (6.87)

To confirm that the solution (6.85) indeed describes an eternal black hole, we must verify
that the quantum fields are prepared in the Hartle-Hawking state (3.97). This requirement
means that the EMT is normal-ordered in Kruskal coordinates, which are obtained by expo-
nentiating the Eddington-Finkelstein coordinates (see Appendix D.5), using the surface gravity
(6.87). Employing the definition of Ξ (6.72) together with the transformation law for the
quantum-corrected EMT (3.83), we find:

1

4l2
Ξ = t±(σ

±) =

(
dx±

dσ±

)2 [
���

0
t±(x

±)− 1

2
Dx± [σ±]

]
= −κ

2

4
=⇒ Ξ = −(κl)2 = −µ. (6.88)
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Since this matches (6.84), the solution (6.85) indeed describes an eternal black hole. We now
examine the singular behavior of the tortoise coordinate. Using the surface gravity in (6.87)
leads to:

σ =
1

2κ

[
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− ε

2(µ+ 1)
√
µ

x−√µ
x +
√
µ

]
. (6.89)

In the general static quantum-corrected solution (6.80), the Ξ-dependent term in the tortoise
coordinate is chosen so that there is a single logarithmic pole exactly at the quantum-corrected
event horizon xH =

√
µ, where the quantum correction vanishes.

The same solution can be derived from the general quantum-corrected configuration (6.70-
6.71) by explicitly evaluating the integrals I and I′. In this setting, the solution is given by
(F+,F−, µ,− µ

4l2
,− µ

4l2
). Care is required, since these integrals are defined only up to arbitrary

functions, which must be fixed by substituting the solution back into the original equations of
motion. An analogous analysis for the DREH model appears in Section 5.2.3.

6.3 Evaporating black hole scenario

The evaporating black hole scenario covers both the gravitational collapse forming the black
hole and its later Hawking-radiation-driven evaporation. We use the framework of Section 3.4,
adapted to an asymptotically AdS spacetime.

In Section 6.1.3, we studied purely classical gravitational collapse, and in Section 6.1.4
we constructed its conformal diagram. We now extend this to the quantum-corrected case.
Including the back-reaction of quantum fields on the classical geometry yields an evaporating
black hole. As in the BPP model—and unlike the DREH model—the initial spacetime cannot
be the AdS vacuum. We therefore use the quantum-corrected AdS spacetime defined in (6.82).
For an evaporating black hole, the relevant vacuum is the Unruh state (3.98), defined by
t±(σ

±) = 0. Although the initial spacetime has zero energy flux at infinity, a nonzero flux
appears at future null infinity after the black hole forms, due to the change in asymptotic
coordinates (see Section 3.4).

The quantum-corrected collapse scenario
is shown in Figure 6.3. Before black hole
formation, we use the Eddington–Finkelstein
gauge, i.e., the σ± coordinates of so-
lution (6.82), for which the solution is
(−1, 1, εC0, 0, 0). In region II, where an evap-
orating black hole is present, we use Edding-
ton–Finkelstein coordinates σ̂±, and the solu-
tion is (−1,F−, µ, 0, t−(σ̂

−)). We must there-
fore determine t±(σ̂±) via the transformation
law (3.83). Since the coordinate transforma-
tion (3.6) is written in terms of the functions
F±, defined in (6.42), this amounts to comput-
ing the Schwarzian derivative. The final result
is expressed in terms of the coordinate x̂:

t+(σ̂
+) = 0, t−(σ̂

−) = − µ

4l2
. (6.90)

Figure 6.3: Penrose diagram of the quantum-
corrected gravitational collapse for the BTZ
black hole.
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When the back-reaction is included, the classical spacetime depicted in Figure 6.2 acquires
a third region as illustrated in Figure 6.3. This additional region represents the static remanent
spacetime created as a consequence of the black hole evaporation. It is characterized by the
end-state geometry. With all necessary ingredients specified, the next task is to determine θ,
whose general expression is given in Equation (6.63). This solution, however, is only fixed up
to the integral I in (6.64). The problem therefore reduces to computing these integrals for the
particular choice (6.90). Because t+ = 0, the integral I+ vanishes, leaving us solely with the
integral I−:

I =

∫
dσ−

F−
1

x2 − µ

∫
dσ−

F− t−(σ̂
−). (6.91)

We begin by computing the inner integral. Upon applying the substitution in (6.42), the
resulting integral evaluates to:∫

dσ−

F− t−(σ̂
−) =

√
µ

4l
ln

∣∣∣∣1 + x̂
√
µ

1− x̂
√
µ

∣∣∣∣ ≡ 1

4l
F(x̂), (6.92)

where we have defined an additional function F(x̂). Unlike in the DREH model, x̂ can be
expressed in terms of the elementary functions of x and δ. As a result, the integral I simplifies
to:

I =
x

x2 − µ
1

4
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ 1

16µ
ln2

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ 1

4

1

x2 − µ
− (µ+ 1)D1(x) ln δ, (6.93)

where the function D1 is defined in (6.67). Plugging this expression into the solution for θ in
(6.63) yields:

θ

x2 − µ
=

1

2l

(∫
dσ+ G+

F+2
+

∫
dσ− G−

F−2

)
+

1

4(µ+ 1)

[
1

4µ
ln2

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ 1

x2 − µ

]
−D1(x)

(
ln δ + C

µ+ 1

µ

)
.

(6.94)

The metric correction α can be obtained directly from the Equation of motion (6.56). The
resulting expression is:

(x2−µ)
[
2α +

G+

F+
+

G−

F−

]
−2xθ =

1

2(µ+ 1)

[
x2 − µ
2
√
µ

ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− x

]
− µ

µ+ 1
ln δ−C. (6.95)

Equations (6.94) and (6.95) describe the quantum modifications of the tortoise coordinate and
of the metric solutions, respectively. Hence, the final form of the solution can be written as:

F+F−e2ρ = −x2 + µ− ε

µ+ 1

[
x2 − µ
4
√
µ

ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− x

2

]
+ ε

(
µ

µ+ 1
ln δ + C

)
, (6.96)

σ̂

l
=

1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− ε

4(µ+ 1)

[
1

4µ
ln2

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ 1

x2 − µ

]
+ εD1

(
ln δ + C

µ+ 1

µ

)
.

(6.97)

Equations (6.96) and (6.97) describe a family of evaporating black hole solutions specified
by a constant C and by the coordinate transformation F−. The transformation F+ cannot vary
across the ingoing shockwave hypersurface. The values of C and F− are uniquely determined
once the continuity conditions (3.102) and (3.104) are enforced.
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6.3.1 Evaporating black hole solution

In this subsection, we identify the specific solution among (6.96-6.97) that remains continu-
ously connected to the quantum-corrected AdS vacuum solution across the ingoing shockwave
hypersurface. In region I, the solution is provided by (6.82). For clarity, we rewrite it here:

e2ρ = x2 − εx− εC0, −1

x
− ε

2x2
− εC0

3x3
= − ln δ + x̂, (6.98)

where we have retained the constant C0, which is linked to the mass of the spacetime in region
I. We keep this constant as a diagnostic tool to monitor the energy balance in the model.
Nonetheless, from a physical standpoint we must set C0 = 0, because the initial spacetime is
required to be massless. Let us now determine the metric and the dilaton field along the ingoing
shockwave, that is, on the δ = 1 hypersurface. They are given by:

e2ρ
∣∣∣∣
δ=1

=
1

x̂2
− εC0

3
, x

∣∣∣∣
δ=1

= −1

x̂

[
1− ε

2
x̂ +

εC0

3
x̂2
]
. (6.99)

The coordinate transformation F− can now be straightforwardly determined by imposing
continuity of the metric across the δ = 1 hypersurface. In this limit, Equation (6.96) reduces
to:

F−e2ρ = x2 − µ− εC +
ε

µ+ 1

[
x2 − µ
4
√
µ

ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− x

2

]
. (6.100)

After inserting (6.99), we arrive at the explicit expression for F− = F−(x̂):

F− = 1− (µ+ ε(C − C0)) x̂
2 − εx̂− εµC0

3
x̂4 +

ε

µ+ 1

[
1− µx̂2

4
√
µ

ln

∣∣∣∣1 + x̂
√
µ

1− x̂
√
µ

∣∣∣∣+ x̂

2

]
. (6.101)

Next, we enforce the "++" equation condition (3.104), which in the DR5DCS model takes
the form: [(

x2 + 1− 1

2
l2 (∇x)2

)
∂+x + ε∂+ρ

] ∣∣∣∣>
<

= − M

6kπ2

∣∣∣∣
x+=x+

0

, (6.102)

where > and < refer to the sides of region II and region I relative to the δ = 1 hypersurface.
Upon substituting solution (6.98) in region I and solutions (6.96-6.97) in region II, Equation
(6.102) simplifies to:

µ(µ+ 2) + 2ε ((µ+ 1)C − C0) =
2Ml

3kπ2
. =⇒ C =

C0

µ+ 1
, (6.103)

where we have employed the classical relation (6.44) connecting the mass to the parameter µ.
Now that both F− and C are fixed, we proceed to evaluate the σ̂− coordinate. A straightforward
integration gives:

σ+
0 − σ̂−
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=
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ε
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(6.104)
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Hence, the solution describing an evaporating black hole can be written as:

F+F−e2ρ = −x2 + µ+
ε

µ+ 1

[
µ ln δ + C0 −

x2 − µ
4
√
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ln

∣∣∣∣x−√µx +
√
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]
, (6.105)
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= − ln δ +
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.

The solution takes the form
(
−1,F−,

√
1 + 2Ml

3kπ2 − 1 + εC0

µ+1
, 0,− µ

4l2

)
, where F− is defined in

(6.101). One can readily verify that Equation (6.106) remains valid on the δ = 1 hypersurface.
Substituting the expression for x from (6.99) and expanding the left-hand side in powers of ε,
we find that it coincides with the right-hand side, viewed as a function of x̂.

6.3.2 Evaporation adapted form of the solution

In this subsection, we follow the approach of Section 5.3.3, where the solution in the DREH
model was recast into a form that is manifestly well defined on the classical horizon. The
metric in Equation (6.105) is already well defined at the horizon. The tortoise coordinate
(6.106), however, does not display the well behavior there. It should exhibit a pole along a
well defined hypersurface, but in its current form of the solution, one cannot readily find that
hypersurface. Our goal in this section is to resolve this issue. For convenience, we set C0 = 0.
We begin by evaluating the derivatives of the dilaton field, which are:

∂+x =
1

2l

[
x2 − µ̃− ε

µ+ 1
x

]
, (6.107)

∂−x = − 1

2lF−

[
x2 − µ̃+

ε

µ+ 1

(
x2 − µ
4
√
µ

ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− x

2

)]
, (6.108)

where we have defined the reduced parameter µ̃ as follows:

µ̃ = µ+
ε

µ+ 1

(
µ ln δ + C0

)
. (6.109)

Next, we define a new constant y = x/
√
µ̃. Our goal is to determine a function J (y) such

that J (y)/
√
µ̃ = σ+

2l
. Differentiating this relation with respect to σ+ and inserting expression

(6.107), we obtain the following first-order differential equation for J :[
y2 − 1− ε

2(µ+ 1)
√
µ
y

]
dJ
dx

+
ε

2(µ+ 1)
√
µ
J = 1. (6.110)

The general form of the solution to this equation of motion is given by:

J (y) =
2(µ+ 1)

√
µ

ε

(
1− e−f(y)

)
+ Se−f(y), (6.111)
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where S denotes an arbitrary constant, and the function f(y) is defined as:

f(y) =
ε

2(µ+ 1)
√
µ

∫
dy

y2 − 1− ε
2(µ+1)

√
µ
y
=

ε

2(µ+ 1)
√
µ

1

y+ − y−
ln

∣∣∣∣y − y+
y − y−

∣∣∣∣ , (6.112)

where y± are solutions of the following quadratic equation:

y2 − 1− ε

2(µ+ 1)
√
µ
y = 0 =⇒ y± = ±1 + ε

4(µ+ 1)
√
µ
. (6.113)

We have expanded the roots of the given quadratic equation to first order in ε. For the
consistency check, we expand the function J (6.111) to first order in y:

f(y) =
ε

4(µ+ 1)
√
µ

[
ln

∣∣∣∣y − 1

y + 1

∣∣∣∣− ε

2(µ+ 1)
√
µ

1

y2 − 1

]
,

J (y) =
2(µ+ 1)

√
µ

ε

(
f(y)− 1

2
f 2(y)

)
+ S (1− f(y)) ,

=
1

2
ln

∣∣∣∣y − 1

y + 1

∣∣∣∣− ε

4(µ+ 1)
√
µ

[
1

4
ln2

∣∣∣∣y − 1

y + 1

∣∣∣∣+ 1

y2 − 1

]
+ S

[
1− ε

4(µ+ 1)
√
µ
ln

∣∣∣∣y − 1

y + 1

∣∣∣∣] ,
J (y)√
µ̃

=
1

2
√
µ
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣− ε

4(µ+ 1)

[
1

4µ
ln2

∣∣∣∣x−√µx +
√
µ

∣∣∣∣+ 1

x2 − µ

]
+
ε

µ
(µ ln δ + C0)D1(x)

+ S

[
1− ε

4µ(µ+ 1)
ln

∣∣∣∣x−√µx +
√
µ

∣∣∣∣] . (6.114)

We therefore find that the functional J correctly reproduces the left-hand side of the solution
(6.106) for the dilaton field in the case S = 0. Next, we impose C0 = 0 and likewise recast the
right-hand side of that equation:

1√
µ̃
J
(

x√
µ̃

)
= − ln δ +

1
√
µ
J
(
− 1

x̂
√
µ̄

)
, µ̄ = µ (1 + εx̂) . (6.115)

Thus, the appropriate pole in the dilaton solution is determined by the pole of the J
function, namely y = y+ = 1 + ε

4(µ+1)
√
µ
, expanded to first order in ε. We now examine the

behavior of the solution in the vicinity of the classical horizon, that is, for y = 1 + ε
4(µ+1)

√
µ
η

and − 1
x̂
√
µ̄
= 1 + ε

4(µ+1)
√
µ
ϑ. Equation (6.115) can be recast in the following form:

µ

µ̃
e−2f(y) = e−2f(−1/(

√
µ̄x̂)) =⇒

(
µ̃

µ

) 2(µ+1)
√
µ

ε
∣∣∣∣y − y+
y − y−

∣∣∣∣ =
∣∣∣∣∣−

1
x̂
√
µ̄
− y+

− 1
x̂
√
µ̄
− y−

∣∣∣∣∣ , (6.116)

where the implication follows after raising the equation to the power −2(µ+1)
√
µ

ε
. This relation

is valid for all values of y and x̂. We now examine the behavior in the vicinity of the classical
horizon. Because both sides of the equation are already of order ε, we can safely take the limit
ε→ 0 in the remaining parts of the equation. This leads to:∣∣∣∣ϑ− 1

η − 1

∣∣∣∣ = (1 + ε

µ+ 1
ln δ

) 2(µ+1)
√
µ

ε

=⇒
∣∣∣∣ϑ− 1

η − 1

∣∣∣∣ = δ2
√
µ. (6.117)

Here, the final result arises from taking the limit ε→ 0 on the left-hand side of the equation.
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6.3.3 The end-state of black hole evolution

In the previous subsections evaporating black hole has been found, which resides in region II of
the spacetime illustrated in Figure 6.3. The final state of black hole evaporation characterizes
both the quantum matter fields in region III and the ultimate geometry of region III. To
investigate this end-state, we must first establish that region III indeed exists. As discussed
in Section 3.4.1, evaporation terminates when the singularity intersects the apparent horizon.
Consequently, we must first identify the hypersurfaces corresponding to the apparent horizon
and the singularity. The apparent horizon is specified by the condition ∂+e−3ϕ = 0. Employing
(6.107), we obtain:

x2 − µ− ε

µ+ 1

(
µ ln δ + C0

)
− ε

µ+ 1
x = 0 =⇒ x2AH = µ

[
1 +

ε

µ+ 1

(
ln δ +

C0

µ
+

1
√
µ

)]
.

(6.118)
For δ ≈ 1, the apparent horizon lies close to the classical horizon. As δ decreases, however, ln δ
becomes more negative, which in turn reduces the radius of the apparent horizon. Consequently,
at late times (corresponding to smaller values of δ), it approaches the classical singularity. This
is the desired behavior from the standpoint of black hole evaporation, as it indicates that the
black hole shrinks over time. Because the apparent horizon initially coincides with the classical
horizon at the onset of evaporation, it is more conveniently described in the y coordinate:

yAH =

√
1 +

ε

(µ+ 1)
√
µ
. (6.119)

We observe that, in this y coordinate, the apparent horizon remains at a fixed value. As
demonstrated in the preceding subsection, the y coordinate is well defined throughout the
evaporation process, so we may extend our analysis to any time.

Next, we express the apparent horizon in terms of the x̂ coordinate. For this purpose, we
employ Equation (6.117), noting that both y and −1/(x̂

√
µ̄) lie close to the classical horizon.

After some algebraic manipulation, we obtain:

− 1

x̂AH

=
√
µ− ε

2
+

ε

4(µ+ 1)

(
1 + δ

2
√
µ

AH

)
, (6.120)

where we have used the fact that η = 2 for yAH.

To identify the singularity line, we first calculate the scalar curvature. A detailed analysis
reveals that the scalar curvature receives no quantum corrections, so we have R = −2/l2.
Consequently, the singularity remains located at xS = 0, or, equivalently, at yS = 0. Inserting
yS = 0 into (6.116) gives:

√
µ̄x̂S = x̂S

√
µ+

ε
√
µ
x̂2S =

y+

(
1 + ε

µ+1
ln δS

) 2(µ+1)
√
µ

ε
+ y−1

+(
1 + ε

µ+1
ln δS

) 2(µ+1)
√
µ

ε − 1

, (6.121)

where y+ is defined in (6.113). In the limit ε→ 0, the singular line reduces to the classical one
given in (6.48). This provides a straightforward consistency test of our perturbative method.
An analogous statement holds for the quantum-corrected spatial infinity hypersurface i0, which
is given by:

√
µ̄x̂i0 = x̂i0

√
µ+

ε
√
µ
x̂2i0 =

y+

(
1 + ε

µ+1
ln δi0

) 2(µ+1)
√
µ

ε − y−1
+(

1 + ε
µ+1

ln δi0
) 2(µ+1)

√
µ

ε
+ 1

. (6.122)
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The end-point of the evaporation

The cosmic censorship conjecture [106] rules out the occurrence of naked singularities. In
the present context, the singularity becomes naked once it intersects the apparent horizon
hypersurface. The intersection point is referred to as the end-point of the evaporation. By
setting (6.118) equal to (6.121), we obtain:

ln δE = −µ+ 1

ε
− C0

µ
− 1
√
µ
. (6.123)

Next, we determine the remaining coordinate. Substituting ln δE directly into (6.120) gives:

δE = e
−µ+1

ε
− 1√

µ ∧ x̂E = − 1
√
µ

[
1 +

ε

2
√
µ
− ε

4(µ+ 1)
√
µ
e
−µ+1

ε
− 1√

µ

]
. (6.124)

Therefore, the evaporation end-point shows the same type of singular behavior in the limit ε→ 0
as in both the BPP model (4.124) and the DREH model (5.205-5.206). The event horizon is
determined by the condition x̂H = x̂E. Employing (6.117), we can express the y-coordinate of
the event horizon in terms of δ as follows:

yH = 1 +
ε

4(µ+ 1)
√
µ

(
1 +

δE
δH

)
. (6.125)

The horizon may also be expressed as a dependence of the dilaton field on the δ coordinate:

x2H = µ

[
1 +

ε

µ+ 1

(
ln δH +

1

2
√
µ

(
1 +

δE
δH

))]
. (6.126)

At the beginning of the evaporation the event horizon appears near the classical horizon,
because in this regime one has δE ≪ ε

µ+1
≪ 1. In this case, it is simply displaced from

the classical horizon by ε
4(µ+1)

. As δ evolves towards the end-point of the evaporation, xH
tends to zero. We thus deduce that, at the evaporation end-point, all three hypersurfaces—the
apparent horizon (6.118), the event horizon (6.126), and the singularity xS = 0 intersect at the
end-point of the evaporation. We now proceed to evaluate the evaporation time, whose leading
contribution is:

∆tE =
72π3klc2

ℏ

√
1 +

2ML

3kπ2c2
, (6.127)

where we have returned all physical constants. It follows that, in large mass limit, the evapora-
tion time in the DR5DCS model scales as

√
M . Observe that all hypersurfaces were evaluated

in the limit C0 = 0, because Equation (6.115) is valid only in this case. We therefore conclude
that the behavior of all relevant hypersurfaces coincides with that found in the DREH model.
Further discussion can be found in Section 5.3.

The radiated energy

The subsequent step is to evaluate the total energy which has been evaporated from the black
hole via Hawking radiation, following the procedure outlined in Section 3.4.1. Nonetheless,
expression (3.115) is not applicable for an asymptotically AdS spacetime, since the metric
diverges near the asymptotic boundary. Consequently, the conventional definition of energy
also becomes divergent. We are therefore required to renormalize the energy expression in light

132



CHAPTER 6. RIEMANNIAN SECTOR OF THE DR5DCS GRAVITY

of this behavior. The dilaton field scales as x = 1/ϵ with ϵ → 0. In this limit, the metric
assumes the following form:

ds2 = −e2ρdσ+dσ− ≈ 1

ϵ2
dσ+

dx̂

2l

F−dx̂
2 ≡ −dτ 2

ϵ2
, (6.128)

where we have defined the parameter τ along the hypersurface at spatial infinity, as specified
in (6.122). The total energy is therefore:

Erad =

∫ τE

τ0

dτ⟨∆T (f)
ττ ⟩

= 2l

∫ x̂E

0

dx̂

F−

[(
dσ+

dτ

)2

⟨∆T (f)
++⟩+

(
dσ−

dτ

)2

�����:0
⟨∆T (f)

−−⟩+ 2

(
dσ+

dτ

)(
dσ−

dτ

)
�����:0
⟨∆T (f)

+−⟩

]

= 2l

∫ x̂E

0

dx̂

F− ⟨∆T
(f)
++⟩ = −

ℏµ
24πl

∫ x̂E

0

dx̂

F− = −3kπ2

l
µε

∫ x̂E

0

dx̂

F− = −3kπ2

l
µε
σ+
0 − σ̂−

E

2l

= −3kπ2

2l
ε
√
µ ln

∣∣∣∣1 + x̂E
√
µ

1− x̂E
√
µ

∣∣∣∣ =⇒ µrad(µrad + 2) = −ε√µ ln
∣∣∣∣1 + x̂E

√
µ

1− x̂E
√
µ

∣∣∣∣ , (6.129)

where we have introduced a µ-parameter associated with the radiated energy. In the second
line, we use the fact that the only nonvanishing component of the quantum-corrected EMT is
the "++" component. There, we substitute its explicit expression, ⟨∆T (f)

++⟩ = − µ
4l2

, and observe
that the integral simplifies to the definition of the σ̂− coordinate. The third line provides the
first-order solution to the integral.

6.3.4 The end-state geometry

As outlined in Section 3.4.1, the final step of formulating the quantum-corrected gravitational
collapse scenario is to specify the geometry of region III of the spacetime shown in Figure 6.3.
In what follows, we retain the constant C0, as our goal is to examine how the energy balance
is modified throughout the evaporation process. We start by expressing the evaporating black
hole solution (6.105-6.106) in terms of the dilaton field and the x̂ coordinate:

F+F−e2ρ = −x2 + µ̂+
εC0

µ+ 1
− ε

µ̂+ 1

[
x2 + µ̂

4
√
µ̂

ln

∣∣∣∣x−√µ̂x +
√
µ̂

∣∣∣∣− x

2

]
, (6.130)

σ̂

l
=

1

2
√
µ̂
ln

∣∣∣∣x−√µ̂x +
√
µ̂

∣∣∣∣− ε

4(µ̂+ 1)

[
1

4µ̂
ln2

∣∣∣∣x−√µ̂x +
√
µ̂

∣∣∣∣+ 1

x2 − µ̂

]
+ ε

(
C0

µ̂
− 1

2
√
µ̂
ln

∣∣∣∣x−√µ̂x +
√
µ̂

∣∣∣∣)D1(x), (6.131)

where we have introduced a running µ-parameter:

µ̂ = µ

(
1 +

ε

2(µ+ 1)
√
µ
ln

∣∣∣∣1 + x̂
√
µ

1− x̂
√
µ

∣∣∣∣) . (6.132)

Next, we evaluate this parameter on the hypersurface x̂ = x̂E. Observing that the ε-
dependent contribution is proportional to the σ̂− coordinate, and employing (6.115), we obtain:

µ̂E = µ

[
1 +

ε

µ+ 1

1
√
µ
J
(
− 1

x̂E
√
µ̄

)]
= µ

[
1 +

ε

µ+ 1

(
ln δE +

1√
µ̃E

J (0)
)]

= − ε

µ+ 1
(C0 +

√
µ) , (6.133)
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where we have used f(0) = 1
2

(
ε

2(µ+1)
√
µ

)2
, which implies J (0) = ε

4(µ+1)
√
µ
= O(ε). Conse-

quently, J (0) can be discarded as it only contributes at order O(ε). In the second line we
substitute the expression for δE from (6.123). It follows that µ̂E is a first-order quantity in the
perturbation theory. Hence, within the first-order contributions of (6.130-6.131) evaluated on
the hypersurface x̂ = x̂E—which separates regions II and III in Figure 6.3—we may safely take
the limit µ̂E → 0. Implementing this limit gives:

F+F−e2ρ = −x2 + εx + µ̂E +
εC0

µ+ 1
,

σ̂

l
= −1

x
− ε

2x2
−
µ̂E + εC0

µ+1

3x3
.

(6.134)

Since no further coordinate transformation such as the x̂ = x̂E hypersurface is traversed, the
geometry in region III is described by the solution (6.134). We can directly observe that this
corresponds to the quantum-corrected AdS vacuum solution (6.82) for a particular choice of
the constant Cf :

εCf = µ̂E +
εC0

µ+ 1
= −

ε
√
µ

µ+ 1
=⇒ Cf = −

ε
√
µ

µ+ 1
. (6.135)

Consequently, in direct analogy with the BPP model (see Section 4.3.4), the resulting geometry
is independent of the particular choice of the initial geometry. We emphasize that we have not
taken the limit µ→ 0 in the terms containing the constant C0. This is because C0 contributes
to the constant C in region II (6.103), and therefore must remain fixed.

Finally, we need to determine whether a thunderpop emerging from the end-point of the
evaporation. To this end, we consider the “−−" Equation from (6.51). Integrating it across
the dividing hypersurface x̂ = x̂E yields:[(

x2 + 1− 1

2
l2 (∇x)2

)
∂−x + ε∂−ρ

] ∣∣∣∣>
<

=
∆M

6kπ2F−

∣∣∣∣
x̂=x̂E

, (6.136)

where ">" designates region III, while "<" designates region II. The shockwave mass is repre-
sented by ∆M . Inserting the solutions (6.105-6.106) and (6.134) gives:

−µ̂E (µ̂E + 2) + 2ε(Cf − C0) + ε
√
µ̂E ln

∣∣∣∣x−√µ̂E

x +
√
µ̂E

∣∣∣∣ (6.137)

+
ε

µ̂E + 1
(x2 + µ̂E + 2)

[
x2 − µ̂E

4
√
µ̂E

ln

∣∣∣∣x−√µ̂E

x +
√
µ̂E

∣∣∣∣+ x

2

]
=

2∆Ml

3kπ2
.

By taking the limit µ̂E → 0 in the x-dependent terms, this equation simplifies to:

−µ̂E (µ̂E + 2) + 2ε(Cf − C0) =
2∆Ml

3kπ2
. (6.138)

A direct calculation, carried out strictly to first order in the perturbative parameter, yields the
following result:

µ̂E (µ̂E + 2) = µ(µ+ 2) + ε
√
µ ln

∣∣∣∣1 + x̂E
√
µ

1− x̂E
√
µ

∣∣∣∣ = µ(µ+ 2)− µrad(µrad + 2), (6.139)
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where we have employed the expression (6.129) for the radiated energy. Consequently, we verify
that the black hole has lost nearly all of its mass by the time the evaporation process reaches its
end-point. Substituting this relation into (6.138) yields the following energy balance equation:

µ(µ+ 2) = µrad(µrad + 2) + 2ε(Cf − C0)−
2∆Ml

3kπ2
. (6.140)

The mass of the initial shockwave, M ∼ µ(µ + 2), together with the mass constant of the
pre-collapse geometry, 2εC0, is equal to the sum of the radiated energy, Erad ∼ µrad(µrad + 2),
the mass constant of the final geometry, 2εCf , and the small amount of negative energy, ∆M ,
carried away by the outgoing shockwave (thunderpop) that appears at the end-point of the
evaporation. Therefore, we infer that energy is conserved in the dimensionally reduced model
of 5D Chern–Simons gravity.

Substituting the expression for Cf from (6.135) into the energy balance Equation (6.140)
yields the following formula for the energy of the thunderpop:

∆M = −3kπ2

2l

(
2εµC0

µ+ 1
+ µ̂2

E

)
. (6.141)

The first term is proportional to the mass constant of the initial spacetime, which we set to
be C0 = 0 for physical reasons. Since µ̂E is a quantity of O(ε) order, the second term in
(6.141) is not reliable within the first-order perturbative expansion. This implies that there is
no thunderpop within the first order, the same result as in the DREH model (5.237). However,
we expect that Equation (6.138) should be of non-perturbative origin, Since Equations (6.103)
and (6.135) imply that the mass constant of the spacetime is inherited after each discontinuity
is crossed, it should also be of non-perturbative origin. This two together give a non-vanishing
thunderpop energy but only in higher orders of the perturbation theory.

In summary, the resulting geometry matches one of the static, quantum-corrected AdS
vacuum solutions (6.82), characterized by t±(σ̂

±) = 0. Therefore, although there is no dis-
continuity in the coordinate transformations across x̂ = x̂E, the quantum state nonetheless
transitions from |0, σ⟩ to |0, σ̂⟩.
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Chapter 7

Full dimensionally reduced theory of
5DCS gravity

In this chapter, we study the full dimensionally-reduced theory of five-dimensional Chern–Simons
gravity (DR5DCS). The action is obtained in Section 2.3 and written explicitly in (2.47). For
convenience, we rewrite it here:

SDRCS5 =
kπ2

(λl)3

∫
d2x
√
−ge−3ϕ

{(
1 +

3

x2
(
1− Φ2 − θ2

))[
R+ 2εαβ∂αKβ +

2

l2

]
+

4

l2
+

6

lx3
θ2∇αϕ

α +
6

lx

(
1 +

1

x2
(
1− Φ2 − θ2

))[
∇αϕ

α − εαβϕαKβ

]
− 6

x2

[
∇αϕ

β∇βϕ
α −∇αϕ

α∇βϕ
β − εαβKα∇βΦ

2

]}
+ Smat,

(7.1)

where ϕµ and θ denote fields originating from the five-dimensional spin-connection, x = e−ϕ

is the reduced dilaton field, εαβ is the Levi–Civita tensor, gµν is the metric, and Kµ is the
two-dimensional contorsion. Furthermore, Φ2 = ϕµϕ

µ. It is immediately apparent that the
field θ plays the role of a Lagrange multiplier, thereby imposing a constraint on the system
of equations. Consequently, when θ ̸= 0, an additional equation arises, which substantially
restricts the phase space of admissible solutions. This property is particularly advantageous
when attempting to solve the equations of motion.

The chapter is divided into three sections. In the first, we derive the equations of motion and
impose the symmetric ansatz introduced in Section 3.1. We then solve the vacuum equations
and demonstrate that their most general solution is the BTZ black hole with non-zero θ torsion.
Consequently, this solution is directly inherited from the parent 5DCS theory.

The second section focuses on general solutions in the presence of non-vanishing matter
fields. The matter sector is strictly two-dimensional, meaning that the only sources in the
theory are the matter energy-momentum tensor and the contorsion current, obtained by varying
the matter action with respect to the metric and the contorsion, respectively. In this part, the
θ-field constraint is heavily used to solve equations of motion for the additional fields, including
the two-dimensional contorsion, and to derive the resulting source equations in terms of the
metric function Λ, the dilaton field, and their derivatives. A variety of distinct cases arise in
the course of solving the equations, and these are summarized in Table 7.1.

The final section explores explicit solutions once the form of matter minimally coupled
to gravity is specified in the θ ̸= 0 sector of the theory; for θ = 0 the model reduces to
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its Riemannian sector, which was analyzed in the preceding chapter. Several types of field
theories are considered. We first introduce matter as a real scalar field and obtain cosmological
solutions. Next, we examine the general solutions of the equations of motion coupled to pure
electrodynamics. In this setting, we show that no solutions with θ ̸= 0 exist; however, there
is a well-defined charged black hole solution when the theory is restricted to the Riemannian
sector. The subsequent subsection studies the coupling to a spinor field, where we identify a
fermionic star soliton solution together with a well-defined phase transition mechanism. We
then analyze gravity coupled to scalar electrodynamics, for which the general solution is again
of cosmological type. The section concludes with the case where the matter content is given by
an ideal fluid.

7.1 Equation of motion and the symmetric ansatz

In this section we derive the equations of motion for the complete dimensionally-reduced 5DCS
theory defined by the action (7.1). Since we do not impose vanishing torsion from the outset,
the full set of independent fields is {gµν ,Kµ, ϕ, ϕµ, θ}. We start by varying the action with
respect to the metric. The corresponding field equation is:

(x2 + 1)∇µ∇νx−
1

l
∇αϕ

αϕµϕν +
1

2l

(
ϕµ∇νΦ

2 + ϕν∇µΦ
2
)
−∇µ∇ν

(
xθ2
)

− 2εαβ
(
∇αx +

1

l
ϕα

)
Kβϕµϕν −

[(
∇µx +

1

l
ϕµ

)
∇νΦ

2 +

(
∇νx +

1

l
ϕν

)
∇µΦ

2

]
+

(
∇αx +

1

l
ϕα

)
Aσερδ∇δϕ

λ

[
ελα

(
gµσgνρ + gνσgµρ

)
+ εσρ

(
εµαενλ + εναεµλ

)]
+ 2x

(
∇µx +

1

l
ϕµ

)(
∇νx +

1

l
ϕν

)
+

1

2l
ερσ∇ρϕσ

(
ϕµενα + ϕνεµα

)
ϕα

− 1

2
Φ2

[
∇µ

(
∇νx +

1

l
ϕν

)
+∇ν

(
∇µx +

1

l
ϕµ

)]
+ gµν

(
□
(
xθ2
)
− xθ2

l2

)
+ gµν

[
2

(
∇αx +

1

l
ϕα

)
∇α

(
Φ2 − 1

2
x2
)
+ Φ2∇α

(
∇αx +

1

l
ϕα

)]
− gµν

[
(x2 + 1)□x− x

l2

(
x2 + 1− Φ2

)
+

1

2l
ϕα∇αΦ

2

]
= − 1

6kπ2
Tµν , (7.2)

where we have already eliminated the original dilaton ϕ in favor of the reduced dilaton field
x defined in (2.46). Notice that only a single term involves the two-dimensional contorsion.
Varying the action with respect to the contorsion then gives:(

x2 + 1− θ2 − Φ2

)(
∇µx +

1

l
ϕµ

)
− x∇µθ

2 =
1

6kπ2
εµνT

ν
K, (7.3)

where we have introduced the contorsion current T µ
K = − 1√

−g
δSmat

δKµ
. In an analogous manner,

variation with respect to the scalar field associated with the five-dimensional torsion function,
θ, yields:

xθ

[
R+ 2εαβ∂αKβ +

2

l2
− 2

lx
εαβϕαKβ

]
= − 1

6kπ2
T(θ), (7.4)

with T(θ) = − 1√
−g

δSmat

δθ
. It is worth emphasizing that in the limit of vanishing contorsion this

equation turns into a constraint which, for θ ̸= 0, fixes the scalar curvature to the constant
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AdS value. This is why we interpret the field θ as playing the role of a Lagrange multiplier in
the action. Finally, varying the action (7.1) with respect to the vector field ϕµ and the dilaton
field ϕ gives:

ε ν
σ

[
ερµ∇σϕρ − ϕµK

σ − x

l
ε σ
µ

](
∇νx +

1

l
ϕν

)
− 1

2l

(
x2 + 1− θ2 − Φ2

)
εµνK

ν =
1

12kπ2λl
T (ϕ)
µ ,

(7.5)(
x2 + 1− θ2 − Φ2

)[
R+ 2εαβ∂αKβ +

2

l2

]
+

4x2

l2
+

4x

l

(
∇αϕ

α − εαβϕαKβ

)
− 2

(
∇µϕν∇νϕµ −∇µϕ

µ∇νϕ
ν − εαβKα∇βΦ

2
)
= − 1

3kπ2

1

x
T (ϕ), (7.6)

where the matter sources for ϕµ and ϕ are defined as T (ϕ)
µ = − 1√

−g
δSmat

δϕµ and T (ϕ) = − 1√
−g

δSmat

δϕ
,

respectively.

All equations of motion (7.2-7.6) are explicitly written so that, upon imposing ϕµ = −l∇µϕ,
Kµ = 0 and θ = 0, they reduce to the Riemannian sector of the theory (6.11-6.12). Using
equations (7.3-7.6), the metric equation (7.2) can be further recast in the following form:(

x2 + 1− θ2 − Φ2

){
∇µϕν +∇νϕµ −

1

x
(ϕµ∇νx + ϕν∇µx)−

2

lx
ϕµϕν + (ϕµενσ + ϕνεµσ)K

σ

−2gµν
[
∇αϕ

α − 1

x
ϕα∇αx−

1

lx
Φ2 +

x

l

]}
=

l

3kπ2
T̄µν , (7.7)

where we have introduced a reduced EMT, which incorporates contributions from additional
sources beyond the standard EMT, and is defined as

T̄µν = Tµν −
1

2lx
(ϕµενσ + ϕνεµσ)T

σ
K +

1

2
(gµσενρ + gνσεµρ)∇σT ρ

K − gµνε
αβ

(
∇αT

K
β −

1

lx
ϕαT

K
β

)
− 1

2λl

(
ϕµT

(ϕ)
ν + ϕνT

(ϕ)
µ

)
. (7.8)

In this representation, the equation makes it manifest that, even in the presence of non-zero
torsion, the enhanced symmetry of the 5DCS theory ensures the appearance of the simple
prefactor x2 + 1− θ2 − Φ2, in complete analogy with the Riemannian sector (6.11).

Because the full theory’s equations of motion are extremely complicated, we restrict our
analysis to solutions that admit at least one Killing vector. When this vector is time-like,
we focus on static, black-hole-type configurations. Conversely, if it is space-like, the resulting
solutions describe cosmological spacetimes. Consequently, we proceed directly to implementing
the symmetric ansatz introduced in Section 3.1. Employing equations (3.12), (3.13), and (3.19),
we obtain the following ansatz for ϕµ, Kµ, ∇µx, and the metric:

ϕµ = ϕ
∥
(x)ξµ + ϕ⊥(x)εµνξ

ν , Kµ = K
∥
(x)ξµ +K⊥(x)εµνξ

ν , ∇µx =
1

l
D(x)εµνξν , ξ2 = Λ(x).

(7.9)
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Using (7.9) equations of motion (7.3-7.7) can be rewritten in the following form:

Λ2

(
x2 + 1− θ2 − Φ2

){
Ddϕ⊥

dx
− 1

x

(
ϕ
∥2 + ϕ⊥ (ϕ⊥ +D

))
+ l
(
ϕ
∥
K⊥ + ϕ⊥K

∥)
∓
[
Ddϕ∥

dx
− 1

x
ϕ
∥ (

2ϕ⊥ +D
)
+ l
(
ϕ
∥
K

∥
+ ϕ⊥K⊥)]} =

2l2

3kπ2
F±2T̄±±, (7.10)(

x2 + 1− θ2 − Φ2

)[
D d

dx

(
Λϕ⊥)+ 1

x
Λ
(
ϕ
∥2 − ϕ⊥ (ϕ⊥ +D

))
− 2x

+ lΛ
(
ϕ
∥
K⊥ − ϕ⊥K

∥) ]
=

l2

6kπ2
T̄ , (7.11)

Λ

(
x2 + 1− θ2 − Φ2

)
ϕ
∥
=

l

6kπ2
εµνξµT

K
ν , (7.12)

Λ

[(
x2 + 1− θ2 − Φ2

)(
ϕ⊥ +D

)
− xDdθ2

dx

]
=

l

6kπ2
ξµTK

µ , (7.13)

xθ

[
D d

dx

(
DdΛ

dx
− 2lΛK

∥

)
+ 2 +

2

x
lΛ
(
ϕ⊥K

∥ − ϕ∥
K⊥)] = − l2

6kπ2
T (θ), (7.14)

ϕ
∥

[
D
(
2Λ

dϕ⊥

dx
+
(
2ϕ⊥ +D

) dΛ
dx

)
− 2x + 2lΛ

(
ϕ
∥
K⊥ −

(
ϕ⊥ +D

)
K

∥)]
− l
(
x2 + 1− θ2 − Φ2

)
K⊥ =

l

6kπ2λ

ξµT
(ϕ)
µ

Λ
, (7.15)

D
[
2Λϕ

∥dϕ
∥

dx
+
(
ϕ
∥2 + ϕ⊥ (ϕ⊥ +D

)) dΛ
dx

]
− 2x

(
ϕ⊥ +D

)
+ 2lΛϕ⊥ (ϕ∥

K⊥ −
(
ϕ⊥ +D

)
K

∥)
− l
(
x2 + 1− θ2 − Φ2

)
K

∥
=

l

6kπ2λ

εµνξµT
(ϕ)
ν

Λ
, (7.16)

(
x2 + 1− θ2 − Φ2

)[
D d

dx

(
DdΛ

dx
− 2lΛK

∥

)
+ 2

]
+ 4x2 − 4xD

d
(
Λϕ⊥)
dx

−DdΦ2

dx

(
DdΛ

dx
− 2lΛK

∥

)
− 4lxΛ(ϕ

∥
K⊥ − ϕ⊥K

∥
) = − l2

3kπ2

1

x
T (ϕ). (7.17)

The first pair of equations (7.10-7.11) describe, respectively, the "±±" component and the trace
of the metric equation of motion (7.7). The following two equations (7.12-7.13) give the parallel
and normal components of the contorsion equation (7.3). The equation of motion for the θ field
(7.4) simplifies to (7.14) once the symmetric ansatz is imposed. Equations (7.15-7.16) represent
the normal and parallel components of the equation (7.5) for the vector field ϕµ. Finally, the
last equation (7.17) is equivalent to (7.6) for the dilaton field.

Within this chapter, we restrict ourselves to theories whose matter content is strictly two-
dimensional, which implies

T (ϕ) = T (ϕ)
µ = T (θ) = 0. (7.18)

Thus, the only non-vanishing sources are the EMT, Tµν ̸= 0, and the contorsion current, TK
µ ̸= 0.

Since equations (7.14-7.17) contain no sources, they act as constraints inherited from the five-
dimensional theory and, as such, are analyzed later. We first turn to the equations (7.10-7.11),
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rewriting them in terms of the symmetric ansatz components of the EMT. Employing (3.33)
and (3.34), they take the form:(

x2 + 1− θ2 − Φ2

)[
Ddϕ⊥

dx
− 1

x

(
ϕ
∥2 + ϕ⊥ (ϕ⊥ +D

))
+ l
(
ϕ
∥
K⊥ + ϕ⊥K

∥)]
=

l2

6kπ2

(
T

∥∥
+ T⊥⊥)+ l

6kπ2

[
DdT ∥

K

dx
− 1

x

(
ϕ
∥
T⊥
K + ϕ⊥T

∥
K

)]
, (7.19)(

x2 + 1− θ2 − Φ2

)[
Ddϕ∥

dx
− 1

x
ϕ
∥ (

2ϕ⊥ +D
)
+ l
(
ϕ
∥
K

∥
+ ϕ⊥K⊥)]

=
l2

3kπ2
T

∥⊥ +
l

6kπ2

[
DdT⊥

K

dx
− 1

X

(
ϕ
∥
T

∥
K + ϕ⊥T⊥

K

)]
, (7.20)(

x2 + 1− θ2 − Φ2

)[
D d

dx

(
Λϕ⊥)+ Λ

x

(
ϕ
∥2 − ϕ⊥ (ϕ⊥ +D

))
− 2x + lΛ

(
ϕ
∥
K⊥ − ϕ⊥K

∥)]
=

l2Λ

6kπ2

(
T

∥∥ − T⊥⊥)+ l

6kπ2

[
D
d
(
ΛT ∥

K

)
dx

+
Λ

x

(
ϕ
∥
T⊥
K − ϕ⊥T

∥
K

)]
. (7.21)

Using equations (7.13-7.12) together with (7.15-7.16), equation (7.19) reduces to(
x2 + 1− θ2 − Φ2

)
ϕ
∥
2lΛK

∥
=

l2

3kπ2
T

∥⊥. (7.22)

If one multiplies equation (7.19) by Λ and subtracts it from (7.21), one finds:(
x2 + 1− θ2 − Φ2

)[
Dϕ⊥dΛ

dx
− 2x− 2lΛϕ⊥K

∥

]
= − l2

3kπ2
ΛT⊥⊥ +

l

6kπ2
DdΛ

dx
T

∥
K. (7.23)

Conversely, adding instead of subtracting yields:(
x2 + 1− θ2 − Φ2

)[
2Λ

(
Ddϕ⊥

dx
− 1

x
ϕ⊥ (ϕ⊥ +D

))
+Dϕ⊥dΛ

dx
− 2x + 2lΛϕ

∥
K⊥
]

=
l

6kπ2

[
2lΛT

∥∥
+D

(
dΛ

dx
T

∥
K + 2Λ

dT ∥
K

dx

)
− 2

x
Λϕ⊥T

∥
K

]
. (7.24)

The relations (7.13-7.12) admit no substantial further simplification and read:(
x2 + 1− θ2 − Φ2

)
ϕ
∥
=

l

6kπ2
T⊥
K , (7.25)(

x2 + 1− θ2 − Φ2

)(
ϕ⊥ +D

)
− xDdθ2

dx
=

l

6kπ2
T

∥
K. (7.26)

For later convenience, we now define the following auxiliary source-dependent functions:

T̃⊥⊥ =
l

6kπ2

(
2lΛT⊥⊥ − T ∥

K

dΛ

dx̄

)
,

T̃
∥∥

=
l

6kπ2

(
2lΛT

∥∥
+ T

∥
K

dΛ

dx̄
+ 2Λ

dT ∥
K

dx̄

)
,

T̃
∥⊥ =

l

6kπ2
2lΛT

∥⊥, T̃
∥/⊥ =

l

6kπ2
T

∥/⊥,

(7.27)
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and, analogously, we introduce auxiliary functions for the fields:

Z = x2 + 1− θ2 − Φ2, (7.28)

S =
dΛ

dx̄
− 2lΛK

∥
. (7.29)

The complete symmetric system of equations of motion is represented by the equations
containing the sources: the EMT (7.22-7.24) and the contorsion current (7.25-7.26). In addition
to this set, four constraints (7.14-7.17) must be imposed. These constraints originate from the
dimensional reduction procedure. Further details can be found in Section 2.3.

7.1.1 General symmetric vacuum solutions

In this section we derive the most general solution of the vacuum equations of motion (7.10–7.17)
that admits at least one Killing vector. In the vacuum case, all source terms vanish, i.e.
Tµν = T µ

K = T µ
(ϕ) = T (θ) = T (ϕ) = 0. As in the Riemannian sector discussed in Section 6.1.1,

the complete theory again splits into two distinct branches of solutions. We first analyze the
branch characterized by x2 + 1− θ2 − Φ2 ̸= 0.

From equation (7.12), we infer ϕ∥ = 0. Then, using (7.15) we obtain K⊥ = 0. Next,
combining (7.10) with (7.11) and inserting the resulting expression into (7.16) leads to K∥ = 0.
Thus, the remaining nontrivial equations reduce to

Ddϕ⊥

dx
=

1

x
ϕ⊥ (ϕ⊥ +D

)
, (7.30)

Dϕ⊥dΛ

dx
= 2x, (7.31)

xDdθ2

dx
=

(
x2 + 1− θ2 + Λϕ⊥2

)(
ϕ⊥ +D

)
, (7.32)

θ

[
D d

dx

(
DdΛ

dx

)
+ 2

]
= 0. (7.33)

We now change to the coordinate x̄ as introduced in (3.20). Equation (7.30) can be integrated
directly, yielding x̄ = − x

ϕ⊥ . Substituting this relation into (7.31) and integrating gives the metric
function Λ = −(x̄2 − µ), where µ is an integration constant. With this form of Λ, equation
(7.33) is automatically fulfilled. The remaining equation (7.32) can then be integrated to obtain
the θ field:

θ2 = 1 +
1

3
ϕ⊥2 +

η

ϕ⊥ , (7.34)

where η is another integration constant. A straightforward check confirms that (7.5) is satisfied
as well.

Hence, the solution is specified by two arbitrary coordinate transformations F±, an arbitrary
function of the dilaton ϕ⊥(x), and the constants µ and η, which we collectively denote by
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RCI(F+,F−, ϕ⊥(x̄), µ, η):

ds2 = −(x̄2 − µ)dt2 + l2dx̄2

x̄2 − µ
,

x̄ =


√
µ tanh

[√
µ

2l

(∫
dx+

F+
+

∫
dx−

F−

)]
, 0 < x̄ <

√
µ,

√
µ coth

[√
µ

2l

(∫
dx+

F+
+

∫
dx−

F−

)]
, x̄ >

√
µ,

ϕ
∥
= 0, K

∥
= 0, K⊥ = 0, x = −x̄ϕ⊥(x̄),

θ2 = 1 +
1

3
µϕ⊥2(x̄) +

η

ϕ⊥(x̄)
.

(7.35)

Choosing ϕ⊥ = −1 and θ = 0, which corresponds to fixing η = 1+µ/3, brings this solution back
to the generic branch-one solution in the Riemannian sector of the theory (6.17), as anticipated.

The other branch is defined by x2 + 1 − θ2 − Φ2 = 0. Consequently, equations (7.10-7.12)
are satisfied identically. From equation (7.13) it follows that θ2 = θ20 = const. After some
straightforward algebra, one finds that equations (7.15-7.16) reduce to the dilaton equation
(7.17). Therefore, the system effectively boils down to the following two equations:

θ0

[
D d

dx

(
DdΛ

dx
− 2lΛK

∥

)
+ 2 +

2

x
lΛ
(
ϕ⊥K

∥ − ϕ∥
K⊥)] = 0, (7.36)

D
[
2Λ

dϕ⊥

dx
+
(
2ϕ⊥ +D

) dΛ
dx

]
− 2x + 2lΛ

(
ϕ
∥
K⊥ −

(
ϕ⊥ +D

)
K

∥)
= 0. (7.37)

Inspection of (7.36-7.37) shows that the case θ0 = 0 is somewhat special, because only a
single differential equation, namely (7.37), remains. In this situation, the solution is specified
by two coordinate transformations F± and four arbitrary functions of the coordinate x̄. The
field K⊥ is then determined from equation (7.37), whereas ϕ∥ is obtained from the constraint
x2 + 1 = Λ

(
ϕ∥2 − ϕ⊥2

)
. The coordinate x̄ is fixed by evaluating the integral (3.18). We denote

this family of solutions by RCIIB(F+,F−Λ(x̄), ϕ⊥(x̄),K∥(x̄), x(x̄)).

By imposing ϕ∥ = K⊥ = K∥ = 0 and ϕ⊥ = −D, the single equation (7.37) is automatically
fulfilled, provided that the condition x2 +1+ΛD2 = 0 holds. Consequently, only one arbitrary
function, Λ(x), remains undetermined. Hence, this solution effectively coincides with the general
branch-two solution of the Riemannian sector equations of motion (6.20).

The case with θ0 ̸= 0 is genuinely Riemann–Cartan. Both differential equations are still
present, so the solution now depends on one fewer arbitrary function and on two additional
constants, θ0 and C. We denote this solution by RCIIA(F+,F−Λ(x̄), ϕ⊥(x̄), x(x̄), θ0, C). It is
explicitly given by

x2 + 1− θ20 = Λ
(
ϕ
∥2 − ϕ⊥2

)
, θ = θ0,

lΛK
∥
=

1

2

dΛ

dx̄
− C − Λϕ⊥

x
,

lΛϕ
∥
K⊥ = x + ϕ⊥

[
1

2

dΛ

dx̄
− C − Λϕ⊥

x

]
+ x

d

dx̄

(
C − Λϕ⊥

x

)
.

(7.38)

In this regime, the contorsion is completely determined by the metric, the dilaton field, and the
vector field ϕµ. These fields themselves, however, remain arbitrary, subject only to the brunch
condition.

142



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

A straightforward substitution confirms that all three solution families, RCI (7.35), RCIIA
(7.38), and RCIIB, also satisfy the five-dimensional equations of motion (2.30). In addition,
the five-dimensional BTZ black hole with torsion (2.31–2.32) remains a valid solution of this
dimensionally-reduced 5DCS theory, within the first branch. The presence of some of the
arbitrary functions in the branch-two solutions is an artifact of the unfixed five-dimensional
gauge symmetries. To verify if this solutions are stable, one should see how they change when
small perturbations of the sources are introduces. A further comment on this issue is given in
Section 7.2.4.

7.2 General solutions with non-vanishing matter fields

In this section, we analyze the gravity equations of motion in the presence of matter. As
our focus excludes the vacuum solutions, at least one component of the EMT and/or the
contorsion current must be non-vanishing. The main aim is to find solutions for the additional
field content, i.e. the contorsion Kµ, vector field ϕµ and θ in terms of the dilaton field x and the
metric function Λ, and subsequently express the remaining equations in terms of the sources
and Λ.

One of the equations of motion (7.14) is inherently satisfied when θ = 0, significantly altering
both the form of the equations of motion and their corresponding solutions. Moreover, since
the function Z appears as a prefactor in most equations, whether it vanishes or not gives rise to
additional distinct cases. Further special instances require individual consideration. Therefore,
we provide Table 7.1, which summarizes all these cases. The initial column of the table indicates
the non-zero source, whereas the subsequent three columns outline the conditions that specify
the solution. The axillary function J appearing in Table 7.1 varies from case to case, and for
that reason it is defined for each particular case, while P is an integration constant relevant
to some cases. Using the axillary functions of the sources (7.27), the conservation laws for the
EMT (3.66) and (3.67) can be rewritten in the following form:

2Λ
dT̃⊥⊥

dx̄
+

dΛ

dx̄

(
T̃

∥∥
+ T̃⊥⊥

)
= 4lΛK⊥ d

dx̄

(
ΛT̃⊥

K

)
− 2ΛT̃

∥
K

dS
dx̄
,

T̃
∥⊥ = 2lΛK

∥
T̃⊥
K +

const.

Λ
,

(7.39)

where within our model the constant in the second equation vanishes. The second condition is
automatically satisfied on equations (7.22) and (7.25). It is straight-forward to check that the
first conservation law is satisfied in each case separately.

It turns out that any free, minimally-coupled matter field theory possesses an identically
vanishing contorsion current. For scalar and vector fields this is straightforward. The subtlety
arises for spinor fields, where the contorsion appears explicitly in the action. Even so, when one
varies the action with respect to the contorsion, the ensuing contorsion current manifestly van-
ishes. A non-zero value for this current occurs only once non-minimal couplings are introduced.
Consequently, we focus in particular on setups where the energy-momentum tensor is the only
non-vanishing source. In such a situation we automatically obtain ϕ∥ = K⊥ = 0, as well as
T ∥⊥ = 0. There are for configurations with non-vanishing θ field. In all these configurations
the solution is determined by three integration constants η, P , and D, and is most conveniently
expressed in the z coordinate (3.21). On the other hand, if one allows the θ field to vanish, the
theory collapses to the purely Riemannian sector analyzed in the preceding chapter.
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The case when the parallel component of the contorsion current together with the EMT
does not vanish is of great importance when there is non-minimal coupling of the matter fields
only to the curvature of the spacetime. In the two-dimensional case, terms linear in curvature
have the following form:

Sint ∝
∫
εabR

abF = −
∫

d2x
√
−g
(
R+ 2εαβ∇αKβ

)
F, (7.40)

where F denotes a scalar function related to the field content within the theory. The second
equality comes from expression (2.42). The second term in expression (7.40) is significant for
the purpose of our argument. Varying with respect to Kµ leads to the following expression for
the source of contorsion:

T µ
K ∝ εµν∇νF =

D
l

dF

dx
ξµ, (7.41)

implying that only a parallel component of the contorsion current exists. Even adding a
quadratic term in the Riemann-Cartan curvature, or any function of R, leads to an identi-
cal outcome. Since T⊥

K = 0, once again ϕ∥ = 0 and K⊥ = 0, as well as T ∥⊥ = 0.

In this situation, the solutions reduce to those of the previous case when one takes the
limit in which the contorsion current vanishes. However, for θ ̸= 0 there are five distinct
solutions, in contrast to the earlier case. The presence of a non-zero parallel component of
the contorsion current yields a BTZ-like solution with non-vanishing EMT, together with an
arbitrary ϕ⊥ function and constants P and η. In contrast with the preceding case, when θ = 0
the non-vanishing T ∥

K leads to a much richer spectrum of solutions, which can display a non-zero
two-dimensional torsion, as shown in Table 7.1. Finally, only in this scenario can a vanishing
Z function be imposed. This provides an additional perspective on the stability of the vacuum
solutions RCIIA (7.38) and RCIIB.

Finally, the most general case arises when the normal component of the contorsion current
does not vanish. This situation occurs only in the presence of a non-minimal coupling of the
matter action to the two-dimensional torsion. The solutions in the θ ̸= 0 sector are then
characterized by two constants, η and P , whereas the θ = 0 sector resembles the previous case
and reduces to it in the limit where the normal component of the contorsion current goes to
zero.

In what follows, we do not organize this section according to which component of the con-
torsion current vanishes. Instead, we directly solve the equations and thereby explain why the
various cases appear. The discussion is structured around three main scenarios: two scenarios
with Z ̸= 0, distinguished by whether θ is present or absent, and a third scenario with Z = 0.
Moreover, when Z ̸= 0, we further distinguish three cases according to which components of
the contorsion current are non-vanishing. Throughout all of these cases, we assume that both
the dilaton field and the metric are non-zero, i.e., x ̸= 0 and Λ ̸= 0.

7.2.1 Solutions when Z ̸= 0 and θ ̸= 0

We begin by analyzing the constraint equations. Since θ ̸= 0, condition (7.14) is satisfied,
and consequently the dilaton field equation (7.17) becomes considerably simpler, as the scalar
curvature term drops out. After additionally substituting (7.15) and (7.16) into (7.17), we
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Source Condition 1 Condition 2 Condition 3 Condition 4

TK
µ = 0

θ ̸= 0 ∧ Z ̸= 0

Λ > 0 x2 + Λϕ⊥2 > 0 /

Λ < 0
x2 + Λϕ⊥2 > 0 /
x2 + Λϕ⊥2 < 0 /
x2 + Λϕ⊥2 = 0 /

θ = 0 ∧ Z ̸= 0
ϕ⊥ ̸= 0

S2 + 4Λ ̸= 0 ∧ J ̸= 0
S ′ + 2 = 0
S ′ + 2 ̸= 0

S2 + 4Λ ̸= 0 ∧ J = 0 /
S2 + 4Λ = 0 /

ϕ⊥ = 0 / /

T⊥
K = 0

θ ̸= 0 ∧ Z ̸= 0
Sϕ⊥ ̸= 2x

Λ > 0 x2 + Λϕ⊥2 > 0

Λ < 0
x2 + Λϕ⊥2 > 0
x2 + Λϕ⊥2 < 0
x2 + Λϕ⊥2 = 0

Sϕ⊥ = 2x / /

θ = 0 ∧ Z ̸= 0
ϕ⊥ ̸= 0 ∧ D ̸= 0

S2 + 4Λ ̸= 0 ∧ J ̸= 0
T̃⊥⊥ ̸= 0

T̃⊥⊥ = 0

S2 + 4Λ ̸= 0 ∧ J = 0
Z ̸= 2/3
Z = 2/3

S2 + 4Λ = 0
T̃⊥⊥ ̸= 0

T̃⊥⊥ = 0
D = 0 / /
ϕ⊥ = 0 / /

Z = 0 / / /

T⊥
K ̸= 0

θ ̸= 0 ∧ Z ̸= 0

Φ2 ̸= x2 ∧ ϕ⊥ ̸= 0
P ̸= 0

S2 + 4Λ /∈ {0, P 2}
S2 + 4Λ = P 2

S2 + 4Λ = 0

P = 0
S2 + 4Λ ̸= 0
S2 + 4Λ = 0

Φ2 = x2 ∧ ϕ⊥ ̸= 0
S2 + 4Λ ̸= 0 /
S2 + 4Λ = 0 /

ϕ⊥ = 0 / /

θ = 0 ∧ Z ̸= 0
ϕ⊥ ̸= 0 ∧ D ̸= 0

S2 + 4Λ ̸= 0 ∧ J ̸= 0
T̃⊥⊥ ̸= 0

T̃⊥⊥ = 0

S2 + 4Λ ̸= 0 ∧ J = 0
Z ̸= 2/3
Z = 2/3

S2 + 4Λ = 0
T̃⊥⊥ ̸= 0

T̃⊥⊥ = 0
D = 0 / /
ϕ⊥ = 0 / /

Table 7.1: Classification of the solutions to the equations of motion
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obtain:

4

x
l
(
x2 − Φ2

)
εαβϕαKβ =

2

x
Λϕ⊥D d

dx

(
x2 − Φ2

)
+

4

x

(
x2 − Φ2

)(
x−D

d
(
Λϕ⊥)
dx

)

−D
(
dΦ2

dx
− 2

x
Φ2

)(
DdΛ

dx
− 2lΛK

∥

)
.

(7.42)

Observe that (7.42) is identically fulfilled when Φ2 = x2, indicating that this special case must
be treated independently. Accordingly, the subsection is split into five parts, distinguished by
which components of the contorsion current vanish and by whether the condition Φ2 = x2 holds.

Completely vanishing contorsion current

Here we solve the equations of motion in the case where T ∥
K = T⊥

K = 0. Because Z ̸= 0,
equation (7.25) enforces ϕ∥ = 0, which in turn simplifies equation (7.15) to K⊥ = 0. From
equation (7.22) we further obtain T ∥⊥ = 0. Consequently, the system of equations simplifies
to:

Z
[
ϕ⊥dΛ

dx̄
− 2x− 2lΛϕ⊥K

∥

]
= −T̃⊥⊥, (7.43)

Z
[
2Λ

(
dϕ⊥

dx̄
− 1

x
ϕ⊥ (ϕ⊥ +D

))
+ ϕ⊥dΛ

dx̄
− 2x

]
= T̃

∥∥
, (7.44)

Z
(
ϕ⊥ +D

)
= x

dθ2

dx̄
, (7.45)(

ϕ⊥ +D
) [
ϕ⊥dΛ

dx̄
− 2x− 2lΛϕ⊥K

∥

]
= lZK∥

, (7.46)

d

dx̄

(
dΛ

dx̄
− 2lΛK

∥

)
+ 2 +

2

x
lΛϕ⊥K

∥
= 0, (7.47)[

2Λ

(
dϕ⊥

dx̄
− 1

x
ϕ⊥ (ϕ⊥ +D

))
+ ϕ⊥dΛ

dx̄
− 2x

] [
ϕ⊥dΛ

dx̄
− 2x− 2lΛϕ⊥K

∥

]
= 0. (7.48)

By imposing that the second bracket in (7.48) vanishes, the EMT is set to zero, implying
T ∥∥ = T⊥⊥ = 0, and the resulting solution coincides exactly with (7.35). This case is not of
particular interest, since we are focusing on configurations where at least one EMT component
is non-zero. Consequently, the first bracket in (7.48) must vanish, which leads to

d

dx̄

(
Λϕ⊥2 + x2

)
=

2

x

(
Λϕ⊥2 + x2

) (
ϕ⊥ +D

)
. (7.49)

Taken together with equation (7.44), this condition also eliminates the parallel component of
the EMT, i.e. T ∥∥ = 0, while the normal component remains non-zero. Depending on the signs
of Λ and Λϕ⊥2+x2, four distinct cases must be considered. In all of these cases, the coordinate
z, defined by equation (3.21), is employed.

• Λ > 0 : Integrating equation (7.49) results into the following solution for ϕ⊥:

ϕ⊥ =
x√
Λ
tan z. (7.50)
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Using this solution as well as the definition of the z coordinate (3.21), equation (7.45) can be
integrated resulting in a solution for the θ field:

θ2 = 1 +
1

3

( x

cos z

)2
+ η

cos z

x
, (7.51)

where η is an integration constant. Next, direct integration of equation (7.47) results into:

2lΛK
∥
=

dΛ

dx̄
+ 2
√
Λ tan z− P

cos z
, (7.52)

where P is another integration constant. Using the solutions (7.50-7.52) makes equation
(7.46) integrable, giving the following solution for the dilaton field:

2

3

( x

cos z

)3
=

D cos z√
−Λ− P

2
sin z

+ η, (7.53)

where D is the final integration constant. Placing solutions (7.50-7.53) in the last remaining
equation (7.43) gives a condition for the EMT:

T⊥⊥ =
6kπ2D

l2
1

Λ3/2
. (7.54)

• Λ < 0 ∧ x2 + Λϕ⊥2 > 0 : In this case, the solution to the equation (7.49) is given by the
following expression:

ϕ⊥ =
x√
−Λ

tanh z. (7.55)

Integrating equations (7.45) and (7.47) yields:

θ2 = 1 +
1

3

( x

cosh z

)2
+ η

cosh z

x
, (7.56)

2lΛK
∥
=

dΛ

dx̄
− 2
√
−Λ tanh z− P

cosh z
, (7.57)

respectively. The solution to equation (7.46) and the constraint on the perpendicular com-
ponent of the EMT are given by:

2

3

( x

cosh z

)3
=

D cosh z√
−Λ− P

2
sinh z

+ η, (7.58)

T⊥⊥ = −6kπ2D

l2
1

(−Λ)3/2
. (7.59)

Similarly to the previous case, the solution depends on three constants η, P and D.

• Λ < 0 ∧ x2 + Λϕ⊥2 < 0 : Equation (7.49) gives the following solution:

ϕ⊥ =
x√
−Λ

coth z. (7.60)

Equations (7.45) and (7.47) reduce to:

θ2 = 1− 1

3

( x

sinh z

)2
+ η

sinh z

x
, (7.61)

2lΛK
∥
=

dΛ

dx̄
− 2
√
−Λcoth z− P

sinh z
, (7.62)
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respectively. The answer to equation (7.46) along with the condition on the perpendicular
component of the EMT is expressed as:

2

3

( x

sinh z

)3
=

D sinh z√
−Λ + P

2
cosh z

− η, (7.63)

T⊥⊥ = −6kπ2D

l2
1

(−Λ)3/2
. (7.64)

In a manner akin to the earlier situations, the solution relies on three constants: η, P , and
D.

• Λ < 0 ∧ x2 + Λϕ⊥2 = 0 : The specific condition in this case automatically satisfies equation
(7.49) and implies:

ϕ⊥ = ± x√
−Λ

(7.65)

It is straight-forward to integrate both equations (7.45) and (7.47). The solution is given by:

θ2 = 1 +
η

x
e±z. (7.66)

2lΛK
∥
=

dΛ

dx̄
∓ 2
√
−Λ + 2Pe∓z. (7.67)

In this instance, solving the integral of equation (7.46) results in:

2

3

(
xe∓z

)3
=
η

P

[(
±
√
−Λ− P

2
e∓z

)
e∓z +D

]
, (7.68)

while the constraint imposed on the EMT is given by:

T⊥⊥ = ±6kπ2ηP

l2
1

(−Λ)3/2
. (7.69)

We conclude that, in this final case, the solution once again depend on three constants η, P
and D.

Non-vanishing parallel component of contorsion current

In this section, we assume that T ∥
K ̸= 0 while T⊥

K = 0. Due to analogous reasons presented in
the preceding section, it holds that ϕ∥ = K⊥ = T ∥⊥ = 0. Consequently, we have the following
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system of equations remaining:

Z
[
ϕ⊥dΛ

dx̄
− 2x− 2lΛϕ⊥K

∥

]
= −T̃⊥⊥, (7.70)

Z
[
2Λ

(
dϕ⊥

dx̄
− 1

x
ϕ⊥ (ϕ⊥ +D

))
+ ϕ⊥dΛ

dx̄
− 2x

]
= T̃

∥∥ − 2

x
Λϕ⊥T̃

∥
K, (7.71)

Z
(
ϕ⊥ +D

)
− x

dθ2

dx̄
= T̃

∥
K, (7.72)(

ϕ⊥ +D
) [
ϕ⊥dΛ

dx̄
− 2x− 2lΛϕ⊥K

∥

]
= lZK∥

, (7.73)

d

dx̄

(
dΛ

dx̄
− 2lΛK

∥

)
+ 2 +

2

x
lΛϕ⊥K

∥
= 0, (7.74)[

2Λ

(
dϕ⊥

dx̄
− 1

x
ϕ⊥ (ϕ⊥ +D

))
+ ϕ⊥dΛ

dx̄
− 2x

] [
ϕ⊥dΛ

dx̄
− 2x− 2lΛϕ⊥K

∥

]
= 0. (7.75)

In contrast to the previous section, setting the second bracket in equation (7.75) to zero does
not lead to the EMT disappearing, as T ∥

K remains non-zero. Then equations (7.73) and (7.70)
reduce to K∥ = 0 and T̃⊥⊥ = 0, respectively. The metric function Λ is completely determined
from (7.74), that is:

Λ = −
(
x̄2 − µ

)
, (7.76)

where µ is an integration constant. Using this solution (7.76) together with equation (7.75)
results in the following:

x = −x̄ϕ⊥(x̄). (7.77)
Putting (7.76) and (7.77) into equation (7.71) results into a condition for the EMT, given by:

T̃
∥∥
+

2

x̄
ΛT̃

∥
K = 0. (7.78)

The last equation (7.72) can be directly integrated giving a solution for the θ filed:

θ2 = 1 +
1

3
µϕ⊥2 +

1

ϕ⊥

(
η +

∫
dx̄

x̄
T̃

∥
K

)
, (7.79)

where η is the integration constant.

Choosing the first bracket in (7.75) to vanish we arrive at the same equation (7.49) as in
the case when the entire contorsion current vanishes, namely:

d

dx̄

(
Λϕ⊥2 + x2

)
=

2

x

(
Λϕ⊥2 + x2

) (
ϕ⊥ +D

)
. (7.80)

To proceed further, we must examine four separate cases due to the varying options for the
signs of Λ and x2 + Λϕ⊥2.

• Λ > 0 : Similarly to the previous section, equations (7.80), (7.71) and (7.74) reduce to the
following:

ϕ⊥ =
x√
Λ
tan z, (7.81)

T̃
∥∥

= 2
√
ΛT̃

∥
K tan z, (7.82)

2lΛK
∥
=

dΛ

dx̄
+ 2
√
Λ tan z− P

cos z
, (7.83)
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where P is the standard integration constant related to the parallel component of the con-
torsion. Equation (7.72) can be directly integrated using (7.81) resulting in:

θ2 = 1 +
1

3

( x

cos z

)2
+

cos z

x
(η + I) , (7.84)

where η is another constant and I = −
∫

dz
√
Λ

cos z
T̃ ∥
K. Equation (7.70) gives the solution for x in

the following form:
2

3

( x

cos z

)3
=
T̃⊥⊥
√
Λ

2

cos z√
Λ− P

2
sin z

+ η + I, (7.85)

The final equation (7.73) gives another condition for the EMT:

d

dz

(√
ΛT̃⊥⊥

)
+

2
√
ΛT̃ ∥

K

cos z

√
Λ− P

2
sin z

cos z
= 0. (7.86)

• Λ < 0 ∧ x2 + Λϕ⊥2 > 0 : Analogues to the previous case, integration of equations (7.80),
(7.71) and (7.74) results into:

ϕ⊥ =
x√
−Λ

tanh z, (7.87)

T̃
∥∥

= −2
√
−ΛT̃ ∥

K tanh z, (7.88)

2lΛK
∥
=

dΛ

dx̄
− 2
√
−Λ tanh z− P

cosh z
. (7.89)

The other three equations provide solutions for the θ and x fields, along with an additional
constraint for the EMT:

θ2 = 1 +
1

3

( x

cosh z

)2
+

cosh z

x
(η + I) , (7.90)

2

3

( x

cosh z

)3
=
T̃⊥⊥√−Λ

2

cosh z√
−Λ− P

2
sinh z

+ η + I, (7.91)

d

dz

(√
−ΛT̃⊥⊥

)
+

2
√
−ΛT̃ ∥

K

cosh z

√
−Λ− P

2
sinh z

cosh z
= 0, (7.92)

where the integral I is given by:

I =

∫
dz
√
−Λ

cosh z
T̃

∥
K. (7.93)

• Λ < 0 ∧ x2 + Λϕ⊥2 < 0 : Solving equations (7.80), (7.71) and (7.74) yileds:

ϕ⊥ =
x√
−Λ

coth z, (7.94)

T̃
∥∥

= −2
√
−ΛT̃ ∥

K coth z, (7.95)

2lΛK
∥
=

dΛ

dx̄
− 2
√
−Λcoth z− P

sinh z
. (7.96)

Once again, the remaining equations reduce to the expected solutions:

θ2 = 1− 1

3

( x

sinh z

)2
+

sinh z

x
(η + I) , (7.97)

2

3

( x

sinh z

)3
=
T̃⊥⊥√−Λ

2

sinh z√
−Λ + P

2
cosh z

− (η + I), (7.98)

d

dz

(√
−ΛT̃⊥⊥

)
− 2
√
−ΛT̃ ∥

K

sinh z

√
−Λ + P

2
cosh z

sinh z
= 0, (7.99)
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where the integral I is given by:

I =

∫
dz
√
−Λ

sinh z
T̃

∥
K. (7.100)

• Λ < 0 ∧ x2 + Λϕ⊥2 = 0 : According to the condition defining this case, equation (7.80) is
solved, resulting in:

ϕ⊥ = ± x√
−Λ

. (7.101)

The solutions to equations (7.71) and (7.74) have the standard form:

T̃
∥∥

= ∓2
√
−ΛT̃ ∥

K, (7.102)

2lΛK
∥
=

dΛ

dx̄
∓ 2
√
−Λ + 2Pe∓z. (7.103)

Integrating equation (7.72) yields:

θ2 = 1 +
e±z

x
(η + I) , (7.104)

where I =
∫
dz
√
−ΛT̃ ∥

Ke
∓z. Equation (7.70) reduces to a constraint for the T⊥⊥, that is:

1

2

√
−ΛT̃⊥⊥ ± P (η + I) = 0, (7.105)

while the final equation (7.73) gives the following solution for x:

2

3
P
(
xe∓z

)3
= (η + I)

(
±
√
−Λ− P

2
e∓z

)
e∓z + ηD −

∫
dz
√
−ΛT̃ ∥

K

(
±
√
−Λ− P

2
e∓z

)
e∓2z.

(7.106)

We conclude that if a non-zero parallel component of the contorsion current is present, the
solutions depend on three integration constants η, P , and D similar to those in the prior
section. Moreover, by taking the limit T ∥

K → 0, these solutions align with those derived earlier.

Non-vanishing normal component of contorsion current when Φ2 ̸= x2 and ϕ⊥ ̸= 0

Here, we derive the most general solution to the equations of motion (7.10-7.17). In the previous
two sections, the condition ϕ⊥ ̸= 0 was assumed, which does not automatically hold when
T⊥
K ̸= 0. This particular situation is analyzed independently in the following sections.

After multiplying equation (7.14) by x2 − Φ2 and substituting equation (7.42) into this
modified equation, we reach an integrable form. Upon integration, the resulting expression is
as follows:

dΛ

dx̄
+

2

x
Λϕ⊥ − 2lΛK

∥
=
P

x

√
|x2 − Φ2|, (7.107)

where P is an arbitrary integration constant. We use a following convention:

x2 − Φ2 = ±
∣∣x2 − Φ2

∣∣ . (7.108)
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Placing (7.107) in equation (7.42) we arrive at the following expression for K⊥:

2lΛϕ
∥
K⊥ = P

[
d

dx̄

√
|x2 − Φ2| − 1

x

(
ϕ⊥ +D

)√
|x2 − Φ2|

]
−
[
2Λ

(
dϕ⊥

dx̄
− 1

x
ϕ⊥ (ϕ⊥ +D

))
+ ϕ⊥dΛ

dx̄
− 2x

]
.

(7.109)

Substituting solutions for K∥ (7.107) and K⊥ (7.109) in equations (7.15) and (7.16) gives:

lZK∥
= Pϕ⊥ d

dx̄

√
|x2 − Φ2| − d

dx̄

(
x2 − Φ2

)
, (7.110)

lZK⊥ = Pϕ
∥ d

dx̄

√
|x2 − Φ2|. (7.111)

Equation (7.22), together with (7.25), implies that the parallel component of the contorsion,
as well as the variable S, as defined in (7.29), are fully specified by the sources and the metric
function Λ, leading to:

K
∥
=
T ∥⊥

T⊥
K

, S =
dΛ

dx̄
− 2lΛ

T ∥⊥

T⊥
K

(7.112)

Equations (7.107) and (7.109) can be regarded as solutions for K∥ and K⊥, respectively, in
terms of the metric and ϕµ vector field. Using these, contorsion is removed from the equations
of motion, leading to the following set of equations:

Z
(
Sϕ⊥ − 2x

)
= −T̃⊥⊥, (7.113)

ZP
[
d

dx̄
− 1

x

(
ϕ⊥ +D

)]√
|x2 − Φ2| = T̃

∥∥ − 2

x
Λϕ⊥T̃

∥
K, (7.114)

Zϕ∥
= T̃⊥

K , (7.115)

Z
(
ϕ⊥ +D

)
− x

dθ2

dx̄
= T̃

∥
K, (7.116)

Z
2Λ

(
dΛ

dx̄
− S

)
= Pϕ⊥ d

dx̄

√
|x2 − Φ2| − d

dx̄

(
x2 − Φ2

)
, (7.117)

Z
(
dS
dx̄

+ 2

)
= 2Px

d

dx̄

√
|x2 − Φ2| − S d

dx̄

(
x2 − Φ2

)
, (7.118)

Sx + 2Λϕ⊥ = P
√
|x2 − Φ2|. (7.119)

The equations (7.113-7.116) are analogous to the initial equations (7.23-7.26); equation (7.119)
is a reformulation of expression (7.107). Moreover, equation (7.117) corresponds to (7.110),
whereas (7.118) is obtained by subtracting (7.110), multiplied by ϕ⊥, from equation (7.111).

All fields can be expressed in terms of
√
|x2 − Φ2|, Z and sources. By concurrently solving

equations (7.113) and (7.119) with respect to x and ϕ⊥, we obtain:

(
S2 + 4Λ

)
ϕ⊥ =

√
|x2 − Φ2|

[
2P − ST̃⊥⊥

Z
√
|x2 − Φ2|

]
, (7.120)

(
S2 + 4Λ

)
x =

√
|x2 − Φ2|

[
PS +

2ΛT̃⊥⊥

Z
√
|x2 − Φ2|

]
, (7.121)

while ϕ∥ is determined from (7.115):

ϕ
∥
=
T̃⊥
K

Z
. (7.122)
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Next, we examine expression (7.119) by taking its square. After multiplication by Z2 and
substitution of (7.113) and (7.115) we arrive at:(

S2 + 4Λ∓ P 2
)
Z2
(
x2 − Φ2

)
= Λ

(
T̃⊥⊥2 −

(
S2 + 4Λ

)
T̃⊥2
K

)
, (7.123)

where we have used the convention defined in (7.108). Equations (7.117) and (7.118) are
transformed into the following equivalent set of equations:

Z
2

d

dx̄

(
S2 + 4Λ

)
= −

(
S2 + 4Λ∓ P 2

) d

dx̄

(
x2 − Φ2

)
, (7.124)

Z2

2Λ

[
S2 + 4Λ + 2Λ

dS
dx̄
− S dΛ

dx̄

]
= PT̃⊥⊥ d

dx̄

√
|x2 − Φ2|. (7.125)

with the help of expression (7.119). Observe that these two equations are identical when
S2+4Λ = 0, which indicates that we need to revisit the original set of equations in this scenario.
Observing this new set of equations (7.120-7.125), together with equations (7.114) and (7.116),
we conclude that the solving procedure branches depending on whether S2 + 4Λ ∈ {0,±P 2}
and whether constant P vanishes. Let us first examine the cases where P ̸= 0.

• P ̸= 0 : Combining equations (7.114) and (7.116) leads to an integrable equation, the solution
of which is given by:

θ2 = 1 +
1

3

(
x2 − Φ2

)
+

1

P

η + I√
|x2 − Φ2|

, (7.126)

where η is an integration constant, while integral I is defined as:

I = −
∫

dx̄
(
T̃

∥∥
+ ST̃ ∥

K

)
. (7.127)

Now, we have also expressed Z solely in terms of |x2 − Φ2| and the sources. Here, we have
another branching of the solution depending on whether the quantity S2 + 4Λ∓ P 2 and/or
S2 + 4Λ is non-zero.

⋆ S2 + 4Λ∓ P 2 ̸= 0 ∧ S2 + 4Λ ̸= 0 : From (7.123) we get a solution for |x2 − Φ2|:

±2

3

∣∣x2 − Φ2
∣∣ 32 = J +

η + I

P
, (7.128)

where we have introduced a function J of the source fields, that is:

J = ±′

√√√√±Λ(T̃⊥⊥2 − (S2 + 4Λ) T̃⊥2
K

)
S2 + 4Λ∓ P 2

, (7.129)

with additional sign choice denoted by ±′. The remaining three equations (7.124),
(7.125) and (7.116) reduce to the constraints placed upon the sources, given by:

T̃
∥∥
+ ST̃ ∥

K =
P

2
J d

dx̄
ln
∣∣∣Λ(T̃⊥⊥2 −

(
S2 + 4Λ

)
T̃⊥2
K

)∣∣∣, (7.130)

S2 + 4Λ + 2Λ
dS
dx̄
− S dΛ

dx̄
= ∓PΛT̃

⊥⊥

2J
d

dx̄
ln
∣∣S2 + 4Λ∓ P 2

∣∣, (7.131)

T̃
∥
K ±

PS
2J

d
dx̄

(
ΛT̃⊥2

K

)
S2 + 4Λ∓ P 2

=
2ΛdT̃⊥⊥

dx̄
+ T̃⊥⊥ dΛ

dx̄

S2 + 4Λ

[
1± PS

2J
T̃⊥⊥

S2 + 4Λ∓ P 2

]
. (7.132)

153



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

Lastly, the perpendicular component of contorsion is expressed as follows:

lK⊥ = ∓PT̃
⊥
K

4J
d

dx̄
ln
∣∣S2 + 4Λ∓ P 2

∣∣. (7.133)

⋆ S2 + 4Λ = ±P 2 : From (7.123) we have a condition for the sources:

T̃⊥⊥2 = ±P 2T̃⊥2
K , (7.134)

which implies that x2 > Φ2, meaning the plus sign is applicable in this case. Equation
(7.124) is automatically solved. Equation (7.116) gives fourth, and final, condition for
the sources, i.e.

4ΛT̃
∥
K = 2

d

dx̄

(
ΛT̃⊥⊥

)
− ST̃⊥⊥ + ST̃ ∥∥

. (7.135)

Unfortunately, within this scenario, equation for J = Z
√
|x2 − Φ2| cannot be solved in

general. It is given by:

dJ
dx̄

=
P

2ΛT̃⊥⊥

(
dS
dx̄

+ 2

)
J 2 +

1

P

(
T̃

∥∥
+ ST̃

∥
K

)
. (7.136)

⋆ S2 + 4Λ = 0 : In this scenario, equation (7.125) still holds, implying that:√
|x2 − Φ2| = Q = const. (7.137)

This outcome annuls the right-hand side of both equations (7.117) and (7.118), leading
to:

S = −2x̄, Λ = −x̄2. (7.138)

Simultaneously solving equations (7.113), (7.115) and (7.119) yields a solution for the
fields x and ϕµ in terms of the sources, as well as one condition for the EMT:

x =
Qx̄

P

(
P 2T̃⊥2

K

T̃⊥⊥2
∓ 1

)
− PQ

4x̄
, (7.139)

ϕ⊥ = −Q
P

(
P 2T̃⊥2

K

T̃⊥⊥2
∓ 1

)
− PQ

4x̄2
, (7.140)

ϕ
∥
= −PQ

x̄

T̃⊥
K

T̃⊥⊥
, (7.141)

±2

3
Q3 = − x̄

P
T̃⊥⊥ +

η + I

P
. (7.142)

Since S and Λ have a form given by (7.137), the contorsion vanishes entirely, i.e.

K
∥
= K⊥ = T

∥⊥ = 0. (7.143)

The last remaining equation (7.116) reduces to another condition for the sources:

T̃
∥
K =

[
x̄

P 2

(
P 2T̃⊥2

K

T̃⊥⊥2
± 1

)
+

1

4x̄

]
d

dx̄

(
x̄T̃⊥⊥

)
− 1

T̃⊥⊥

d

dx̄

(
x̄2T̃⊥2

K

)
. (7.144)
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• P = 0 : Now, equation (7.114) gives a condition for the parallel component of the EMT:

T̃
∥∥

=
2

x
Λϕ⊥T̃

∥
K. (7.145)

In addition, from (7.109) we conclude that:

K⊥ = 0. (7.146)

The investigation analyzes two distinct scenarios, based on whether S2 + 4Λ is non-zero.

⋆ S2 + 4Λ ̸= 0 : Under the condition P → 0, the equations (7.120-7.122) remain valid,
providing corresponding solutions for ϕµ and x. Meanwhile, equations (7.114), (7.116)
and (7.125) simplify to the same constraints on sources as given by (7.130-7.132) in the
limit P → 0. Consequently, equation (7.123) yields the solution for θ:

θ2 = 1 + x2 − Φ2 +
J√
|x2 − Φ2|

, (7.147)

where J is given by:

J = ±′

√√√√±( ΛT̃⊥⊥2

S2 + 4Λ
− ΛT̃⊥2

K

)
. (7.148)

Using the function J , the integration of the final equation (7.124) becomes straightfor-
ward, resulting in:

±2

3

∣∣x2 − Φ2
∣∣ 32 = D − 1

2

∫
dx̄J d

dx̄
ln
∣∣S2 + 4Λ

∣∣, (7.149)

where D is an integration constant. Furthermore, condition (7.131) allows us to deter-
mine S purely as a function of the metric. The solution is expressed as follows:

S =


−2
√
Λ tan z; Λ > 0

2
√
−Λcoth z; Λ < 0, S2 + 4Λ > 0

2
√
−Λ tanh z; Λ < 0, S2 + 4Λ < 0

, (7.150)

where we have used the z coordinate defined in (3.21).

⋆ S2 + 4Λ = 0 : The condition defining this case, can be rewritten in the following form:

S = ±2
√
−Λ. (7.151)

From (7.145) we have:
T̃

∥∥
+ ST̃ ∥

K = 0. (7.152)

Equations (7.113) together with equation (7.119) gives the fourth condition for the
sources:

T̃⊥⊥ = 0. (7.153)

Equations (7.117) and (7.118) are equivalent in this case. With the help of (7.118), equa-
tion (7.116) becomes integrable, giving the following expression for x (and ϕ⊥ through
(7.113)):

Zx =
SZϕ⊥

2
=

e±2z

√
−Λ

(
η +

∫
dzΛT̃

∥
Ke

∓2z

)
, (7.154)
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where the ± notation is defined by (7.151). Direct calculation yields:

θ2 = 1 + x2 − Φ2 ±′
√
−ΛT̃⊥

K√
x2 − Φ2

, (7.155)

where another sign convection ±′ is defined. The last equation (7.117) can be directly
integrated, resulting into:

2

3

(
x2 − Φ2

) 3
2 = D ±′ 1

4

∫
dzST̃ ∥

K

(
dS
dx̄

+ 2

)
. (7.156)

Non-vanishing normal component of contorsion current when Φ2 = x2 and ϕ⊥ ̸= 0

The defining condition gives a solution for ϕ∥ in terms of ϕ⊥ and x:

ϕ
∥
= ±

√
x2 + Λϕ⊥2

Λ
(7.157)

In this case, equation (7.42) is solved. It is easy to see that the components of the contorsion
satisfy the following condition:

ϕ
∥
K

∥
= ϕ⊥K⊥. (7.158)

This equation, together with equation (7.14) gives the following solution for the Kµ in terms of
ϕµ and x:

lK
∥
=
ϕ⊥

2x

(
dS
dx̄

+ 2

)
, lK⊥ =

ϕ∥

2x

(
dS
dx̄

+ 2

)
, (7.159)

where S is given by:

S =
dΛ

dx̄
− 2lΛ

T ∥⊥

T⊥
K

. (7.160)

The full system of equations now simplifies to:(
1− θ2

) (
Sϕ⊥ − 2x

)
= −T̃⊥⊥, (7.161)(

1− θ2
) [ d

dx̄
− 1

x

(
ϕ⊥ +D

)] (
2Λϕ⊥ + Sx

)
= T̃

∥∥ − 2

x
Λϕ⊥T̃

∥
K, (7.162)

(
1− θ2

)√x2 + Λϕ⊥2

Λ
= ±T̃⊥

K , (7.163)(
1− θ2

) (
ϕ⊥ +D

)
− x

dθ2

dx̄
= T̃

∥
K, (7.164)(

1− θ2
)(dS

dx̄
+ 2

)
= 2x

d

dx̄

(
2Λϕ⊥ + Sx

)
, (7.165)(

dΛ

dx̄
− S

)
=

1

x
Λϕ⊥

(
dS
dx̄

+ 2

)
, (7.166)

where ϕ∥ and Kµ have been entirely removed from the original equations by employing (7.157)
and (7.159), respectively. Expressing D from equation (7.164) and substituting it into the
equation (7.162), followed by integration, yields:(

1− θ2
) (

2Λϕ⊥ + Sx
)
= η + I, (7.167)
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where η is an integration constant, and integral I is defined by:

I =

∫
dx̄
(
T̃

∥∥
+ ST̃ ∥

K

)
. (7.168)

Solving equations (7.161) and (7.167) in terms of ϕ⊥ and x gives the following:

(S + 4Λ)Zϕ⊥ = 2(η + I)− ST̃⊥⊥, (7.169)

(S + 4Λ)Zx = S(η + I) + 2ΛT̃⊥⊥. (7.170)

Once again, a special case emerges when S2 + 4Λ = 0, which is analyzed separately.

• S2 + 4Λ ̸= 0 : Equations (7.169) and (7.170) well define a solution for Zϕ⊥ and Zx. Next,
substituting this solution into equations (7.163) and (7.166) we arrive at two conditions for
the sources, given by:

(η + I)2 =
(
S2 + 4Λ

)
ΛT̃⊥2

K − ΛT̃⊥⊥2, (7.171)

(η + I)

[
S2 + 4Λ + 2Λ

dS
dx̄
− S dΛ

dx̄

]
=

1

2
ΛT̃⊥⊥ d

dx̄

(
S2 + 4Λ

)
. (7.172)

Using equations (7.169), (7.170) as well as condition (7.172), equation (7.164) becomes the
following constraint for the sources:

4ΛT̃
∥
K = 2Λ

dT̃⊥⊥

dx̄
+

(
dΛ

dx̄
− S

)
T̃⊥⊥ + ST̃ ∥∥ −

(
dS
dx̄

+ 2

)
(η + I) . (7.173)

The last remaining unknown function Z is determined by solving equation (7.165). The
solution is given by:

2

3

(
η + I

Z

)3

= D +

∫
dx̄ (η + I)2

S (η + I) + 2ΛT̃⊥⊥

(
dS
dx̄

+ 2

)
. (7.174)

Note that θ2 = 1−Z.

• S2 + 4Λ = 0 : This scenario resembles the related situation where x2 ̸= Φ2 and P ̸= 0. We
begin by examining equation (7.166), which can be rewritten in the following way:(

2Λϕ⊥ + Sx
)(dS

dx̄
+ 2

)
= 0. (7.175)

The first bracket in (7.175) cannot be zero because this would lead to T̃⊥
K = 0, contradicting

the primary assumption. Then, equations (7.175) gives the following solution for the metric:

Λ = −x̄2, S = −2x̄. (7.176)

Consequentially, equation (7.165) implies:

2Λϕ⊥ + Sx = Q, (7.177)

where Q ̸= 0 is a constant. Then, simultaneously solving equations (7.163) and (7.177) yields:

x = Q

[
x̄T̃⊥2

K

T̃⊥⊥2
− 1

4x̄

]
, (7.178)

ϕ⊥ = −Q

[
x̄T̃⊥2

K

T̃⊥⊥2
+

1

4x̄

]
. (7.179)
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From equation (7.161)we have the following solution for the θ-field:

θ2 = 1 +
x̄

Q
T̃⊥⊥. (7.180)

Equations (7.167) and (7.164) reduce to two constraints placed upon the EMT and contorsion
current, given by:

x̄T̃⊥⊥ = η + I, (7.181)

T̃
∥
K =

[
x̄T̃⊥2

K

T̃⊥⊥2
+

1

4x̄

]
d

dx̄

(
x̄T̃⊥⊥

)
− 1

T̃⊥⊥

d

dx̄

(
x̄2T̃⊥2

K

)
. (7.182)

Non-vanishing normal component of contorsion current when ϕ⊥ = 0

If the normal component of the contorsion current is zero, the equations of motion necessitate
a non-zero ϕ⊥. Conversely, the presence of a non-vanishing T⊥

K alters this condition. In the
last two sections, we considered ϕ⊥ to be non-zero, hence the scenario where ϕ⊥ equals zero
requires a separate analysis. It is easy to express all fields in terms of Z, the EMT, and the
contorsion current.

x =
T̃⊥⊥

2Z
, ϕ

∥
=
T̃⊥
K

Z
, ϕ⊥ = 0, (7.183)

2lΛK
∥
=
T̃ ∥⊥

T̃⊥
K

, 2lΛK⊥ =
T̃ ∥∥ + T̃⊥⊥

T̃⊥
K

, (7.184)

θ2 =

(
T̃⊥⊥

2Z

)2

+ 1− ΛT̃⊥2
K

Z2
−Z. (7.185)

These expressions directly solve equations (7.22-7.25). Equations (7.16) and (7.14) become
conditions for the sources given by:

2T̃
∥
K =

dT̃⊥⊥

dx̄
+
T̃⊥⊥

2Λ

(
dΛ

dx̄
− S

)
, (7.186)

T̃
∥∥

=
1

2
T̃⊥⊥dS

dx̄
, (7.187)

where S defined by (7.29) is expressed in terms of the sources as well:

S =
dΛ

dx̄
− 2lΛ

T ∥⊥

T⊥
K

, (7.188)

the same as in the previous two sections. The remaining three equations read:

Z3 T̃
∥∥ + T̃⊥⊥

2ΛT̃⊥2
K

=
1

2
ST̃⊥⊥ d

dx̄
ln

(
T̃⊥⊥

Z

)
+ T̃

∥∥
, (7.189)

Z
(
dS
dx̄

+ 2

)
=
T̃ ∥∥T̃⊥⊥

Z2
+ S d

dx̄

(
ΛT̃⊥2

K

Z2

)
, (7.190)

2T̃
∥
K =

dT̃⊥⊥

dx̄
− 1

6

d

dx̄

(
T̃⊥⊥

Z

)3

+
T̃⊥⊥

Z
d

dx̄

(
ΛT̃⊥2

K

Z2

)
. (7.191)
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Combining all three equations (7.189-7.191) we obtain an integrable equation, the solution of
which is given by the following expression:

ΛT̃⊥2
K =

1

4
T̃⊥⊥2

(
1− S

2

P 2

)
, (7.192)

where P ∈ R∪{∞} represents a constant of integration. Note that when P takes on an infinite
value, it corresponds to the scenario previously encountered where x2 = Φ2. Substituting
(7.192) into equation (7.191) eliminates Z form the equation, giving another constraint on the
sources:

2T̃
∥
K =

dT̃⊥⊥

dx̄
− S

2P 2

dS
dx̄
. (7.193)

In conclusion, the integration of equation (7.190) allows us to directly determine the unknown
variable Z, which is represented by the subsequent expression:

1

6

(
ST̃⊥⊥

Z

)3

= D +

∫
dx̄

P 2S2

P 2 − S2

(
dS
dx̄

+ 2

)
T̃⊥⊥. (7.194)

Note that the case corresponding to P → ∞ results in the vanishing parallel component of
contorsion. This can be easily seen by comparing equations (7.186) and (7.193).

7.2.2 Solutions when Z ̸= 0, θ = 0 and ϕ⊥ ̸= 0

In this section, we investigate the solutions to the equations of motion when θ = 0. This is a
rather special case, since equation (7.14) is trivially solved. We solve equations by expressing
all fields in terms of Z and the sources, and then we solve the equation for Z, defined in (7.28).
The multiplication of equation (7.15) by ϕ⊥ followed by subtraction of equation (7.16) results
in the following expression:

lϕ⊥K⊥ = ϕ
∥

[
lK

∥
+

d

dx̄
lnZ

]
. (7.195)

Expression (7.195) represents a way to remove the orthogonal component of the contorsion
from other equations. The ϕ∥ is easily obtained form (7.25):

ϕ
∥
=
T̃⊥
K

Z
. (7.196)

Equation (7.22), as in previous sections, represents a constraint for the sources, that is:(
dΛ

dx̄
− S

)
T̃⊥
K = T̃

∥⊥. (7.197)

where we have used the definition for S (7.29) to eliminate K∥ in the last step. Multiplying
equation (7.16) by Z2 and employing original equations (7.22) and (7.26), as well as (7.195)
and (7.196) we arrive at:

−T̃⊥⊥T̃
∥
K +

d

dx̄

(
ΛT̃⊥2

K

)
=
Z3 − 2ΛT̃⊥2

K

2Λ

(
dΛ

dx̄
− S

)
. (7.198)

Equation (7.24) is transformed into the following form:

Z2dZ
dx̄

+ T̃⊥⊥T̃
∥
K +
Z3

2Λ

(
dΛ

dx̄
− S

)
= 2T̃

∥
KZx + T̃

∥∥Zϕ⊥. (7.199)

159



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

upon utilizing equations (7.26), (7.195), and (7.198). We rewrite equations (7.23) and (7.26) in
full:

Z
(
Sϕ⊥ − 2x

)
= −T̃⊥⊥, (7.200)

Z
(
ϕ⊥ +D

)
= T̃

∥
K. (7.201)

Employing the quartet of equations obtained earlier (7.198-7.201), we reformulate the final
equation (7.17) as:

2Λ
dT̃⊥⊥

dx̄
+

dΛ

dx̄

(
T̃⊥⊥ + T̃

∥∥
)
+ 2ΛT̃

∥
K

dS
dx̄

= 2
1
2Λ

(
dΛ
dx̄
− S

)
+ d

dx̄
lnZ

Zϕ⊥
d

dx̄

(
ΛT̃⊥

K

)2
. (7.202)

Note that this equation is the conservation law for the EMT given by (3.66) rewritten using
redefined EMT components T̃µν . These five equations (7.198-7.202), together with the defini-
tion of Z = x2 + 1 − Φ2, form a complete set of equations that are analyzed in this section.
Substituting x from (7.200) into the definition for Z, we derive a quadratic equation for Zϕ⊥:(

S2 + 4Λ
) (
Zϕ⊥)2 + 2ST̃⊥⊥ (Zϕ⊥)+ T̃⊥⊥2 − 4ΛT̃⊥2

K − 4Z2 (Z − 1) = 0. (7.203)

Upon examining equation (7.203), it becomes clear that the scenario where S2+4Λ = 0 requires
independent examination. The solution for x and ϕ⊥ is given by:

Zx =


MT̃⊥⊥ ±

√
J , S2 + 2Λ ̸= 0

1

4
T̃⊥⊥ +

ΛT̃⊥
K + Z2 (Z − 1)

T̃⊥⊥
, S2 + 4Λ = 0

(7.204)

SZϕ⊥ =


(2M− 1) T̃⊥⊥ ± 2

√
J , S2 + 2Λ ̸= 0

−2T̃⊥⊥

[
1

4
− ΛT̃⊥

K + Z2 (Z − 1)

T̃⊥⊥2

]
, S2 + 2Λ = 0

(7.205)

here, we have defined two more axillary quantities:

J = (2M− 1)

[
1

2
MT̃⊥⊥2 − ΛT̃⊥2

K −Z2 (Z − 1)

]
, (7.206)

M =
2Λ

S2 + 4Λ
. (7.207)

This section is divided into three parts, akin to the previous section, contingent on which com-
ponents of the contorsion current are non-zero. Each part has three distinctive cases depending
on whether S2 + 4Λ or J vanish.

Completely vanishing contorsion current

From Equation (7.196), we deduce that ϕ∥ = 0 because T̃⊥
K = 0. Subsequently, utilizing (7.195)

and (7.197), it follows that K⊥ = 0 and T ∥⊥ = 0, respectively. Additionally, since T̃ ∥
K is zero,

according to (7.198), we have:
dΛ

dx̄
= S, K∥

= 0. (7.208)
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We are now facing the subsequent set of equations:

Z2dZ
dx̄

= T̃
∥∥Zϕ⊥, (7.209)

ϕ⊥ +D = 0, (7.210)

2Λ
dT̃⊥⊥

dx̄
+

dΛ

dx̄

(
T̃⊥⊥ + T̃

∥∥
)
= 0, (7.211)

In this case T̃⊥⊥ ̸= 0, since otherwise it follows from (7.211) that T̃ ∥∥ = 0, and the whole EMT
vanishes.

• S2 + 4Λ ̸= 0 ∧ J ̸= 0 : Upon utilizing all the equations, equation (7.210) is re-expressed as
follows:

Z3

(
dS
dx̄

+ 2

)
= T̃⊥⊥T̃

∥∥ (7.212)

two separate cases must be addressed at this point.

⋆ S ′ + 2 = 0 : Given that S = dΛ
dx̄

, it follows that the metric corresponds entirely to that
of the BTZ black hole:

Λ = −
(
x̄2 − µ

)
, (7.213)

where µ is a constant. From equation (7.212) we get;

T̃
∥∥

= 0, (7.214)

as a condition for the EMT. The other two equations are easily solved giving:

Z = const. T̃⊥⊥ =
D

x̄
, (7.215)

where D is another constant.

⋆ S ′ + 2 ̸= 0 : Now, Z is given by equation (7.212), that is:

Z3 =
T̃⊥⊥T̃ ∥∥

dS
dx̄

+ 2
. (7.216)

Substituting this result into equation (7.209) we arrive at the following constraint for
the EMT:

1

3

d

dx̄

(
T̃⊥⊥T̃ ∥∥

dS
dx̄

+ 2

)3

= T̃
∥∥
[
(2M− 1) T̃⊥⊥ ± 2

√
J
]
, (7.217)

where J is expressed only in terms of the EMT, by substituting (7.216). The last
equation (7.211) is already a covariant conservation law for the EMT.

• S2 + 4Λ ̸= 0 ∧ J = 0 : The condition J = 0, and reduces to:

ΛT̃⊥⊥2 = Z2 (Z − 1)
(
S2 + 4Λ

)
. (7.218)

Using (7.218) equation (7.211) becomes:

Z3

(
dS
dx̄

+ 2

)
= T̃⊥⊥T̃

∥∥ (7.219)
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Equation (7.210) can now be recast as:

(3Z − 2) T̃
∥∥

= 0. (7.220)

Together with (7.209) and (7.219), equation (7.220) implies that the metric and the EMT
are fully determined:

Λ = −
(
x̄2 − µ

)
, T̃

∥∥
= 0, ΛT̃⊥⊥2 = 4µZ2 (Z − 1) , (7.221)

where µ and Z are constants.

• S2 + 4Λ = 0 : This condition, together with dΛ
dx̄

= S directly implies:

Λ = −x̄2, S = −2x̄. (7.222)

Equation (7.210) reduces to the following condition:

T̃
∥∥

= 0, (7.223)

while the two remaining equations (7.209) and (7.211) yield:

T̃⊥⊥ =
D

x̄
, Z = const, (7.224)

where D is another constant.

Non-vanishing parallel component of contorsion current

Given that T̃⊥
K = 0, it follows that ϕ∥ = K⊥ = T ∥⊥ = 0. The system of equation now transforms

into:

Z2dZ
dx̄

= T̃
∥
KT̃

⊥⊥ + Zϕ⊥
(
T̃

∥∥
+ ST̃ ∥

K

)
, (7.225)

Z
(
ϕ⊥ +D

)
= T̃

∥
K, (7.226)

Z3

2Λ

(
dΛ

dx̄
− S

)
= −T̃⊥⊥T̃

∥
K, (7.227)

2Λ
dT̃⊥⊥

dx̄
+

dΛ

dx̄

(
T̃⊥⊥ + T̃

∥∥
)
+ 2ΛT̃

∥
K

dS
dx̄

= 0. (7.228)

• S2 + 4Λ ̸= 0 ∧ J ̸= 0 :With the assistance of the complete system of equations, Equation
(7.226) can be reformulated as follows:

0 =
[
(2M− 1) T̃⊥⊥ ± 2

√
J
]
× (7.229)[

ST̃ ∥
K −

(
(2M− 1) T̃⊥⊥ ± 2

√
J
)]
×[

ΛT̃ ∥
K

M

(
2 +

S dM
dx̄

2M− 1

)
+

(
dΛ

dx̄
− S

)(
T̃

∥∥
+ ST̃ ∥

K

)]
.

The first bracket in (7.229) cannot be equal to zero, since it is proportional to ϕ⊥ ̸= 0.
Solution diverges into two potential outcomes based on the selection of the disappearing
bracket.
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⋆ x = const : This scenario occurs when the middle bracket is set to zero. This indicates
that T̃ ∥

K = Zϕ⊥, which consequently leads to D = 0, or x = const. Expressing T̃ ∥∥ from
(7.228) and using equation (7.227) together with the defining condition of this case,
equation (7.225) is satisfied. Now, in terms of x and Z all fields can be expressed:

ϕ⊥ = ±
√
Z − (x2 + 1)

Λ
, (7.230)

T̃⊥⊥ = Z

[
2x∓ S

√
Z − (x2 + 1)

Λ

]
, (7.231)

T̃
∥
K = ±Z

√
Z − (x2 + 1)

Λ
, (7.232)

where we have introduced a new sign convention. Equation (7.228) holds as a con-
dition for the sources, whereas the final equation (7.227) transforms into an algebraic
expression that determines Z:(

dΛ

dx̄
− 3S

)2

Z2 + 4
(
x2 + 1

) [(
x2 + 1

)
S2 + 4x2Λ

]
+ 4

[
S
(
x2 + 1

)(dΛ

dx̄
− 3S

)
− 4x2Λ

]
Z = 0. (7.233)

⋆ x ̸= const. ∧ T̃⊥⊥ ̸= 0 : Here, the third bracket in (7.229) must vanish, leading to the
following reduced set of equations:(

dΛ

dx̄
− S

)(
T̃

∥∥
+ ST̃ ∥

K

)
= −ΛT̃ ∥

K

M

(
2 +

S dM
dx̄

2M− 1

)
, (7.234)

ΛT̃
∥
KT̃

⊥⊥ d

dx̄

(
S2 + 4Λ

)
=

(
dΛ

dx̄
− S

)
d

dx̄

(
ΛT̃⊥⊥2

)
, (7.235)

Z3 d

dx̄

(
S2 + 4Λ

)
= −2 d

dx̄

(
ΛT̃⊥⊥2

)
, (7.236)

d

dx̄
ln
[
Z2
(
S2 + 4Λ

)]
= ± 4

√
J

SMT̃⊥⊥

[
1 +

S dM
dx̄

2 (2M− 1)

]
. (7.237)

Note that T̃⊥⊥ ̸= 0 implies that dΛ
dx̄
̸= S. Equation (7.236) is a solution for Z, while the

remaining three equations can be regarded as conditions for the sources.
⋆ x ̸= const. ∧ T̃⊥⊥ = 0 : Here, the final bracket in equation (7.229) results in zero. Re-

ferring to equation (7.72), we find dΛ
dx̄

= S. Substituting this expression into (7.229), we
derive dS

dx̄
+ 2 = 0. These conditions together provide the subsequent metric solution:

Λ = −
(
x̄2 − µ

)
, S = −2x̄, (7.238)

where µ is a constant. After the integration of equation (7.225) we arrive at:

ϕ⊥ +
1

3
µϕ⊥3 = η −

∫
dx̄

x̄
T̃

∥
K, (7.239)

where η is another integration constant. The dilaton is then derived directly form
(7.200):

x = −x̄ϕ⊥. (7.240)
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The last equation (7.228) becomes the following condition for the sources:

T̃
∥∥

= −2Λ

x̄
T̃

∥
K. (7.241)

• S2 + 4Λ ̸= 0 ∧ J = 0 : Inserting equation (7.225) into (7.228) modifies equation (7.228) as
follows: [

S (3Z − 2)−Z dΛ

dx̄

]
d

dx̄

[
Z2
(
S2 + 4Λ

)]
= 0. (7.242)

Choosing that the derivative in (7.242) vanishes and employing equation (7.226) leads to:

(3Z − 2)

[
2

S
(2M− 1) +

dM
dx̄

]
= 0. (7.243)

In this case there is another branching of the solution.

⋆ Z
√
S2 + 4Λ = ±

√
Q ∧ Z ̸= 2/3 : We have fully determined Z in this case, which im-

plies that both (7.205) and (7.204) are the final solutions for ϕ⊥ and x. Equations
(7.242) is satisfied. The remaining equations (7.225) and (7.227), together with the
condition J = 0, reduce to the following set of the conditions for the sources:

T̃
∥∥
+ ST̃ ∥

K = 0, (7.244)

T̃
∥
K =

1

2

T̃⊥⊥

S2 + 4Λ

dΛ
dx̄
− S

±
√

S2+4Λ
Q
− 1

, (7.245)

ΛT̃⊥⊥2 = Q

(
±
√

Q

S2 + 4Λ
− 1

)
, (7.246)

respectively. Finally, equation (7.243) gives the following solution for S in terms of the
metric:

S =


−2
√
Λ tan z; Λ > 0

2
√
−Λcoth z; Λ < 0, S2 + 4Λ > 0

2
√
−Λ tanh z; Λ < 0, S2 + 4Λ < 0

. (7.247)

⋆ Z
√
S2 + 4Λ =

√
Q ∧ Z = 2/3 : The equations (7.242) and (7.243) are automatically

solved once more, thereby completely determining Z, and in turn x and ϕ⊥. Taking
these two conditions into account, S can be completely described by Λ, i.e.

S2 =
9Q

4
− 4Λ. (7.248)

The remaining equations (7.225) and (7.227) as well as the condition J = 0 give:

ST̃ ∥∥
= 4ΛT̃

∥
K, (7.249)

T̃
∥
K =

4T̃⊥⊥

9Q

(
dΛ

dx̄
− S

)
, (7.250)

ΛT̃⊥⊥2 = −Q
3
, (7.251)

respectively.
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⋆ S (3Z − 2) = Z dΛ
dx̄

: Substituting this condition into equation (7.72) and using J = 0,
we arrive at:

T̃
∥
K = − ST̃

⊥⊥

S2 + 4Λ
. (7.252)

Looking at (7.205) we conclude that T̃ ∥
K = Zϕ⊥, meaning D = 0, or x = const. Com-

bining the condition J = 0 with equation (7.204), Z is given by:

Z = 1 +
x2

2M
. (7.253)

The remaining equations, give the following conditions placed upon the EMT and con-
torsion current:

T̃⊥⊥ =
x

M

(
1 +

x2

2M

)
, (7.254)

2ΛT̃
∥
K = −xS

(
1 +

x2

2M

)
, (7.255)

T̃
∥∥

=
xΛ

SM2

(
1 +

x2

2M

)[
dM
dx̄
− 2SM2

Λ

]
, (7.256)

dΛ

dx̄
= S 2M+ 3x2

2M+ x2
. (7.257)

• S2 + 4Λ = 0 : This is the final scenario when T̃⊥
K = 0. Let us start by analyzing equation

(7.226). It can be transformed in the following form:(
1

4
− Z

2 (Z − 1)

T̃⊥⊥2

)[
2ΛT̃

∥
K − ST̃⊥⊥

(
1

4
− Z

2 (Z − 1)

T̃⊥⊥2

)](
T̃

∥∥
+ ST̃ ∥

K

)
= 0. (7.258)

The first bracket in (7.258) cannot be equal to zero, since it is proportional to ϕ⊥, leading to
the two possible scenarios.

⋆ x = const : This case corresponds to choosing the middle bracket in equation (7.258) to
be zero. Comparing with equation (7.205), it follows that T̃ ∥

K = Zϕ⊥, which indicates
that D = 0, leading to the conclusion that x is constant. Equation (7.228) remains as
a conservation law for the EMT, while (7.225) is automatically satisfied for the case of
constant dilaton. All fields are expressed in terms of Z. The solution in this case then
reduces to the solution in the case where S2 + 4Λ ̸= 0 ∧ J ̸= 0 with the condition
S2 + 4Λ = 0.

⋆ x ̸= const ∧ T̃⊥⊥ ̸= 0 : Here equation (7.258) gives:

T̃
∥∥
+ ST̃ ∥

K = 0, (7.259)

which together with (7.228) results into a solution for EMT in terms of the metric:

T̃⊥⊥ =
D√
−Λ

, (7.260)

while together with (7.225) a solution for Z is reached:

Z =
η√
−Λ

e±z, (7.261)
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where we have used z-coordinate defined via (3.21). The final condition is given by
equation (7.227):

T̃
∥
K = − η3

3D

d

dz

(
e∓3z

(−Λ)
3
2

)
. (7.262)

This solution is parametrized by two constants η and D.

⋆ x ̸= const ∧ T̃⊥⊥ = 0 : From (7.227) we have a formula for the metric:

Λ = −x̄2, S = −2x̄. (7.263)

Then, the other equations reduce to:

T̃
∥∥

= 2x̄T̃
∥
K, (7.264)

ϕ⊥ = η −
∫

dx̄

x̄
T̃

∥
K, (7.265)

x = −x̄
[
η −

∫
dx̄

x̄
T̃

∥
K

]
. (7.266)

Non-vanishing normal component of contorsion current

The system of equations defining this case is given by:

Z2dZ
dx̄

= −Z
3

2Λ

(
dΛ

dx̄
− S

)
+ Zϕ⊥

(
T̃

∥∥
+ ST̃ ∥

K

)
, (7.267)

Z
(
ϕ⊥ +D

)
= T̃

∥
K, (7.268)

− T̃⊥⊥T̃
∥
K +

d

dx̄

(
ΛT̃⊥2

K

)
=
Z3 − 2ΛT̃⊥2

K

2Λ

(
dΛ

dx̄
− S

)
, (7.269)

2Λ
dT̃⊥⊥

dx̄
+

dΛ

dx̄

(
T̃⊥⊥ + T̃

∥∥
)
+ 2ΛT̃

∥
K

dS
dx̄

(7.270)

= 2
1
2Λ

(
dΛ
dx̄
− S

)
+ d

dx̄
lnZ

Zϕ⊥
d

dx̄

(
ΛT̃⊥

K

)2
,

together with the solutions for ϕ⊥ and x, given by (7.205) and (7.204) respectively. As the
method of solving of these equations mirrors that of the earlier section, with identical scenarios
arising, we do not examine it here.

7.2.3 Solutions when Z ̸= 0, θ = 0 and ϕ⊥ = 0

The same way as in section 7.2.1 all fields can be expressed in terms of the sources, that is:

x =
T̃⊥⊥

2Z
, ϕ

∥
=
T̃⊥
K

Z
, ϕ⊥ = 0, (7.271)

2lΛK
∥
=
T̃ ∥⊥

T̃⊥
K

, 2lΛK⊥ =
T̃ ∥∥ + T̃⊥⊥

T̃⊥
K

, (7.272)

while the solution for θ (7.185) becomes a condition given by:

1

4
T̃⊥⊥2 = ΛT̃⊥2

K + Z2 (Z − 1) . (7.273)
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The remaining equations have the same form as in 7.2.1, given by:

2T̃
∥
K =

dT̃⊥⊥

dx̄
+
T̃⊥⊥

2Λ

(
dΛ

dx̄
− S

)
(7.274)

Z3 T̃
∥∥ + T̃⊥⊥

2ΛT̃⊥2
K

=
1

2
ST̃⊥⊥ d

dx̄
ln

(
T̃⊥⊥

Z

)
+ T̃

∥∥
, (7.275)

Z
(
dS
dx̄

+ 2

)
=
T̃ ∥∥T̃⊥⊥

Z2
+ S d

dx̄

(
ΛT̃⊥2

K

Z2

)
, (7.276)

2T̃
∥
K =

dT̃⊥⊥

dx̄
− 1

6

d

dx̄

(
T̃⊥⊥

Z

)3

+
T̃⊥⊥

Z
d

dx̄

(
ΛT̃⊥2

K

Z2

)
. (7.277)

As in previous sections, we investigate three distinct scenarios, depending on which components
of contorsion current vanish.

• T µ
K = 0 : In this case, as always, we have ϕ∥ = K⊥ = T ∥⊥ = 0. From equation (7.26) we get
D = 0, which indicates x = const. Since Z = x2 + 1, from (7.23) we conclude that T̃⊥⊥ is
also constant:

T̃⊥⊥ = −T̃ ∥∥
= 2x

(
x2 + 1

)
, (7.278)

where we have also used equation (7.24). The remaining equations are then solved by the
following metric:

Λ = −
[
3x2 + 1

x2 + 1
x̄2 − µ

]
, (7.279)

where µ is a constant. Finally, this metric implies a vanishing parallel component of the
contorsion.

• T⊥
K = 0 : In this scenario, T̃ ∥

K is not equal to zero, but the condition of vanishing normal
component of the contorsion current still implies ϕ∥ = K⊥ = T ∥⊥ = 0. It resembles the
earlier case, with the sole difference being that the dilaton, and subsequently the EMT, is
not required to remain constant. The dilaton is found as a solution of 2x (x2 + 1) = T̃⊥⊥ as
a function x = f(T̃⊥⊥). Then, all other fields can be expressed in terms of f , that is:

lK
∥
= − 2ff ′

1 + f 2

dT̃⊥⊥

dx̄
, (7.280)

T̃
∥
K =

(
f 2 + 1

)
f ′dT̃

⊥⊥

dx̄
, (7.281)

dS
dx̄

= −23f
2 + 1

f 2 + 1
, (7.282)

T̃
∥∥

= −T̃⊥⊥. (7.283)

• T⊥
K ̸= 0 : This is the most general case. Using equation (7.273), normal component of contor-

sion current is removed from the system of equations. Also, T̃ ∥∥ is eliminated using (7.276).
After this, we are left with three equations which cannot be further simplified at this point.
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7.2.4 Solutions when Z = 0

This is the final special scenario, corresponding to a vacuum solutions of type RCIIA (7.38)
and RCIIB. Equations (7.22-7.26) reduce to a following set of conditions:

T̃⊥⊥ = T̃
∥⊥ = T̃⊥

K = T̃
∥∥ − 2

x
Λϕ⊥T̃

∥
K = 0, (7.284)

T̃
∥
K = −xdθ

2

dx̄
. (7.285)

These equations imply that θ2 ̸= const. since otherwise all sources vanish. Using the condition
Z = 0, the remaining four equations (7.14-7.17) are rewritten in the following form:

d

dx̄

(
dΛ

dx̄
− 2lΛK

∥

)
+ 2 +

2

x
lΛ
(
ϕ⊥K

∥ − ϕ∥
K⊥) = 0, (7.286)

ϕ
∥A = 0, (7.287)

ϕ⊥A =
dθ2

dx̄
, (7.288)

2xA =
dθ2

dx̄

(
dΛ

dx̄
− 2lΛK

∥

)
, (7.289)

where A is a function of the fields and their derivatives given by:

A =
(
ϕ⊥ +D

)(dΛ

dx̄
− 2lΛK

∥

)
+ 2Λ

dϕ⊥

dx̄
+ ϕ⊥dΛ

dx̄

− 2x + 2lΛϕ
∥
K⊥. (7.290)

Given that θ is not a constant, equation (7.288) indicates A ̸= 0, consequently leading to
ϕ∥ = 0. The nullification of ϕ∥ removes K⊥ from the equations entirely, thus making it an
arbitrary function. By applying equations (7.289) and (7.288) and substituting the resultant
form into equation (7.286), we derive an integrable equation, presented with the subsequent
solution:

Λ = −
(

x2

ϕ⊥2
− µ

)
, (7.291)

where µ is the integration constant. The parallel component of contorsion is then given by:

2lΛK
∥
=

dΛ

dx̄
∓ 2
√
µ− Λ. (7.292)

The last remaining equation of the four is automatically satisfied by the condition Z = 0. The
solutions for x and θ are as follows:

θ2 = 1 + µϕ⊥2, (7.293)

x = ±ϕ⊥
√

Λ− µ. (7.294)

Finally, integrating (7.285) results in the solution for ϕ⊥:

ϕ⊥3 = η ∓ 3

2µ

∫
dx̄√
µ− Λ

T̃
∥
K. (7.295)

We conclude that this special case is dependent on two constants µ and η, and an arbitrary
function K⊥ and can only manifest itself when T ∥

K ̸= 0 and T⊥
K = 0. Thus, we can see that

the corresponding vacuum solutions are stable only when there is a non-vanishing parallel
component of the contorsion current.
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7.3 Adding matter minimally coupled to gravity

In this section, we examine how vari-
ous matter fields couple to gravity. The
fields are assumed to be minimally coupled,
which means that the quantities τµ = 0 and
ϱ = 0 introduced in (3.51), and therefore
the matter Lagrangian takes the form LM =

LM

(
gµν , ωµ, ϕr, ∇̃µϕr

)
. The set ϕr denotes the

complete matter sector of the theory. The no-
tation used for each type of matter field follows
the conventions summarized in Table 7.2.

Field Label Additional fields
R-scalars F /
C-scalars f f ≡ Feiγ

U(1) gauge A Fµν ≡ ∂µAν − ∂νAµ

Spinors ψ ψ =
(
φeiα χeiβ

)T
Fluids uµ ρ, p, µ

Table 7.2: Field content

We begin by examining configurations in which a single field is present. Next, we consider
the localization of the U(1) symmetry, which leads to scalar and spinor electrodynamics. We
then turn to ideal fluid hydrodynamics. In all of these cases, the contorsion current T µ

K vanishes,
so the energy-momentum tensor (EMT) is the only remaining source. When θ is set to zero,
the theory reduces to its purely Riemannian sector, as described in the previous section. Since
Riemannian solutions were the focus of the preceding chapter, we do not study them here and
instead confine our analyzes to configurations with a non-vanishing θ field. Consequently, the
relevant solutions of the gravitational equations of motion are characterized by T µ

K = 0, θ ̸= 0,
and Z ̸= 0 (corresponding to the first four entries in Table 7.1). After eliminating the additional
gravity-related fields, the full set of gravitational equations of motion simplifies to:

T⊥⊥ =
6kπ2D

l2
1

Λ3/2
, T

∥∥
= T

∥⊥ = 0, Λ > 0,

T⊥⊥ = −6kπ2D

l2
1

(−Λ)3/2
, T

∥∥
= T

∥⊥ = 0, Λ < 0.
(7.296)

Hence, the EMT is entirely determined in terms of the single metric function Λ. To obtain a
complete description, these equations must be supplemented by the equations of motion for the
matter fields. Another key point to emphasize is that K∥ ̸= 0, because if it were zero, then D
would also be zero and the EMT would vanish.

7.3.1 Real scalar field theory

It turns out that the massless scalars directly imply the vanishing θ field. For that reason
we investigate a more general theory with an arbitrary scalar potential. In other words, we
investigate the interacting scalar field theories within this subsection. Therefore, the action for
the real scalar field, minimally-coupled to gravity, is given by:

SRSF = −
∫

d2x
√
−g
[
1

2
(∇F )2 + V [F ]

]
, (7.297)

where V [F ] is the scalar potential. The variation with respect to the metric gives the following
energy-momentum tensor:

Tµν = ∂µF∂νF −
[
1

2
(∇F )2 + V [F ]

]
gµν , (7.298)
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which, after applying the Symmetric ansatz of Section 3.1, more precisely equation (3.14),
reduces to:

l2T⊥⊥ =
1

2

(
dF

dx̄

)2

+
l2

Λ
V [F ], (7.299)

l2T
∥∥

=
1

2

(
dF

dx̄

)2

− l2

Λ
V [F ], (7.300)

where we have employed the x̄ coordinate defined in (3.20). The equation of motion for the
scalar field is:

□F =
dV

dF
≡ V ′[F ] =⇒ d

dx̄

(
Λ
dF

dx̄

)
+ l2V ′[F ] = 0. (7.301)

Using the conditions for sources (7.296) together with the expressions (7.299) and (7.300)
we arrive at the following two equations:

V [F ] =
3kπ2D

l2
1√
|Λ|

,

(
dF

dx̄

)2

=
6kπ2D

Λ

1√
|Λ|

. (7.302)

It is obvious that V = 0 implies D = 0, in other words, the complete vanishing of the EMT.
For that reason we must have a non-vanishing scalar potential. Using (7.302) equation (7.301)
is automatically satisfied. With the help of these equations, all relevant physical quantities are
expressed in terms of F as follows:

ds2 =
1

V

[(
3kπ2D

l2

)2
dt2

|V |
− 1

2
dF 2

]
, z = ±

∫
dF√
2l2V

,

R = 8V
√
|V | d

2

dF 2

(
1√
|V |

)
, κ =

√
2
6kπ2|D|

l2

∣∣∣∣∣ ddF
(

1√
|V |

)∣∣∣∣∣
H

.

(7.303)

The last equation in (7.303) represents an expression for surface gravity if the horizon exists.
From the first expression, we conclude that, if the horizon exists, it is given by V [FH ] = 0.
Now, we look into some specific choices of the scalar potential. Firstly, the free real scalar field
theory is analyzed, i.e. V [F ] = 1

2
m2F 2. Since Λ > 0, we redefine coordinates in (3.21) by

taking τ = lz as the new time coordinate, and defining the spatial coordinate as r = 2mlt. The
solution is a de Sitter space-time:

Λ = (2ml)2e4mτ , F = ±

√
3kπ2D

(ml)3
e−mτ . (7.304)

The curvature is R = 8m2, meaning that the de Sitter radius is 1/(2m). After placing (7.304)
into (7.296) we arrive at the following final solution for the free scalar field theory:

ds2 = −dτ 2 + e4mτdr2, x = cos
τ

l

[
3

2

(
D cos τ

l

2mle2mτ − P
2
sin τ

l

+ η

)] 1
3

,

θ2 = 1 +
1

3

(
x

cos τ
l

)2

+ η
cos τ

l

x
, lK

∥
=

[
1 +

1

2ml
tan

τ

l
− P

8(ml)2
e−2mτ

cos τ
l

]
e−2mτ ,

ϕ
∥
= K⊥ = 0, ϕ⊥ =

x

2ml
tan

τ

l
e−2mτ , F = ±

√
3kπ2D

(ml)3
e−mτ .

(7.305)
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Note that the parallel component of contorsion exhibits many poles in time, in particular
whenever τn = (2n+1)π

2
l the cos τ

l
vanishes leading to a divergence. All other functions exhibit

a well defined behavior at all finite values of τ . This situation can be interpreted as a sequence
of sudden singularities, in which the scale factor stays fixed while certain fields may blow up.
Specifically, in this setup the parallel component of the contorsion becomes divergent. Solutions
of this kind are well known and have been extensively analyzed in various gravitational theories
[92, 93].

7.3.2 Pure electrodynamics

The action for pure electrodynamics is formulated in terms of the U(1) gauge potential A =
Aµdx

µ and depends solely on the field strength tensor F = dA. Because the exterior derivative
is insensitive to torsion, the action keeps exactly the same form as in the Riemannian sector,
namely:

SED = −1

4

∫
dx2
√
−gFµνFµν . (7.306)

Varying this action with respect to the metric and the gauge field leads to the following EMT
and Maxwell equation:

Tµν = FµρF ρ
ν −

1

4
gµνFαβFαβ ∧ ∇µFµν = 0. (7.307)

In two spacetime dimensions, any rank-2 antisymmetric tensor must be proportional to the
Levi-Civita tensor. Consequently, equation (7.307) simplifies to

Fµν = Fεµν =⇒ Tµν = −1

2
F2gµν , ∧ ∂µF = 0. (7.308)

Hence, the scalar function F must be constant. Interpreting this constant as the electric charge,
we denote it by F = Q. Implementing the symmetric ansatz of Section 3.1 yields

Tµν = −Q
2

2Λ
(ξµξν − εµρενσξρξσ) =⇒ ΛT⊥⊥ = −ΛT ∥∥

=
Q2

2
, (7.309)

Fµν =
1

l

d

dx̄

(
ΛA∥)

εµν , (7.310)

where we have used expression (3.26) in the second line. On the other hand, the constraints
(7.296) enforce T ∥∥ = 0, which immediately leads to T⊥⊥ = 0. We thus infer that no solution
exists for θ ̸= 0, and the theory collapses to its purely Riemannian branch. This mirrors
the situation for a scalar field: the massless case admits no solution, whereas introducing a
non-vanishing scalar potential allows one to recover a solution. By analogy, a massive vector
field might also support solutions; however, since a mass term explicitly breaks the U(1) gauge
symmetry, we do not pursue that possibility here.

Note that the field strength tensor in (7.310) is independent of the perpendicular component
of the electromagnetic field. Consequently, this component merely specifies a gauge choice and
therefore does not carry any physical degrees of freedom.
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Charged black hole in the Riemannian sector

When the theory is restricted to its Riemannian sector, one obtains a charged black hole
solution. Inserting the EMT components from (7.309) into the general static field equations
(6.24-6.25) of the Riemannian theory yields

d

dx

(
x2 + 1 + ΛD2

)2

=
l2Q2

3kπ2
, (7.311)(

x2 + 1 + ΛD2

)(
D2dΛ

dx
+ 2x

)
=
l2Q2

6kπ2
. (7.312)

If we multiply the second equation by 2 and subtract it from the first, we obtain D = 1. The
metric function Λ is then determined by integrating the first equation, giving

Λ = −

(
x2 + 1−

√
(µ+ 1)2 +

Q2l2

3kπ2
x

)
. (7.313)

This form is chosen so that, in the limitQ→ 0, the solution reduces to the vacuum configuration
(6.17). To evaluate the tortoise coordinate (3.18), one should compute the integral −

∫
dx
Λ

.
However, this integral cannot be represented in terms of elementary functions in a convenient
form, and we therefore do not determine the tortoise coordinate here.

To check whether the singularity shifts away from the hypersurface x = 0, we calculate the
scalar curvature:

l2R =
d2Λ

dx2
= −2−

(
Q2l2

6kπ2

)2(
(µ+ 1)2 +

Q2l2

3kπ2
x

)− 3
2

< 0. (7.314)

Hence, the geometry is not a patch of AdS spacetime, but the curvature remains strictly nega-
tive, indicating that the singularity stays at xS = 0 once the black hole is charged.

To locate the horizon, we solve Λ = 0. This equation admits two real roots, one negative
and one positive. Because we restrict to x > 0, only the positive root is physically relevant,
so there is a single horizon. This is in contrast to the Reissner–Nordström charged black hole,
which possesses two horizons—an inner and an outer one [106]. Finally, we evaluate the surface
gravity:

κ =
1

2l

∣∣∣∣dΛdx
∣∣∣∣
H

=
1

l

[
xH −

Q2l2

12kπ2

(
(µ+ 1)2 +

Q2l2

3kπ2
xH

)− 1
2

]
. (7.315)

As equation Λ = 0 is a quartic equation for xH, a closed-form expression for the horizon location
does exist, but we do not present it here because it is an extremely cumbersome combination
of nested radicals.

7.3.3 Spinor field theory

In this subsection, we investigate how matter composed of Dirac spinor fields influences the
gravitational equations of motion. We employ the symmetric Dirac action presented in Ap-
pendix A and defined in (A.24). For convenience we rewrite it here:

SD = −
∫

d2x
√
−g
[
1

2
ψ̄γµ∇̃µψ −

1

2
∇̃µψ̄γ

µψ − V [σ]

]
, (7.316)
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where V [σ] denotes the spinor potential, and we denote the bilinear invariant by σ = ψ̄ψ. For
a free massive spinor field one has V [ψ̄ψ] = mψ̄ψ, while the Lorentz-covariant derivatives take
the form:

∇̃µψ =
(
∂µ + ωµ

σ3
2

)
ψ, ∇̃µψ̄ = ∂µψ̄ − ψ̄

σ3
2
ωµ. (7.317)

Further details regarding the spinor conventions are provided in Appendix A. Since ωµ =
∆µ + Kµ, the action depends explicitly on the contorsion. Varying the action with respect to
the contorsion yields:

T µ
K =

1

2
ψ̄
{σ3
2
, γµ
}
ψ =⇒ T µ

K = 0, (7.318)

where the anticommutator manifestly vanishes because γµ ∈ {σ1, σ2}. Consequently, the con-
torsion current is zero even in the presence of minimally coupled Dirac spinors, in agreement
with the statement made at the beginning of this section. Variation with respect to the metric
and the Dirac field then produces the following EMT of the Dirac field and the usual Dirac
equation of motion:

Tµν =
1

4

[
ψ̄γµ∇̃νψ + ψ̄γν∇̃µψ −

(
∇̃µψ̄

)
γνψ −

(
∇̃νψ̄

)
γµψ

]
,(

γµ∇̃µ − V ′ [σ]

)
ψ = 0.

(7.319)

Note that the EMT displays the same qualitative behavior as the contorsion current (7.318).
In particular, all spin-connection contributions collect into anticommutator terms that identi-
cally vanish. Consequently, it depends only on ordinary partial derivatives. We now implement
the symmetric spinor ansatz from (3.17). As a first step, we recast the energy-momentum
tensor:

Tµν =
1

l
√
−Λ

(
φ2dα

dx̄
− χ2dβ

dx̄

)
εµρενσξ

ρξσ +
1

2l
√
−Λ

(
φ2dα

dx̄
+ χ2dβ

dx̄

)
(εµρξν + ενρξµ) ξ

ρ.

(7.320)
Next, the Dirac equation in (7.319) simplifies, upon separating its real and imaginary parts, to
the following four equations:

d

dx̄
ln
(
φ(−Λ)

1
4

)
− l

2
K

∥
=
lV ′ [σ]√
−Λ

χ

φ
sin(β − α), (7.321)

d

dx̄
ln
(
χ(−Λ)

1
4

)
− l

2
K

∥
=
lV ′ [σ]√
−Λ

φ

χ
sin(β − α), (7.322)

dα

dx̄
= − lV

′ [σ]√
−Λ

χ

φ
cos(β − α), (7.323)

dβ

dx̄
=
lV ′ [σ]√
−Λ

φ

χ
cos(β − α). (7.324)

It is immediately evident that, in the massless case V = 0, the derivatives of both phases
α and β vanish. As a consequence, the entire EMT in (7.320) is zero. Hence, no solution with
θ ̸= 0 exists, and the theory collapses to its purely Riemannian sector. We therefore reach the
same conclusion as in the real scalar field case: a non-vanishing spinor potential is required in
order to obtain a solution with θ ̸= 0. Expressing this system in terms of the coordinate z from
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(3.21), we obtain:

dα

dz
= lV ′[σ]

χ

φ
cos(β − α), (7.325)

dβ

dz
= −lV ′[σ]

φ

χ
cos(β − α), (7.326)

d

dz

(
φ

χ

)
= lV ′[σ]

[(
φ

χ

)2

− 1

]
sin(β − α), (7.327)

d

dz
ln
(
φχ
√
−Λ
)
+ l
√
−ΛK∥

= −lV ′[σ]

(
φ

χ
+
χ

φ

)
sin(β − α), (7.328)

where the last two relations follow from subtracting and adding (7.321) and (7.322), respectively.
The first three equations constitute a closed subsystem for α, β, and the ratio φ

χ
, with V ′[σ]

left arbitrary. Nonetheless, this subsystem can be integrated to express the phases in terms of
φ
χ
, yielding:

cos(β − α) = ω

2

(
φ

χ
− χ

φ

)
,

α + β = − arcsin

[
1

2

ω√
1 + ω2

(
φ

χ
+
χ

φ

)]
+ γ0,

(7.329)

where ω and γ0 are integration constants. Substituting this solution into (7.328) and eliminating
the phase dependence via (7.327), we arrive at:

d

dz
ln

[
φχ
√
−Λ

(
φ

χ
− χ

φ

)]
+ l
√
−ΛK∥

= 0 =⇒ d

dz
ln
(
σ
√
−Λ
)
+ l
√
−ΛK∥

= 0, (7.330)

where we used σ = ψ̄ψ = −2φχ cos(β − α) together with the solution (7.329).

We now proceed to impose the conditions (7.296). The constraint T ∥∥ = 0 is trivially
fulfilled, because the EMT (7.320) does not have a parallel component. Imposing T ∥⊥ = 0 is
equivalent to simultaneously enforcing equations (7.323) and (7.324). The remaining condition,
associated with the perpendicular component of the EMT, simplifies to

3kπ2D

lΛ
= − lV

′ [σ]√
−Λ

φχ cos(β − α) =⇒ σV ′[σ] = − 6kπ2D

l2
√
−Λ

, (7.331)

where we have once again employed the definition of σ. Equation (7.331) is interpreted as an
equation determining the function σ in terms of the metric function Λ once the spinor potential
is specified. Thus, expressing σ as a function of Λ via (7.331) and substituting this relation
into equation (7.330) yields a first-order differential equation for Λ. Solving this equation fixes
both Λ and σ. Subsequently, the remaining equation (7.327) becomes explicitly integrable. Its
solution can be written as

φ = χ

√
e2s + 1

4
(ω2 + 1)e−2s + 1

e2s + 1
4
(ω2 + 1)e−2s − 1

, s = l

∫
V ′[σ]dz. (7.332)

The overall problem therefore reduces to solving equation (7.330), once the algebraic equation
for σ in (7.331) has been resolved.

All of these equations hold for both Λ > 0 and Λ < 0 by analytic continuation. For a black
hole solution to exist, there must be an event horizon. Since it is defined by Λ = 0, such a
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horizon can arise only if the function σV ′[σ] has a pole in R ∪ {±∞}. In that case, one can
analytically match the two coordinate patches corresponding to opposite signs of the metric
function Λ, thereby constructing a black hole geometry: the interior region is described on a
chart with Λ > 0, and the exterior region on a chart with Λ < 0, as usual. We now turn to a
discussion of particular choices for the spinor potential V [σ].

• V [σ] = 0: This choice corresponds to a theory of massless spinors. As discussed above, this
condition leads to a vanishing EMT, so within this framework there is no nontrivial solution.

• V [σ] = mσ: For massless spinors, we have V ′[σ] = m, a constant. Therefore, equation (7.331)
implies σ

√
−Λ = const., and equation (7.330) reduces to K∥ = 0. Consequently, even the

massive Dirac field admits no solution, since K∥ = 0 again causes the EMT to vanish on the
gravitational side of the field equations.

• V [σ] = −b ln |σ|: For this potential we obtain V ′[σ] = −b/σ. Substituting into equation
(7.331) yields a flat spacetime:

Λ0 = −
(
6kπ2D

bl2

)2

. (7.333)

When Λ < 0, three distinct cases arise. Without loss of generality, we present only the case
in which K∥ is given by (7.57). Integrating equation (7.330) then gives:

σ =
σ0

sinh z
exp

(
− P

2
√
−Λ0

arctan(sinh z)

)
, (7.334)

while s, defined in (7.332), can be written in terms of the hypergeometric function as follows:

s =
4ilb

σ0(2− ia)

(
1 + i sinh(z)

2

)1− ia
2

2F1

(
1− ia

2
,−ia

2
; 2− ia

2
;
1 + i sinh(z)

2

)
+ s0, (7.335)

where a = P
2
√
−Λ0

.

• V [σ] = mσ − g
2
σ2: Taking the derivative yields V ′[σ] = m − gσ. For convenience, we now

restrict to the massless case. Solving (7.331) for σ then gives

σ = Q(−Λ)−
1
4 , D =

gl2Q2

6kπ2
. (7.336)

The metric follows by directly integrating (7.330). We evaluate it in each of the four distinct
cases introduced in the previous section:

√
|Λ| =



P

2
sin z̄ +

(
P

2
ln |sec z̄ + tan z̄|+ µ

)
cos2 z̄, Λ > 0,

P

2
sinh z +

(
P

2
arctan(sinh z) + µ

)
cosh2 z, Λ < 0, x2 + Λϕ⊥2 > 0,

−P
2
cosh z +

(
µ− P

2
ln
∣∣∣tanh z

2

∣∣∣) sinh2 z, Λ < 0, x2 + Λϕ⊥2 < 0,

±2

3
Pe∓z + µe±2z, Λ < 0, x2 + Λϕ⊥2 = 0,

(7.337)
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where µ denotes an integration constant. We now determine the scalar curvature in each of
these regimes to examine whether the resulting spacetimes develop curvature singularities:

R = − 4

l2



1− tan2 z̄ +
P sin z̄

2
√
Λcos2 z̄

, Λ > 0,

1 + tanh2 z +
P sinh z

2
√
−Λcosh2 z

, Λ < 0, x2 + Λϕ⊥2 > 0,

1 + coth2 z +
P cosh z

2
√
−Λ sinh2 z

, Λ < 0, x2 + Λϕ⊥2 < 0,

2∓ P√
−Λ

e∓z, Λ < 0, x2 + Λϕ⊥2 = 0.

(7.338)

Finally, we obtain the surface gravity for these geometries whenever a horizon is present. It
takes the form

κ =
1

l


P

cosh zH
, Λ < 0, x2 + Λϕ⊥2 > 0,

P

sinh zH
, Λ < 0, x2 + Λϕ⊥2 < 0,

−2Pe∓zH , Λ < 0, x2 + Λϕ⊥2 = 0.

(7.339)

We observe that the parameter P is directly tied to the surface gravity: once P is set to zero,
κ vanishes as well.

We first consider the case Λ > 0. Setting P = 0, the solution simplifies to
√
Λ = µ cos2 z̄,

and the metric takes the form

ds2 = −dτ 2 + µl2 cos4
τ

l
dr2, (7.340)

where we have introduced the rescaled time coordinate τ = lz̄. The corresponding curvature
becomes divergent at τ = (2n + 1)π

2
l, with n ∈ Z. This describes a cosmological spacetime

oscillating through a succession of big bang and big crunch events.

For P ̸= 0, this basic pattern persists: curvature singularities still occur at τ = ±(2n+1)π
2
l.

However, in this case the scale factor remains finite at those points, so these singularities
correspond to a sequence of sudden singularities [92, 93]. In addition, there now appears
another series of curvature singularities at the zeros of the scale factor, where Λ = 0, located
at τ = τS + 2nπl, with τS ∈

(
−π

2
, π
2

)
l. Consequently, the P ̸= 0 solution can be understood

as an oscillatory universe evolving between the big bang and the big crunch events with two
additional sudden curvature singularities occurring between each such pair of events.

We now turn to the cases with Λ < 0. The first question to address, when considering a
spacetime that possesses a time-like Killing vector, is whether a Killing horizon exists [106],
characterized by Λ = 0. Let us determine under which conditions this equation admits a
solution. We begin with the case x2 +Λϕ⊥2 > 0 and introduce the variable u = sinh z. With
this substitution, the equation becomes:

f(u) =
u

1 + u2
+ arctan(u) = −2µ

P
=⇒ f ′(u) =

2

(u2 + 1)2
> 0. (7.341)

Hence, f(u) is a monotonically increasing and its range is confined to the interval (−π
2
, π
2
).

Consequently, there is always a unique solution precisely when:∣∣∣ µ
P

∣∣∣ < π

4
. (7.342)
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If no horizon is present, i.e. when
∣∣ µ
P

∣∣ > π
4
, then there is likewise no curvature singularity. In

this regime, the solution describes the ground state of a stable fermionic soliton star spacetime
that is globally regular. The gravitational attraction, mediated by the dilaton/metric, is
exactly counterbalanced by the repulsive spin–torsion coupling. As the system tends to
contract (which would drive Λ to zero), the spin–torsion interaction energy increases more
rapidly than the gravitational potential energy, thereby preventing the emergence of an event
horizon. The value

∣∣ µ
P

∣∣ = π
4

marks a critical mass and signals a phase transition. For
∣∣ µ
P

∣∣ <
π
4
, the gravitational attraction dominates over the spin–torsion repulsion, and a horizon is

formed. This horizon simultaneously generates a curvature singularity at the same spacetime
location, rendering it a singular horizon.

If P does not vanish, then the surface gravity (7.339) is finite and non-zero, implying that
the horizon is non-extremal. Consequently, this stationary, naked, finite-temperature singular
horizon is viewed as an idealized but unstable classical background. In practice, the horizon
acts like a usual bifurcate Killing horizon, except that the curvature singularity lies precisely
on it. In analogy with the Reissner–Nordström solution, this horizon plays the role of the
inner Cauchy horizon, which is subject to blueshift instability and gives rise to classical mass
inflation.

Next, we analyze the solution corresponding to x2 + Λϕ⊥2 < 0. In the limit P → 0, this
reduces to a configuration that still possesses a horizon at zH = 0. Yet, for P = 0 the surface
gravity is zero, so the solution represents a completely stable extremal ground state. We then
study how the horizon position changes when P ̸= 0. Defining u = tanh z

2
, the condition

Λ = 0 becomes
f(u) =

1

4

(
u2 − 1

u2

)
+ ln |u| = 2µ

P
. (7.343)

Since |u| < 1, it follows that f(u) > 0, implying the existence of a two symmetric horizons
at ±zH, whenever µP > 0. As before, these horizons are singular, just as in the previous
case, and the same line of reasoning applies. However, inspecting the curvature (7.338) now
reveals an additional singularity between the two singular horizons at zS = 0, which cannot
be removed by any means. The remaining case, x2 + Λϕ⊥2 = 0, displays qualitatively the
same behavior as the one just discussed. The difference is that the limit P → 0 now yields
AdS spacetime, because the scalar curvature is a negative constant.

We argue that these configurations are still viable solutions of the coupled Dirac–Chern–Simons
theory. The origin of the singular horizon in all these examples is directly tied to a blow up in
the fermionic density function σ at the horizon, since σ is inversely proportional to the metric
function Λ. Consequently, the phase transition—most clearly visible in the first case—can
be understood as a condensation process of the fermion mass at the singular horizon. In
this sense, the mechanism behind the formation of the singular horizon is understood, and it
should no longer be regarded as a naked singularity. Instead, it signifies a spacetime locus at
which the fermionic star soliton solution condenses. Because an infinite amount of fermion
mass accumulates at this horizon, the geometry must react with a curvature singularity. One
may anticipate that incorporating quantum corrections would smooth out this singularity,
while preserving a maximum of the fermionic density function in the lower phase at the same
spacetime position. Another open question is whether taking into account the fermion mass
m in the spinor potential can in any way remove or regularizes this singular horizon.

To further clarify the nature of this fermionic star solution, we may fix the boundary of the
star and smoothly match it to the general vacuum solution of Section 7.1.1. In doing so, the
fermionic star soliton is interpreted as a compact object embedded in a larger spacetime. The

177



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

open question is where exactly to place the star’s boundary: right at the singular horizon
where the fermions condense, or outside of it?

In contrast, the hard singularity that appears in the last two families of solutions is a direct
consequence of the coupling to torsion, as the torsion itself diverges at zS = 0, independently
of the choice of matter fields. We expect that, once the Polyakov–Liouville-type quantum
corrections (3.72) are taken into account, the singular behavior of the horizon will be resolved,
yet a maximum of the fermionic density function will remain there. In this interpretation, the
singular horizon acts as a massive barrier that prevents anything from reaching the genuine
singularity at zS = 0. Alternatively, one can regard this singularity as a strong-coupling
region between the torsion and the metric, where quantum gravity effects become essential,
in close analogy with the CGHS model discussed in Chapter 4. In that case, this region
should be removed from the classical spacetime description by imposing reflective boundary
conditions on the singular horizon hypersurface, thereby effectively turning it into a reflective
spacetime boundary.

7.3.4 Scalar electrodynamics

Here we study how a U(1)-localized complex scalar field theory modifies the gravitational
equations of motion. Accordingly, the matter action is

Smat = −
∫

d2x
√
−g
[
(Dµf)

∗Dµf + V [|f |] + 1

4
FµνFµν

]
, (7.344)

where V [|f |] denotes the potential of the scalar field, and the U(1)-covariant derivative is
defined in the usual way as Dµf = ∇µf + iqAµf , with q the electric charge carried by the
complex scalar field particles. We begin by examining the electromagnetic sector. Varying the
action with respect to the gauge field leads to

∇νFµν = iq

(
f ∗Dµf − f (Dµf)∗

)
≡ Jµ, (7.345)

from which we recover the standard U(1) current associated with the scalar field. Implementing
the symmetric ansatz of Section 3.1, this equation becomes[

d2

dx̄2
(
ΛA∥)

+ 2(ql)2F 2A∥

]
ξµ + 2qlF 2

[
dγ

dx̄
+ qlA⊥

]
εµνξ

ν = 0, (7.346)

where we use the notation introduced in Table 7.2 for the complex scalar field. As in Section
7.3.2, the component of (7.346) normal to ξµ shows that A⊥ serves as a gauge choice, since the
phase γ of the complex scalar field remains arbitrary until the gauge is fixed. Consequently,
only the parallel component of this equation provides a nontrivial equation of motion. We now
vary the action with respect to the scalar field and obtain:

DµD
µF = V ′ [F ] =⇒ d

dx̄

(
Λ
dF

dx̄

)
+ (ql)2ΛA∥2F +

l2

2
V ′ [F ] = 0. (7.347)

We now turn to the gravitational sector of the theory. The EMT of the matter fields is

Tµν = (Dµf)
∗Dνf + (Dνf)

∗Dµf − gµν
(
(Dαf)

∗Dαf + V [F ] +
1

2
F2

)
, (7.348)
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where we have employed the reduced form of the electromagnetic EMT obtained in (7.308).
Implementing the symmetric ansatz yields

l2ΛTµν =

Λ((dF

dx̄

)2

+ (ql)2F 2A∥2

)
− l2V [F ]− 1

2

(
d
(
ΛA∥

)
dx̄

)2
 ξµξν

+

Λ((dF

dx̄

)2

+ (ql)2F 2A∥2

)
+ l2V [F ] +

1

2

(
d
(
ΛA∥

)
dx̄

)2
 εµρενσξρξσ

(7.349)

Imposing the constraints (7.296) on the energy–momentum tensor (7.349) leads to the following
pair of equations:

Λ

((
dF

dx̄

)2

+ (ql)2F 2A∥2

)
= l2V [F ] +

1

2

(
d
(
ΛA∥

)
dx̄

)2

, (7.350)

6kπ2D√
|Λ|

= Λ

((
dF

dx̄

)2

+ (ql)2F 2A∥2

)
+ l2V [F ] +

1

2

(
d
(
ΛA∥

)
dx̄

)2

. (7.351)

Combining (7.350) and (7.351), one finds that the remaining two equations (7.346) and (7.347)
become identical. Consequently, the system of equations simplifies to:(

dF

dx̄

)2

=
3kπ2D

Λ

1√
|Λ|
− (ql)2F 2A∥2, (7.352)(

d
(
ΛA∥

)
dx̄

)2

=
6kπ2D√
|Λ|
− 2l2V [F ], (7.353)

3kπ2D

|Λ|3/2
d|Λ|
dx̄

= 4(ql)2F 2A∥d
(
ΛA∥

)
dx̄

− l2V ′[F ]
dF

dx̄
. (7.354)

This system of equations can in principle be solved numerically. Nonetheless, we confine
our subsequent analysis to the simplest, massless case with V [F ] = 0. From equation (7.350)
it follows that Λ > 0, and equation (7.351) further requires D > 0. Consequently, we are
looking for cosmological solutions. Expressing the system in terms of the z coordinate (3.21)
and introducing a new constant Q via 6kπ2D = Q2, we obtain:

d
(
ΛA∥

)
dτ

= QΛ1/4,
dΛ

dτ
=

8(ql)2

Q
F 2ΛA∥

Λ3/4, Λ

(
dF

dτ

)2

+ (ql)2F 2
(
ΛA∥)2

=
Q2

2

√
Λ.

(7.355)
This system is invariant under scale transformations, which implies that all relevant fields can
be expressed as power laws. A straightforward calculation leads to the solution:

Λ =

(
Qql

3
√
2

)4

z8, ΛA∥
=
Q2ql

9
√
2
z3, F =

√
3

ql
z−1. (7.356)

Since the gauge potential itself is not directly physical, we instead determine the electric field.
The resulting physical configuration of fields is

ds2 = −dτ 2 +
(

Qq

3l
√
2

)4

τ 8l2dr2, F =
3
√
2

q
τ−2, F =

√
3

q
τ−1, (7.357)
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where we have introduced the time coordinate τ = lz. The remaining fields are specified in
(7.50-7.53) and are the same as in the case of the real scalar field (7.305). The cosmological
singularity occurs at τ = 0, where the spatial section collapses to a point, and both the electric
field and the scalar field become divergent. Analogously to the case of a real scalar field, the
parallel component of the contorsion displays a sequence of sudden singularities [92, 93].

Note that this does not represent the general solution of system (7.355). The system can be
recast as a single first-order, second-kind Abel differential equation, which does not admit an
exact closed-form solution. The solution provided here corresponds to an exact singular fixed
point within the parameter space of solutions. Any other choice of initial conditions leads to
phase-space trajectories that spiral around or away from this exact analytical solution, their
behavior being fully determined by the aforementioned Abel differential equation.

7.3.5 Ideal fluid dynamics

In this subsection, we examine how the geometry responds to the matter content described by
the energy–momentum tensor of an ideal fluid, namely:

Tµν = (p+ ρ)uµuν + pgµν . (7.358)

Expressing this using the symmetric ansatz introduced in Section 3.1, we obtain:

Tµν =
[
(p+ ρ)u

∥2 +
p

Λ

]
ξµξν + (p+ ρ)u

∥
u⊥ (εµρξν + ενρξµ) ξ

ρ +
[
(p+ ρ)u⊥2 − p

Λ

]
εµρενσξ

ρξσ.

(7.359)
To the equations (7.296), we must supplement a condition on the four–velocity, namely:

uµu
µ = −1 =⇒ Λ

(
u
∥2 − u⊥2

)
= −1. (7.360)

We first impose the condition T ∥⊥ = 0. This leads to the conclusion that either u∥ = 0 or
u⊥ = 0, since the choice p+ ρ = 0 would cause the entire EMT to vanish identically.

• u∥ = 0: In this case, the condition T ∥⊥ = 0 is automatically fulfilled. From equation (7.360)
we obtain the normal component of the four-velocity:

u⊥ = ± 1√
Λ
, (7.361)

which requires Λ > 0. Thus, we are dealing with the cosmological solution. The vanishing
of the parallel component of the EMT imposes p = 0, while its normal component yields the
density as a function of the metric function Λ:

p = 0 ∧ ρ =
6kπ2D

l2
√
Λ
. (7.362)

• u⊥ = 0: In an analogous way, the condition T ∥⊥ = 0 is again satisfied, and equation (7.360)
now provides the parallel component of the four-velocity:

u
∥
= ± 1√

−Λ
, (7.363)

which enforces Λ < 0. Consequently, we are considering the static star solution, once the
stellar boundary is specified and the metric is matched across this boundary to one of the
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general vacuum solutions of Section 7.1.1. Unlike the previous case, the constraint T ∥∥ = 0
implies ρ = 0, and from the normal component of the EMT we obtain the pressure as a
function of Λ:

p = − 6kπ2D

l2
√
−Λ

, ∧ ρ = 0. (7.364)

Note that in both branches the metric function Λ remains arbitrary. This reflects the gauge
freedom inherited from the underlying five-dimensional Chern–Simons theory. Consequently,
any choice of metric solves the full set of equations of motion. One might say that an additional
thermodynamic relation p = p(ρ) is missing. However, the equations of motion already enforce
that either the pressure or the density must vanish, so there is no room to introduce an extra
independent equation into the system.

Conversely, one would typically prefer a setup where the spacetime metric is dynamically
determined. This is only possible once an additional field is incorporated into the matter sector.
For instance, including an electromagnetic field merely shifts the EMT by TED

µν = −Q2

2
gµν (see

Section 7.3.2). In this case, the equations reduce to:
p =

Q2

2
∧ ρ =

6kπ2D

l2
√
Λ
− Q2

2
, u

∥
= 0,

p = − 6kπ2D

l2
√
−Λ

+
Q2

2
, ∧ ρ = −Q

2

2
, u⊥ = 0.

(7.365)

At this stage it becomes consistent to impose an additional thermodynamic relation p = p(ρ).
Yet p and ρ are already fully determined in terms of the metric, so enforcing this relation
restricts the solution to flat Minkowski spacetime, where both the pressure and the density of
the ideal fluid turn out to be constant. If we then continuously match the u⊥ = 0 solution to a
generic vacuum configuration from Section 7.1.1, the result is a perfectly homogeneous torsion
star, with both the two-dimensional torsion and the θ-component of the five-dimensional torsion
remaining non-zero in a BTZ background endowed with θ torsion.

Including a massless real scalar field leads to the same outcome: the equations of motion
still only admit flat Minkowski spacetime with torsion. However, once a non-trivial scalar
potential is introduced, the equations of motion become genuinely dynamical, and one obtains
a non-constant pressure, density, and metric.

Finally, it would be worthwhile to explore the role of the Polyakov–Liouville quantum cor-
rections (3.72) in this ideal-fluid thermodynamic framework. We anticipate that the quantum-
corrected solution will select a definite metric function Λ once the condition p = p(ρ) is imposed,
because the Polyakov–Liouville EMT (3.79) depends explicitly on derivatives of Λ.
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Chapter 8

Entanglement entropy in gravitational
systems

In this chapter, we derive explicit expressions for several notions of entropy that occur in gravi-
tational systems. As a preliminary step, we emphasize the distinction between fine–grained and
coarse–grained entropy [8, 26]. These are general notions in statistical physics and information
theory and are not intrinsically tied to gravitational phenomena. We clarify their role and
relevance in gravitational settings in the first section of this chapter.

In the subsequent second section, we compute the fine–grained entropy in several particular
setups introduced in the preceding section. We begin by analyzing the situation of a uniformly
accelerated observer in the Minkowski vacuum. Such an observer perceives a thermal particle
spectrum characterized by a temperature proportional to the observer’s proper acceleration,
a phenomenon known as the Unruh effect [120, 121, 122]. We then extend this analysis to a
broader class of observers, considering both flat and curved spacetime backgrounds [26].

In the following section, we investigate matter in a coherent state, together with the quan-
tum–corrected entropy of the black hole [26]. Our discussion is carried out within the framework
of the BPP model. The characterization of the collapsing matter as a coherent state is phys-
ically motivated by the fact that, in a wide class of systems in condensed matter physics, the
ground state is accurately described by a coherent state. Consequently, it is natural to assume
that the matter that creates the singularity resides in its ground state. In this section, we also
provide a precise formulation of what we refer to as the Hawking information paradox.

In the final section of this chapter, beginning from the main hypothesis—referred to as
the central dogma—which posits that a black hole can be regarded as an ordinary quantum
system up to a certain boundary surface, we derive the central result of this work, namely
the formula for the fine–grained entropy in gravitational systems [1]. We then conclude with
several remarks on open issues related to the black hole information paradox, including in
particular the outstanding challenges associated with the reconstruction of the causal diamond
(entanglement wedge reconstruction) [1].

8.1 Coarse–grained and fine–grained entropy

As previously indicated, this section has no direct connection with gravitational phenomena,
since these are general concepts in physics. Broadly speaking, a fine-grained description of
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a system provides a detailed microscopic characterization of all its degrees of freedom. By
contrast, a coarse-grained description is obtained by averaging or integrating over these micro-
scopic details, thereby retaining only a reduced set of macroscopic or effective variables. In the
following, we illustrate this distinction using a concrete example based on the notion of entropy.

The fundamental quantity used in thermodynamics is the von Neumann (Gibbs) entropy.
In classical mechanics it is defined as a functional of the probability distribution of occupied
states over phase space, ρ(p⃗, q⃗),

SFG[ρ] = −kB
∫ ( n∏

i=1

dpidqi

)
ρ ln ρ, (8.1)

where kB denotes the Boltzmann constant, and n represents the dimensionality of the config-
uration space. This is an example of a fine–grained quantity, as it is constructed directly from
the microscopic distribution function ρ. Consequently, it encodes the complete set of micro-
scopic details pertaining to the system under consideration and is, by definition, fine–grained.
In particular, it is well defined at every point in phase space. Moreover, by Liouville’s theorem,
which implies dρ

dt
= 0 along Hamiltonian trajectories, the associated entropy remains exactly

conserved in time. Therefore, this entropy—often identified with the von Neumann (or Gibbs)
entropy in the classical limit—cannot be regarded as thermodynamic entropy, since it does not
increase with time.

Gibbs introduced a systematic procedure for constructing a coarse–grained quantity from
the fine–grained quantity ρ. Specifically, one partitions the phase space into a collection of
cells and, within each cell, performs a local averaging of ρ. This averaging procedure yields
the coarse–grained quantity ρ̄. This clarifies the distinction between “coarse–grained” and
“fine–grained” descriptions: the former corresponds to a smoothed, cell-averaged representation
of the latter. On this basis, one can now define the coarse–grained entropy in analogy with the
von Neumann entropy, but formulated in terms of the coarse–grained distribution ρ̄:

SCG[ρ̄] = −kB
∫ ( n∏

i=1

dpidqi

)
ρ̄ ln ρ̄, (8.2)

ρ̄(x) =
∑
C

pρ(C)ρC(x), pρ(C) =

∫
C

ρ(x)

(
n∏

i=1

dpidqi

)
. (8.3)

Here, we have extracted the macroscopic properties from the quantity ρ, as they are com-
pletely encoded in the coarse-grained quantity ρ̄. This coarse-graining procedure is precisely
what the entropy is intended to capture. With this definition, the entropy constructed from ρ̄
is consistent with, and indeed satisfies, the second law of thermodynamics. There is, however,
an alternative way to elucidate the distinction between these types of entropy. In the case of
quantum mechanical systems, the fine-grained (von Neumann) entropy is given by:

SFG = −kB Tr{ρ̂ ln ρ̂} and ⟨Â⟩ρ = Tr
{
ρ̂Â
}
, ∀Â, (8.4)

where ρ̂ denotes the density matrix of the system under consideration. For a system prepared
in a pure state, this quantity becomes equal to zero. It therefore quantifies the deviation of the
system from a pure state, that is, the degree of statistical uncertainty (or lack of information) of
the state of the system. The key property of the density matrix — which encodes the maximal
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microscopic information accessible about the system— is expressed in the second equation given
above. This relation indicates that, using the density matrix, one can compute the expectation
value of any observable of the system.

In practice, one typically does not measure the complete set of observables of a system, but
rather restricts attention to those that are of macroscopic relevance, hereafter referred to as
coarse–grained quantities. We denote this selected set of observables by

{
Âi

}
. Consider now

the set of all density operators ρ̃ that satisfy the following condition:

Tr
{
ρ̃Âi

}
= Tr

{
ρ̂Âi

}
, ∀Âi, (8.5)

and compute the von Neumann entropy for each of these density matrices, subsequently max-
imizing this functional. The density matrix ρ̃ that maximizes the von Neumann entropy is
identified as the coarse–grained density matrix ρ̄. The corresponding value of the entropy is
then interpreted as the thermodynamic entropy. This construction is equivalent to the standard
coarse–graining procedure employed in classical statistical mechanics.

From the very definitions of these entropies, it directly follows that the fine–grained entropy
is always less than or equal to the coarse–grained entropy, i.e., SFG ≤ SCG. This inequality is
evident because we can always choose ρ̃ = ρ̂, which in general does not maximize the entropy,
whereas ρ̄ does. Equivalently, one may interpret SCG as a measure of the effective total number
of degrees of freedom accessible to the system, thus providing an upper bound on the amount
of entanglement that the system can share with another system.

8.1.1 Fine-grained entropy in gravitation

Thus far, we have analyzed entropy in a general context. We now turn to its specific implica-
tions for gravitational systems. In particular, we aim to clarify the physical meaning of the von
Neumann entropy in a gravitational setting—most notably for quantum fields in curved space-
time, such as Hawking radiation—and to identify and characterize the coarse–grained entropy
associated with a black hole.

When we seek the entropy of the radiation outside the black hole, we are necessarily dealing
with a fine–grained entropy, since it represents a subsystem of the full quantum gravitational
system: in effect, the degrees of freedom associated with the black hole itself have been traced
out. To understand this more concretely, consider a stationary observer located asymptotically
far from the black hole. For such an observer, there exists a finite spacetime region that
is causally inaccessible. This inaccessible region is bounded by the apparent horizon of the
black hole, since light cannot escape from it. This implies the existence of degrees of freedom
localized behind the event horizon, to which the external observer has no access. Assuming
that the black hole forms from the gravitational collapse of matter initially prepared in a
pure quantum state, the state of the entire system, consisting of the black hole and its Hawking
radiation—remains pure, denoted by |ψ⟩, at all times. Nevertheless, based on the considerations
in the preceding paragraph, the stationary observer cannot access all of the degrees of freedom
associated with this global state. The density operator corresponding to the full system is
given by ρ̂ = |ψ⟩ ⟨ψ|. Hawking radiation accessible to the observer is quantum-mechanically
entangled with the degrees of freedom residing inside the black hole, the reduced density matrix
actually measured by the observer is obtained by taking the partial trace over the degrees of
freedom beneath the apparent horizon:
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ρ̂out = Trin{|ψ⟩ ⟨ψ|}. (8.6)

The total information related to the Hawking radiation observed by the observer at infinity
is contained in this density matrix. From it we obtain both the temperature of the radiation
and all correlations that may arise within it. The next step is to determine the entropy of the
radiation. We define it as the von Neumann entropy given in terms of the density matrix ρ̂out:

SFG = −kB Tr{ρ̂out ln ρ̂out}. (8.7)

In this trace, it is explicitly assumed that the relevant region of spacetime lies within the
domain containing Hawking radiation. This means that when evaluating this quantity, it is first
necessary to specify a spacelike hypersurface Σ (that is, a hypersurface of constant coordinate
time, t = const.). This hypersurface determines the instant at which the entropy is measured.
In this manner, an explicit time dependence is introduced directly into the expression for SFG.
We then define the spatial region A

′ in which live the degrees of freedom accessible to the
observer, as the causal diamond over some part of the hypersurface Σ. The remainder of
the hypersurface Σ defines one or more causal diamonds, where the degrees of freedom are
inaccessible to the observer. We denote this region by A. When computing SFG, we trace the
degrees of freedom living in region A. What holds is that the quantity SFN associated with
region A is equal to the corresponding quantity SFN associated with region A

′ , because along
the region A the quantum state is pure on the combined region (A ∪ A′) [8, 26].

In the case of a black hole A, this region is defined as the causal diamond over the part of
the hypersurface Σ lying beneath the apparent horizon. This was considered to be the correct
way to determine the fine–grained entropy in gravitational systems. However, this method is
not consistent with the unitarity of quantum mechanics, and thus we encounter a problem. The
resolution comes with the introduction of islands [1]. We discuss them in more detail in the
fourth section of this chapter. Therefore, the entropy obtained in this way is referred to as the
von Neumann entropy rather than the fine–grained entropy in gravitational systems. It remains
important, since it constitutes a part of the formula for fine–grained entropy in gravitational
systems.

In the next section we calculate the von Neumann entropy SFN(Σ) for different regions
A. First, we analyze the Unruh effect. This is the case when the region A is the entire
left quadrant of Minkowski spacetime. Then, we generalize the obtained result to an arbitrary
region in Minkowski spacetime. The next step is to generalize these results to curved spacetime.
Finally, we determine what happens when we are in a spacetime that has a boundary, with
reflective boundary conditions defined on it, as in the dynamical scenario in the BPP model.

In Figure 8.1, an arbitrary region A = [x+1 , x
+
2 ] × [x−1 , x

−
2 ] is shown. The spacelike hyper-

surface Σ is depicted by the green line. It passes through the points (x+1 , x
−
2 ) and (x+2 , x

−
1 ).

However, whichever hypersurface we choose, as long as it passes through these two points, the
value of the von Neumann entropy is the same. This is a consequence of the fact that the
entropy depends only on the spacetime interval between these points, i.e., on the area of this
causal diamond [1]. Therefore, we say that the entropy is associated with the causal diamond,
and not with the hypersurface.
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Figure 8.1: Arbitrary region A that contains the inaccessible degrees of freedom.

In the previous chapter we dealt with various gravitational models, but the matter was
always represented by massless scalar fields. Now we see why this was important, i.e., how much
it simplifies the calculation of entropy. Namely, the Klein–Gordon equation □ϕ = 0 reduces
to ∂+∂−ϕ = 0, as we saw in Section 2.2.4 when discussing the transformation properties of
the energy–momentum tensor. The solution of this equation is ϕ(x+, x−) = ϕ+(x

+) + ϕ−(x
−).

Consequently, the left–propagating modes are completely independent of the right–propagating
modes. This also allows us to compute the entropy independently, i.e., first determine the
entropy arising from the right–propagating modes, then from the left–propagating modes, and
finally add them together to obtain the total entropy. However, this is no longer true when we
have collapse, because in that case there is a boundary with reflective boundary conditions. In
such a situation the modes are no longer independent, and it is necessary to separately analyze
what happens in this case.

8.2 Von Neumann entropy in gravity

As already mentioned in the previous section, in this section we determine the von Neumann
entropy in different cases of the region A that is inaccessible to a given observer. First, we deal
with the Unruh effect, the phenomenon in which a uniformly accelerated observer detects a
thermal spectrum of particles. The specific coordinates used to describe this reference system
are called Rindler coordinates. The derivation of these coordinates and their relation to the
uniformly accelerated observer is presented in Appendix B (Section B.3). In the present context,
we restrict ourselves to their utilization.

Throughout, we initially restrict our analysis to the right–propagating modes. The con-
tribution from the left–propagating modes is subsequently incorporated by analogy, as their
respective contributions to the entropy are mutually independent. Furthermore, we denote
the coordinates in which the quantum vacuum is defined by x±, and those corresponding to
the observer by σ±. In this section we consistently use the facts from Appendix B, related to
quantum field theory in curved spacetime.
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8.2.1 Minkowski vacuum and region type: A = (−∞, 0]× [0,+∞)

This choice of region A corresponds to a
uniformly accelerated observer. Here we ap-
ply Unruh’s method for determining the Bo-
goliubov coefficients (see Appendix D.3 as well
as [122]). The main idea we use lies in the
fact that entropy does not depend on the ba-
sis of functions we choose. Therefore, we can
select modes in convenient coordinates. Since
the case corresponds to a Rindler observer, we
choose Rindler coordinates.

Figure 8.2: Region A that contains the inacces-
sible degrees of freedom in a case of the Rindler
observer.

Figure 8.3: Function σ− = σ−(x−) for the case
of Rindler observer.

The Rindler coordinates are given by the fol-
lowing relation (see Appendix D.3): σ−

out =
− 1

a
ln (−ax−) ∧ σ−

in = − 1
a
ln (ax−). The

constant a represents the acceleration of the
Rindler observer. We notice that they can be
combined using the absolute value:

σ− = −1

a
ln
∣∣ax−∣∣. (8.8)

In Figure 8.3, the graph of the dependence of
this function is shown.

The first thing we need to do is determine the positive–frequency modes. For the right–propagating
waves in the region A′, we have:

∂tϕ
ω = −iωϕω =⇒ dϕω

out

dσ−
out

= −iωϕω
out =⇒ ϕω

out =
1√
4πω

θ(−x−)e−iωσ−
out . (8.9)

In the left quadrant (i.e., region A) the timelike Killing vector, which we use here to define
the modes, changes direction, and for this reason there is no “−” on the right–hand side of the
defining equation for the modes:

∂−tϕ
ω = −iωϕω =⇒ dϕω

in

dσ−
in

= iωϕω
in =⇒ ϕω

in =
1√
4πω

θ(x−)eiωσ
−
in . (8.10)

From Section 2.2.4 3.3 we know that the normalization constant is given by: 1√
4πω

(Equation
(3.86)). These are the modes defined in their respective regions A′ and A. Therefore, the field
can be expanded in terms of them in the following way:

ϕ− =

∫ ∞

0

dω
[
aout(ω)ϕ

ω
out + ain(ω)ϕ

ω
in + a†out(ω)ϕ

ω∗
out + a†in(ω)ϕ

ω∗
in

]
. (8.11)

The correct method would now be to use the Minkowski modes and determine the Bogoli-
ubov coefficients (see Appendix D.2). However, this is a very demanding problem, so here we
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apply Unruh’s trick [122]. We want to express the Rindler modes in terms of the Minkowski co-
ordinates x± and analytically continue them to the entire spacetime. If we succeed, we obtain a
set of mutually orthogonal modes defined over the whole Minkowski spacetime and expressed in
Minkowski coordinates. This means that we have obtained a basis in Minkowski coordinates.
This basis must also correspond to the Minkowski vacuum, so in fact we have obtained the
Minkowski modes. We begin with the ϕω

out mode and attempt to analytically continue it to the
entire spacetime:

ϕω
out =

1√
4πω

θ(−x−)e−iωσ−
out =

1√
4πω

θ(−x−)
(
−ax−

) iω
a

ϕω
in =

1√
4πω

θ(x−)eiωσ
−
in =

1√
4πω

θ(x−)
(
ax−

)− iω
a

ϕω∗
in =

1√
4πω

θ(x−)
(
ax−

) iω
a =

1√
4πω

θ(x−)
(
−e−iπax−

) iω
a =

1√
4πω

e
πω
a θ(x−)

(
−ax−

) iω
a

ϕω∗
out =

1√
4πω

θ(−x−)
(
−ax−

)− iω
a =

1√
4πω

θ(−x−)
(
eiπax−

)− iω
a =

1√
4πω

e
πω
a θ(−x−)

(
ax−

)− iω
a

=⇒ ϕω
out + e−

πω
a ϕω∗

in =
1√
4πω

[
θ(−x−) + θ(x−)

] (
−ax−

) iω
a =

1√
4πω

(
−ax−

) iω
a ∝ ϕω

1

(8.12)

=⇒ ϕω
in + e−

πω
a ϕω∗

out =
1√
4πω

[
θ(−x−) + θ(x−)

] (
ax−

)− iω
a =

1√
4πω

(
ax−

)− iω
a ∝ ϕω

2 .

(8.13)

We observe that, by adding the term proportional to ϕω∗
in , we obtain a mode that is well

defined everywhere in Minkowski spacetime. It is now necessary to clarify why, in the third
line, we used the representation −1 = e−iπ, whereas in the fourth line we wrote −1 = eiπ.
The underlying reason is that we require the Minkowski modes to be well defined throughout
the whole spacetime under analytic continuation of x− into the complex plane. To this end,
let us examine the analyticity condition for the mode fω

− ∝ e−iωx− in the limit x− → ∞. We
see that fω

− ∝ eiωRe{x−}+ω Im{x−}, and thus conclude that Im{x−} < 0. In the third line, we
attempt to move from the point x− to the point −x− in the complex plane. From Im{x−} < 0,
we know that they must be connected through the lower half–plane, so we perform a rotation
by −π, thereby acquiring the phase e−iπ, since this corresponds to the negative mathematical
direction. In the fourth line we move from the point −x− back to the point x−, again through
the lower half–plane, thereby acquiring the phase eiπ, since this corresponds to the positive
mathematical direction. The foregoing analysis is equivalent to imposing the condition that for
the Minkowski modes to be analytic in the whole complex plane, the branch cut of the power
function needs be placed in the upper half–plane. The next step is the normalization of the
modes ϕω

1,2:

(ϕω
1,2, ϕ

ω
′

1,2) = Cω
1,2C

ω
′∗

1,2

[
(ϕω

out,in, ϕ
ω
′

out,in) + e−
2πω
a (ϕω∗

in,out, ϕ
ω
′∗

in,out)
]

=
∣∣Cω

1,2

∣∣ (1 + e−
2πω
a

)
δ(ω − ω′

).
(8.14)

Thus, the Minkowski modes (operators) are expressed in terms of the Rindler modes (operators)
in the following way:
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ϕω
1 =

1√
2 sinh πω

a

[
ϕω
oute

πω
2a + ϕω∗

in e
−πω

2a

]
; a1(ω) =

1√
2 sinh πω

a

[
aout(ω)e

πω
2a − a†in(ω)e−

πω
2a

]
ϕω
2 =

1√
2 sinh πω

a

[
ϕω
ine

πω
2a + ϕω∗

oute
−πω

2a

]
; a2(ω) =

1√
2 sinh πω

a

[
ain(ω)e

πω
2a − a†out(ω)e−

πω
2a

]
(8.15)

We immediately observe that the Bogoliubov coefficients have been obtained. The set
of modes {ϕω

1 , ϕ
ω
2 |ω ∈ R+

0 } constitutes a complete basis in the Hilbert space associated with
fields on Minkowski spacetime, and consequently the annihilation operators defined above must
annihilate the Minkowski vacuum. This procedure is commonly referred to as Unruh’s trick.
Its primary purpose is to express the Minkowski vacuum state |0M⟩ as a superposition of Fock
states supported in the left and right Rindler wedges.In the general case, this expansion can be
written in the following way:

|0M⟩ =
∞∑

n1,...,ns=0

∞∑
m1,...,ms=0

Am1m2...ms
n1n2...ns

|n1, n2, ..., ns, out⟩ ⊗ |m1,m2, ...,ms, in⟩ , (8.16)

where {|n⟩ |n ∈ {1, 2, . . . , s}} denotes a basis of the single–particle state space in the in/out
sector, and Am1m2...ms

n1n2...ns
are expansion coefficients to be determined. We fix the dimension of this

single–particle state space to be s, without, however, restricting ourselves to the case in which
s is finite. The corresponding basis of the Fock space, constructed from Slater permanents, is
then given by:

|n1, n2, ..., ns, in/out⟩ =

(
a†in/out(ω1)

)n1

...
(
a†in/out(ωs)

)ns

√
n1!n2!...ns!

∣∣0in/out〉 , (8.17)

where {ωn |n ∈ {1, 2, . . . , s}} are the single–particle eigenenergies corresponding to the eigen-
states of {|n⟩ |n ∈ {1, 2, . . . , s}}. We see that everything has been discretized, since this
makes the notation simpler for calculations. The analogous statement holds in the continuous
case as well. The Minkowski vacuum is defined as the vacuum annihilated by the Minkowski
annihilation operators, i.e.:

(∀k ∈ {1, 2, .., s}) a1(ωk) |0M⟩ = 0, (8.18)
a2(ωk) |0M⟩ = 0. (8.19)

By solving the system of equations obtained from these two conditions and by directly applying
the defining actions of annihilation and creation operators on the basis in Fock space, we obtain
the following relations for the coefficients in the expansion:

(∀k ∈ {1, 2, ..., s}) Am1m2...ms
n1n2...ns

=

√
mk

nk

e−
πωk
a Am1...mk−1...ms

n1...nk−1...ns
(8.20)

Am1m2...ms
n1n2...ns

=

√
nk

mk

e−
πωk
a Am1...mk−1...ms

n1...nk−1...ns
. (8.21)

The relation (8.20) is obtained by solving the Equation (8.18), whereas the relation (8.21) is
derived from the Equation (8.19). We immediately observe that nk = mk, ∀k, so we can write:

Am1m2...ms
n1n2...ns

= αn1n2...nsδn1m1δn2m2 ...δnsms (8.22)

αn1n2...ns = e−
πωk
a αn1...nk−1...ns , ∀k. (8.23)
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At this stage, the determination of all coefficients in the expansion becomes straightforward.
By successively lowering the coefficient k from nk to 0, we generate nk factors of the exponential
term e−

πωk
a . If we reduce all the coefficients to zero and denote α00...0 = C, we obtain:

|0M⟩ = C

∞∑
n1,n2,...,ns=0

e−
π
a

∑s
k=1 nkωk |n1, n2, ..., ns, out⟩ ⊗ |n1, n2, ..., ns, in⟩ . (8.24)

In this context, it is evident that C represents the normalization constant. What remains is to
determine it:

1 = ⟨0M |0M |0M |0M⟩ = |C|2
(

∞∑
n1=0

e−
2πn1ω1

a

)(
∞∑

n2=0

e−
2πn2ω2

a

)
...

(
∞∑

ns=0

e−
2πnsωs

a

)
. (8.25)

Therefore, the Minkowski vacuum is given by:

|0M⟩ =

√√√√ s∏
k=1

(
1− e−

2πωk
a

) ∞∑
n1,...,ns=0

e−
π
a

∑s
k=1 nkωk |n1, ..., ns, out⟩ ⊗ |n1, ..., ns, out⟩ . (8.26)

This formula can be written in a more compact form by explicitly expanding the state in the
Fock basis. After a straightforward calculation, we obtain:

|0M⟩ =

√√√√ s∏
k=1

(
1− e−

2πωk
a

)
exp

{
s∑

k=1

e−
πωk
a a†out(ωk)⊗ a†in(ωk)

}
|0out⟩ ⊗ |0in⟩ . (8.27)

The subsequent step is to determine the density matrix as perceived by a uniformly acceler-
ated observer, under the assumption that an inertial observer in Minkowski spacetime detects
no particle flux, i.e., that the quantum state is the Minkowski vacuum. This density matrix is
obtained by performing a partial trace over the degrees of freedom associated with region A:

ρ̂out =Trin{|0M⟩ ⟨0M |} (8.28)

=
∞∑

n1,n2,...,ns=0

⟨n1, ..., ns, in|0M |n1, ..., ns, in|0M⟩ ⟨0M |n1, ..., ns, in|0M |n1, ..., ns, in⟩

ρ̂out =

[
s∏

k=1

(
1− e−

2πωk
a

)] ∞∑
n1,...,ns=0

e−
2π
a

∑s
k=1 nkωk |n1, ..., ns, out⟩ ⟨n1, ..., ns, out| . (8.29)

The first observation is that the resulting density matrix is diagonal. Moreover, using the
fact that the energy of the state |n1, n2, . . . , ns, out⟩ is equal to

∑s
k=1 nkωk, we conclude that the

emitted radiation is described by a thermal state. The prefactor in front of expression (8.29)
can be identified with the inverse partition function, while the corresponding temperature is
easily determined as follows:

ρ̂out =
1

Z
e−βH =⇒ Z =

s∏
k=1

1

1− e−
2πωk

a

∧ T =
a

2π
. (8.30)

It is now evident that we have rigorously recovered the Bose–Einstein distribution for a
one–dimensional gas [8]. Consequently, we have established that a uniformly accelerated ob-
server (the Rindler observer) detects a thermal flux of particles characterized by a temperature
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proportional to the magnitude of the observer’s proper acceleration, Equation (8.30). The final
goal of this section is to determine the von Neumann entropy associated with the radiation as
measured by the Rindler observer (throughout, we adopt units in which kB = 1):

SFN = −Tr{ρ̂out ln ρ̂out} = −C2

∞∑
n1,n2,...ns=0

e−
2π
a

∑s
k=1 nkωk ln

(
C2e−

2π
a

∑s
k=1 nkωk

)
= − lnC2 +

2π

a
C2

∞∑
n1,n2,...,ns=0

e−
2π
a

∑s
k=1 nkωk(n1ω1 + n2ω2 + ...+ nsωs)

= − lnC2 +
2π

a
C2

[(
∞∑

n1=0

e−
2πn1ω1

a n1ω1

)(
∞∑

n2=0

e−
2πn2ω2

a

)
...

(
∞∑

ns=0

e−
2πnsωs

a

)
+ ...

]

= − lnC2 +
2π

a

s∑
k=1

∑∞
n=0 e

− 2πnωk
a nωk∑∞

n=0 e
− 2πnωk

a

= −
s∑

k=1

ln
(
1− e−

2πωk
a

)
+

2π

a

s∑
k=1

ωk

e
2πωk

a − 1

= − L

2π

∫ ∞

0

dω ln
(
1− e−

2πω
a

)
+
L

a

∫ ∞

0

ωdω

e
2πω
a − 1

(8.31)

=
L

2π

[
−ω ln

(
1− e−

2πω
a

)∣∣∣∣∞
0

+

∫ ∞

0

ωdω

1− e− 2πω
a

(
−e−

2πω
a

)(
−2π

a

)]
+
L

a

∫ ∞

0

ωdω

e
2πω
a − 1

In the fifth line we have replaced the discrete sum by a continuous integral. The quantity
L denotes the dimension of spacetime expressed in the σ− coordinates, which are naturally
adapted to the Rindler observer. In the final line we have carried out an integration by parts.
The boundary contribution vanishes, while the remaining two terms coincide. Continuing the
computation yields:

SFN =
2L

a

∫ ∞

0

ωdω

e
2πω
a − 1

=
2L

a

( a
2π

)2 ∫ ∞

0

ξdξ

eξ − 1
=

aL

2π2

π2

6
=
aL

12
=⇒ SFN =

πLT

6
. (8.32)

We have obtained the entropy of a one–dimensional gas [8]. This is in agreement with the
expected result. The only remaining task is to determine the length L. It represents the length
of the interval in the σ−

out coordinates. However, this length is infinite, since σ−
out ∈ (−∞,∞).

This means that we must introduce certain ultraviolet X−
min (UV) and infrared X−

max (IR)
cut–offs [26]. We define them in globally flat coordinates, i.e. in the x− coordinates. Therefore:

SFN =
aL

12
=

a

12

[
max{σ−

in} −min{σ−
in}
]
=

�a

12

1

�a
ln
X−

max

X−
min

=
1

12
ln
X−

max

X−
min

. (8.33)

In addition to representing the acceleration of the Rindler observer, parameter a also defines
the trajectory of that observer (see Appendix D.3). We observe that the result is independent of
the trajectory, that is, on the hypersurface passing through the endpoints of the region A, just as
expected. In our setup, the ultraviolet (UV) parameter characterizes infinitesimal length scales
in the neighborhood of the point x− = 0. Therefore, it is sometimes called the short–distance
parameter and is denoted by δ−. In order to compute the total entropy of the radiation
perceived by a Rindler observer, it is necessary to incorporate both the right–propagating
and left–propagating modes. The inclusion of the left–propagating modes introduces only the
additional parameters X+

max /min, and thus the total entropy can be expressed as [26]:

SFN =
1

12
ln
X+

maxX
−
max

δ2
. (8.34)
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Here we have introduced the short–distance parameter δ =
√
δ+δ−, which constitutes a

Lorentz-invariant quantity, in contrast to the individual components δ±, which do not possess
Lorentz invariance. The divergent behavior observed in the vicinity of x− = 0 arises from
the entanglement between the field modes localized infinitesimally to the left of this point and
those localized infinitesimally to its right. This implies that the parameter δ is always present,
even when the region A is finite. This does not constitute an issue, since it is a quantity
invariant under all spacetime symmetries and therefore does not affect any physical observable
or intermediate step in the computation, behaving as an integration constant. One can also
perform a renormalization of entropy to resolve this issue. We may further note that the
logarithmic behavior of the entropy is expected due to the invariance of entropy under scaling
of vacuum fluctuations of a massless scalar field.

Finally, it is important to examine certain properties of the transformation σ− = σ−(x−),
in order to facilitate its generalization to more complex problems:

• The mappings σ−
out(x

−) and σ−
in(x

−) are bijective on their respective domains; conse-
quently, each admits a well-defined inverse function.

• The coordinate σ− takes values over the entire real line, (−∞,+∞), in both regions.
• The time coordinate associated with σ− evolves in opposite directions in the regions A

and A′. This behavior is linked to the differing monotonic properties of the functions σin
and σout.

• At the boundary between the regions A and A′, both functions converge to the same limit-
ing value (in this case +∞). Consequently, it is possible to define an analytic continuation
across this boundary.

In the remainder of this section, we follow the derivations presented in [26].

8.2.2 Minkowski vacuum and region type: A = [x+1 , x
+
2 ]× [x−1 , x

−
2 ]

We now extend the results derived in the
preceding section to an arbitrary finite region
A. As previously demonstrated, the central
idea consists in selecting an appropriate co-
ordinate system satisfying the conditions for-
mulated at the end of the previous section,
thereby achieving a clear and unambiguous
separation between the regions A and A′. In
Figure 8.4, an arbitrary region A is depicted.
The constant a appearing here has no inter-
pretation as acceleration; rather, it is included
solely to ensure dimensional consistency. This
parameter specifies the exact form of the tra-
jectory within region A [123].

Figure 8.4: Arbitrary region A that contains
the inaccessible degrees of freedom.
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Figure 8.5: Function σ− = σ−(x−) for the case
of an arbitrary region A.

A suitable transformation is given by:

σ−
in = −1

a
ln
x− − x−1
x−2 − x−

, (8.35)

σ−
out = −

1

a
ln
x−1 − x−

x−2 − x−
. (8.36)

We immediately notice that Equations (8.35)
and (8.36) can be combined using the absolute
value:

σ− = −1

a
ln

∣∣∣∣x− − x−1x−2 − x−

∣∣∣∣. (8.37)

It follows directly from the above construction that the functions σ−
in and σ−

out, defined in
this manner, are monotone on their respective domains, though they exhibit distinct types of
monotonicity. Moreover, each function attains the entire range (−∞,+∞) over its domain.
Consequently, both σ−

in and σ−
out are bijective. We observe that all four conditions formulated

in the preceding chapter are satisfied. In particular, these functions exhibit behavior that is
analogous to the coordinate transformation leading to Rindler coordinates.

Let us analyze what these newly introduced coordinates mean. By defining σ± = τ ±σ and
rewriting the metric in terms of these variables, we obtain:

ds2 = a2(x−2 − x−1 )(x+2 − x+1 )
−dτ 2 + dσ2

4 (cosh (aτ) + cosh (aσ))2
. (8.38)

If we now wish to determine what the σ = const. curves represent, we introduce the constant
c = e2aσ that specifies which trajectory is under consideration, and determine the form of this
trajectory in the (t, x) coordinates. We obtain:(

x− c(x+2 − x−1 ) + x−2 − x+1
2(c− 1)

)2

−
(
t− c(x+2 + x−1 )− x−2 − x+1

2(c− 1)

)2

=
c(x−2 − x−1 )(x+2 − x+1 )

(c− 1)2
.

(8.39)

It is evident that this is a hyperbola, just as in the case of Rindler coordinates (see Appendix
D.3). This is the curve passing through the boundary points of region A, and at the same time it
represents a segment of a trajectory of a Rindler observer with proper acceleration proportional
to the inverse of the surface of region A. Therefore, we see that we have indeed carried out a
direct generalization of Rindler coordinates to a region A of finite dimensions.

We now apply an analogous procedure as in the case of the Rindler observer. First, we
define the in and out modes in a completely analogous manner:

ϕω
in =

1√
4πω

[
θ(x− − x−1 )− θ(x−2 − x−)

]
eiωσ

−
in ,

ϕω
out =

1√
4πω

[
θ(x− − x−2 ) + θ(x−1 − x−)

]
e−iωσ−

out .
(8.40)

The further procedure for calculating the entropy is equivalent, and thus reduces to:

SFN =
a

12

[
σ−
in(x

−
1 + δ−1 ))− σ−

in(x
−
2 − δ−2 )

]
=

1

12

[
ln
x−2 − x−1
δ−2

− ln
δ−1

x−2 − x−1

]
. (8.41)
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We subtract in the opposite order, since σ−
in(x

−) is a decreasing function. Also, note that we have
once again introduced the short–distance cut–off. Now, we explain what these δ± represent.
As expected, we again encounter UV divergences at the boundaries of region A, since there
the fluctuations of short–wavelength modes become entangled. In order to regularize this UV
divergence, we introduce the short–distance cut–off δ. It can be understood in the following
way: we draw all possible spacelike hypersurfaces and assign to each a thickness δ at the
boundary of our region A. This means that δ defines a foliation of spacetime.

In order to obtain the total expression for the entropy, it is necessary to add the contribution
of the left–propagating modes, and thus we obtain:

SFN =
1

12
ln

(x+2 − x+1 )2(x−2 − x−1 )2

δ+1 δ
−
1 δ

+
2 δ

−
2

. (8.42)

This expression can alternatively be interpreted as follows: it can be decomposed into the
sum of two contributions corresponding to the Rindler case, each term being associated with
one of the boundaries of the region A. In this formulation, the squared spacetime interval plays
the role of the cutoff parameter IC.

However, the expression derived above does not represent the full entropy. In particular,
an additional contribution must be taken into account, arising from the omission of the ω =
0 (constant) mode in the preceding analysis. Its contribution cannot be neglected because
it contains an infinite number of quantum states within itself. Within region A it remains
constant; however, outside this region it can decay in infinitely many distinct ways. Let us first
identify which modes were included in the derivation of the formula above. We have accounted
for those modes that are narrow compared to the width of the interval [x−1 , x

−
2 ], i.e. modes with

short wavelengths. Accordingly, these modes extend either through the boundary at x− = x−1
or through the boundary at x− = x−2 . We interpret the above expression as representing
the sum of the respective contributions arising from the entanglement of states localized at one
boundary of the interval and at its opposite boundary. The modes that have been omitted from
the analysis are those that extend across the entire interval, i.e., modes characterized by long
wavelengths. It can be shown that these long-wavelength modes are perfectly correlated with
the spatially constant mode within the interval, such that the vacuum state can be expressed
in the following form:

|0M⟩ = |short⟩ ⊗ |long⟩ ⊗ |uncorrelated⟩ . (8.43)

In this expression, |short⟩ denotes the modes with short wavelengths, whose contribution
has already included in our expression for the von Neumann entropy; |uncorrelated⟩ denotes the
modes that are well localized, either entirely within the interval or entirely outside it; and |long⟩
denotes the modes whose wavelengths exceed the width of the interval, and whose contribution
has not been included. For |long⟩ we expect the following form:

|long⟩ ∝
max∏
k=0

∞∑
nk=0

|nk, R⟩ ⊗ |nk, L⟩ ⊗ |nk, in⟩ . (8.44)

Since all these modes have wavelengths larger than the width of the interval, we may consider
that the k-th mode has width 2k(x−2 −x−1 ), i.e. it is 2k times wider than the interval; nk denotes
the number of excitations of this mode. The states |nk, R⟩ represent the part of the k-th mode
localized to the right of the interval, in the sense x− > x−2 , while the states |nk, L⟩ correspond
to the part of the k-th mode localized to the left of the interval, in the sense x− < x−1 . The
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remaining states |nk, in⟩ represent the part of the k-th mode localized inside the interval. This
is the part corresponding to the ω = 0 mode. Since this part is maximally correlated both
with |nk, R⟩ and with |nk, L⟩ (as we see from the assumed form of |long⟩), taking the trace over
|nk, in⟩ gives the same result as taking the trace over |nk, L⟩⊗|nk, in⟩ (or |nk, R⟩⊗|nk, in⟩). This
leads us to the conclusion that obtaining the density matrix for the ω = 0 mode is equivalent
to tracing either over the part to the left of the interval or over the part to the right of the
interval. We conclude that here too we may use the entropy formula from the Rindler case.

In Figure 8.6 one long–wavelength mode is
shown. The reasoning may also be the follow-
ing: since the mode is constant within the in-
terval [x−1 , x

−
2 ], compressing the interval does

not qualitatively change the result. If we com-
press the length of the interval to zero, it is
evident that we obtain the Rindler case. This
means that the width of the interval can be
regarded as the width of the hypersurface at
x− = 0, which is equivalent to introducing
our short–distance parameter, and we conclude
that δ = x−2 − x−1 .

Figure 8.6: Representation of the
long–wavelength modes.

It is now evident that the length of the interval serves as the UV parameter. Of course, we
also need to have an IC parameter, as in the Rindler case. This means that the contribution
of the long–wavelength modes to the entropy is given by:

SFN,long =
1

12
ln

X−
max

x−2 − x−1
. (8.45)

By incorporating the left–propagating modes and sum them with the previously determined
short–wavelength modes, we obtain the following final result in this section:

SFN =
1

6
ln

(x+2 − x+1 )(x−2 − x−1 )
δ1δ2

+
1

12
ln

X+
maxX

−
max

(x+2 − x+1 )(x−2 − x−1 )
. (8.46)

Here, we used the notation δ1 =
√
δ+1 δ

−
1 and δ2 =

√
δ+2 δ

−
2 . We have once again writ-

ten them in Lorentz–invariant form. Moreover, the event interval (x+2 − x+1 )(x
−
2 − x−1 ) is

a Lorentz–invariant quantity, so the entire expression for the von Neumann entropy is a
Lorentz–invariant quantity. It is also important that δ does not depend on the location in
spacetime, because we want the foliation to be the same in every part of spacetime. We see
that this is an important condition in the generalization to curved spacetime. It is furthermore
important to note that the contribution of the ω = 0 mode is not relevant for the applications
to black hole physics.
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8.2.3 Generalization to curved spacetime

In this section we generalize the results from the previous section to curved spacetime. Before
proceeding, we first extend the discussion to a general quantum state defined on Minkowski
spacetime. This need no longer be the Minkowski vacuum, but may instead be the vacuum
in some other coordinates. The only essential requirement is that there exists a globally flat
coordinate system, i.e. that the spacetime is Minkowski.

Let us assume that an observer living in the coordinates y± = y±(x±) perceives no particle
flux, i.e. sees the vacuum. This means that the quantum state is no longer the Minkowski
vacuum |0, x⟩, but rather |ψ⟩ = |0, y⟩. We can now repeat exactly the same procedure as in
the case of Unruh, only in the y± coordinates. The subsequent reasoning is entirely the same,
so we may immediately write that the entropy (arising from the right–propagating modes) is
given by:

SFN =
1

12
ln

(y−2 − y−1 )2

δ̂−1 δ̂
−
2

. (8.47)

We immediately notice that we have neglected the contribution of the constant mode. It
must be considered separately, but since it is not of interest for our analysis of black holes, we
do not address it. However, we now see that the short–distance cut–off depends on the position
in spacetime. At the end of the previous section we stated that this is not desirable, so it is
necessary to transform it into Minkowski coordinates. Since it indeed behaves like a vector
corresponding to a length, the following holds:

δ̂µ =
∂yµ

∂xν
δν =⇒ δ̂− =

dy−

dx−
δ− ∧ δ̂+ =

dy+

dx+
δ+, (8.48)

where δ± are indeed constants throughout the entire spacetime. Therefore, the direct general-
ization gives us:

SFN =
1

12
ln

(y+2 − y+1 )2(y−2 − y−1 )2

y+
′

1 y
−′
1 y

+′
2 y

−′
2 δ

+
1 δ

−
1 δ

+
2 δ

−
2

. (8.49)

Since δ±1,2 are now defined in globally inertial coordinates, the above expression is indeed
Lorentz invariant. This is the direct generalization of the expression for the von Neumann
entropy in curved spacetime. In two dimensions we can always choose the conformal gauge.
The relation between the y± and x± coordinates is likewise given by a conformal transformation,
so we have:

ds2 = −dx+dx− = −dx
+

dy+
dx−

dy−
dy+dy− = −e2ρdy+dy− =⇒ y+

′
y−

′
= e−2ρ. (8.50)

By applying this relation, we obtain the principal formula derived in this section:

SFN =
1

12
ln

(y+2 − y+1 )2(y−2 − y−1 )2

δ4e−2ρ1e−2ρ2
∧ ds2 = −e2ρdy+dy−. (8.51)

This formula is important because it can be applied in curved spacetime. As we know, in
this case we may also define the vacuum in some coordinates y±. The only difference in the
reasoning so far is: whether δ is a constant, and what that even means in curved spacetime. We
do not have globally inertial coordinates in curved spacetime, but we do have locally inertial
coordinates. Everything is consistent as long as we define δ in locally flat coordinates at the cor-
responding points in spacetime, which, of course, we can do. This means that the von Neumann
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entropy remains invariant under the action of local Lorentz transformations. Furthermore, let
us note that it is permissible to perform yet another arbitrary SL(2,C) transformation on the
y± coordinates due to the symmetries of the quantum vacuum. This implies that the SL(2,C)
group should not alter the von Neumann entropy. This condition is, obviously, satisfied.

It is further necessary to impose a constraint on ρ such that the conformal factor e2ρ does
not vary significantly within the layer of thickness δ. This condition is required to ensure that
the spacetime foliation is well defined and physically meaningful within that region. Let us now
generalize the formula from the Rindler case to curved spacetime. This generalization is also
direct:

SFN =
1

12
ln
Y +
maxY

−
max

δ̂+P δ̂
−
P

=
1

12
ln

Y +
maxY

−
max

y+
′

P y
−′

P δ
+
P δ

−
P

=⇒ SFN =
1

12
ln
Y +
maxY

−
max

δ2e−2ρP
. (8.52)

Here, P is an arbitrary point that divides spacetime into the left and right quadrants. In the
initial derivation this was the point x− = 0.

8.2.4 Spacetime with reflective boundary conditions

Up to this point, the left–propagating and right–propagating modes have been treated as in-
dependent. However, when the spacetime boundary is located at a finite position rather than
at asymptotic infinity, then reflective boundary conditions are imposed at that boundary. Due
to these conditions, the left– and right–propagating modes are no longer independent. This
means that correlations exist between them. We must take this into account when determining
the entropy.

The spacetime manifold is enclosed by an
idealized, perfectly reflecting mirror, specified
at the boundary by the condition y+ = y−

(see Figure 8.7). As a first step, we intro-
duce the coordinate y+, which parametrizes
the left–propagating modes on J −. Then,
we introduce the coordinate y−, such that the
defining relation is satisfied on the mirror it-
self. In Figure 8.7 it is clearly shown what
happens with the right–propagating modes.
We observe that they exhibit the same be-
havior as the left–propagating modes in the
interval y+ ∈ [y−2 , y

−
1 ] on J −. Conclusion:

Evaluating the partial trace over the left– and
right–propagating modes that live in the re-
gion A is equivalent to determining the trace
over the region A = [y−2 , y

−
1 ] ∪ [y+1 , y

+
2 ] on J −,

restricted exclusively to the left–propagating
modes.

Figure 8.7: Region A that contains the inac-
cessible degrees of freedom in spacetime with
a boundary represented by an ideal mirror.
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In this case, it is necessary to evaluate the
trace over a region consisting of two disjoint
intervals. The corresponding computation is
considerably more involved, and its detailed
treatment is deferred to the subsequent sec-
tion. Let us consider a spacelike hypersur-
face Σ and a point P on it (see Figure 8.8).
The causal diamond above the portion of the
hypersurface from point P to the mirror rep-
resents our region A. Through this process
the previously two intervals merge into one:
y+ ∈ [y−P , y

+
P ]. This is already a well–known

problem, so we may immediately write:

SFN =
1

12
ln

(y+P − y
−
P )

2

δ2e−2ρP
. (8.53)

Figure 8.8: Region A that contains the inacces-
sible degrees of freedom in the spacetime with
a boundary.

In the collapse models, we address here, the
boundary was not defined by such a relation,
but rather by one of the type y+− y− = const.
This does not present a problem, since we
can repeat the same mapping process of point
P . We then state that it is mapped to the
point P̄ . The interval on J − is then given by
y+ ∈ [y+

P̄
, y+P ]. Let us also note that δ̂+

P̄
= δ̂−P ,

so it necessarily holds that δ̂+
P̄
δ̂+P = δ2e−2ρP .

Therefore, the generalized formula in the case
of spacetime with reflective boundary condi-
tions and a boundary defined by the above
equation is given by:

Figure 8.9: Region A that contains the inac-
cessible degrees of freedom in spacetime with
a curved boundary.

SFN =
1

12
ln

(y+P − y
+
P̄
)2

δ2e−2ρP
. (8.54)

It turns out that a minor error was made in the course of this calculation. Consider two wave
packets localized in the interval y+ ∈ [y+

P̄
, y+P ] and entangled with modes outside this interval.

What may happen is that interference of these wave packets occurs on the hypersurface Σ. This
interference can be destructive. We assume that this is precisely the case. Although both wave
packets are entangled with modes outside the interval, their coherent sum is not entangled with
the modes in the A′ region on the hypersurface Σ due to destructive interference.
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This implies that we are accounting for a
higher degree of correlation than what actu-
ally exists. In Figure 8.10 one such situation is
illustrated. For modes with wavelengths small
compared to the width of the interval, the error
we make is very small. However, as the wave-
length of the mode increases, the associated er-
ror correspondingly becomes larger. From the
dimensional standpoint, it turns out that this
error enters the expression as a dimensionless
constant of order O(1). Consequently, it does
not depend on the UV and IC cut–offs, and we
may absorb it into the short–distance cut–off
δ.

Figure 8.10: Penrose diagram which illustrate
the interference of the wave packets.

8.2.5 Case of two disjunct intervals

In this section we determine the von Neu-
mann entropy in the case with two disjoint
intervals, namely A =

(
[x+1 , x

+
2 ]× [x−1 , x

−
2 ]
)
∪(

[x+3 , x
+
4 ]× [x−3 , x

−
4 ]
)
. This result will play a

pivotal role in the subsequent analysis of the
island rule and in the derivation of the expres-
sion for fine–grained entropy in gravitational
systems. In Figure 8.11 the conformal diagram
corresponding to this situation is shown, with
the region A marked.

Figure 8.11: Region A, which contains the in-
accessible degrees of freedom, in the case where
it consists of two disconnected intervals.

Figure 8.12: Function σ− = σ−(x−) for a case
of a disconnected region A.

The most direct approach one can try is
to introduce new coordinates by summing
the contributions corresponding to the in-
dividual single-interval cases, and subse-
quently examine whether these coordinates
exhibit the required properties.: σ− =

− 1
a
ln
∣∣∣x−−x−

1

x−
2 −x− ·

x−−x−
3

x−
4 −x−

∣∣∣. We immediately ob-
serve that nearly all of the required conditions
are fulfilled. The difficulty arises from the fact
that the maps σ−

in/out are not bijective.

Since there exist two disjoint regions in1 and in2 (see Figure 8.11), the mapping σ−
in(x

−) is
actually a mapping 1−2, and not bijective. We can resolve this problem by introducing the
functions: σ−

in,1, σ
−
in,2, σ

−
out,1, σ

−
out,2. Each is defined on the corresponding domain shown in Figure

8.12. In this manner, a bijective mapping is obtained, ensuring a one-to-one correspondence
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between elements of the involved sets. Consequently, now we have four different types of
positive–frequency modes:

ϕω
in,1 =

1√
4πω

[
θ(x− − x−1 )− θ(x−2 − x−)

]
eiωσ

−
in,1 ,

ϕω
in,2 =

1√
4πω

[
θ(x− − x−3 )− θ(x−4 − x−)

]
eiωσ

−
in,2 ,

ϕω
out,1 =

1√
4πω

[
θ(x− − x−2 )− θ(x−3 − x−)

]
e−iωσ−

out,1 ,

ϕω
out,2 =

1√
4πω

[
θ(x− − x−4 ) + θ(x−1 − x−)

]
e−iωσ−

out,2 . (8.55)

Upon performing the analytic continuation, the argument of the logarithm is positive in both
of the in regions and negative in both of the out regions. Consequently, the same Bogoliubov
coefficient is obtained as the prefactor of both in modes.

We conclude that the in-modes are maximally entangled with each other; therefore, we can
form a linear combination of these solutions and interpret the result as the new “in"-mode,
which is consistently defined across both regions. An analogous construction can be performed
for the out-modes:

ϕω
in = ϕω

in,1 + ϕω
in,2 (8.56)

ϕω
out = ϕω

out,1 + ϕω
out,2. (8.57)

Effectively, the problem is reduced to that of two regions, in and out. This means that, as
in every case so far, we are allowed to apply the result from the Rindler case:

SFN = − a

12

[
σ−
in(x

−
2 − δ−2 )− σ−

in(x
−
1 + δ−1 ) + σ−

in(x
−
4 − δ−4 )− σ−

in(x
−
3 + δ−3 )

]
=

1

12
ln

∣∣∣∣x−2 − x−1δ−2

x−2 − x−3
x−4 − x−2

x−2 − x−1
δ−1

x−4 − x−1
x−1 − x−3

x−4 − x−1
x−2 − x−4

x−4 − x−3
δ−4

x−2 − x−3
x−3 − x−1

x−4 − x−3
δ−3

∣∣∣∣
=

1

12
ln

(x−2 − x−1 )2(x−3 − x−2 )2(x−4 − x−1 )2(x−4 − x−3 )2

(x−4 − x−2 )2(x−3 − x−1 )2δ−1 δ−2 δ−3 δ−4
. (8.58)

The subsequent stage of the analysis consists in incorporating the left–propagating modes,
followed by the generalization to curved spacetime. By analogy with the preceding sections,
the development of this part follows straightforwardly. The final result is given by:

SFN =
1

6
ln

d212d
2
23d

2
14d

2
34

δ4d224d
2
13e

−ρ1e−ρ2e−ρ3e−ρ4
, with d2ij = (x+i − x+j )(x−i − x−j ). (8.59)

As in the preceding analysis, the contribution from the ω = 0 mode should be treated
separately. This aspect is not addressed in the present work, as it is not directly connected to
the analysis of Hawking radiation in black holes. If one of the points were at infinity, we would
simply replace some of the dij terms using the IC cut–offs. Thus, the formula remains valid in
those cases as well.
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It remains to analyze the situation in which
the spacetime manifold possesses a spacetime
boundary with reflective boundary conditions,
while the other end of the region A is not
the spacetime boundary itself. We have previ-
ously demonstrated that this case corresponds
to the configuration involving two disjoint in-
tervals on J −, namely A = [y+

2̄
, y+

1̄
] ∪ [y+1 , y

+
2 ].

In Figure 8.13 this case is illustrated. It should
also be noted that a residual error arising from
the destructive interference of the wave pack-
ets persists; however, this contribution can
once again be effectively absorbed into the UV
cut–off.

Figure 8.13: Region A that contains the inac-
cessible degrees of freedom in the case of the
spacetime with reflective boundary conditions.

The formula follows directly from equation (8.58):

SFN =
1

12
ln

(x+1 − x+2 )2(x+1̄ − x
+
2̄
)2(x+

1̄
− x+1 )2(x+2̄ − x

+
2 )

2

δ4(x+
2̄
− x+1 )2(x+1̄ − x

+
2 )

2e−2ρ1e−2ρ2
. (8.60)

Equations (8.59) and (8.60) constitute the most significant results in this section. The reason
lies in the fact that they are necessary for determining the fine–grained entropy in gravitational
systems, and thereby for reproducing the Page curve.

8.3 Quantum states and black hole entropy

This section is organized into three subsections. In the first subsection, we address the concept
of coherent states. This analysis is particularly significant, as the coherent state constitutes a
fundamental reference state for a wide class of physical systems encountered in nature. Next,
we address the coarse–grained entropy of the black hole, with the aim of finding the quantum
correction to the Bekenstein–Hawking entropy formula. In these two subsections, we continue to
follow the approach of [26]. Finally, we analyze the entropy associated with Hawking radiation
and formulate the Hawking information paradox (in the sense of [1]), which represents the
central focus of the present study.

8.3.1 Matter in coherent state

Thus far, the quantum state of the scalar field has always been the vacuum in some coordinates.
The only thing we have done was to change the coordinates in which this vacuum state was
defined. However, for the quantum state of matter it is expected to be a coherent state. The
goal of this section is to show that the von Neumann entropy carried by a coherent state built
upon some vacuum is the same as the von Neumann entropy carried by that vacuum. We use
a simple model that adequately describes the situation. Our system consists of two uncoupled
linear harmonic oscillators. Let their annihilation operators be given by a1 and a2. This is
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equivalent to considering a bosonic system with two levels. We perform the most general
possible Bogoliubov transformation and define new annihilation operators:

a1(γ) =
1√

1− γ2
(
a1 − γa†2

)
∧ a2(γ) =

1√
1− γ2

(
a2 − γa†1

)
, (8.61)

where γ ∈ R and γ2 < 1. By an analogous procedure to the one used for constructing the
vacuum in Minkowski space, we can construct it in this case as well and express it in terms of
the vacuum for the individual decoupled oscillators:

|0γ⟩ =
√
1− γ2eγa

†
1⊗a†2 |01⟩ ⊗ |02⟩ =

√
1− γ2

∞∑
n=0

γn |n, 1⟩ ⊗ |n, 2⟩ . (8.62)

As in the case of the Minkowski vacuum, here too we can determine the density matrix
associated with the first subspace, by taking the trace over the second subspace:

ργ1 = Tr2{|0γ⟩ ⟨0γ|} = (1− γ2)
∞∑
n=0

γ2n |n, 1⟩ ⟨n, 1| . (8.63)

We see that we have obtained a thermal density matrix with the temperature defined
through e−βω = γ2, where ω is the frequency of the first oscillator. We now proceed to deter-
mine the coherent state. This is the state that is an eigenstate of the annihilation operators,
i.e. it is defined by:

a1(γ) |γ, α1, α2⟩ = α1 |γ, α1, α2⟩ ∧ a2(γ) |γ, α1, α2⟩ = α2 |γ, α1, α2⟩ (8.64)

The general quantum state in this basis is given by the following expression:

|γ, α1, α2⟩ =
∞∑

n1,n2=0

An1n2 |n1, n2⟩ , (8.65)

where An1n2 are unknown constants. By substituting this form into the eigenvalue problem
stated above and using the defining relations for the action of annihilation operators on the
states in Fock space, we obtain the following recurrence relations for the coefficients An1n2 :

An1n2 =
α1√
n1

An1−1,n2 ∧ An1n2 =
α2√
n2

An1,n2−1 =⇒ An1n2 =
αn1
1 α

n2
2√

n1!n2!
C, (8.66)

where C is the normalization constant. Let us now determine the constant C:

1 = ⟨γ, α1, α2|γ, α1, α2⟩ = |C|2
∞∑

n1,n2=0

|α1|2n1|α2|n2

n1!n2!
= |C|2e|α1|2+|α2|2 . (8.67)

Therefore, the coherent state is given by:

|γ, α1, α2⟩ = e−
1
2(|α1|2+|α2|2)eα1a

†
1(γ)+α2a

†
2(γ) |0γ⟩ . (8.68)

Now that we have the coherent state, it would be useful to determine the entropy carried
by this state. For this purpose, we begin by introducing new shifted annihilation operators:

â1(γ) = a1(γ)− α1 ∧ â2(γ) = a2(γ)− α2 =⇒ â1(γ) |γ, α1, α2⟩ = â2(γ) |γ, α1, α2⟩ = 0. (8.69)
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In this way we have introduced the operators â1,2(γ) which annihilate the coherent state.
For them, the coherent state is the vacuum. We now ask whether we can also shift the original
operators a1,2 so that we obtain the operators â1,2 = a1,2−b1,2, which are related to the operators
a1,2(γ) via the same Bogoliubov transformation, namely:

a1(γ) =
1√

1− γ2
(
â1 − γâ†2

)
+
b1 − γb∗2√
1− γ2

= â1(γ) + α1 =⇒ α1 =
b1 − γb∗2√
1− γ2

. (8.70)

Using an analogous procedure, we obtain the second relation as well. Thus, we have two
equations with two unknowns. Solving this system of linear equations, we get:

b1 =
α1 + γα∗

2√
1− γ2

∧ b2 =
α2 + γα∗

1√
1− γ2

. (8.71)

We have succeeded in imposing that the same Bogoliubov transformations hold between
â1,2 and â1,2(γ) as those that hold between a1,2 and a1,2(γ). Therefore, we can now write:

|γ, α1, α2⟩ =
√
1− γ2eγâ

†
1⊗â†2

∣∣0̂1〉⊗ ∣∣0̂2〉 ∧ ργ
′

1 = (1− γ2)
∞∑
n=0

γ2n |n̂, 1⟩ ⟨n̂, 1| . (8.72)

We observe that the forms of the density matrices ργ1 and ργ
′

1 are completely identical, sole
distinction arises from their representations in different bases. This certainly does not affect
the eigenvalues of the matrices themselves, nor the entropy obtained from them. This means
that the entropy associated with a coherent state is identical to that of the underlying vacuum
state on which the coherent state is constructed.

We observe that, for each mode considered individually, the Bogoliubov transformation
coincides with that obtained in the case of the Minkowski vacuum the only point to keep in
mind being that γ = e−πω. The general Minkowski coherent state is given by:

|α⃗, 0M⟩ ∝
∏
j

(
eα1ja

†
1(ωj)+α2ja

†
ωj |0M , j⟩

)
, (8.73)

where |0M , j⟩ denotes the vacuum state that is annihilated by the operators a1(ωj) and a2(ωj).
We see that this expression can, in fact, be written as the following tensor product:

|α⃗, 0M⟩ ∝
⊗
j

∣∣γj = e−πωj , αout,j, αin,j

〉
. (8.74)

It is now evident that the previously derived result can be easily generalized to encompass
both the Minkowski vacuum and Minkowski coherent states. If we consider a vacuum state
defined with respect to a set of coordinates y± = y±(x±), obtained via a conformal transforma-
tion of the Minkowski coordinates, it follows that the preceding results remain valid without
modification. The further generalization to curved spacetime is direct. On this basis, we have
demonstrated that the following statement holds:

The formula for the fine-grained entropy in the case when the quantum state of matter is a
vacuum state (whether in flat or in curved spacetime) and in the case when it is a coherent

state built upon that vacuum is the same.
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8.3.2 Black hole entropy

In this section we determine the formula for the coarse-grained entropy of the black hole. The
main goal is to obtain the quantum correction to the Bekenstein–Hawking formula derived in
Section 4.5 in the case of the classical CGHS model. There, we obtained that the following
holds:

M =
λ

πG
e−2ϕH ∧ S =

2

G
e−2ϕH ∧ T =

λ

2π
. (8.75)

Our objective is to compute the quantum-corrected entropy for the BPP model and to
express this quantity, once again, in terms of the value of the dilaton at the horizon, namely
ϕH .The only modification arises in the functional dependence M = M(ϕH), since it is known
that the temperature remains invariant under the inclusion of quantum fluctuations.

Consider a black hole surrounded by radiation in a cavity of finite dimensions. Consider
adiabatically introducing a small quantity of left-propagating matter with mass ∆M . This pro-
cedure corresponds to an evolution through a sequence of equilibrium configurations, implying
that the relevant quantum state is the Hartle–Hawking vacuum. At some point, this matter
crosses below the apparent horizon. At that moment, the apparent horizon expands outward
due to the increase in the mass of black hole, and consequently the entropy of the black hole
changes by ∆SBH . On the other hand, as the horizon expands, a portion of the radiation
becomes captured by the horizon, leading to a change in the entropy of the matter outside the
horizon, ∆Smat. Therefore, the total change in entropy is given by:

∆SBH +∆Smat =
∆M

T
. (8.76)

In the case of a black hole in thermal equilibrium we have the Hartle–Hawking state, and
the components of the metric are given by:

e−2ρ = e−2ϕ = −λ2x+(x− +∆) +
πGM

λ
. (8.77)

The apparent horizon is given by ∂+e
−2ϕ = 0, i.e. x−H = −∆. This means that on the

horizon we have ∆e−2ϕH = πG∆M
λ

. Furthermore, it should be emphasized that the collapse of
the additional mass ∆M entails a modification of the parameter ∆, with the consequence that
x−H attains more negative values. We therefore obtain the anticipated result that the horizon
undergoes a shift, specifically manifesting as an expansion. Thus, we have:

∆M

T
=

2

G
∆e−2ϕH . (8.78)

It is now necessary to evaluate the change in the entropy of the matter located outside the
horizon. One possible approach is to introduce this quantity by employing the expression for
the entropy SFN of quantum fields defined in the exterior region of the horizon. At first glance
this may seem somewhat strange, since we expect the coarse-grained entropy, while for the
entropy of the fields outside the horizon, we use the expression for the fine-grained entropy.
We justify this by assuming that the matter fields outside the horizon are strongly entangled
with the matter fields inside the horizon, so that the coarse-grained entropy of these fields is
approximately equal to their fine-grained entropy.
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In Figure 8.14, the region A in this case is
shown. We see that this corresponds to the
generalization of the Rindler result in curved
spacetime, and therefore we use the formula
from Section 3.2.3:

SFN =
N

6

[
ρH +

1

2
ln
−X+

maxX
−
max

δ2

]
. (8.79)

We multiply by N since we have N matter
fields. Now we consider the IC divergent part
of this expression, since that is the dominant
term:

Figure 8.14: Region A that contains the inac-
cessible degrees of freedom in the eternal black
hole setting.

SFN ≈
N

12
ln (−X+

maxX
−
max) =

N

12
2λσmax = 2N

π

6
TL, (8.80)

where L is the linear dimension of the cavity, i.e. L = σmax. We have obtained 2N times the
expression for the thermodynamic entropy of a one-dimensional gas. The factor of two appears
because of the left- and right-propagating waves, and N because we have N different types of
waves. This serves as our justification for stating that we have made a good choice for ∆Smat.
The only quantity that changes in this expression is ρH , so we have:

∆Smat =
N

6
∆ρH =

N

6
∆ϕH . (8.81)

By combining these expressions, we obtain:

∆SBH =
∆M

T
−∆Smat = ∆

(
2

G
e−2ϕH − N

6
ϕH

)
=⇒ SBH =

2

G
e−2ϕH − N

6
ϕH . (8.82)

This is the quantum-corrected Bekenstein–Hawking formula, determined up to an integra-
tion constant, which is not of great importance. This expression may be interpreted as A

4G
,

where we have incorporated the quantum correction to the area A. We now proceed to deter-
mine the precise ratio between this quantum correction and the classical value appearing in the
Bekenstein–Hawking entropy formula:

∆SBH

S
(0)
BH

= −NℏG
12c3

ϕHe
2ϕH =

Nℏλ
24πcM

ln
πGM

λc2
. (8.83)

Consequently, this quantity is of order ℏ and can thus be consistently interpreted as a genuine
quantum correction.

8.3.3 Hawking information paradox

In this section, we present a precise formulation of the Hawking information paradox [16]. This
paradox constitutes the central focus of the present study and was initially introduced and
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qualitatively discussed in the introductory section. Namely, in the 1970s Stephen Hawking
made one of the most important discoveries in the theory of gravitation. He demonstrated
that black holes are indeed thermal objects. Consequently, they must be characterized by a
well-defined temperature and are predicted to emit radiation. Furthermore, he demonstrated
that this radiation is purely thermal radiation without any correlations. The entirety of this
result is obtained within the framework of quantum field theory in curved spacetime, employing
a methodology that is almost identical to the one used to derive the Unruh effect in Section
8.2.1.

If we assume that the black hole was formed by the collapse of matter that was in a pure
state, specifically in a coherent state, it is a strange conclusion that after the evaporation process
we obtain a final state which is a thermal ensemble, representing a mixed state. The thermal
aspects arise because we divide the vacuum, or the coherent state (see Section 4.3.1), into two
parts: the one located inside the black hole and the one outside it. As we know, the vacuum
represents an entangled state in quantum field theory. This means that the entire vacuum is a
pure state, but certain degrees of freedom are entangled at short distances. For these reasons,
when we observe only half of spacetime, we obtain a mixed state. We have already seen all
of this in Section 8.2 when we derived the formulas for the von Neumann entropy in gravity.
What physically happens can be explained in the following way:

At all times, the vacuum creates and annihilates particle/antiparticle pairs. The particle and
antiparticle from one pair are mutually entangled. What can happen is that one particle from

the pair is created just below the horizon and goes into the singularity, while the other is
created just above the horizon and escapes to asymptotic infinity. The latter particle represents

Hawking radiation.

In Figure 8.15 one such process is illus-
trated. In this process, the two particles form
a pure (entangled) state. However, if we ob-
serve only one particle, say a, we find that it
is in a mixed state, which behaves as a ther-
mal state at the Hawking temperature. We
have already encountered this in the case of
the Rindler observer. The procedure is entirely
analogous: one first determines the Bogoliubov
coefficients and subsequently performs a par-
tial trace over the degrees of freedom localized
inside the black hole, thereby obtaining the re-
duced density matrix describing the degrees of
freedom accessible to an observer located out-
side the black hole.

Figure 8.15: Penrose diagram depicting an en-
tangled pair of particles.

This observation implies that, at early times, the entropy associated with the radiation
exhibits a monotonic increase, a behavior that is fully consistent with general expectations
for the dynamical evolution of entropy in any quantum system. The problem arises when the
entropy of the radiation becomes larger than the Bekenstein–Hawking entropy, which represents
the coarse-grained entropy of the black hole. From that moment onward, the radiation can no
longer be entangled with the degrees of freedom of the black hole, because the black hole has
a smaller thermodynamic entropy, and therefore a smaller number of degrees of freedom than
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the radiation. This is also clear since we know that the fine-grained entropy is always less than
the coarse-grained entropy. The conclusion is the following:

If we assume that the black hole is formed from a pure state, then we expect that the total
state of the system consisting of the black hole and Hawking radiation is a pure state at every
moment in time. Consequently, the entropy of the radiation must be equal to the fine-grained
entropy of the black hole, which must be smaller than the coarse-grained entropy of the black

hole, i.e. the Bekenstein–Hawking entropy.

However, it appears that the entropy of the radiation reaches the value of the Beken-
stein–Hawking entropy and, after that moment, continues to increase. This means that our
system state can no longer be a pure state, but instead becomes a mixed state. This leads to
two problems:

1. Unitarity is violated: We started from a pure state and ended up in a mixed state.
Hawking believed this to be a property of quantum gravity, and therefore argued that a
black hole cannot be regarded as an ordinary quantum system, since evolution in quantum
mechanics must necessarily be unitary.

2. No matter how complex the state whose collapse formed the black hole, at the end of the
evaporation process only a thermal ensemble remains, without any correlations. In such
a state there certainly cannot be as much information as there was in the initial pure
state from which the black hole was formed.

We may conclude that the black hole destroys information. This phenomenon is called the
Hawking information paradox. As we have already mentioned, Hawking did not consider this to
be a paradox, but rather a property of quantum gravity[16]. On the other hand, if we wished to
regard the black hole as an ordinary quantum system, then at the moment when the entropy of
the radiation and the Bekenstein–Hawking entropy become equal, the entropy of the radiation
must begin to decrease, eventually dropping to zero at the end of the evolution, since only the
radiation remains, which must be in a pure state.

The moment when the condition Srad =
SBH holds is called the Page time and is de-
noted by tP , after the physicist Don Page who
proposed the curve that the radiation entropy
should follow in order for the evolution to be
unitary[17, 18]. In Figure 8.16 both Hawk-
ing’s curve (red) and Page’s curve (green) are
shown.

Figure 8.16: Page curve visualization.

We give few more comments:

• As the black hole evaporates, its mass decreases. This is called the backreaction of
Hawking radiation on the black hole, and we have already taken it into account. It does
not solve the problem.
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• When the black hole approaches the end of its life, its size becomes of the order of Planck
length. At that point we expect strong quantum gravity effects to manifest, and the
semiclassical approximation in which we are working ceases to be valid. This also does
not solve the problem, since at the Page time the black hole is still very large.

• Since the problem depends on the very definition of fine-grained entropy, which is a
macroscopic quantity, small corrections to the Hamiltonian and/or quantum states near
the horizon cannot resolve the problem. This means that the paradox is valid at all orders
of perturbation theory, and its resolution must be non-perturbative in the gravitational
constant G.

• It would be expected that a quantity such as fine-grained entropy is not exactly given
by the semiclassical approximation, and it was previously thought that this was the
case—that there would be corrections to the semiclassical formula once a theory of quan-
tum gravity was found. However, today it is no longer believed to be so; rather, it is
considered that this formula gives the entropy of the exact quantum state of the radia-
tion.

• To resolve the problem, it is clear that we must change the very definition of fine-grained
entropy. We deal with this extensively in the next section.

8.4 Fine-grained entropy formula in gravitational systems

In this section, we address the central formula of the present work, namely the formula for
fine-grained entropy in gravitational systems [29, 34, 33]. It is of considerable significance, as
it enables the successful reproduction of the Page curve, which is the primary objective of the
present study. This section is organized into four subsections. First, we address the primary
working hypothesis, hereafter referred to as the central dogma[1]. Then we analyze the formula
for fine-grained entropy. We describe how we reconstruct the Page curve for the fine-grained
entropy of the black hole, and subsequently for the fine-grained entropy of the radiation. In
the third part we provide a sketch of the derivation of the formula itself. Finally, in the fourth
part we discuss the still unresolved questions related to the information paradox. Throughout
this section we follow the analysis presented in [1].

8.4.1 Central dogma

In the previous section we introduced the idea of the information paradox. We now attempt to
resolve it. The main hypothesis is given by:

From the outside, the black hole represents an ordinary quantum system with A
4G

degrees of
freedom that evolve unitarily.

We now examine the consequences of this assumption and how they lead to a modification
of the formula for fine-grained entropy in gravitational systems.

The black hole, together with the entire
spacetime region enclosed by a given hypersur-
face, can be effectively modeled by the quan-
tum system posited in the central dogma. The

precise location of this hypersurface remains
undetermined. We refer to it as the cut-off
surface. In Figure 8.17 it is shown in blue.
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Figure 8.17: Visualization of the black hole as
an ordinary quantum system.

It is well known that the entropy can be expressed by the following formula: S = lnW ,
where W is the number of possible microstates. In quantum mechanics this corresponds to the
dimension of the Hilbert space of states. We notice first that the Hilbert space is associated with
a system that has finite dimension. The problem arises from the fact that these microscopic
degrees of freedom do not manifest in the gravitational description, in which a black hole is
characterized by only a small set of macroscopic parameters (such as mass, spin, charge, etc.).
Moreover, an additional issue arises that warrants consideration. Under the assumption of uni-
tary time evolution, there must exist a corresponding Hamiltonian operator that generates this
unitary evolution. This Hamiltonian likewise does not appear manifestly in the gravitational
description. What is known to exist within the gravitational formulation is the Hamiltonian
constraint; however, this constitutes a global condition that applies to the entirety of spacetime.
According to the central dogma, it is necessary to isolate only the part corresponding to the
exterior, and standardized methodology for achieving this remains undetermined.

We provide additional remarks regarding the cut-off surface. It represents a reflective wall
that bounds the system we call the black hole, which evolves unitarily. However, when we have
an asymptotically flat geometry, we do not know where this hypersurface should be located.
We draw an imaginary surface far from the event horizon (we expect it to be at least several
Schwarzschild radii away from the black hole), and everything inside it we call the black hole.
This quantum system is now coupled to the degrees of freedom that reside outside this region.
The region outside this boundary surface is regarded as a quantum system with fixed spacetime,
i.e. semiclassical. There we ignore large metric fluctuations, but we can still account for weakly
interacting gravitons. The evolution of the entire system should be unitary. We now arrive at
the following conclusion:

The gravitational response is compared with that of a quantum system coupled to degrees of
freedom localized far from the black hole, defined on an imaginary cut-off surface.

We now proceed to analyze the formulation of entropy in the context of gravitational sys-
tems. As a first step, we investigate the underlying physical significance of the coarse-grained
entropy associated with the composite system comprising the black hole and radiation. Hawk-
ing has already demonstrated that it is determined by the expression for the generalized entropy,
which can be written as:

Sgen =
A

4G
+ Soutside, (8.84)

where the first term represents the Bekenstein–Hawking entropy, and the second term denotes
the contribution of quantum fields outside the black hole horizon. It satisfies the second law
of thermodynamics, namely: ∆Sgen ⩾ 0, and thus it is indeed the coarse-grained entropy.
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Hawking derived this formula using the Euclidean gravitational path integral [32]:

Z =

∫
DgµνDϕe−

1
ℏSE [gµν ,ϕ]

=

∫
DgµνDϕ exp

−
1

ℏ

SE[g
(0)
µν , ϕ

(0)] +

�
�

�
���

0

δSE

δϕ

∣∣∣∣∣
(0)
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2

δ2SE

δϕ2

∣∣∣∣∣
(0)

(δϕ)2 + ...
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
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(0)
µν ,ϕ

(0)]

∫
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(0)

(δϕ)2 + ...

 = e−
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ℏSE [g

(0)
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(0)]Zquantum. (8.85)

In the preceding expression, we have implemented an expansion about the saddle point, which
is determined by the classical equations of motion (indicated by the superscript (0)). Con-
sequently, the contribution that is linear in the variation vanishes, and only the quadratic
contribution remains. This partition function receives contributions from both geometry and
quantum fields. The gravitational part is obtained by evaluating the action on the classical
equations of motion, while the quantum part is obtained with fixed geometry (the semiclassical
approximation). The geometry is inquired to be smooth on the horizon. This observation is
associated with the fact that an observer in free fall does not register any locally discernible
physical effect upon crossing the event horizon (see Appendix D.5). To obtain the entropy from
these expressions, we can use the standard thermodynamic formulas:

S = (1− β∂β) lnZ ∧ E = −∂β lnZ. (8.86)

Utilizing these mathematical expressions, Hawking derived his generalized formula for en-
tropy. The first term corresponds to the surface term in Sgen, while the second term corresponds
to the quantum part of the partition function. This formula represents the coarse-grained en-
tropy of the system consisting of black hole and Hawking radiation. In this case, Soutside plays
the role of the fine-grained entropy of the radiation. This leads to a non-unitary evolution. Our
goal is to ensure that the evolution remains unitary; consequently, it is necessary to modify
this formula accordingly. It can be shown that this formula is equivalently obtained from the
expression for the generalized entropy. The sole distinction is that we now select a different
boundary surface. In place of the event horizon, we consider the surface that extremizes the
generalized entropy functional, i.e., the surface on which the generalized entropy attains its
minimum value. We now proceed to clarify more precisely the intended meaning of this state-
ment. Consider a surface I that is genuinely two-dimensional within the spacetime, i.e., it is
not a hypersurface but rather an embedded spatial surface. This means that it is localized
in one spatial dimension as well as in time. We define it as the surface that minimizes the
generalized entropy functional, and consequently refer to it as the quantum extremal surface
(QES). In fact, it minimizes the entropy in the spatial direction, while maximizing it in the
temporal direction. If there are several such surfaces, it is necessary to select the one that gives
the global minimum.The procedure for its determination is as follows:

We begin by selecting a spacelike hypersurface specified by a constant-time slice (t = const.).
On this hypersurface, we then determine the surface that minimizes the generalized entropy

functional. Subsequently, we consider the family of all such spacelike hypersurfaces and
identify the one whose corresponding minimizing surface yields the maximal value of the

generalized entropy.
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Therefore, the formula for fine-grained entropy in gravitational systems is given by:

SFG = min
X

{
ext
X

[
A[X]

4G
+ Ssemi−cl (ΣX)

]}
. (8.87)

Here, X represents the surface of interest, while ΣX denotes the portion of the spacelike hy-
persurface that lies between X on one side and the cut-off surface on the other, the latter
specifying the quantum system being studied. This construction determines the causal dia-
mond that contains the region in which the degrees of freedom of the quantum system under
consideration are localized. The von Neumann entropy of the quantum fields on ΣX is written
as Ssemi−cl (ΣX). We adopt this notation to stress that all computations are carried out within
the semiclassical approximation. This is the key relation of our analysis, originally derived by
Maldacena and Lewkowycz [33]. In most situations, the point X is located inside the black
hole, that is, behind the event horizon. The core idea can be expressed as follows:

We initiate the analysis by identifying a trial surface I located outside the event horizon of the
black hole. We then continuously deform and extend this surface across the horizon to the

interior region in order to determine the configuration that realizes the desired minimal value.

Since the surface X lies in the interior of
the black hole, this implies that the entropy
depends on the properties of the black hole’s
interior. What is unexpected is that it does
not depend on the entire interior of the black
hole, but only on a restricted subset of that in-
terior region. The entire procedure is derived
from the Euclidean gravitational path integral,
using a method similar to the one Hawking
employed to obtain the expression for gener-
alized entropy. A sketch of this derivation is
presented in Section 8.4.3. It is necessary to
provide a more precise definition of the notion
of a “quantum extremal surface” as it pertains
to the surface X. It is an ordinary geometric
surface. We call it quantum because it bounds
the region in which the quantum fields reside.

Figure 8.18: Penrose diagram showing the
quantum extremal surface.

8.4.2 Page curve reproduction for the black hole subsystem

We now apply the fine-grained entropy formula for gravitational systems to a black hole treated
as a quantum subsystem. At the moment of black hole formation, no Hawking quanta have
escaped. Thus, for a point X inside the event horizon, no QES is encountered, and the con-
struction extends to the asymptotic boundary of spacetime. In this regime, the surface term
vanishes, leaving only Ssemi−cl(ΣX), which evaluates to zero.

As time passes, the first quanta escape the re-
gion of the black hole, resulting in an increase
of the fine-grained entropy SFG due to the

growth of the second term in the correspond-
ing expression. At the moment t1, the entropy
remains smaller than the Bekenstein–Hawking
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value SBH . However, by time t2 the fine-
grained entropy exceeds SBH . This behavior
coincides precisely with the original semiclas-
sical prediction obtained by Hawking. We have
entropy that keeps increasing as time goes on,
rising higher and higher until the entire black
hole evaporates. This case is referred to as the
case with zero QES.

Figure 8.19: Penrose diagram depicting to the
zero QES phase.

However, what happens is the emergence of
an additional QES shortly after the Hawking
radiation leaves the region of the black hole.
The location of this surface depends on the
amount of radiation that has escaped from the
black hole and is therefore an explicit function
of time. The expression for generalized en-
tropy now includes a surface term. Moreover,
this surface term is dominant compared to
the semiclassical term, since only a very small
amount of radiation has escaped the black hole
up to this moment. It turns out that this QES
lies very close to the horizon, so in the initial
moments the contribution of the surface term
is very large. This means that the contribution
of this QES is far greater than the contribution
in the case with zero QES. This case is referred
to as the case with a nonzero QES.
Based on the previous conclusion, We observe
that, in the early stages of the evaporation
process, the global minimum is governed by
the trivial (zero) quantum extremal surface
(QES). However, as time progresses, due to
the evaporation of the black hole the horizon
area decreases, and thus the contribution of the
nonzero QES also decreases. At some point be-
tween the moments t1 and t2, this decreasing
contribution becomes smaller than the increas-
ing one given by the zero QES. Since, in calcu-
lating SFG, we use the QES that provides the
minimal contribution, at this moment the QES
used to compute the entropy changes, and the
entropy begins to decrease. We say that in that
moment, a phase transition has occurred.

Figure 8.20: Penrose diagram depicting to the
non-zero QES phase.

Figure 8.21: Penrose diagram depicting the
phase transition.
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At the phase transition point, the previously dominant contribution associated with the triv-
ial (zero) QES remains smaller than the Bekenstein–Hawking entropy SBH . Consequently, the
resulting entanglement entropy exhibits the characteristic behavior associated with the Page
curve. This follows from the observation that the entropy computed from the nonvanishing
quantum extremal surface (QES) tracks the thermodynamic entropy of the black hole. The
underlying reason is that the QES is located in close proximity to the event horizon, which is
used in the calculation of thermodynamic entropy. As it does not exceed SBH , since QES is still
below the horizon, the intersection point cannot be above the value SBH . This moment corre-
sponds to the Page time that we define in Section 8.3.3 when discussing Hawking’s information
paradox.
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We thus observe that the Page curve is suc-
cessfully reproduced, provided that a nonvan-
ishing quantum extremal surface (QES) is in-
deed present inside the black hole horizon.It is
required to demonstrate the existence of a sur-
face exhibiting saddle-point behavior, that is,
a surface for which displacements in the spa-
tial direction from a given point result in an in-
crease in entropy, whereas displacements in the
temporal direction from the same point result
in a decrease in entropy. We do not provide
that proof here, but we give an intuitive anal-
ysis showing that such a surface should exist
by considering what happens in the direction
of left-propagating waves.

Figure 8.22: Penrose diagram which demon-
strates of the existence of a non-zero QES.

What is firmly established is that the surface term decreases as we approach the point
r = 0. The remaining question is how the quantity Ssemi-cl(ΣX) behaves in this limit. Consider
the process in which the hypersurface X is initially precisely positioned at the event horizon
and subsequently adiabatically translated to radii inside the horizon, following the direction
of left-propagating waves. The new quanta that we collect on the hypersurface ΣX as X is
lowered beneath the horizon are entangled with the quanta that resided on ΣX in the region
between the horizon and the cut-off surface. This implies that by this process we purify the
quantum state along ΣX , since we include both members of the pairs. This continues until we
have collected all the quanta entangled with those living on the part of ΣX to the right of the
horizon. At that point we have maximally purified the state along ΣX . During this process,
the entropy Ssemi−cl(ΣX) decreases, reflecting the progressive purification of the system’s state.
However, if we further decrease X, we begin to register quanta that are entangled with quanta
which have already propagated beyond the black hole region, i.e., which lie outside the cut-off
surface. This means that the entropy Ssemi−cl(ΣX) starts to increase again. We conclude that
along this direction there indeed exists a local minimum for Ssemi−cl(ΣX), and therefore also for
SFG, given that the surface contribution exhibits a monotonically decreasing behavior.
We conclude:

During the evaporation of a black hole, two distinct quantum extremal surfaces (QESs)
emerge. One corresponds to the original Hawking saddle: it is located at the asymptotic

boundary of spacetime (the so-called zero quantum extremal surface) and yields a contribution
to the entropy that increases monotonically with time. The other QES is situated just inside
the event horizon and yields a contribution to the entropy that decreases monotonically with

time. At any given time, the fine-grained entropy of the radiation is given by the minimum of
these two QES contributions, thereby reproducing the characteristic Page curve.

8.4.3 Page curve reproduction for the Hawking radiation subsystem

In the preceding section, we derived the fine-grained entropy of the black hole subsystem and
demonstrated that our results reproduce the expected Page curve. However, this did not pose
an issue. The difficulty manifests in the context of the entropy associated with Hawking ra-
diation. In earlier analyses, this entropy was computed solely in terms of the von Neumann

214



CHAPTER 8. ENTANGLEMENT ENTROPY IN GRAVITY

entropy of the radiation subsystem. Within that framework, the entropy appears to increase
monotonically throughout the black hole evaporation process and, at a certain stage, surpasses
the Bekenstein–Hawking entropy of the black hole itself—an outcome that is regarded as in-
consistent. This inconsistency indicates that the standard formula for the entropy of Hawking
radiation must be modified or supplemented by additional contributions. Once again, we use
the formula for fine-grained entropy in gravitational systems. Nevertheless, this needs to be
justified since the radiation under consideration is localized in a region where the gravitational
field is extremely weak. Under such circumstances, one would ordinarily not expect a for-
mula for gravitational systems to be applicable. The rationale for employing this expression is
that the quantum state of the radiation itself has been determined through the application of
gravitational theory.

At this point, one may inquire how this formula is to be applied in precise terms. Thus
far, we have consistently considered a specific gravitational system within the spatial domain
in which the formula was intended to be utilized. That system was a black hole. Conversely, in
the present setting there is no black hole in the region occupied by the radiation. Furthermore,
up to this point the hypersurface ΣI has been assumed to be connected. We now relax this
assumption and allow for the possibility that it is not connected. If ΣI is a disconnected
region, then the area of its boundary surface increases, which in turn leads to an enhancement
of the corresponding boundary (or “area”) contribution in the expression for the fine-grained
entropy. Consequently, to maintain consistency, the expression for the generalized entropy must
be adjusted downward (i.e., reduced) to compensate for this increase. The only way to achieve
this is to reduce the value of Ssemi−cl(ΣX). This objective can be realized by incorporating a
part of the black hole interior in such a way as to purify the quantum state, thereby providing
pairs for those particles localized in the region exterior to the cut-off surface. The region we add
is called the island region, and the surface that bounds it is the island or the island boundary.
This means that the island is the quantum extremal surface in this case. Based on this analysis,
we conclude that the fine-grained entropy is now calculated according to the formula for entropy
via the island rule, given by the following expression:

SFG = min
I

{
ext
I

[
A[I]

4G
+ Ssemi−cl (ΣI ∪ Σrad)

]}
. (8.88)

It should be emphasized that this quan-
tity corresponds to the von Neumann entropy
of the precise quantum state of the radiation.
Nonetheless, the exact quantum state itself is
not known; only its entropy is accessible. This
situation is schematically represented in Fig-
ure 8.23. The island I is situated behind the
black hole horizon in the interior region, as is
theoretically anticipated. We now examine its
evolution as a function of time. An analogous
mechanism to that governing the fine-grained
entropy of the black hole is found to operate in
this context, and, as a consequence, the result-
ing entropy profile reproduces the Page curve
at late times. Figure 8.23: Penrose diagram depicting the is-

land and the radiation hypersurfaces.
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As in the case of the black hole, at the beginning of the evaporation process no QES is
formed and therefore there is no island. Consequently, the expression is determined solely by
its semiclassical contribution, which vanishes because no quantum of radiation has yet escaped
from the vicinity of the black hole. As time progresses, radiation begins to leave the black
hole region, and consequently the expression for Ssemi−cl(Σrad) begins to increase. As before,
this expression extremizes the generalized entropy at each moment of the evaporation process,
but it does not need to be the global minimum at every moment. This part of the analysis
corresponds to Hawking’s result, where the fine-grained entropy of the radiation monotonically
increases during evaporation.

As before, the island (nonzero QES) that
extremizes the generalized entropy appears
shortly after the beginning of the evaporation
process and is located near the horizon, so the
entropy calculated using this QES has a very
large value at the start of evaporation and is
therefore not the global minimum. However,
as time progresses, the horizon shrinks, and so
does the entropy contribution in the case when
we have an island, until it eventually becomes
the global minimum and a phase transition oc-
curs.

Figure 8.24: Penrose diagram depicting the
phase transition for the radiation entropy.

In the subsequent evolution, we calculate SFG using the configuration with the island, which
leads to a monotonically decreasing entropy until the end of the evaporation process, when it
vanishes. We therefore conclude that we have once again reproduced the Page curve, this time
in the case of Hawking radiation. If the black hole was formed from a pure state, we expect that
the fine-grained entropy of the black hole subsystem and the Hawking radiation subsystem are
equal at every moment. Indeed, this is the case. The reason lies in the fact that the position of
the quantum extremal surface in the case of the black hole subsystem coincides with the position
of the island. We conclude that the surface terms in the expressions for fine-grained entropy
are the same in both cases. Since here we have the Cauchy surface given by ΣI ∪ ΣX ∪ Σrad,
the von Neumann entropy associated with ΣX must be equal to the von Neumann entropy
associated with ΣI ∪ Σrad, because the quantum state is pure along the entire Cauchy surface.
This implies that Ssemi−cl(ΣX) = Ssemi−cl(ΣI ∪Σrad). Since in both cases we extremize the same
function, the entropies must be equal. We conclude:

The fine-grained entropy of the black hole subsystem is equal to that of the Hawking radiation
subsystem at each moment throughout the evaporation process. Consequently, this

construction reproduces the characteristic Page curve for the entropy of Hawking radiation.

The sole reason of success in reproducing the Page curve for the Hawking radiation sub-
system lies in the fact that we included the interior of the black hole when calculating the
fine-grained entropy of Hawking radiation. Moreover, it is entirely expected that we would
reproduce the Page curve once we include the black hole interior, since this process purifies the
quantum state of the outgoing radiation. At first glance, it may seem as though we inserted the
interior by hand and that there is no physical justification for doing so. However, as we stated
at the beginning of this section, the formula for fine-grained entropy in gravitational systems
can be derived using the Euclidean gravitational path integral. The method used is called the
replica wormhole method, and we discuss it in the next section.
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8.4.4 Replica wormhole method

In this section, we present an outline of the derivation of the expression for fine-grained entropy
in gravitational systems[33, 34, 38, 124, 125, 126]. We consider the case where the black hole
has completely evaporated. We neglect the details of the immediate vicinity of the completion
of the evaporation process, since in this regime strong quantum-gravitational effects become
relevant and the semiclassical approximation ceases to be valid.

From the standpoint of entropy evalua-
tion, the relevant geometric configuration is
depicted topologically in Figure 8.25. We con-
sider as our starting point the unnormalized
pure state |ψ⟩ describing the matter content
that undergoes gravitational collapse and gives
rise to the singularity. The goal is to evolve
it into some final radiation state |j⟩ using the
gravitational path integral. In this way we ob-
tain the transition amplitude from the initial
state |ψ⟩ to the final state |j⟩, i.e. ⟨j|ψ|j|ψ⟩. In
Figure 8.25, a representation of this transition
amplitude is shown. The ocher line represents
the evolution from the |ψ⟩ state (interior) to
the |j⟩ state (exterior) of the matter.

Based on the state |ψ⟩ we can form the density
matrix: ρ̂ = |ψ⟩ ⟨ψ|. In Figure 8.25, a diagram
is shown representing the matrix element of
this density matrix in the basis of the Hilbert
space of the final radiation: ρij = ⟨i|ψ⟩ ⟨ψ|j⟩.
Here we have two interiors corresponding to
|ψ⟩, so they are identified, and two exteriors
where the final radiation states |i⟩ and |j⟩ re-
side.

Figure 8.25: The diagram representing the
transition amplitude: ⟨j|ψ⟩, taken from [1].

Figure 8.26: The diagram representing the ma-
trix element: ρij, taken from [1].

The objective is to determine whether the
post-evaporation state ρ̂ corresponds to a pure
state or a mixed state. To this end, we employ
the standard criterion for assessing the purity
of a quantum state:

Tr
{
ρ̂2
}
= (Tr{ρ̂})2 . (8.89)

If this relation is satisfied, the state is pure,
otherwise, the state is mixed. In order to verify
this using the diagram, we must first represent
the diagram for:

Tr{ρ̂} =
∑
i

⟨i|ψ|i|ψ⟩ ⟨ψ|i|ψ|i⟩ . (8.90) Figure 8.27: The diagram representing: Tr{ρ̂},
taken from [1].

217



CHAPTER 8. ENTANGLEMENT ENTROPY IN GRAVITY

Here the exterior regions are also identified,
therefore, we obtain a closed loop. This implies
that we need to sum over the final states |i⟩.
To verify the equality stated above, it is nec-
essary to additionally express:

Tr
{
ρ̂2
}
=∑

i,j

⟨i|ψ|i|ψ⟩ ⟨ψ|j|ψ|j⟩ ⟨j|ψ|j|ψ⟩ ⟨ψ|i|ψ|i⟩ .

(8.91)

It is clear how we identify the final states (the
exteriors) due to the summation; however, it is
also necessary to identify the interiors, in order
to have summation over both i and j. There
are two ways to connect the interiors and form
a closed loop. The first way is to connect the
interior of the matrix element ⟨i|ψ|i|ψ⟩ with
the interior of the matrix element ⟨j|ψ|j|ψ⟩,
and then repeat the same for the second pair.
In this way we obtain one large loop (Figure
8.28). The second way is to connect the in-
teriors of the matrix elements ⟨i|ψ|i|ψ⟩ and
⟨i|ψ|i|ψ⟩ with each other, as well as the in-
teriors of the matrix elements ⟨j|ψ|j|ψ⟩ and
⟨j|ψ|j|ψ⟩. It is clear that this case decomposes
into two loops (Figure 8.29).

Figure 8.28: The diagram representing: Tr{ρ̂2}
- Hawking saddle point, taken from [1].

Figure 8.29: The diagram representing: Tr{ρ̂2}
- replica wormhole saddle point, taken from [1].

In quantum mechanics—and in the present context as well—it is a fundamental requirement
that one performs a sum over all possible configurations. In this case, this entails summing
over all admissible geometric topologies, that is, over all distinct ways of connecting the interior
regions. The first contribution we obtain cannot be factorized into two separate loops and
corresponds to Hawking’s saddle-point configuration. In contrast, the second diagram clearly
factorizes into two loops, indicating that it represents the product of two diagrams associated
with Tr{ρ̂}. This contribution is associated with the saddle-point configuration of the replica
wormhole, implying that the final state ρ̂ at the end of the evaporation process is pure. Since
the entropy of a pure state is equal to zero, the second diagram represents the dominant term
in the saddle-point approximation of the Euclidean gravitational path integral, namely:

Z =

∫
DgµνDϕe−SE [gµν ,ϕ] ≈ e−SE,RW + e−SE,H = 1 + e−SE,H ≈ 1. (8.92)

We conclude that the main contribution enforces unitarity. What may still pose an issue
is that Hawking’s saddle point remains present. It yields an exponentially suppressed contri-
bution, and we therefore anticipate that it will not pose a significant issue once the complete
quantum theory of gravity is taken into consideration. With this, we have shown that the state
at the end of the black hole evaporation process is a pure state. However, it is necessary to
determine the entropy of either of the two subsystems at every moment during the evaporation
process. To derive the formula for fine-grained entropy in gravitational systems at each moment
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in time, we employ the replica trick:

SFG = (1− n∂n) Tr{ρ̂n}
∣∣∣∣
n=1

. (8.93)

here ρ̂ denotes the density matrix of either of the two subsystems. In determining Tr{ρ̂n}, the
interiors can be connected in many different ways, which makes the calculation considerably
more complicated. Once we compute Tr{ρ̂n} for arbitrary n ∈ N, we perform an analytic
continuation to n ∈ R, and then take the limit lim

n→1
. Among all possibilities, we must select the

one that gives the minimal contribution. It turns out that, under this analytic continuation
to continuous n, this precisely corresponds to the process of finding the quantum extremal
surface, which we described in Section 8.4.1. A detailed proof of this statement is omitted here;
however, its validity should be evident on intuitive grounds.

Finally, several additional observations warrant consideration:

1. To reconstruct the exact quantum state of the emitted radiation, it is, in principle, nec-
essary to perform a path integral over the complete space of geometries, incorporating all
nonperturbative contributions. At present, this procedure cannot be carried out in any
existing formulation of quantum gravity. What is established in this framework is that
we use the semiclassical state. On the basis of this state, we compute the fine-grained
entropy of the radiation. Moreover, we know that the fine-grained entropy obtained from
the semiclassical state is equal to the one we would obtain using the exact quantum state.
If we wished to measure some simple observables, the semiclassical state would be suffi-
cient. However, in the case of complex observables this is not enough. We need to know
the exact quantum state of the system.

2. Since the quantum state of the radiation contains information about the interior of the
black hole, very complex measurements performed on the degrees of freedom of the radi-
ation can alter spacetime by creating wormholes that would lead us into the interior of
the black hole [125, 127, 128]. We discuss this further in the following subsection.

3. We obtain the quantity SFG by evaluating the Euclidean gravitational path integral. This
is not a well-defined quantity. It remains unclear which saddle points ought to be taken
into account and which ought to be excluded. It may happen that there exist theories
which do not use the replica wormhole saddle point, but rather Hawking’s. We expect
such theories not to be fully consistent. Another relevant issue is the choice of integration
contour in the computation of the gravitational path integral.

4. Another conceptual difficulty concerns the specification of the cut-off hypersurface that
defines the boundary of the quantum subsystem associated with the black hole. We are
not certain whether the formula for fine-grained entropy in gravitational systems is valid
at all if the boundary surface is not at infinity.

8.4.5 Entanglement wedge reconstruction

At first sight, the reconstruction of the Page curve appears to provide a resolution of the black
hole information paradox. However, this conclusion is not fully justified and important issues
remain unresolved. Several of these issues are examined in detail in the following section. In
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the central dogma we mentioned the degrees of freedom by which we describe the black hole
from the perspective of an observer located outside the black hole. The question is: Which part
of the black hole interior do they describe? To answer this question, let us consider the formula
for fine-grained entropy in gravitational systems. It depends on the interior of the black hole,
but only up to the quantum extremal surface. We then arrive at the following conclusion:

The degrees of freedom from the central dogma describe the geometry only up to the quantum
extremal surface. Given that the entropy is associated with the entire causal diamond, we may

regard it as providing a characterization of that causal diamond.

This causal diamond is referred to as the entanglement wedge of the black hole [70, 71, 72],
because it contains the degrees of freedom that describe the black hole. There are three relevant
regimes that alternate over time. The first regime corresponds to times t < tp and describes
the period before the phase transition has occurred. In this case, no QES is present, and
consequently the entire interior is described by the degrees of freedom of the black hole. The
second regime corresponds to the period tp < t < tend, where tend denotes the moment at which
the evaporation process is completed. In this period, the phase transition has already taken
place, and therefore a QES is present. Then the degrees of freedom of the black hole reside
only in the portion of the interior up to the QES, while the remainder of the interior belongs
to the island, which is part of the radiation. This means that after the Page time, the degrees
of freedom of the radiation partly reside in the interior of the black hole. The third situation
corresponds to the period after the evaporation process has finished, i.e. t > tend. The region
inside the cut-off surface is now just a flat space, while the entire region beneath the event
horizon belongs to the island, i.e. to the degrees of freedom of the radiation. These three
regimes are illustrated in Figures 8.30, 8.31, and 8.32.

Figure 8.30: Penrose diagram
corresponding to the space-
time before the critical point,
i.e. t < tp.

Figure 8.31: Penrose diagram
corresponding to the space-
time at the critical point, i.e.
tp < t < tend.

Figure 8.32: Penrose diagram
corresponding to the space-
time after the critical point,
i.e. t > tend.

220



CHAPTER 8. ENTANGLEMENT ENTROPY IN GRAVITY

We conclude:

After the Page time has been reached, the majority of the microscopic degrees of freedom
originally localized inside the event horizon are encoded in the emitted Hawking radiation
rather than in the remaining black hole. Upon completion of the evaporation process, all

degrees of freedom that were previously contained within the horizon become fully transferred
to, and are entirely represented by, the radiation.

Let us now consider another scenario in which the majority of the degrees of freedom
located inside the black hole horizon are associated with radiation. This implies that the
action of semiclassical operators localized in the region behind the horizon modifies the entropy
of the emitted radiation, in accordance with the standard expression for fine-grained entropy
in gravitational systems. Throughout, we assume that this entropy represents the entropy
of the exact quantum state of the radiation. Consequently, semiclassical operators from the
region beneath the horizon of the black hole alter the exact quantum state of the radiation.
[129, 130, 131] Then, from general theorems of quantum information theory it follows that there
exists a mapping known as the Petz map, which enables us to recover information related to that
exact quantum state [132, 133]. In the case of simple gravitational theories, this mapping can
be easily constructed using the gravitational path integral, via the replica wormhole method.
It is important to emphasize that the quantum measurements that would need to be performed
on the degrees of freedom of the radiation are extremely complex, with a complexity that is
exponential in the Bekenstein–Hawking entropy of the black hole [134, 135]. A generalization
of this idea to the most general cases and theories has not yet been achieved.

When we speak of the degrees of freedom of the black hole, we usually mean the quantum
fields that reside in the region beneath the event horizon. It is evident that these degrees
of freedom differ from those mentioned in the central dogma. There, the relevant degrees
of freedom are those of the black hole from the perspective of an observer far away from it.
We know that the degrees of freedom counted via quantum fields beneath the horizon may
lie either on one side or the other of the quantum extremal surface. The degrees of freedom
that we refer to as the black hole degrees of freedom are those that reside to the right of the
quantum extremal surface. This means that they represent only a portion of all the degrees of
freedom that exist beneath the horizon. It is important to understand precisely which degrees
of freedom under consideration in this context.

In light of this observation, we have thereby resolved an additional paradox originally for-
mulated by Wheeler in 1964 [136]. Namely, he pointed out that there exist classical geometries
which outwardly appear as black holes, but beneath the horizon can possess arbitrarily large
entropy—much greater than one quarter of the horizon area. He called them bags of gold. The
resolution of this paradox is analogous:

When the entropy of the interior exceeds the area of the throat (the horizon), the causal
diamond corresponding to the degrees of freedom of the black hole describes only the portion of

the interior that does not include this arbitrarily large entropy.
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In Figure 8.33, one such bag-of-gold geom-
etry is shown. We observe that the space-
time geometry of the evaporating black hole
discussed in the preceding section (and in the
present one) assumes, after the Page time, a
configuration that is effectively analogous to a
bag-of-gold geometry. This lies in the fact that
the degrees of freedom of the black hole corre-
spond to only a very small portion of the de-
grees of freedom residing beneath the horizon
of the black hole.

Figure 8.33: Visualization of the Bag-of-gold
geometry.

With this section we conclude our analysis of entropy in gravitational systems. In the
subsequent chapter, we undertake a detailed and explicit reconstruction of the Page curve within
specific, well-defined models of two-dimensional dilaton gravity. This goal will be accomplished
by utilizing the formula for fine-grained entropy in gravitational systems, the derivation and
detailed analysis of which constituted the primary focus of the present chapter.
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Chapter 9

Page curve in the BPP model

In this chapter, we illustrate how the Page curve is reproduced within the BPP model of two-
dimensional dilaton gravity introduced in Section 4.3. As already shown in Chapter 4.3, the
BPP model is exactly solvable. This allows for an exact semi-classical evaluation of the Page
curve up to the end-point of the evaporation process, beyond which the corrections from the full
theory of quantum gravity will become relevant [1]. We now demonstrate how equation (1.6)
is applied to compute the Page curve for both eternal and evaporating black hole scenarios in
the BPP model. The chapter is organized into two sections.

In the first section, we reproduce the Page curve for the eternal black hole studied in Section
(4.3.2). Our analysis follows the derivations in [41] and [57]. We begin with the no–island
configuration, in which we recover the standard Hawking result: the Page curve increases
monotonically with time [16]. We then apply the fine–grained entropy formula for gravitational
systems (1.6), which allows us to obtain the Page curve for this setup.

A crucial point is that, for an eternal black hole, we do not expect the entropy of radiation
to decrease at late times. Instead, it should asymptotically approach and then remain at the
value 2SBH . This behavior is due to the fact that the black hole is in thermal equilibrium,
so the flux of Hawking radiation it emits is balanced by the flux it absorbs. Consequently,
the entropy grows monotonically until it reaches its maximum value, namely 2SBH , defined in
(1.4). The factor of two arises because an eternal black hole has two asymptotically flat regions.
Moreover, since SBH is the coarse–grained black hole entropy, the fine–grained entropy of the
radiation cannot exceed this bound (see Section 8.1).

In the second part, we then reconstruct the Page curve for an evaporating black hole in
the BPP model introduced in Section 4.3.4, again following the derivation of [41]. As before,
we start by analyzing the setup without including an island, which reproduces the standard
Hawking result [16]. We then demonstrate how the inclusion of an island at late times in the
evaporation process (i.e., after the Page time) resolves the paradox. The Page curve is computed
in two coordinate systems: we first locate the island in asymptotically flat coordinates, and
subsequently repeat the analysis in Kruskal coordinates, obtaining, of course, identical results.
Unlike the eternal black hole case, the Page curve here decreases and eventually goes to zero
at the end-point of the evaporation.
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9.1 Page curve in the eternal black hole scenario

In this section, we compute the fine-grained entropy of Hawking radiation for the eternal black
hole in the BPP model introduced in Section 4.3.2. The discussion is divided into two parts.
First, we study the configuration without an island and reproduce Hawking’s original result.
Next, we perform the full entropy calculation using the fine-grained entropy formula for gravi-
tational systems (1.6). In the late stages of evaporation, we demonstrate the emergence of an
island region outside the horizon that contributes to the constant term in the entanglement
entropy. This contribution causes the Page curve to saturate at 2SBH , thereby recovering the
purity of the initial quantum state at the end of evaporation. Throughout this section, we
follow the derivation presented in [57].

9.1.1 No-island configuration

In the absence of an island in the spacetime, the formula (1.6) simplifies to just the second
term, namely Ssemi−cl(Σrad). Because the region containing the degrees of freedom that are in-
accessible to the asymptotic observer is simply connected, and there is no spacetime boundary
on which reflective boundary conditions are imposed, the appropriate expression for the entan-
glement entropy of quantum fields in curved spacetime is given by (8.51). For convenience, we
rewrite it here:

SFG =
N

12
ln

(x+R − x
+
L)

2(x−R − x
−
L)

2

δ4e−2ρRe−2ρL
, (9.1)

where we have included an overall factor of N in (8.51) because the BPP model contains N
distinct scalar field species. In addition, the expression is written in Kruskal coordinates (4.41),
as we are focusing on the eternal black hole setup.

Figure 9.1 depicts the region A that is inac-
cessible to an asymptotic observer (as defined
in Figure 8.1) for the case of an eternal black
hole. The two asymptotically flat regions are
denoted by R and L in both Figure 9.1 and
equation (9.1). In each of these regions, we in-
troduce a cut-off surface at σ = b. Since we are
interested in evaluating the entropy at a fixed
time t, we consider the hypersurface t = const.
in the right wedge. The segment of this hyper-
surface that supports the radiation degrees of
freedom, Σrad, extends from spatial infinity i0
to the cut-off surface.

Figure 9.1: Penrose diagram illustrating the
no-island setup for an eternal black hole in the
BPP model

In the left asymptotically flat region, radiation exits the black hole region along the x−–axis.
At the same time, the Killing vector reverses its direction, implying that the time coordinate
t in the right asymptotically flat region corresponds to the time coordinate −t in the left
asymptotically flat region. Because of these two effects, the boundary point of region A in the
left asymptotically flat region appears as the mirror reflection of the corresponding boundary
point in the right asymptotically flat region, as illustrated in Figure 9.1.

Since Killing time is defined in Eddington–Finkelstein coordinates, we first need to rewrite
the Kruskal coordinates x±L/R in terms of the asymptotically flat coordinates σ±, and therefore
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in terms of t and b, using the transformation law (4.41). Doing so gives:

λx+R = eλ(t+b), λx−R = −e−λ(t−b), λx+L = −eλ(−t+b), λx−L = e−λ(−t−b). (9.2)

We now proceed to evaluate the fine–grained entropy (9.1). As a first step, we compute the
differences (x±R − x

±
L) by substituting (9.2):

λ
(
x+R − x

+
L

)
= eλ(t+b) + eλ(b−t) = eλb

(
eλt + e−λt

)
= 2eλb cosh (λt),

λ
(
x−R − x

−
L

)
= −eλ(b−t) − eλ(t+b) = −eλb

(
e−λt + eλt

)
= −2eλb cosh (λt).

(9.3)

The left-right symmetry requires ρL = ρR. Consequently, for the metric (4.104) evaluated at
the boundaries of the region A (see Figure 9.1) we find:

e−2ρR = e−2ρL = −λ2x+Rx
−
R +

πGM

λ
= e2λb +

πGM

λ
= −λ2x+Lx

−
L +

πGM

λ
. (9.4)

Inserting (9.3) and (9.4) into the original expression for the entanglement entropy (9.1) leads
to:

SFG =
N

6
ln

4 cosh2 (λt)

(λδ)2
(
1 + πGM

λ
e−2λb

) . (9.5)

Let us now analyze the behavior of this function at the beginning of the evaporation process.
Recall that SFG is defined only up to a renormalization constant (because of the divergence
ln δ as δ → 0). We can therefore choose this constant so that SFG = 0 at t = 0. For t = 0 we
have cosh (λt) = 1, and the expression simplifies to:

SFG =
N

6
ln

4

(λδ)2
(
1 + πGM

λ
e−2λb

) = 0 =⇒ SFG =
N

3
ln

[
cosh (λt)

]
. (9.6)

Expanding this expression around t = 0, we obtain:

SFG =
N

6
(λt)2. (9.7)

Thus, near t = 0 the entropy grows quadratically in time. We now turn to the late–time
behavior of (9.5):

cosh (λt) =
1

2

(
eλt +���*

0
e−λt

)
≈ 1

2
eλt =⇒ SFG ≈

N

3
λt− N

3
ln 2. (9.8)

We thus arrive at the main conclusion of this section: in the setup without an island, the
Page curve is not recovered. Instead, we reproduce the standard Hawking result [16], where
the entropy increases monotonically with time. This monotonic growth is incompatible with
unitarity, since beyond a certain time SFG exceeds the bound set by the coarse–grained entropy
2SBH . The time at which this happens is the Page time, determined by:

SFG = 2SBH =⇒ N

3
λctp = 2

2c3

Gℏ
πGM

λc2
=⇒ tp =

12πM

Nℏλ2
. (9.9)
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9.1.2 Island configuration

When the island is present, both the area contribution and the semi-classical entanglement
entropy term in expression (1.6) for the fine-grained entropy are non-zero. Furthermore, the
presence of the island implies that the region A in Figure 9.2, which is inaccessible to the
observer, is composed of two disconnected components. Consequently, the semi-classical part
of the fine-grained entropy is given by equation (8.59), namely:

Ssemi−cl =
N

6
ln

d212d
2
23d

2
14d

2
34

δ4d224d
2
13e

−ρ1e−ρ2e−ρ3e−ρ4
, (9.10)

where d2ij = (x+i − x+j )(x−i − x−j ) represents the Minkowski distance between the corresponding
points depicted in Figure 9.2 in Kruskal coordinates. As before, we multiply expression (9.10)
by N because the BPP model contains N species of scalar fields. We assign the indices i and j
such that the identification (1, 2, 3, 4)←→ (Ra,Rb, La, Lb) holds. As in the preceding section,
R labels the right wedge and L the left wedge of the spacetime. Meanwhile, a designates the
boundary of the island region, and b labels the cut-off hypersurface. All these hypersurfaces
are explicitly marked in Figure 9.2.

Figure 9.2 shows the region A that an
asymptotic observer cannot access (as defined
in Figure 8.1) for an eternal black hole in the
presence of an island. The island, labeled by
I, is highlighted in blue. For an eternal black
hole, the non-zero QES is expected to appear
very close to the quantum-corrected horizon,
but still outside it. In the right asymptotically
flat region, the island’s coordinates are (t′,−a).
We denote the spatial coordinate by −a be-
cause the island should be located near the
horizon, which is given by σH → −∞ (4.39).

Figure 9.2: Penrose diagram illustrating the is-
land setup for an eternal black hole in the BPP
model

In direct analogy with the case without an island, we send the island’s boundary point
to the left asymptotically flat region by reflecting it across the time axis. In this way, its
coordinates become (−t′,−a), which encodes the fact that the time-like Killing vector in the
left wedge is oriented in the opposite direction. Note that we have not identified the island’s
time coordinate with the time coordinate on the cut-off surface. This choice is motivated by
the requirement that the generalized entropy must be extremized with respect to both space
and time: the entropy must be maximized along the temporal direction and minimized along
the spatial direction.

The first step in evaluating the fine-grained entropy (9.10) is to express the Minkowski
distances in the Kruskal coordinates in terms of the Eddington–Finkelstein coordinates, using
(4.41). This yields

λx+Rb = eλ(t+b), λx−Rb = −e
−λ(t−b), λx+Lb = −e

λ(−t+b), λx−Lb = e−λ(−t−b),

λx+Ra = eλ(t
′−a), λx−Ra = −e

−λ(t
′
+a), λx+La = −e

λ(−t
′−a), λx−La = e−λ(−t

′
+a).

(9.11)
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Substituting (9.11), the Minkowski distances d2ij can then be written in terms of t, t′, a, and b
as

λ2d212 = (x+Rb − x
+
Ra)(x

−
Rb − x

−
Ra) =

(
eλ(t+b) − eλ(t

′−a)
)(
−eλ(b−t) + e−λ(t

′
+a)
)
,

λ2d234 = (x+Lb − x
+
La)(x

−
Lb − x

−
La) =

(
−eλ(b−t) + e−λ(t

′
+a)
)(

eλ(t+b) − eλ(t
′−a)
)
,

λ2d214 = (x+Rb − x
+
Lb)(x

−
Rb − x

−
Lb) =

(
eλ(t+b) + e−λ(t−b)

) (
−e−λ(t−b) − eλ(t+b)

)
,

λ2d223 = (x+Ra − x
+
La)(x

−
Ra − x

−
La) =

(
eλ(t

′−a) + e−λ(t
′
+a)
)(
−e−λ(t

′
+a) − eλ(t

′−a)
)
,

λ2d224 = (x+Ra − x
+
Lb)(x

−
Ra − x

−
Lb) =

(
eλ(t

′−a) + eλ(b−t)
)(
−e−λ(t

′
+a) − eλ(t+b)

)
,

λ2d213 = (x+Rb − x
+
La)(x

−
Rb − x

−
La) =

(
eλ(t+b) + e−λ(t

′
+a)
)(
−eλ(b−t) − eλ(t

′−a)
)
.

(9.12)

From these expressions we see that d212 = d234 and d224 = d213. Moreover,

λ2d214 = −4e2λb cosh2(λt), λ2d223 = −4e−2λa cosh2(λt′). (9.13)

In the early phase of evaporation, the configuration without an island gives the minimal value of
the fine-grained entropy (1.6), so we focus instead on the late-time regime, where the dominant
configuration is expected to include an island. Consider, in the late-time limit λt ≫ 1 and
λt′ ≫ 1, the following ratio:

d223d
2
14

d224d
2
13

= 16e2λ(b−a) cosh2 (λt) cosh2 (λt
′
)(

eλ(t+b) + e−λ(t′+a)
)2 (

eλ(b−t) + eλ(t
′−a)
)2 ∼ 1, t, t′ →∞. (9.14)

Since the logarithm of the quantity in (9.14) appears in the semi-classical entropy (9.10), this
behavior implies that it can be ignored in the late-time limit. The other necessary ingredient
is the eternal black hole metric (4.104), which, using left–right symmetry, takes the form

e−2ρ1 = e−2ρ4 = e2λb +
πGM

λ
≡ e−2ρb ,

e−2ρ2 = e−2ρ3 = e−2λa +
πGM

λ
≡ e−2ρa .

(9.15)

After substituting (9.12) and (9.15), and using the late-time behavior of (9.14), the semi-
classical entropy of the quantum fields becomes

Ssemi−cl =
N

6
ln

(
d412
δ4
e2ρae2ρb

)
=
N

6
ln

(
eλ(t+b) − eλ(t

′−a)
)2 (
−eλ(b−t) + e−λ(t

′
+a)
)2

(λδ)2
(
e2λb + πGM

λ

) (
e−2λa + πGM

λ

) . (9.16)

Now we extremize (9.16) with respect to the temporal coordinate. This can be done without
including the surface contribution in (1.6), since that term depends only on the static black
hole metric and is therefore time independent. Extremizing (9.16) gives the relation between
the time at the island boundary and the time at the cut-off surface:

∂t′Sgen = ∂t′Ssemi−cl =
N

3

∂t′d
2
12

d212
=

2Nλ

3d212
eλ(b−a) sinh (λ(t− t′)) = 0 =⇒ t

′
= t. (9.17)

It is important to note that this relation between t and t′ is valid only in the asymptotic late-
time regime, λt≫ 1 and λt′ ≫ 1. This justifies imposing the condition λt′ ≫ 1 simultaneously

227



CHAPTER 9. PAGE CURVE IN THE BPP MODEL

with λt≫ 1. We can therefore rewrite (9.16) in the following static form:

Ssemi−cl =
N

3
ρa +

N

3
ln

(
eλb − e−λa

)2
(λδ)2

√
e2λb + πGM

λ

. (9.18)

We choose the regularization of the UV cut-off so that the semi-classical entropy (9.18) is
given by:

Ssemi−cl =
N

3
(ρa − ρb) +

2N

3
ln
(
eλb − e−λa

)
− 2N

3
ln 2− 2N

3
λb. (9.19)

Next, we examine the surface term in (1.6). It is not a priori obvious whether this contribu-
tion should be identified solely with the classical Bekenstein–Hawking entropy (1.4), or instead
with its quantum-corrected counterpart (8.82) evaluated at the island boundary. Following
[57], we adopt the quantum-corrected expression. An additional factor of 2 is required, as the
geometry contains two asymptotically flat regions. The area term is therefore:

A[I]

4G
= 2

[
2

Gℏ
e−2ϕa − N

6
ϕa

]
+C =

4

Gℏ

[
e−2λa +

πGM

λ

]
+
N

6
ln

(
e−2λa +

πGM

λ

)
+C. (9.20)

In Section 8.3.2 we pointed out that the quantum-corrected area term (8.82) is fixed only
up to an additive constant C. This contribution is absent when the island is moved all the
way down to the boundary of spacetime. However, this situation is not equivalent to imposing
A[I]
4G

= 0 in the limit a→∞, because in that case one recovers the Bekenstein–Hawking entropy
(8.82), as a → ∞ corresponds to the event horizon. A natural prescription for choosing the
constant C is to require that at the moment of the black hole formation, i.e. in the combined
limit a→∞ and M → 0, the expression (9.20) goes to zero. It is important to emphasize that
the order in which these limits are taken matters. With this prescription, the constant C is
given by

C = −N
6
ln
πGM

λ
. (9.21)

With this choice, the full expression for the generalized entropy, obtained by adding (9.19) and
(9.20), takes the form:

Sgen =
4

Gℏ

[
e−2λa +

πGM

λ

]
− N

3
ρb +

2N

3
ln
(
1− e−λ(a+b)

)
− 2N

3
ln 2− 2N

3
λb+ C, (9.22)

where we have adopted the Kruskal gauge ρa = ϕa and inserted the metric solution (4.104). We
now extremize this expression along the spatial direction, that is, with respect to the parameter
a:

∂aSgen = − 8λ

Gℏ
e−2λa +

2Nλ

3

1

eλ(a+b) − 1
= 0 ⇐⇒ e2λa − 12

NGℏ
eλbeλa +

12

NGℏ
= 0. (9.23)

Thus, we arrive at a quadratic equation in eλa. Its solutions are:

eλa± =
6

NGℏ
eλb

[
1±

√
1− NGℏ

3
e−2λb

]
. (9.24)
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Equation (9.24) yields two quantum extremal surfaces. To identify which of these corre-
sponds to the correct island boundary, we must determine which root gives the global minimum
of (9.22). We begin by examining the expression under the square root in (9.24):

1− NGℏ
3

e−2λb > 0 =⇒ e2λb >
NGℏ
3

. (9.25)

Since both b and the black hole mass M are expected to be large, we consider the two limiting
regimes e2λb ≫ NGℏ

3
and πGM

λ
≫ e2λb. Implementing these approximations in (9.24) gives

eλa+ ≈ 12

NGℏ
eλb ∧ eλa− ≈ e−λb. (9.26)

We first analyze the effect of substituting the a− root into the generalized entropy (9.22). In
this case we find

1

Gℏ
e−2λa → 1

Gℏ
e2λb →∞, ln

(
1− e−λ(a+b)

)
→ ln

(
NGℏ
12

e−2λb

)
→ −∞, (9.27)

so that the generalized entropy diverges, Sgen → ∞, in the limits under consideration. In
contrast, using the a+ root we obtain

e−2λa →
(
NGℏ
12

)2

e−2λb → 0, ln
(
1− e−λ(a+b)

)
→ ln

(
1− NGℏ

12
e−2λb

)
→ −NGℏ

12
e−2λb → 0.

(9.28)
Thus, the a+ root leads to a finite, well-defined limit of the generalized entropy (9.22), and
therefore corresponds to the global minimum. Consequently, the fine-grained entropy is ob-
tained by inserting a+ from (9.24) into (9.22), which yields

SFG =
4

Gℏ

[(
NGℏ
12

)2

e−2λb +
πGM

λ

]
− N

3
ρb −

2N

3

NGℏ
12

e−2λb − 2N

3
ln 2− 2N

3
λb+ C

=
4πM

λℏ
+
N

6
ln

(
e2λb +

πGM

λ

)
− N2Gℏ

18
e−2λb − 2N

3
ln 2− 2N

3
λb+ C

≈ 4πM

λℏ
+
N

6
ln
πGM

λ
+ C = 2SBH . (9.29)

It is evident that the global minimum cor-
responds to the a+ root in (9.24). In the first
line of (9.29) we employed the approximation
NGℏ
12
e−2λb ≪ 1. Next, in the second line we sim-

plified the resulting expression. In the third
line we assumed a very large mass, namely
πGM
λ
≫ e2λb, and inserted the expression (9.21)

for the constant C. As a result, we find that
the entropy we obtain is approximately equal
to 2SBH , as expected. We therefore conclude
that, within this model, we have successfully
reproduced the Page curve, which is given by:

SFG = min

{
N

3
λt, 2SBH

}
. (9.30)

Figure 9.3: Page curve for an eternal black hole
in the BPP model
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9.2 Page curve in the evaporating black hole scenario

Here we study the entanglement entropy of the evaporating black hole solution in the BPP
model introduced in Section 4.3.4. The discussion is organized into four subsections. In the
first, we investigate the no-island configuration, which reproduces Hawking’s original result and
leads to information loss. We then consider the entanglement entropy in the presence of an
island. In this case we demonstrate that the island forms behind the horizon, as expected,
and that the Page curve is correctly obtained using the formula for the fine-grained entropy in
gravitational systems (1.6). The third subsection is devoted to analyzing the Page time. The
full computation is performed in asymptotically flat Eddington–Finkelstein coordinates, since
these provide the time measured by an asymptotic stationary observer. In the final subsection,
we repeat the calculation of the island location, now working in Kruskal coordinates (4.2). For
most of this chapter we closely follow the derivation presented in [41].

9.2.1 No-island configuration

Unlike an eternal black hole, an evaporating black hole possesses a well-defined spacetime
boundary on which reflective boundary conditions are imposed. Consequently, we must employ
the expression (8.54) for the entanglement entropy of the quantum fields, which explicitly
incorporates these reflective boundary conditions. In the no-island setup, the fine-grained
entropy (1.6) therefore simplifies to the semiclassical contribution given by (8.54), namely:

SFG =
N

12
ln

(σ+
S − σ

+
S̄
)2

δ2e−2ρS(σ)
. (9.31)

Because we are considering an evaporating black hole, the relevant quantum state is the
Unruh vacuum (3.98). The EMT is normal ordered with respect to the asymptotically flat
coordinates defined before the collapse, namely the Eddington–Finkelstein coordinates σ±.
Thus entropy (9.31) is expressed in terms of these coordinates.

Figure 9.4 depicts the evaporating black
hole scenario. The constant-time slice support-
ing the radiation degrees of freedom is indi-
cated in red. It stretches from spatial infinity i0
and intersects the cut-off surface (dashed blue
line) at a point with coordinates (t, b). The
point S represents the projection of this inter-
section onto past null infinity J −, while the
point S̄ is obtained by reflecting (t, b) across
the spacetime boundary and then projecting
onto the J − hypersurface. This explains the
labels S and S̄ used in (9.31). The region inac-
cessible to an asymptotic observer is shaded in
red. The spacetime boundary is given by equa-
tion (4.115), namely 2λσcr = ln επG

4
. Hence,

the reflective boundary conditions imply:

σ+
S̄
= σ−

S̄
+ 2σcr = σ−

S + 2σcr. (9.32) Figure 9.4: Penrose diagram illustrating the
no-island setup for an evaporating black hole
in the BPP model
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The notion of time is specified using the asymptotically flat coordinates of region II (Figure
4.6), namely the σ̂± coordinates introduced in equation (4.59). Consequently, in order to
examine the time dependence of (9.31), we must rewrite it in terms of the σ̂± coordinates.
Implementing (9.32), the coordinate difference in (9.31) becomes

σ+
S − σ

+
S̄
= σ+

S − σ
−
S −

1

λ
ln
επG

4
= 2σS −

1

λ
ln
επG

4
, (9.33)

while the metric (4.119) can be written as

e2λb = −λ2x+S (x
−
S +∆) = e2λσS − λ∆eλ(t+b) =⇒ σS = b+

1

2λ
ln
(
1 + λ∆eλ(t−b)

)
,

e−2ρS(σ) =
dσ+

dx+
dσ−

dx−
e−2ρS(x) = e−2λσS

[
−λ2x+S (x

−
S +∆)− επG

4
ln
(
−λ2x+Sx

−
S

)
+
πGM

λ
+ C∗

]
=

1−
[
επG
4

ln
(
1 + λ∆eλ(t−b)

)
+ επG

2
λb− πGM

λ
− C∗] e−2λb

1 + λ∆eλ(t−b)
. (9.34)

By inserting (9.33) and (9.34) into the expression for the fine-grained entropy (9.31), we obtain:

SFG =
N

12
ln

[
2λb+ ln

(
1 + λ∆eλ(t−b)

)
− ln επG

4

]2 (
1 + λ∆eλ(t−b)

)
(λδ)2

[
1−

(
επG
4

ln (1 + λ∆eλ(t−b)) + επG
2
λb− πGM

λ
− C∗

)
e−2λb

] . (9.35)

At the beginning of the evaporation process, this function is effectively linear, but with a
highly nontrivial slope. We do not study this limiting behavior in detail. To regularize the
UV divergence in (9.35), we impose that the fine-grained entropy vanishes at t = 0. This
implies that SFG(t) is shifted to SFG(t) − SFG(0). Denoting the expression in (9.35) by S(t),
the renormalized entropy becomes SFG(t) = S(t) − S(0). To determine whether information
is lost, we must investigate the asymptotic behavior of (9.35) at late times, i.e., for λt ≫ 1.
In this regime, we immediately obtain ln

(
1 + λ∆eλ(t−b)

)
≈ ln (λ∆) + λ(t − b). Under this

approximation, (9.35) takes the following form:

SFG ≈
N

12
ln

λ∆eλ(t−b)
[
λ(t+ b) + ln (λ∆)− ln επG

4

]2
(λδ)2

[
1−

(
επG
4

ln (λ∆) + επG
4
(t+ b)− πGM

λ
− C∗

)
e−2λb

] − S(0). (9.36)

From this expression we identify a logarithmic term proportional to ln (λt) as well as a term
growing linearly with t. At late times, the linear contribution clearly dominates the entropy
growth. Consequently, we obtain:

SFG ≈
N

12
λt. (9.37)

Therefore, in the no-island configuration, the information is lost and the Page curve cannot
be recovered. The behavior we find reproduces Hawking’s original result [16], as anticipated.
To achieve unitary evolution, one must include the island and evaluate the entropy using the
island rule.

9.2.2 Island configuration

We now consider the situation in which an island region is present in the spacetime. In this
case, both contributions in (1.6) are non-zero. As in the eternal black hole setup discussed
in the previous subsection, reflective boundary conditions must be imposed at the spacetime
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boundary. Although the inaccessible region A is simply connected, these reflective boundary
conditions imply that its projection onto the J − hypersurface breaks up into two separate
regions. Consequently, for this configuration we must employ a considerably more complicated
formula for the semiclassical entropy in (1.6), namely the one given in (8.60):

Ssemi−cl =
N

12
ln

(σ+
I − σ

+
S )

2(σ+
Ī
− σ+

S̄
)2(σ+

I − σ
+
Ī
)2(σ+

S − σ
+
S̄
)2

δ4(σ+
S − σ

+
Ī
)2(σ+

I − σ
+
S̄
)2e−2ρS(σ)e−2ρI(σ)

. (9.38)

Here, the labels S and S̄ denote, respectively, the projection of the intersection between the
constant-time slice and the cut-off hypersurface, and the projection of its reflection on the space-
time boundary onto past null infinity J −. Similarly, I and Ī represent the projections of the
island boundary location and of its reflection on the spacetime boundary onto the hypersurface
J −, respectively.

Figure 9.5 depicts how the configuration in
Figure 9.4 is modified once an island region
is included. The island, denoted by I, is in-
dicated in blue, while the inaccessible region
A is highlighted in red. All relevant projec-
tions, namely S, S̄, I, and Ī, are explicitly
displayed. The σ± coordinates corresponding
to these projections are determined using the
definition of the spacetime boundary hypersur-
face (4.115), and take the form

σ+
S̄
= σ−

S̄
+ 2σcr = σ−

S +
1

λ
ln
επG

4
,

σ+
Ī
= σ−

Ī
+ 2σcr = σ−

I +
1

λ
ln
επG

4
.

(9.39)

Because our goal is to analyze the time de-
pendence of the fine-grained entropy, and the
time coordinate is defined in terms of the
new asymptotically flat coordinates of region
II given in (4.59), we must rewrite (9.38) in
this coordinate system.

Figure 9.5: Penrose diagram illustrating the is-
land setup for an evaporating black hole in the
BPP model

We denote the island position by (t′, a), whereas the coordinates on the cut–off surface are
specified in the usual way as (t, b). In the large–mass limit, the horizon is located just below
the hypersurface x− = −∆ (see Section 4.3.4), implying that x−I +∆ is positive. Consequently,
for the island coordinates, after using (4.59), we obtain:

λx+I = eλ(t
′
+a) = eλσ

+
I ∧ λ(x−I +∆) = e−λ(t

′−a) = −e−λσ−
I + λ∆. (9.40)

Meanwhile, the coordinates on the cut-off surface are expressed as:

λx+S = eλ(t+b) = eλσ
+
S ∧ λ(x−S +∆) = −e−λ(t−b) = −e−λσ−

S + λ∆. (9.41)

By combining equations (9.40) and (9.41) and employing the relations given in (9.39), the
coordinate differences that appear in the expression (9.38) for the semiclassical entropy take
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the following form:

σ+
I − σ

+
S = σ̂+

I − σ̂
+
S = t

′
+ a− (t+ b),

σ+
Ī
− σ+

S̄
= σ−

I − σ
−
S = −1

λ
ln
(
λ∆− e−λ(t

′−a)
)
+

1

λ
ln
(
λ∆+ e−λ(t−b)

)
,

σ+
I − σ

+
Ī
= σ+

I − σ
−
I −

1

λ
ln
επG

4
= t

′
+ a+

1

λ
ln
(
λ∆− e−λ(t

′−a)
)
− 1

λ
ln
επG

4
,

σ+
S − σ

+
S̄
= σ+

S − σ
−
S −

1

λ
ln
επG

4
= t+ b+

1

λ
ln
(
λ∆+ e−λ(t−b)

)
− 1

λ
ln
επG

4
,

σ+
S − σ

+
Ī
= σ+

S − σ
−
I −

1

λ
ln
επG

4
= t+ b+

1

λ
ln
(
λ∆− e−λ(t

′−a)
)
− 1

λ
ln
επG

4
,

σ+
I − σ

+
S̄
= σ+

I − σ
−
S −

1

λ
ln
επG

4
= t

′
+ a+

1

λ
ln
(
λ∆+ e−λ(t−b)

)
− 1

λ
ln
επG

4
.

(9.42)

In the early stages of the evaporation process, the configuration without an island yields
the minimum of the fine-grained entropy. We now focus on the late-time regime, where the
minimum is expected to switch to the spacetime configuration that includes an island. We start
by analyzing the following quantity in the regime where λt≫ 1 and λt′ ≫ 1:

(σ+
I − σ

+
Ī
)(σ+

S − σ
+
S̄
)

(σ+
I − σ

+
S̄
)(σ+

S − σ
+
Ī
)

(9.43)

=

[
t
′
+ a+ 1

λ
ln
(
λ∆− e−λ(t

′−a)
)
− 1

λ
ln επG

4

][
t+ b+ 1

λ
ln
(
λ∆+ e−λ(t−b)

)
− 1

λ
ln επG

4

]
[
t+ b+ 1

λ
ln
(
λ∆− e−λ(t′−a)

)
− 1

λ
ln επG

4

][
t′ + a+ 1

λ
ln (λ∆+ e−λ(t−b))− 1

λ
ln επG

4

] → 1.

Thus, in analogy with the no-island configuration, the contribution (9.43) can be neglected in
the late-time limit of (9.38), yielding:

Ssemi−cl =
N

6
(ρS(σ) + ρI(σ)) +

N

12
ln

(σ+
I − σ

+
S )

2(σ+
Ī
− σ+

S̄
)2

δ4
. (9.44)

In this late-time regime, the difference of the reflected coordinates in (9.44) may be further
approximated as:

σ+
Ī
− σ+

S̄
=

1

λ

[
ln

(
1 +

1

λ∆
e−λ(t−b)

)
− ln

(
1− 1

λ∆
e−λ(t

′−a)

)]
≈ 1

λ2∆

(
e−λ(t−b) + e−λ(t

′−a)
)
.

(9.45)
We emphasize that the UV divergences must be regularized in exactly the same manner as in
the configuration without an island (or in the eternal black hole case). This affects the result
only by an additive constant. Consequently, the semiclassical entropy formula (9.44) becomes:

Ssemi−cl =
N

6
(ρS(σ) + ρI(σ)) +

N

6
ln

∣∣λ(t+ b− t′ − a)
∣∣ (e−λ(t−b) + e−λ(t

′−a)
)

(λδ)2(λ∆)
− S0, (9.46)

where we have subtracted the additive constant S0. We now consider the surface term appearing
in (1.6). As in the eternal black hole scenario, it is again given by (8.82). Thus, we obtain:
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A[I]

4G
=

2

Gℏ
e−2ϕI − N

6
ϕI + C

=
2

Gℏ

[
−λ2x+I (x

−
I +∆)− επG

4
ln
(
−λ2x+I x

−
I

)
+
πGM

λ
+ C∗

]
− N

6
ϕI + C

=
2

Gℏ

[
−e2λa − επG

4
ln
(
−e2λa + λ∆eλ(t

′
+a)
)
+
πGM

λ
+ C∗

]
− N

6
ϕI + C

=
2

Gℏ

[
−e2λa − επG

4
λ(t

′
+ a)− επG

4
ln (λ∆) +

πGM

λ
+ C∗

]
− N

6
ϕI + C, (9.47)

where C is an arbitrary integration constant. For further details, see Section 8.3.2. In the
second line we have inserted the metric (4.119). In the third line, we have used the island
position (9.40). Finally, in the last line we have taken the large-t′ limit. We now need to
rewrite the dilaton field ϕI in terms of the metric function ρI . To do so, we use the fact
that these two quantities coincide in Kruskal coordinates, and then transform them to the
Eddington–Finkelstein coordinates of region II in Figure 4.6. Concretely, we have

e2ϕdx+dx− = e2ρ(σ)dσ+dσ− =⇒ e2ϕI =
dσ+

dx+
dσ−

dx−
e2ρI(σ) = e−2λσIe2ρI(σ). (9.48)

This leads to the following form for the dilaton field:

ϕI = ρI(σ)−λσI = ρI(σ)−
1

2
ln
(
−e2λa + λ∆eλ(t

′
+a)
)
= ρI(σ)−

1

2
λ(a+ t

′
)− 1

2
ln (λ∆), (9.49)

where, in the last step, we have again employed the large-t′ limit. Substituting this expression
into (9.47), we obtain

A[I]

4G
=

2

Gℏ

[
−e2λa + επG

4
λ(a+ t

′
) +

επG

4
ln (λ∆) +

πGM

λ
+ C∗

]
− N

6
ρI(σ) + C. (9.50)

The generalized entropy is then defined as the sum of the semiclassical contribution (9.46) and
the area term (9.50). It is given by the following expression:

Sgen =
2

Gℏ

[
−e2λa + επG

4
λ(a+ t

′
) +

πGM

λ
+ C∗

]
+
N

6
ρS(σ)

+
N

6
ln

∣∣λ(t+ b− t′ − a)
∣∣ (e−λ(t−b) + e−λ(t

′−a)
)

(λδ)2(λ∆)3/4
+ C − S0.

(9.51)

Next, we extremize this expression with respect to both the temporal coordinate t′ and the
spatial coordinate a:

∂t′Sgen = 0 ⇐⇒ N

24
λ+

N

6
λ

[
1

λ(t′ + a− t− b)
− 1

1 + eλ(t
′−t+b−a)

]
= 0, (9.52)

∂aSgen = 0 ⇐⇒ − 4λ

Gℏ
e2λa +

N

24
λ+

N

6
λ

[
1

λ(t′ + a− t− b)
+

1

1 + eλ(t
′−t+b−a)

]
= 0. (9.53)

After simplifying, this system of algebraic equations can be rewritten as:
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1

λ(t′ + a− t− b)
+

1

1 + eλ(t
′−t+b−a)

= −1

4
+

2

επG
e2λa, (9.54)

1

λ(t′ + a− t− b)
− 1

1 + eλ(t
′−t+b−a)

= −1

4
. (9.55)

Subtracting these two equations yields a quadratic equation for eλa:

e2λa + eλaeλ(t
′−t+b) − επG = 0 =⇒ eλa =

1

2
eλ(t

′−t+b)
[√

1 + 4επGe−2λ(t′−t+b) − 1
]
. (9.56)

Only one root is physically acceptable, as we must have eλa > 0. This solution is very similar
to the island location in the eternal black hole case, namely equation (9.24). However, here we
still need to determine t′ and a independently. To do so, we adopt the same approximation
used for the eternal black hole, that is: 4επGe−2λ(t′−t+b) ≪ 1. Under this approximation, the
solution (9.56) simplifies to:

eλa = επGe−λ(t
′−t+b) =⇒ e2λa = επGe−λ(t

′−a+b−t) = επGe−x, (9.57)

where we introduced the auxiliary variable x = λ(t′ − a+ b− t). Adding equations (9.54) and
(9.55) gives:

x =
1

−1
4
+ e−x

+ 2λ(b− a) = 1

−1
4
+ e−x

+ 2λb− ln (επG) + x, (9.58)

where, in the second equality, we have used the approximate expression (9.57). Solving this
equation for x leads to:

e−x =
1

4
+

1

ln (επGe−2λb)
. (9.59)

Substituting this back into (9.57) yields:

e2λa =
επG

4
+

επG

ln (επGe−2λb)
≈ επG

4
, (9.60)

where the last approximation follows from the condition επGe−2λb ≪ 1, which renders the
second term negligible. Consequently, in the late stages of black hole evaporation, extremizing
the generalized entropy gives an island located at:

e2λa =
επG

4
∧ λt

′
= λ(t− b) + 1

2
ln (4επG). (9.61)

Within this approximation, we observe that t′ becomes very large. This validates our initial
assumption that we can take λt′ ≫ 1 whenever λt≫ 1. The remaining step is to determine the
contribution of this island to the fine–grained entropy of the radiation, and to verify whether it
reproduces the Page curve. Substituting (9.61) directly into the expression for the generalized
entropy (9.51) gives:
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Sgen =
2

Gℏ

[
επG

4
λ(t− b) + πGM

λ
+ 2C∗ +

επG

4
ln 2

]
+
N

6
ln

5
4
ln
(
επGe−2λb

)
(λδ)2(λ∆)3/4

+ C − S0

− N

6
λ(t− b) + N

12
ln

1 + λ∆eλ(t−b)

1−
[
επG
4

ln (1 + λ∆eλ(t−b)) + επG
2
λb− πGM

λ
− C∗

]
e−2λb

= −N
24
λt+

2

Gℏ

[
πGM

λ
+
επG

4
λb+ 2C∗ − επG

4
ln (λ∆) +

επG

4
ln 2

]
+
N

6
ln

5
4
(ln (επG)− 2λb)

(λδ)2
√

1−
[
επG
4

ln (λ∆) + επG
4
λ(t+ b)− πGM

λ
− C∗

]
e−2λb

+ C − S0. (9.62)

Note that, within the large-mass approximation, the constant term in this expression approaches
the Bekenstein–Hawking entropy (1.4), provided the constants C and S0 are chosen appropri-
ately. Consequently, at the saddle point determined by the island, the generalized entropy
becomes:

Sgen = S
(0)
BH −

N

24
λt =⇒ SFG = min

{
N

12
λt, S

(0)
BH −

N

24
λt

}
. (9.63)

The first observation is that the island lies
precisely where anticipated: just beneath the
black hole’s horizon. We can specify its loca-
tion using Kruskal coordinates as

λ2x+I (x
−
I +∆) =

επG

4
. (9.64)

This shows that the island mirrors the appar-
ent horizon across the hypersurface x− = −∆,
which almost exactly matches the horizon in
large-mass limit.

Figure 9.6: Page curve for an evaporating
black hole in the BPP model

9.2.3 Page time and the validity of the Page curve

In this section, we examine the consistency of the solution obtained and determine several key
parameters of the evaporation process, in particular the Page time. The Page time is defined
as the moment when the phase transition in (9.63) takes place. Our first consistency check is
to verify that the evaporation indeed terminates at the evaporation end-point (4.141). This
follows immediately, since the fine-grained entropy (9.63) vanishes once we substitute (4.141).
We now compute the Page time:

N

12
λtp = S

(0)
BH −

N

24
λtp =⇒ tp =

16πM

Nℏλ2
, (9.65)

where we have used the classical expression for the Bekenstein–Hawking entropy of a black hole
in the CGHS model (1.4). From this we infer that the phase transition occurs at one third of
the total evaporation time, i.e. tp = tend

3
. This is much earlier than the moment when quantum

gravitational effects become significant, since the black hole remains macroscopically large at
that time. Therefore, the semiclassical approximation is reliable at the Page time. It remains
to evaluate the entropy at the Page time. We obtain:

SFG,p =
N

12
λtp =

N

12
λ
8S

(0)
BH

Nλ
=⇒ SFG,p =

2

3
SBH . (9.66)
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This is the maximum value attained by the fine-grained entropy of the radiation during black
hole evaporation, and it is manifestly smaller than the Bekenstein–Hawking entropy of the
black hole. We can thus conclude that unitarity is preserved. Consequently, the curve shown
in Figure 9.6 is indeed the Page curve.

As we know, throughout the entire black hole evaporation process the island remains located
behind the event horizon. At some point, the trajectory traced by the island over time (9.64)
intersects the singularity. We must verify that this intersection happens only at the very end
of evaporation, because the Page curve description is valid only as long as such an intersection
does not occur. To this end, we need to solve the following system of equations:

λ2x+col(x
−
col +∆) =

επG

4
, (9.67)

−λ2x+col(x
−
col +∆)− επG

4
ln
(
−λ2x+colx

−
col

)
+
πGM

λ
+ C∗ = 0, (9.68)

where the second equation specifies the singularity hypersurface (4.120). We previously solved
an analogous system when determining where the apparent horizon meets the singularity in
Section 4.3.4. The solution to the present system is as follows:

λx+col =
επG

4λ∆

[
1 + e−2+ 4M

ελ

]
∧ λ(x−col +∆) =

λ∆

1 + e−2+ 4M
ελ

. (9.69)

Consequently, the collision time is given by:

e2λtcol =
x+col

x−col +∆
=

επG

4(λ∆)2

(
1 + e−2+ 4M

ελ

)2
. (9.70)

We now determine when this intersection takes place relative to the total evaporation time.
Using (4.124), the end-time can be written as:

e2λtend =
επG

4(λ∆)2

(
e

4M
ελ − 1

)2
. (9.71)

Subtracting the time defined in (9.69) from that in (9.71) yields:

λ∆t = λ(tend − tcol) = ln
(
e

4M
ελ − 1

)
− ln

(
e−2+ 4M

ελ + 1
)

=
4M

ελ
+ ln

(
1− e−

4M
ελ

)
−
(
−2 + 4M

ελ

)
− ln

(
1− e2−

4M
ελ

)
≈ 2. (9.72)

We observe that this time gap is λ∆t ≈ 2, which is of order O(1). For a large initial mass
this contribution is negligible. Hence, the intersection effectively occurs just before the very
end of the black hole’s lifetime. At that stage, the black hole has shrunk to a size of order
the Planck length, so quantum gravitational effects become important and the semiclassical
approximation is no longer reliable. In a full theory of quantum gravity, one may therefore
expect that the island and the singularity never actually collide.

As we can see, this does not pose a problem either, and we conclude that our semiclas-
sical approximation remains valid until the very end of the black hole evaporation process.
Completely identical results are obtained in the RST model [40].
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9.2.4 Position of the island in terms of the Kruskal coordinates

In this subsection we repeat the computation of the island position using Kruskal coordinates.
To do this, we express the generalized entropy in terms of the Kruskal coordinates and then
extremize it, following the procedure in [41]. In these coordinates we no longer need to guess
where the island should lie, since the Kruskal coordinates x± are analytic throughout the whole
spacetime. We avoided this route at first because the asymptotic observer’s time is defined
via the σ̂± coordinates, which directly encode the time dependence of the entropy. For that
reason, the earlier method is more convenient for giving a physical interpretation of black hole
evaporation process.

We now go directly to the late–time limit of the evaporation. In this limit the quantity
(9.43) approaches unity. The remaining differences can then be easily evaluated:

σ+
I − σ

+
S =

1

λ
ln
x+I
x+S

∧ σ+
Ī
− σ+

S̄
=

1

λ
ln
x−I
x−S
. (9.73)

Substituting (9.73) and the metric (4.119) into (9.38), the semi–classical entropy becomes

Ssemi−cl =
N

12
ln

ln2 x+
I

x+
S

ln2 x−
I

x−
S

(
−λ2x+I x

−
I

)
e2ρS(σ)

(λδ)4
[
−λ2x+I (x

−
I +∆)− επG

4
ln
(
−λ2x+I x

−
I

)
+ πGM

λ
+ C∗

] − S0, (9.74)

while the surface contribution (8.82) is

A[I]

4G
=

2

Gℏ
e−2ϕI − N

6
ϕI + C

=
2

Gℏ

[
−λ2x+I (x

−
I +∆)− επG

4
ln
(
−λ2x+I x

−
I

)
+
πGM

λ
+ C∗

]
+
N

12
ln

{
−λ2x+I (x

−
I +∆)− επG

4
ln
(
−λ2x+I x

−
I

)
+
πGM

λ
+ C∗

}
+ C. (9.75)

Since we are interested only in the island position and not in the explicit closed form of
the fine–grained entropy, we group all terms independent of x±I into a single constant C0. The
generalized entropy can then be written as

Sgen =
2

Gℏ

[
−λ2x+I (x

−
I +∆)− επG

4
ln
(
−λ2x+I x

−
I

)]
+
N

12
ln

(
−λ2x+I x

−
I ln2 x

+
I

x+S
ln2 x

−
I

x−S

)
+ C0.

(9.76)

We now extremize this expression with respect to x+I and x−I , obtaining

∂+Sgen = 0 ⇐⇒ 2

Gℏ

[
−λ2(x−I +∆)− επG

4

1

x+I

]
+
N

12

 1

x+I
+

2

ln
x+
I

x+
S

1

x+I

 = 0, (9.77)

∂−Sgen = 0 ⇐⇒ 2

Gℏ

[
−λ2x+I −

επG

4

1

x−I

]
+
N

12

 1

x−I
+

2

ln
x−
I

x−
S

1

x−I

 = 0. (9.78)

238



CHAPTER 9. PAGE CURVE IN THE BPP MODEL

Multiplying the first of these by x+I and the second by x−I leads to

λ2x+I (x
−
I +∆) =

επG

4
+
επG

ln
x+
I

x+
S

, (9.79)

λ2x+I x
−
I =

επG

4
+
επG

ln
x−
I

x−
S

. (9.80)

Consider now the second term in equation (9.79):

επG

ln
x+
I

x+
S

=
επG

ln x+I − ln x+S
=

επG

ln x+I − λ(t+ b)
→ 0, λ(t+ b)≫ 1. (9.81)

In contrast, the second term in equation (9.80) does not vanish in this approximation. We
now assume that we are located, if not exactly on J +, then at least very close to it. This implies
x+S →∞, while x−S remains finite. Under these conditions, the island position is determined by
the same relation as in the preceding section (9.64):

λ2x+I (x
−
I +∆) =

επG

4
. (9.82)
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Chapter 10

Page curve in the DREH model

In this chapter, we demonstrate how the Page curve is recovered within the DREH model of
two-dimensional dilaton gravity introduced in Chapter 5. The analysis parallels the derivation
carried out for the BPP model in Chapter 9. In contrast to the BPP model, the DREH model
contains the quantum-corrected Schwarzschild black hole solution, which has been experimen-
tally tested. It is therefore not only qualitatively, but also quantitatively more relevant. For
example, in Section 5.3, we show that the evaporation time obtained in this two-dimensional
framework agrees with the four-dimensional thermodynamic expectations.

The key distinction between the BPP and DREH models is that, once quantum corrections
are included, the DREH equations of motion are no longer analytically solvable and must
be treated perturbatively, as in Section 5.2. Since the perturbative expansion fails near the
end-point of evaporation, computing the Page curve there requires special care. Nevertheless,
around this stage the effects of the full quantum gravity theory become significant [1], so the
breakdown of perturbation theory is ultimately less concerning. In this chapter, we illustrate
how equation (1.6) can be used to determine the Page curve for both eternal and evaporating
black holes within the DREH model. The chapter is organized into three sections.

In the first section, we analyze the eternal black hole solution in the DREH model, intro-
duced in Section 5.2.3. We demonstrate that if the area term in (1.6) is omitted, one recovers
only Hawking’s original conclusion of information loss [16]. In contrast, once the area term is
included, the correct Page curve emerges. The resulting Page curve is the quantum-corrected
counterpart of the one obtained in [59]. This section essentially reviews the findings of [42].

The second section studies the Page curve in the setting of a classical collapse, presented in
Section 5.1.3. We show that the fine-grained entropy always remains below the thermodynamic
upper limit given by the Bekenstein–Hawking formula (1.4). Nevertheless, the entropy does
not decrease after the Page phase transition; instead, it asymptotically approaches and then
remains fixed at the value SBH as time tends to infinity. This behavior is anticipated, since
the post-shockwave region of spacetime still admits a timelike Killing vector; only the global
spacetime is truly non-stationary.

To explicitly break time-translation invariance, quantum corrections to the classical DREH
action must be taken into account. The corresponding evaporating black hole solution was
derived in [111] and is reviewed in Section 5.3. The Page curve associated with this solution is
discussed in the final section of the chapter. We show that, once quantum corrections are in-
cluded, there appears a decreasing contribution to the fine-grained entropy, thereby reproducing
the full Page curve. The analysis in these last two sections is based on [43].
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10.1 Page curve in the eternal black hole scenario

In this section, we examine how the fine-grained entropy of Hawking radiation evolves in time
in the eternal black hole setup, using the QES formula (1.6). The eternal black hole in the
DREH model is presented in Section 5.2.3. Our analysis parallels the procedure used for the
BPP model in Section 9.1. Accordingly, we study two distinct configurations: the no-island
case, which recovers the conventional Hawking information loss result [16], and the island case,
which yields the Page curve. Our derivation largely follows that of [42].

10.1.1 No-island configuration

Let us first consider the situation in which no island is present. In this case, we expect to
reproduce Hawking’s original result [16]. For an eternal black hole, the relevant quantum state
is the Hartle–Hawking state (3.97). Therefore, the semi-classical entanglement entropy in (1.6)
must be expressed in the Kruskal coordinates. The corresponding expression is given in (8.51),
namely:

Ssemi−cl =
1

12
ln

(x+R − x
+
L)

2(x−R − x
−
L)

2

δ4e−2ρRe−2ρL
. (10.1)

As usual, the subscripts R/L refer to the two wedges of the spacetime, depicted in Figure
10.1. To obtain the correct time dependence of the fine-grained entropy, we switch to (t, r∗)
coordinates, or equivalently (t, r), since r∗ = r∗(r). The parameter δ serves as a UV cutoff.

Coordinates on the cutoff surface can there-
fore be written as either (t, b) or (t, b∗). The
t = const. slice is drawn in red. Because the
time-like Killing vector reverses direction when
one moves from right wedge to the left wedge,
the constant-time slice in the left wedge cor-
responds to the coordinate −t. Consequently,
the region that an asymptotic observer cannot
access is indicated by the shaded red area in
Figure 10.1. The black hole singularity is de-
picted by the wavy black curve, and the event
horizon is shown as the green line.

Figure 10.1: Penrose diagram depicting the no-
island configuration for the eternal black hole
in the DREH model.

To recover the time dependence of the fine-grained entropy SFG along the cut-off surface, we
switch to asymptotically flat Eddington–Finkelstein coordinates that incorporate the quantum-
corrected surface gravity (5.89):

κx+R = eκ(t+b∗), κx−R = −e−κ(t−b∗), κx+L = −eκ(−t+b∗), κx−L = e−κ(−t−b∗). (10.2)

For more details see Appendix D.5. In the absence of an island, the fine-grained entropy (1.6)
simply reduces to the semi-classical contribution (10.1). Employing the metric (5.93), for which
ρ = 1

2
lnh+ ϵφ− κr∗, and inserting (10.2) into (10.1), we obtain:

SFG = Ssemi−cl =
1

6
ln

4h(b) cosh2 (κt)

(κδ)2e−2ϵφ(b)
. (10.3)
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We regularize the UV divergence by imposing that the fine-grained entropy vanishes at the
beginning of the evaporation, i.e. SFG(0) = 0. Under this condition, (10.3) simplifies to:

SFG =
1

3
ln

[
cosh (κt)

]
. (10.4)

We now distinguish two relevant regimes. At early times, near the beginning of evaporation,
the entropy behaves as:

SFG =
1

6
(κt)2. (10.5)

In contrast, at late times κt≫ 1, we find the anticipated linear growth:

SFG ≈
1

3
κt− 1

3
ln 2, (10.6)

which agrees with the behavior found in other dilaton gravity models [40, 41, 57, 58]. Therefore,
the fine-grained entropy of the radiation increases monotonically, consistent with Hawking’s
original result. The crucial difference is that, unlike in the RST and BPP models, the DREH
model predicts that the surface gravity receives a quantum correction.

10.1.2 Island configuration

In the presence of an island, the region that remains inaccessible to an asymptotic observer
splits into two disconnected components, so we must employ formula (8.59):

Ssemi−cl =
1

6
ln

d212d
2
23d

2
14d

2
34

δ4d224d
2
13e

−ρ1e−ρ2e−ρ3e−ρ4
, (10.7)

where the Minkowski distances dij are defined as

d2ij = (x+i − x+j )(x−i − x−j ). (10.8)

As in the BPP model, we choose the labels i and j so that (1, 2, 3, 4) ←→ (Ra,Rb, La, Lb)
holds. Here, R denotes the right wedge and L the left wedge of the spacetime.

Meanwhile, a denotes the boundary of the
island region, and b indicates the cut-off hy-
persurface. All these hypersurfaces are explic-
itly shown in Figure 10.2. The location of the
island is specified by (t′, a∗) in the asymptoti-
cally flat region on the right. In the left region,
the corresponding point is obtained by reflec-
tion across the vertical axis. One can clearly
see that the emergence of the island region I,
highlighted in blue, inside the inaccessible re-
gion A of Figure 10.1 splits A into two smaller,
disconnected subregions.

Figure 10.2: Penrose diagram depicting the no-
island configuration for the eternal black hole
in the DREH model.

In the asymptotically flat coordinates, the positions of the regions A and I in Figure 10.4 are
as follows:

κx+Rb = eκ(t+b∗), κx−Rb = −e
−κ(t−b∗), κx+Lb = −e

κ(−t+b∗), κx−Lb = e−κ(−t−b∗),

κx+Ra = eκ(t
′+a∗), κx−Ra = −e

−κ(t′−a∗), κx+La = −e
κ(−t′+a∗), κx−La = e−κ(−t′−a∗).

(10.9)
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We now turn to the late-time regime of the evaporation process. In the limit of large times,
one finds:

d223d
2
14

d224d
2
13

= 16e2κ(b∗−a∗)
cosh2 (κt) cosh2 (κt′)

(eκ(t+b∗) + e−κ(t′+a∗))
2
(eκ(b∗−t) + eκ(t′−a∗))

2 ≈ 1; t, t′ →∞. (10.10)

Here we have used (10.9). In this regime it is straightforward to verify that d12 = d34, ρ1 = ρ4,
and ρ2 = ρ3. With these relations, equation (10.7) simplifies to:

Ssemi−cl =
1

6
ln

(
d412
δ4
e2ρ1e2ρ2

)
. (10.11)

Substituting the metric (5.93) and the Minkowski distances (10.8) into (10.11) yields:

Ssemi−cl =
1

6
ln
h(a)h(b)

(
eκ(t+b∗) − eκ(t′+a∗)

)2 (−e−κ(t−b∗) + e−κ(t′−a∗)
)2

(κδ)4e2κ(b∗+a∗)e−2ε(φ(a)+φ(b))
. (10.12)

Since the surface term is independent of t′, we can immediately extremize with respect to t′.
As in the BPP model (see Section 9.1), at late times one finds t′ = t. Consequently, the
semiclassical entropy (10.12) reduces to:

Ssemi−cl =
1

3
(ρa + ρb) +

2

3
ln
(
eκb∗ − eκa∗

)
− 2

3
ln (κδ). (10.13)

We now proceed to analyze the surface term in the fine-grained entropy formula (1.6). It is
given by:

A[I]

4G
(4)
N

= 2
4πλ2a2

4GNℏ
. (10.14)

This expression coincides with the Bekenstein–Hawking entropy (1.4). The factor of two ap-
pears because the spacetime contains two asymptotically flat regions. Note that, unlike in the
BPP model, we do not use the quantum-corrected area term (8.82). Instead, we employ the
purely classical area obtained via dimensional reduction, as the model is derived from the four-
dimensional Einstein–Hilbert action. Summing (10.13) and (10.14) then gives the generalized
entropy in the form:

Sgen =
2πλ2a2

GNℏ
+

1

3
(ρa + ρb) +

2

3
ln
(
eκb∗ − eκa∗

)
− 2

3
ln (κδ). (10.15)

The last step in evaluating the fine-grained entropy is to extremize the generalized entropy
(10.15) with respect to the island location a∗:

∂a∗Sgen =

[
4πλ2a

GNℏ
+

1

3

dρ(a)

dr

]
da

da∗
− 2

3

κ

eκ(b∗−a∗) − 1
= 0, (10.16)

which yields: [
a+

4εGN

λ2
dρ(a)

dr

]
h(a)eϵφ(a) =

8εGN

λ2
κ

eκ(b∗−a∗) − 1
. (10.17)

We anticipate that the QES will lie close to, but outside, the horizon. Hence, we parametrize its
position as a = rH +x, where rH denotes the quantum-corrected horizon position and x≪ rH .
Expanding the left-hand side of (10.17) in powers of small x up to first order, we obtain:

LHS ≈
[
rH +

4ϵGN

λ2
dρ

dr

∣∣∣∣
H

]
h(rH)e

εφ(rH) +

[
rH +

4εGN

λ2
dρ

dr

∣∣∣∣
H

](
dh

dr
eεφ(rH)

) ∣∣∣∣
H

x. (10.18)
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The first term vanishes because h(rH) = 0 by the definition of the horizon. For the second

term, we use
(
dh
dr
eεφ
) ∣∣∣∣

H

= 2κ, which follows from the definition of the surface gravity.

Next, we examine the right-hand side of (10.17). We expand e2κa∗ around the horizon and
find:

e2κa∗ ≈ e2κr∗(rH) + 2κ

(
e2κr∗

dr∗
dr

) ∣∣∣∣
H

x = 2κxe1+ε(α(rH)−φ(rH)) lim
r→rH

( r
rH
− 1

h(r)

)
= 2κxe1+εα(rH) e

−εφ(rH)

rHh′(rH)
=

x

rH
e1+εα(rH). (10.19)

The first term in the first line vanishes since r∗(rH)→∞, and in the second line we used (5.91).
Consequently, the right-hand side of (10.17) becomes:

RHS ≈ 8εκGN

λ2
e−κb∗eκa∗

(
1 + e−κb∗eκa∗

)
=

8εκGN

λ2

[√
x

rH
e

1
2
(1+εα(rH))−κb∗ +

x

rH
e1+εα(rH)−2κb∗

]
.

(10.20)
Combining (10.18) and (10.20), we arrive at the following solution for x:

x =
1

rH

(
4εGN

λ2rH

)2
e1−2κb∗+εα(rH)[

1 + 4εGN

λ2rH

(
dρ
dr

∣∣∣∣
H

− 1
rH
e1−2κb∗+ϵα(r)

)]2 . (10.21)

Finally, using (4.110) and (5.91) and reinstating ε = ℏ
48π

, we arrive at the position of the island:

a = rH +
1

rH

(
ℏGN

12πλ2rH

)2

e1−2κb∗

[
1 +

ℏGN

6πλ2r2H

(
19

16
+ e1−2κb∗

)]
. (10.22)

Note that the expression (10.22) for the island location coincides exactly with the result
of [59] at leading order in the ε expansion. The key difference in our analysis is that we also
incorporate the back-reaction of the radiation, so that the inclusion of quantum effects still
preserves the appearance of an island in the vicinity of the quantum-corrected horizon.

Next, we substitute the island position (10.22) into (10.15) to compute the late-time fine-
grained entropy. Since the island forms very close to the quantum-corrected horizon, we first
expand around the horizon position:

SFG = Sgen(rH)−
ℏGN

36πλ2r2H
e1−2κb∗ +O(ℏ2) . (10.23)

The second term can be neglected, as it is of order O(ℏ), while the fine-grained entropy scales
as SFG = (O(1) + ℏO(1))/ℏ. Consequently, we obtain:

SFG =
2πλ2r2H
GNℏ

+
1

3
(ρH + ρb) +

2

3
ln
eκb∗

κδ
= 2

[
πλ2r2H
GNℏ

+
1

12
ln

e4κb∗

(κδ)4e−2ρHe−2ρb

]
. (10.24)

To leading order, the expression (10.24) matches precisely the classical Bekenstein-Hawking
entropy (1.4), implying Sgen = 2SBH , as anticipated. We return to the role of the quantum
correction term in the next subsection. The fine-grained entropy of the Hawking radiation is
therefore given by:

SFG = min

{
1

3
κt, 2SBH

}
. (10.25)
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To evaluate the Page time, we employ the classical value of the entropy, because the quan-
tum correction becomes negligible in the large-mass regime. The Page time tP is therefore
determined by:

1

3
κctP =

2πc3λ2r20
GNℏ

=⇒ tP =
96πM3G2

N

ℏλ4c4
. (10.26)

10.1.3 Relation to the Wald entropy

To analyze the second term in (10.24), we employ the quantum-corrected thermodynamic en-
tropy, given by the Wald entropy formula. In this approach, the black hole entropy is interpreted
as a conserved charge associated with the horizon and is expressed as

SWald = −2π
∫
H

dA
∂L

∂Rµνρσ

εµνερσ, (10.27)

where εµν is the binormal satisfying εµνε
µν = −2, dA is the infinitesimal area element on

the event horizon, and L is the Lagrangian density specifying the theory. A straightforward
evaluation for the DREH theory (2.19) coupled to the Polyakov–Liouville quantum correction
term (3.72) gives

SWald =
πλ2r2H
GNℏ

− 1

12
ψ(rH). (10.28)

We therefore need the exact solution for the auxiliary field. Substituting the solution for ψ
(3.76) together with the Hartle–Hawking state condition (3.97), t±(x±) = 0, and the explicit
expressions for the t± functions (3.78), we obtain the following differential equation for f±:

1

2
∂2±f± −

1

4
(∂±f±)

2 = 0. (10.29)

Solving this equation yields:

f±(x
±) = −2 ln x

± + c±
δ

+ d±, (10.30)

where c± and d± are integration constants. We interpret the constants c± as marking positions
in spacetime. To ensure that ψ is invariant under local Lorentz transformations, we impose
d+ + d− = −2ρc. Implementing this condition leads to

ψ(r) = − ln
(x+ + c+)

2(x− + c−)
2

δ4e−2ρe−2ρc
, (10.31)

where c± must be chosen on the cut-off hypersurface which defines a region belonging to the
black hole (see Figures 10.3 and 10.4). This implies κ2c+c− = −e2κb∗ . To evaluate Wald’s
entropy, we insert (10.31) at the horizon, where x+H = x−H = 0. Wald’s entropy then takes the
form of a quantum-corrected Bekenstein–Hawking formula:

SWald =
πλ2r2H
GNℏ

+
1

12
ln

(e2κb∗)2

(κδ)4e−2ρHe−2ρb
. (10.32)

Comparing this with (10.24), we see that, to first order in perturbation theory, it coincides
with precisely twice the Wald entropy (10.32). Hence, the Page curve is correctly reproduced in
the eternal black hole solution of the DREH model. The fine-grained entropy of the radiation
increases monotonically until it saturates at the coarse-grained Bekenstein–Hawking value, after
which it stays fixed at 2SBH . Furthermore, Hawking’s result for the generalized entropy in the
no-island scenario can likewise be recovered from the Wald formula (10.28).
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10.2 Page curve in the classical collapse scenario

In this section, we examine the Page curve for the classical gravitational collapse setup within
the DREH model, as introduced in Section 5.1.3. Although we cannot determine the final stage
of evaporation—since it lies at future time infinity in the classical limit—we can nonetheless
extract some information about the qualitative behavior of the Page curve at zeroth order in ε.
At this order, however, one does not expect a decreasing contribution to the entropy, as such
behavior arises only once quantum corrections are taken into account. The time evolution of
the fine-grained entropy of Hawking radiation is governed by the QES formula (1.6). As usual,
we analyze two distinct configurations: the no-island configuration and the island configuration.

Figure 10.3 shows the spacetime of an evap-
orating black hole in the DREH model (5.150-
5.153). This figure corresponds to Figure 3.3,
where the general collapse scenario is illus-
trated. The event horizon is indicated by a
dashed purple line, and the apparent horizon
by a solid purple line. The shockwaves are
drawn in blue, while the singularity and the
spacetime boundary are both shown in black.
Future and past null infinities are represented
by green lines and denoted by J + and J −, re-
spectively. Likewise, future and past timelike
infinities and spatial infinity are marked by i±
and i), respectively. The δ and x̂ axes are ex-
plicitly displayed, corresponding to the coor-
dinates defined in (3.107). The coordinates of
the end-point of the evaporation (δE, x̂E), are
shown along the respective axes. Figure 10.3: Penrose diagram of the quantum-

corrected gravitational collapse scenario.

The spacetime is divided into three regions, separated by two shockwaves. Region I corre-
sponds to the initial Minkowski spacetime. Upon crossing the δ = 1 hypersurface, one enters
region II, which contains the evaporating black hole. Finally, region III describes the end-state
geometry, namely the quantum-corrected Minkowski spacetime given by (5.84). The purely
classical collapse is recovered by pushing the δ = δE hypersurface all the way to future null
infinity J +, thereby eliminating the third region. The discussion here is largely based on [43].

10.2.1 No-island configuration

We begin by considering the setup without an island. In this case, the fine-grained entropy (1.6)
simplifies to just the semiclassical entropy contribution. Because the vacuum is specified in the
asymptotically flat coordinates of region I of the spacetime (see Figure 10.3), the entanglement
entropy must likewise be written in these coordinates. The evaporating black hole possesses a
spacetime boundary on which reflective boundary conditions are imposed. Consequently, the
appropriate expression for the entropy of the quantum matter fields is given by (8.54), namely:

Ssemi−cl =
1

12
ln

(σ+
S − σ

+
S̄
)2

4ϵ2e−2ρS(σ)
. (10.33)
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The label S denotes the boundary of the black hole region, while the label S̄ refers to the mirror
image of this point across the spacetime boundary, as illustrated in Figure 10.4. We employ
the (t, r∗) coordinate system. On the cut-off surface, the coordinates are given by (t, b∗), or
equivalently (t, b), where

b

a
+ ln

(
b

a
− 1

)
=
b∗
a
. (10.34)

Note that the time coordinate t is defined with respect to the asymptotically flat coordinates
of region II, given in (5.38) and (5.37), namely t = σ̂+−σ̂−

2
. The cut-off hypersurface is taken to

lie close to asymptotic infinity, which requires b∗ to be very large. Therefore, throughout the
rest of this work we use the following approximation:

b∗
a
≫ (λa)2

ε
. (10.35)

Note that we have relabeled the UV cut-off from the standard notation δ of Chapter 8, since δ
is a coordinate within this setting.

The classical collapse configuration is de-
picted in Figure 10.4. The location of region
A, which contains the degrees of freedom inac-
cessible to an asymptotic observer in the no-
island classical scenario, is marked in red. The
cut-off hypersurface is drawn in purple, and
a time coordinate along this hypersurface, de-
noted by τ and introduced in (10.37), param-
eterizes it. The radiation degrees of freedom
occupy a causal diamond based on a constant-
time slice, indicated in blue. The coordinates
of all relevant points—(δS, x̂S) and their im-
ages under reflection from the the spacetime
boundary, (δS̄)—are shown on both the δ- and
x̂-axes.

The reflective boundary condition at x = 0
enforces σ+

S̄
= σ−

S . The onset of evaporation
is determined by the intersection of the hy-
persurfaces σ+ = σ+

0 and r∗ = b∗, yielding
t0 = σ+

0 − b∗. The evaporation time is then
defined as τ = t − t0. Employing equation
(5.40), the cut-off hypersurface in region II of
the the spacetime takes the form:

Figure 10.4: Penrose diagram illustrating the
no-island case within the classical collapse sce-
nario.

b∗
a

= − ln δS + x̂S + ln (x̂S − 1). (10.36)

Note that the cut-off surface lies in the region exterior to the black hole event horizon, defined
by equation (5.41), which entails x̂S > 1. Using equations (5.37) and (5.38), one readily finds
that the evaporation time τ is related to x̂S by the following transcendental relation:

x̂S + ln (x̂S − 1) =
b∗
a
− τ

2a
. (10.37)
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Imposing the condition SFG(0) = 0 removes the UV divergences in the expression for the
entanglement entropy (10.33). Expressed in terms of x̂S, the fine-grained entropy evaluated on
Hawking’s saddle is

SH(x̂S) =
1

12
ln
a2(b− a)x̂S

(
b∗
a
− ln (x̂S − 1)

)2
b3(x̂S − 1)

. (10.38)

An explicit analytic form of the fine-grained entropy (10.38) as a function of the evaporation
time τ cannot be obtained because one would have to solve the transcendental equation (10.37),
which links τ to the coordinate x̂S. Nevertheless, one can extract the behavior of the fine-
grained entropy both at the beginning of evaporation and at late times. At the beginning of
the evaporation (τ → 0), equation (10.37) can be solved perturbatively:

x̂
(0)
S =

b

a
− b− a

2ab
τ. (10.39)

Inserting the result (10.39) into equation (10.38) and expanding in powers of τ , one obtains the
following early-time expression for the fine-grained entropy:

S
(0)
H (τ) =

aτ

8b2
. (10.40)

This behavior differs from the eternal black hole case, where the dependence is quadratic (10.5).
At late times, the factor exp

{(
b∗
a
− τ

2a

)}
becomes very small, allowing us to expand x̂S in powers

of this quantity:
x̂
(∞)
S = 1 + e

b∗
a
−1e−

τ
2a . (10.41)

Substituting (10.41) into (10.38) yields the anticipated Hawking result of a linearly increasing
fine-grained entropy at late times [16]:

S
(∞)
H (τ) =

τ

24a
+

1

12
ln

(b− a)τ 2

4b3
− 1

12

(
b∗
a
− 1

)
. (10.42)

Observe that, in the late-time regime, the leading contribution in (10.42) is of the form κτ
12

,
where κ = 1

2a
(see Appendix D.5) is the usual surface gravity of a Schwarzschild black hole.

This is consistent with the fine-grained entropy obtained in various 2D dilaton gravity models
[40, 41]. We explicitly confirm this within the BPP model in Section 9.2.

10.2.2 Island case

Analogously to the BPP model, the projection splits the inaccessible region A into two non-
overlapping segments along past null infinity J −. Consequently, the appropriate expression for
the semi-classical entropy in the presence of an island is given by (8.60), namely:

Ssemi−cl =
1

12
ln

(σ+
S − σ

+
I )

2(σ+
S̄
− σ+

Ī
)2(σ+

S̄
− σ+

S )
2(σ+

Ī
− σ+

I )
2

ϵ4(σ+
Ī
− σ+

S )
2(σ+

S̄
− σ+

I )
2e−2ρ(σS)e−2ρ(σI)

. (10.43)

Here the reflected points obey σ+
Ī

= σ−
I and σ+

S̄
= σ−

S . To verify that (10.43) remains valid
when the island vanishes, we consider the limit σ±

I → σ±
M , where M denotes the point at which

the island region meets the spacetime boundary. Since a UV cut-off is present, distances should
not shrink to zero; instead, they should approach this UV cut-off. Implementing the limit
σ±
I → σ±

M , we obtain:
ϵ2 = lim

I→M
gµν(σ

µ
I − σ

µ
M)(σν

I − σν
M). (10.44)
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The island hypersurface is specified by the condition σ+ + σ− = const. Using the relation
σ+
M = σ−

M = 1
2
(σ+

I + σ−
I ), one can straightforwardly verify that (10.43) reduces to (10.33) in

the limit I → M . The same regularization as in (10.38) must be applied. The expression
(10.43) depends both on τ and on the location of the island. The τ -dependence enters through
σ+
S = σ+

0 + τ and σ−
S = σ+

0 − 2ax̂S(τ).

Figure 10.5 illustrates this whole scenario.
The location of the region A, which contains
the inaccessible degrees of freedom when an is-
land region I is present in the classical case,
is indicated in red. The cut-off hypersur-
face, shown in purple, is parametrized by the
time coordinate τ along it and originates at
the incoming shockwave. The island-boundary
hypersurface, also drawn in purple, passes
through region A. The ∆τ -axis is aligned with
this hypersurface, with its zero point defined
at the ingoing shockwave. The radiation de-
grees of freedom occupy both a causal diamond
built over a constant-time slice and the island
region; these are depicted in blue. The coor-
dinates of all relevant points (δS, δI , x̂S, x̂I),
along with those obtained via reflection from
the spacetime boundary (δS̄, δĪ), are displayed
on both the δ-axis and the x̂-axis. Figure 10.5: Penrose diagram illustrating the

island case within the classical collapse sce-
nario.

Next, we include the island’s area contribution. Because the DREH model is obtained
via dimensional reduction from the 4D Einstein–Hilbert action, this area term takes the usual
Bekenstein–Hawking form (1.4), namely

A[∂I]

4G
(4)
N

=
4πλ2a2

4Gℏ
x2I =

(λa)2

12ε
x2I . (10.45)

The generalized entropy is then given by

Sgen(τ, σ
+
I , σ

−
I ) =

(λa)2

12ε
x2I (10.46)

+
1

12
ln

[
4a2(b− a)x̂S

(
b∗
a
− ln (x̂S − 1)

)2
b3(x̂S − 1)

(σ+
S − σ

+
I )

2(σ−
S − σ

−
I )

2(σ+
I − σ

−
I )

2

ϵ2(σ+
S − σ

−
I )

2(σ+
I − σ

−
S )

2e−2ρ(σI)

]
.

The dependence xI(σ
+
I , σ

−
I ) is fixed by equation (5.152), while ρ(σ+

I , σ
−
I ) is determined by

(5.150). The parameter τ enters only through x̂S = x̂S(τ) via equation (10.36). According to the
fine-grained entropy prescription (1.6), the expression (10.46) must be extremized with respect
to the island location (σ+

I , σ
−
I ). Implementing this extremization with the help of (5.152) and
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(5.150) leads to

1− xI = ε̃

[
1

2x2I
+

x̂S − ln δS
(ln δI − ln δS)(ln δI − x̂S)

+
1

x̂I − ln δI

]
, (10.47)

1− xI = ε̃

[
1

2x2I
− 1

2x̂2I
+

x̂I − 1

x̂I

(
x̂S − ln δS

(ln δI − ln δS)(ln δI − x̂S)
+

1

x̂I − ln δI

)]
, (10.48)

where we have introduced ε̃ = ε
(λa)2

. We first determine the island position along the initial
shockwave, that is, on the hypersurface δI = 1. Setting δI = 1 and x̂I = xI , equations
(10.48–10.47) simplify to

1− xI = ε̃

[
1

2x2I
+

1

xI
− ln δS − x̂S

x̂S ln δS

]
, (10.49)

x2I = ε̃

[
−1 + ln δS

xI − ln δS
− x̂S

xI − x̂S

]
. (10.50)

Equation (10.49) is a cubic in xI and could be solved exactly, but it is sufficient to find a
perturbative solution up to second order in ε̃. This yields

xI = 1− ε̃
(
3

2
− ζ
)
(1 + 2ε̃), (10.51)

where we have defined ζ = ln δS−x̂S
x̂S ln δS

. By writing δS = δS(x̂S, ζ) and inserting the solution (10.51)
into the second equation (10.50), we obtain an equation for x̂S. Solving it gives

x̂S = 1 + ε̃

(
ζ − 1

2

)
+ ε̃2

(
ζ − 3

2
− 1

ζ

)
. (10.52)

Next, equation (10.36) becomes an equation for ζ:

ζ =
1

x̂S
+

1
b∗
a
− x̂S − ln (x̂S − 1)

. (10.53)

Employing the approximation (10.35), the second term in (10.53) can be neglected, leaving

ζ = 1− ε̃

2
. (10.54)

Substituting (10.54) into (10.51) and (10.52), and using τ0
2a

= − ln δS, we obtain the final
expression for the island position along the δI = 1 hypersurface, i.e. at the onset of evaporation.

δI = 1, (10.55)

xI = 1− ε̃

2
(1 + 3ε̃) = x̂I , (10.56)

x̂S = 1 +
ε̃

2
(1− 4ε̃), (10.57)

τ0
2a

=
b∗ − a
a
− ln

ε̃

2
+

7

2
ε̃ = − ln δ

(0)
S . (10.58)

We now turn to determining how the island hypersurface penetrates into region II of the
spacetime (see Figure 10.5). From equation (10.58), we see that the island first appears (along
the δI = 1 hypersurface) only at late times, since τ0/a≫ 1/ε̃. Consequently, we are justified in
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taking the limit | ln δS| → ∞ in equations (10.47) and (10.48). In this late-time regime, these
equations reduce to:

1− xI = ε̃

[
1

2x2I
− 1

x̂S − ln δI
+

1

x̂I − ln δI

]
, (10.59)

1− xI = ε̃

[
1

2x2I
− 1

2x̂2I
+

x̂I − 1

x̂I

(
1

x̂I − x̂S
+

1

x̂I − ln δI

)]
. (10.60)

Motivated by the expressions for the island position along the δI = 1 hypersurface in (10.55-
10.58), we introduce the ansatz

xI = 1− ξ, x̂I = 1− ξ̂, x̂S = 1 + µ, (10.61)

for the location of the island at arbitrary time τ ⩾ τ0. Here, ξ, ξ̂, and µ are small functions
of δI , each expanded to second order in ε̃. With this substitution, equations (10.59-10.60) take
the form

ξ = ε̃

[
1

2
+ ξ +

µ+ ξ̂

(1− ln δI)2

]
, (10.62)

ξ = ε̃

[
ξ − ξ̂ + ξ̂

ξ̂ + µ
(1 + ξ̂)− ξ̂

1− ln δI

]
. (10.63)

Equating (10.62) and (10.63) yields

1

2
+ ξ̂ +

µ+ ξ̂

(1− ln δI)2
=

ξ̂

ξ̂ + µ
(1 + ξ̂)− ξ̂

1− ln δI
. (10.64)

On the right-hand side of (10.64), the only contribution of order O(1) is ξ̂/(ξ̂+µ). We therefore
infer that this term must be of the form:

ξ̂

ξ̂ + µ
=

1

2
+ η, (10.65)

where η is a new quantity of order ε̃. Substituting (10.65) into (10.64) then gives

η =
1

2
ξ̂ +

ξ̂

1− ln δI
+

µ+ ξ̂

(1− ln δI)2
. (10.66)

Using (10.65) and (10.66), we can straightforwardly solve for ξ and ξ̂ in terms of µ and δI :

ξ =
ε̃

2
(1 + ε̃)

[
1 +

4µ

(1− ln δI)2

]
, (10.67)

ξ̂ = µ

[
1 + 4µ

(
1

2
+

1

1− ln δI
+

2

(1− ln δI)2

)]
. (10.68)

The next step is to determine δI = δI(µ) using equation (5.152). Because this equation contains
logarithmic terms, δI can only be fixed to first order in ε̃, even though the other quantities are
known to second order. Carrying this out, we obtain

δI =
ξ̂

ξ
(1 + ξ − ξ̂). (10.69)
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Inserting (10.67) and (10.68) into (10.69) then leads to the expression

δI =
µ

ε̃
(2− ε̃)

[
1 + 4µ

(
1

4
+

1

1− ln δI
+

1

(1− ln δI)2

)]
. (10.70)

Finally, we determine µ as a function of the evaporation time τ from equation (10.36), which
yields

µ =
ε̃

2

δS(τ)

δS(τ0)

(
1− 7

2
ε̃

)(
1− ε̃

2

δS(τ)

δS(τ0)

)
. (10.71)

Combining equations (10.67-10.71), we obtain the position of the island as a function of the
time elapsed since its formation, ∆τ = τ − τ0. This provides an effective parametrization of
the island hypersurface depicted in Figure 10.5.

δI = e−
∆τ
2a (1− 4ε̃)

[
1 + 2ε̃

2 + ∆τ
2a(

1 + ∆τ
2a

)2 e−∆τ
2a

]
, (10.72)

x̂I = 1− ε̃

2
e−

∆τ
2a

(
1− 7

2
ε̃

)[
1 +

ε̃

2

(
1 + 4

3 + ∆τ
2a(

1 + ∆τ
2a

)2
)
e−

∆τ
2a

]
, (10.73)

xI = 1− ε̃

2
(1 + ε̃)

[
1 +

2ε̃(
1 + ∆τ

2a

)2 e−∆τ
2a

]
, (10.74)

x̂S = 1 +
ε̃

2
e−

∆τ
2a

(
1− 7

2
ε̃

)[
1− ε̃

2
e−

∆τ
2a

]
. (10.75)

We infer that the island forms behind the horizon, as anticipated. The first consistency test
is to check whether equations (10.72-10.75) reduce to the initial solution (10.55-10.57) in the
limit ∆τ → 0. A straightforward evaluation of this limit confirms that they do. Furthermore,
in the opposite limit ∆τ →∞ we obtain δI → 0 and x̂I → 1, implying that the island extends
to future time infinity. This is consistent with the absence of quantum corrections. In this limit
we also find x̂→ 1. It is noteworthy that both the island and the cutoff surface almost reflect
the position of the horizon at x̂H = 1.

We now proceed to compute the fine-grained entropy of the radiation, given by (10.46),
evaluated on the island hypersurface. A direct computation leads to:

SRW =
(λa)2

12ε
− 1

12
− ε

24(λa)2
+

1

12
ln

(
ε

2(λa)2
b− a
b

)
+
1

6
ln
−8a2 ln δ(0)S

ϵ2
− ε

6(λa)2
1− ∆τ

2a(
1 + ∆τ

2a

)2 e−∆τ
2a .

(10.76)
Expression (10.76) consists of a constant contribution and an exponentially decaying contribu-
tion. The constant piece must be regularized because it depends on the UV cutoff ϵ. Discarding
the UV-sensitive part of this constant term, the leading contribution is precisely the Beken-
stein–Hawking entropy (1.4), namely S

(0)
BH = (λa)2

12ε
. Hence we can interpret the full constant

part as the quantum-corrected Bekenstein–Hawking entropy Scorr
BH . Then, fine-grained entropy

at late times is given by the following formula:

SFG = min

{
∆τ

24a
+

1

6
ln
τ

2b
− 1

12
ln

ε

2(λa)2
, Scorr

BH −
ε

6(λa)2
1− ∆τ

2a(
1 + ∆τ

2a

)2 e−∆τ
2a

}
, (10.77)

From (10.77) it follows that, at late times, the fine-grained entropy approaches a constant
value close to the black hole’s Bekenstein–Hawking entropy. Consequently, without including
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the back-reaction of quantum fields on the spacetime geometry, we do not obtain the correct
Page curve and instead recover the same behavior as for an eternal black hole [42]. This outcome
is natural, since the classical solution in region II is intrinsically static. Only by analyzing both
regions simultaneously does one see that the entire spacetime is actually non-static, due to
the discontinuity across the infalling shockwave hypersurface. Nevertheless, the extremization
procedure at least guarantees that the coarse-grained entropy bound is not exceeded.

In Figure 10.6, the Page curve for the classi-
cal collapse setup, defined in equation (10.77),
is shown. The blue curve denotes the fine-
grained entropy evaluated on Hawking’s sad-
dle point, while the red curve indicates the en-
tropy obtained from the replica-wormhole sad-
dle point at late times. The purple curve il-
lustrates the late-time asymptotic behavior of
the fine-grained entropy on Hawking’s saddle
point. This figure clearly demonstrates how in-
corporating an island contrasts with the stan-
dard Hawking prediction.

Figure 10.6: Page curve for the classical col-
lapse scenario in the DREH model.

To determine the time at which the phase transition takes place, namely the Page time, we
match the leading contributions in (10.77). This yields the Page time:

τP = 24aScorr
BH . (10.78)

Expression (10.78) agrees with the result found for the eternal black hole (10.26). The relation
between the time variable used in the eternal black hole case and (10.78) is tP = 1

2
τP . This

factor-of-two difference arises because the eternal black hole possesses two asymptotically flat
regions, which makes the coarse-grained entropy twice as large.

10.3 Page curve for the quantum-corrected collapse sce-
nario

We now turn to the analysis of the Page curve for the quantum-corrected collapse setup intro-
duced in Section 5.3. In the previous section, we saw that, for a purely classical evaporating
black hole, the replica-wormhole saddle point fails to produce the decreasing part of the fine-
grained entropy required to obtain the Page curve. By employing the fine-grained entropy
formula (1.6), we demonstrate that this problem is resolved once quantum corrections are
incorporated. In this way, we recover the expected decreasing contribution from the replica-
wormhole saddle point. The structure of this section parallels that of the earlier ones: we begin
by examining the no-island configuration and then move on to the island configuration. The
derivation is based on [43].

10.3.1 No-island configuration

Here we examine how incorporating the back-reaction of quantum fields into the fine-grained
entropy affects its evaluation along Hawking’s saddle point. No significant deviations from the
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results of Section 10.2.1 are anticipated. We demonstrate that this procedure once more leads
to Hawking’s information loss paradox [16]. The fine-grained entropy (1.6) effectively reduces
to its semi-classical contribution, given by the same expression (8.54) as in the purely classical
analysis:

Ssemi−cl =
1

12
ln

(σ+
S − σ

+
S̄
)2

4ϵ2e−2ρS(σ)
. (10.79)

As in Section 10.2.1, the cut-off surface (10.36) is specified by the condition r∗ = b∗. Substituting
the expression (5.176) for the tortoise coordinate, we obtain the following relation defining the
cut-off hypersurface:

b∗
a
− τ

2a
= J (x̂S)−

9

2
− ε̃

8
[(2x̂S + 3) ln x̂S + 5x̂S − 2LS] , (10.80)

where, as before, the evaporation time is introduced via − ln δS = τ
2a

in complete analogy with
(10.37).

The appropriate Penrose diagram for
the no-island configuration in the quantum-
corrected collapse scenario is presented in Fig-
ure 10.7. It contains the same key hypersur-
faces, points (δS, x̂S, δS̄), and associated co-
ordinate axes δ and x̂ as in the classical col-
lapse case shown in Figure 10.4. The essen-
tial distinction is the emergence of region III,
which represents the remnant spacetime after
the black hole has completely evaporated. The
evaporation end-point (δE, x̂E) is explicitly in-
dicated. The newly formed region lies beyond
this point and is characterized by δ < δE and
x̂ < x̂E. As before, the region A containing the
inaccessible degrees of freedom is highlighted
in red, while the cut-off hypersurface and the
apparent horizon are drawn in purple. The
constant-time slice associated with the radia-
tion’s degrees of freedom appears in blue. We
continue to assume the validity of approxima-
tion (10.35), namely

b∗ε̃≫ a.

Figure 10.7: Penrose diagram illustrating the
no-island case within the quantum-corrected
collapse scenario.

We now evaluate the fine-grained entropy along Hawking’s saddle point (10.79). Imposing
the regularization condition SH(0) = 0 gives

SH(τ) =
1

12
ln

(
a2

b2

( τ
2a

+ x̂S

)2 F+
SF

−
S e

2ρS

F−
SF

+
S

)
. (10.81)

Let us study the behavior of (10.81) at the beginning of the evaporation, i.e. for τ → 0, in direct
analogy with the classical analysis of Section 10.2.1. The first step is to solve the transcendental
equation (10.80) for x̂S as a function of τ . At τ = 0 we obtain x̂S = xS = b

a
, implying that for
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small τ we can write x̂S = b
a
+ η, with η a small parameter. Expanding equation (10.36) in this

regime, we find

x̂
(0)
S =

b

a
− b− a

2ab
τ

{
1− ε̃

8

[
2 ln

(
1− a

b

)
+

2a

b− a
− a2

b2

]}
. (10.82)

Keeping only the leading term in the a
b
→ 0 expansion, this simplifies to

x̂
(0)
S =

b

a
− b− a

2ab
τ

(
1− ε̃

6

a3

b3

)
. (10.83)

In comparison with equation (10.39), we observe a small shift induced by quantum corrections.
A straightforward evaluation of the fine-grained entropy (10.81) then gives

S
(0)
H (τ) =

aτ

8b2

(
1 +

ε̃

4

b2

a2

)
, (10.84)

where, again, we have retained only the dominant contribution in the a
b
→ 0 expansion. Com-

paring this with (10.40), we once more see that the effect of quantum corrections is a small
modification.

Next, we turn to the late-time analysis of formula (10.81). Since at late times one has
x̂S = 1 + ε̃µ, we expand equation (10.80) around the point x̂S = 1:

b∗ − a
b∗

− τ

2a
=

(
1 +

11

8
ε̃

)
4

ε̃

(
e

ε̃
4
ln (ε̃(µ− 1

4)) − 1
)
+ ε̃µ. (10.85)

The solution of equation (10.85) can be written as

x̂
(∞)
S = 1 +

ε̃

4

(
1 + 3e−

τ−τ0
2ā

)
, (10.86)

where τ0 will be introduced below via equation (10.103). For convenience, we define ∆τ = τ−τ0.
Since the metric becomes asymptotically flat at late times, we may approximate F+

SF
−
S e

2ρS ≈
−1. In the regime x̂S ≈ 1, the coordinate transformations simplify to

F−
S ≈ x̂

(∞)
S − 1− ε̃

4
=

3

4
ε̃e−

∆τ
2ā . (10.87)

Substituting (10.86) and (10.87) into equation (10.81), we obtain

S
(∞)
H (τ) =

τ − τ0
24ā

+
1

6
ln
τ

2b
− 1

12
ln

(
−3ε̃

4
F+
∞

)
, (10.88)

where F+
∞ denotes the late-time value of the coordinate transformation, σ+ → ∞. Thus, for

the Hawking saddle point, the fine-grained entropy exhibits linear growth both at early and
at late times; only the slope of the linear dependence changes. Comparing with (10.42), we
find that the entropy shows the same qualitative behavior as in the classical case, but with the
surface gravity replaced by its quantum-corrected value, given later in equation (10.117).
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10.3.2 Island configuration

We now analyze the replica-wormhole saddle point in the quantum-corrected setup. We demon-
strate that, unlike in the classical island configuration discussed in Section 10.2.2, the contribu-
tion to the entropy here decreases, thereby yielding the Page curve. In the quantum-corrected
geometry, the same expressions (10.45) and (10.43) still apply to the corresponding terms in
the fine-grained entropy (1.6). Consequently, we can proceed directly with the extremization,
which leads to the following equations determining the island position:

xI∂+xI + ε̃∂+ρI = −
ε̃

2a

[
x̂S − ln δS

(ln δI − ln δS)(ln δI − x̂S)
+

1

x̂I − ln δI

]
, (10.89)

xI∂−xI + ε̃∂−ρI =
ε̃

2a

[
x̂S − ln δS

(x̂I − ln δS)(x̂I − x̂S)
+

1

x̂I − ln δI

]
. (10.90)

As in the classical analysis, we first determine the location of the island along the infalling
shockwave and subsequently extend it into region II of the spacetime, where the evaporating
black hole resides.

The Penrose diagram for the quantum-
corrected island configuration is displayed in
Figure 10.8. The region A, which contains
the inaccessible degrees of freedom, is shown
in red, while the island region I is indicated in
blue. The cut-off hypersurface, together with
the τ -axis that parametrizes it, is drawn in
purple. Likewise, the island-boundary hyper-
surface and its parametrizing ∆τ -axis are also
depicted in purple. The radiation degrees of
freedom occupy a causal diamond built over a
constant-time slice, indicated in blue as well.
The coordinates of all relevant points (δS, δI ,
x̂S, x̂I , x̂E, δE), along with those obtained by
reflecting them across the spacetime boundary
(δS̄, δĪ), are marked on both the δ-axis and
the x̂-axis. The corresponding classical config-
uration is shown in Figure 10.5. The key dif-
ference between the two diagrams is that only
the quantum-corrected one contains remnant
spacetime in region III.

Figure 10.8: Penrose diagram illustrating the
island case within the quantum-corrected col-
lapse scenario.

We now analyze how the island appears along the δI = 1 hypersurface, following the same
procedure as in section 10.2.2. Along this hypersurface, we impose a continuity condition (see
[111]), which leads to

xI∂+xI + ε̃∂+ρI =
xI − 1

2a
, (10.91)

xI∂−xI + ε̃∂−ρI = −
xI
2a
. (10.92)
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Using these continuity relations, equations (10.89) and (10.90) take the form

1− xI = ε̃

[
1

xI
− ln δS − x̂S

x̂S ln δS

]
, (10.93)

x2I = ε̃

[
−1 + ln δS

xI − ln δS
− x̂S

xI − x̂S

]
. (10.94)

Observe that the second equation (10.94) coincides exactly with the classical equation (10.50),
whereas the first one (10.93) is simpler than its classical analogue (10.49), reducing to a straight-
forward quadratic equation. As before, we introduce

ζ =
ln δS − x̂S
x̂S ln δS

. (10.95)

Both equations can then be solved exactly in terms of ζ, yielding

xI =
1 + ε̃ζ

2

[
1 +

√
1− 4ε̃

(1 + ε̃ζ)2

]
, (10.96)

x̂S = xI

1 + 1
2
ζxI

(
1 +

√
1 + 4ε̃

ζx2I(1+ε̃ζ)

)
1 +

ζx2I
1+ε̃ζ

. (10.97)

Note that this solution is fully non-perturbative. To extract quantitative estimates, we expand
(10.96) and (10.97) in powers of ε̃ up to second order:

xI = 1 + ε̃(1 + ε̃)(ζ − 1), (10.98)

x̂S = 1 + ε̃

(
ζ − ε̃

ζ

)
. (10.99)

Next, we evaluate ζ = 1
x̂S
− 1

ln δS
. As in the classical analysis, we assume ln δS ≫ 1, so the

second term can be neglected. This gives ζ = 1 − ε̃(1 + ε̃). Finally, we determine τ0 from
equation (10.80). Plugging this expression for ζ into (10.98) and (10.99), the island’s position
along the δI = 1 hypersurface becomes

δI = 1, (10.100)
xI = 1− ε̃2 = x̂I , (10.101)
x̂S = 1 + ε̃(1− 2ε̃), (10.102)
τ0
2a

=
b∗ − a
a
−
(
1 +

11

8
ε̃

)
4

ε̃

(
e

ε̃
4
ln 3ε̃

4 − 1
)
− ε̃. (10.103)

Comparing (10.100–10.103) with the classical expressions (10.55–10.58), we find that the leading
correction to the island position xI along the δI = 1 hypersurface now appears at order O(ε̃2),
in contrast to the classical case, where it is of order O(ε̃). Furthermore, the formation time of
the island τ0 agrees with the classical result up to terms of order O(1). Deviations at higher
orders are expected, as they arise from incorporating quantum corrections to the metric.

We now generalize the solution for the island position to arbitrary times τ > τ0. Since
b∗ε̃ ≫ a, we can safely disregard terms of order 1/ ln δS, as in the purely classical analysis.
With this approximation, equations (10.89) and (10.90) take the form

xI∂+xI + ε̃∂+ρI =
ε̃

2a

[
1

x̂S − ln δI
− 1

x̂I − ln δI

]
, (10.104)

xI∂−xI + ε̃∂−ρI =
ε̃

2a

[
1

x̂I − x̂S
+

1

x̂I − ln δI

]
. (10.105)
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We adopt the following ansatz:

yI = 1 + ξ, x̂I = 1 + ξ̂, x̂S = 1 + µ, (10.106)

where ξ, ξ̂ and µ are quantities of order O(ε̃). Inserting this ansatz into the expressions
(5.157–5.158) for the derivatives of the dilaton field, together with (5.182–5.183) for the deriva-
tives of the metric, we find

∂+xI =
1

2a

(
1− 1√

y2I − ε̃

)
, (10.107)

∂−xI = −
1

2aF−
I

(
1−

1− ε̃
4√

y2I − ε̃

)
, (10.108)

∂+ρ =
1

4aãI

yI

(y2I − ε̃)
3
2

, (10.109)

∂−ρ = −
1

4aF−
I

(
x̂2I − 1

x̂2I
− 1

ãI

y2I − 1

y2I

)
, (10.110)

where y and ã are defined via equation (5.156). Using (10.107) and (5.182), equation (10.104)
simplifies to yI = 1, i.e. ξ = 0. Note that we can determine the island position only up to O(ε̃),
since the solution itself is of that order. Consequently, the left-hand side of equation (10.104)
vanishes. The quantity ξ̂ then follows straightforwardly from (5.181), giving

ξ̂ =
1

4
(1− δI). (10.111)

From equation (5.184) we infer that

F−(x̂I) = ξ̂ − ε̃

4
. (10.112)

Substituting (10.112) into (10.105) yields

ε̃

4
= ε̃

ξ̂ − ε̃
4

ξ̂ − µ
. (10.113)

Solving (10.113) and using (10.111), we obtain:

µ =
1

4
(1 + 3δI) . (10.114)

By inserting ∆τ = τ − τ0 into (10.85), we derive the following relation for µ:

−∆τ

2a

(
1− 11

8
ε̃

)
e−

ε̃
4
ln 3ε̃

4 =
4

ε̃

(
e

ε̃
4
ln 4µ−1

3 − 1
)
+ ε̃(µ− 1). (10.115)

Because the right-hand side of (10.115) contains logarithms, the equation is correct up to O(1).
Taking the limit ε̃→ 0 and solving for µ gives

µ =
1

4

(
1 + 3e−

∆τ
2ā

)
, (10.116)

where we have introduced a new constant ā, which can be interpreted as quantum-corrected
surface gravity:

κ =
1

2ā
=

1

2a

(
1− 11

8
ε̃

)
e−

ε̃
4
ln 3ε̃

4 . (10.117)
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Combining (10.111), (10.114) and (10.116), we find the following expressions for the island
position:

δI = e−
∆τ
2ā , (10.118)

x̂I = 1 +
ε̃

4

(
1− e−

∆τ
2ā

)
, (10.119)

xI = 1− ε̃

4

∆τ

2ā
, (10.120)

x̂S = 1 +
ε̃

4

(
1 + 3e−

∆τ
2ā

)
. (10.121)

The island thus emerges behind the event horizon, as expected for an evaporating black hole.
Comparing (5.189) with (10.119), we see that the island and the apparent horizon are symmetric
with respect to the event horizon (5.208). Moreover, the island intersects the singularity slightly
before the end-point of the evaporation, just as in the BPP model (see Section 9.2.3). In the
limit ∆τ → 0, the relations (10.118–10.121) reduce to equations (10.101–10.103). Unlike in the
classical case, where xI tends to a constant value at late times (10.74), here xI decreases with
time, which is precisely what is required to reproduce the Page curve, since the island must
reach the singularity in a finite time.

We now evaluate the contribution of the replica–wormhole saddle to the fine-grained en-
tropy. We begin with the semi-classical entropy term in (1.6). Substituting the island location
(10.118–10.121) into equation (10.43), we obtain

Ssemi−cl−RW =
1

12
ln

4ε̃
(
− ln δ

(0)
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)2
−3F+
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− ε̃

6

1

1 + ∆τ
2ā

e−
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where we used
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(10.123)

In (10.123), F̃+
I denotes a coordinate redefinition relative to the σ+ coordinate, while F+

S is a
coordinate transformation with respect to σ̂+. Moreover, “Coord-part” refers to the portion of
(10.43) inside the logarithm that depends explicitly on the σ coordinates. Since the expression
in (10.122) still involves the UV cut-off ϵ, we must perform a regularization. Next, we consider
the area term appearing in (10.45). Plugging in (10.120) gives

A[∂I]

4G
(4)
N

=
1

12ε̃

(
1− ε̃

4

∆τ

2ā

)2

. (10.124)

To fix the regularization, we impose that the island hits the singularity near the end of evapora-
tion, ensuring that the fine-grained entropy vanishes at the evaporation end-point. Taking this
requirement together with the minimization prescription (1.6), we arrive at the final expression
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for the late-time limit of the fine-grained entropy of Hawking radiation:
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(10.125)

The Page time is then determined by equating the two branches inside (10.125). This yields

κτP =
4(λa)2

ε

(
3− 2

√
2
)
. (10.126)

At τ = τP , the fine-grained entropy reaches its peak value,

Smax
FG =

4

3 + 2
√
2
S
(class)
BH . (10.127)

Equation (10.127) shows that at all times the fine-grained entropy of the Hawking radia-
tion remains below the coarse-grained (thermodynamic) bound set by the classical Beken-
stein–Hawking entropy (1.4), as expected.

The resulting Page curve for the quantum-
corrected collapse scenario is shown in Fig-
ure 10.10. The blue line denotes the fine-
grained entropy evaluated on Hawking’s saddle
point, whereas the red line depicts the entropy
along the replica-wormhole saddle point at late
times. The purple line illustrates the late-
time asymptotic behavior of the fine-grained
entropy on Hawking’s saddle point.

Figure 10.9: The complete process of black
hole evaporation.

Figure 10.10: Page curve for the quantum-
corrected collapse scenario in the DREH
model.

The evaporation process is depicted in Fig-
ure 10.9. The purple curve outside the hori-
zon denotes the cut-off hypersurface, param-
eterized by the evaporation time τ . The sec-
ond purple curve indicates the time-dependent
location of the island, parameterized by ∆τ .
Both τ and ∆τ are initialized at zero along
the δ = 1 hypersurface. The red curves repre-
sent the region A, which contains the degrees
of freedom that are inaccessible to the asymp-
totic observer.

Let us now summarize the overall mechanism of black hole evaporation. As τ increases, the
black hole begins to evaporate. Initially, the minimum of the fine-grained entropy (10.125) is
determined by Hawking’s saddle point, so the red curves terminate at the spacetime boundary
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x = 0. When τ reaches τ = τ0, an island first appears inside region II of the spacetime.
This moment is characterized by ∆τ = 0 along the island-boundary curve. At this stage, the
fine-grained entropy is still dominated by the Hawking contribution, and thus the red curves
continue to end at the spacetime boundary. At τ = τ0 + τP , or equivalently ∆τ = τP , a phase
transition takes place. From that time on, the red curves terminate on the island boundary
instead. The evaporation proceeds until τf = τ0 + τE, that is, until the island meets the
singularity, meaning ∆τ ≈ τE. The instant τ = τf coincides with the point at which the cut-
off surface enters region III of the spacetime, thereby leaving the domain in which black hole
radiation is present.

Note that we cannot precisely determine what occurs at the very end of the evaporation
process, because at this stage the remaining distance to the end-point becomes so small that it is
comparable to the Planck length. Consequently, quantum gravity effects become relevant, and
the semi-classical approximation is no longer valid. Moreover, in this regime the perturbative
treatment also breaks down (see Section 5.3). Nevertheless, we can still trust the reproduction
of the Page curve up to its last few points.
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Conclusion

In this dissertation, we employ two-dimensional dilaton gravity as our main framework for
probing quantum gravity effects within a semiclassical approximation. In this approach, the
matter fields are quantized while the spacetime background is treated classically. The central
question we aim to address is: Can a black hole be regarded as an ordinary quantum system?
If so, its time evolution must be unitary. One strategy to investigate this is to compute the
entanglement entropy of the Hawking radiation and examine whether it reproduces the Page
curve. Although this can be attempted in the context of an eternal black hole, a more significant
result is to obtain the Page curve for a genuinely evaporating black hole. To describe such an
evaporating black hole, it is not sufficient to quantize only the matter fields; one must also
incorporate the backreaction of the quantum fields on the classical geometry. Consequently,
our first task is to formulate a consistent evaporating black hole scenario.

In Chapter 3, we developed a general formalism that accommodates both eternal and evap-
orating black hole configurations within two-dimensional dilaton gravity. The central element
of this construction is a symmetric ansatz for arbitrary scalar, vector, tensor, or spinor fields in
a 2D spacetime that admits a Killing vector. When the Killing vector is time-like we analyze
black-hole-type solutions; when it is a space-like we instead study cosmological solutions. This
ansatz exploits a distinctive feature of two-dimensional spacetimes: the Hodge dual of 1-form
is still an 1-form, a property that holds only in two dimensions. Hence, given a Killing vector
field, that vector and its Hodge dual together span the full space of 1-forms. This observation
enables us to express any physical observable in terms of a single coordinate orthogonal to the
Killing direction, rendering it independent of the coordinate associated with the Killing vector.

In this framework, the equations of motion simplify to a one-dimensional system, which is
easier to solve. Yet this is not the only advantage of this construction. We demonstrated that
the most general solution in any 2D theory—specified by the metric function Λ, the derivative of
the dilaton field D, and the torose coordinate σ

l
—and even when coupled to matter, can be fully

characterized by (F+,F−, C, f). The functions F± encode the coordinate transformations that
map arbitrary coordinates to Eddington–Finkelstein-like coordinates adapted to the Killing
vector; equivalently, they may be seen as the components of the Killing vector in the original
coordinate system. The remaining two structures, C and f , represent respectively a set of
constants corresponding to the conserved charges of the theory, and a set of arbitrary functions
corresponding to residual gauge freedoms, typically originating from the dimensional reduction
procedure by which the given 2D dilaton gravity theory is obtained.

We then showed that by employing static vacuum solutions written in this form, one can
construct non-stationary spacetimes describing classical gravitational collapse. Concretely, the
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Killing vector becomes discontinuous across the ingoing matter shockwave, so that each region
of spacetime on either side of the shockwave is individually stationary, while the full spacetime
lacks a single global Killing vector. This patchwise construction yields a genuine collapse
geometry, and we demonstrated that, within this setup, one recovers the correct expression for
the mass of the spacetime by starting from a massless background solution before introducing
the ingoing shockwave.

It is then clear that if one includes quantum corrections and selects a quantum state
such that the resulting geometry is stationary—for instance, the Hartle–Hawking or Boul-
ware state—the same formalism still applies. In that case, the quantum expectation value of
the EMT must satisfy the static ansatz, and the problem again reduces to one dimension. By
contrast, for an evaporating black hole, one has to take into account the quantum back-reaction
of the matter fields on the geometry. The corresponding solution is genuinely non-stationary,
and at first sight this appears to invalidate our static ansatz. However, this is not the case
if, from that point onward, one treats the problem perturbatively in the natural expansion
parameter ℏ.

Because the quantum-corrected energy–momentum tensor is proportional to ℏ at first order
in perturbation theory, one evaluates it on the zeroth-order background solution. That zeroth-
order solution coincides with the classical gravitational collapse obtained from the static ansatz.
After obtaining the first-order correction, one could, at least in principle, continue to compute
higher-order terms iteratively. Nevertheless, we demonstrate in explicit models that the first-
order correction already suffices to construct a consistent quantum-corrected evaporating black
hole geometry and, in turn, to determine its Page curve.

It is crucial to identify a well-defined pole in the tortoise coordinate in both eternal and evap-
orating black hole setups. All hypersurfaces of interest are located near the classical horizon,
which corresponds to a clear pole of the classical tortoise coordinate. One therefore naturally
adopts the dilaton as a radial coordinate, so that the tortoise coordinate relation becomes the
only way to switch between the radial coordinate and Eddington–Finkelstein–type coordinates.
In generic dilaton gravity theories there is a single pole in the tortoise coordinate, shifted
slightly away from the pole in the classical solution. This is straightforward in the eternal
black hole case, but for an evaporating black hole one must first introduce coordinates adapted
to the evaporation process and then re-express the position of the pole in terms of these new
coordinates.

In the following three chapters, we apply this framework in three models of 2D dilaton
gravity. First, as a comparison sector, we reproduce a well known result for both the eternal and
the evaporating black holes within the BPP model, and show that the symmetric ansatz together
with the first-order perturbative expansion is enough to reproduce the correct evolution of the
spacetime, from the initial spacetime, through the evaporating black hole region and finally to
the black hole remanent spacetime which is what is left after the black hole fully evaporates.
The most problematic step in this process is to find the end-point of evaporation, since it is
well known that it is not analytical in ℏ, since it is proportional to ∼ exp

(
−α

ℏ

)
. However, we

showed that a good choice of coordinates mends this issue. We call these (δ, x̂) coordinates
the evaporation-adapted coordinates. Now that the end-point is found, continuously matching
the solution across the x̂ = x̂E hypersurface is a straightforward process. Thus, we can also
conclude the final state of black hole evolution as well as the end-state geometry.

We then applied the same framework to the DREH model and to the Riemannian sector of
the DR5DCS model, successfully formulating both the eternal and evaporating black hole sce-
narios. Next, in Chapter 10, we take this analysis further and demonstrate that the framework
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accurately reproduces the Page curve in the DREH model. For the eternal black hole, the com-
putation turns out to be straightforward once the appropriate pole of the tortoise coordinate
is identified. In contrast, for the evaporating black hole solution, one must first determine the
location of the island boundary across the ingoing shockwave and then extend that solution
into the region where the evaporating black hole resides. Because the island also forms near the
classical horizon, having a well-defined pole for the tortoise coordinate is crucial. We showed
that the same qualitative behavior arises in the DREH model: the island hypersurface perfectly
mirrors the apparent horizon across the quantum-corrected horizon, which is specified by the
endpoint of evaporation, x̂ = x̂E.

The second line of research in this dissertation focuses on how torsion affects the thermo-
dynamic properties of gravitational systems. From the standpoint of coarse-grained entropy,
numerous questions remain unresolved about the role of torsion in black hole thermodynamics.
In certain models, torsion leads to a well-defined conserved quantity, often called torsion hair,
whereas in others it effectively becomes a fundamental constant of spacetime. In the latter
case, the first law of thermodynamics does not treat torsion as a thermodynamic variable, but
rather as a fixed parameter. This already makes the study of torsion in classical gravity an
important and active field of research.

Nonetheless, this is not the direction pursued in the present work. Here, torsion is of interest
because its impact on the island formula (1.6), and hence on the Page curve, is presently
unknown. The objective of this thesis is therefore to obtain well-defined solutions with torsion,
so that in future studies one can analyze the fine-grained entropy in a gravitational system that
includes torsion. A suitable framework featuring a well-known BTZ-like black hole solution with
non-zero torsion is a five-dimensional Chern-Simons theory. However, for studying fine-grained
entropy, it is crucial to have a well-defined torsional solution in two-dimensional spacetime.
To this end, we preformed a dimensional reduction of the 5DCS theory over a three-sphere,
yielding an effective 2D theory. The resulting model is a two-dimensional dilaton gravity theory
that not only contains extra fields originating from the five-dimensional torsion, but also admits
solutions with non-vanishing torsion in 2D.

To obtain these solutions, we examined various ways of coupling matter to gravity within the
DR5DCS framework, choosing to treat matter as minimally coupled to the gravitational field.
In this setup, we demonstrated that a real scalar field theory with a standard mass term yields
a cosmological solution describing a spacetime that oscillates between big bang and big crunch
events, with additional sudden curvature singularities appearing in between. Furthermore, we
showed that when a local U(1) symmetry is introduced—thereby generating an interaction
between a massless complex scalar field and the electromagnetic field—the resulting geometry
is again cosmological. Although the broader objective is to study the fine-grained entropy of
cosmological spacetimes, this is not our present focus.

We found that pure electrodynamics alone does not support solutions with non-zero tor-
sion. However, once the theory is restricted to its Riemannian sector, a charged black hole
solution with a single horizon appears. This configuration is relevant for computing the Page
curve and for analyzing how electric charge influences the fine-grained entropy in this model.
Nevertheless, within this line of work our main interest lies in solutions featuring non-vanishing
torsion. We also analyzed ideal fluid hydrodynamics and showed that, in this case, the metric
function Λ remains undetermined, indicating a residual gauge symmetry. Yet, when an addi-
tional field—such as the electromagnetic field or a massless scalar field—is included, the metric
is forced to be flat. Consequently, we arrive at a Minkowski vacuum solution endowed with
non-zero torsion.
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Finally, the most intriguing configurations appear when gravity is coupled to Dirac spinors.
In this framework, a fermionic soliton-star solution arises. It exhibits a clearly defined phase
transition. In the upper phase, the fermion density profile is distributed across the whole
spacetime, the curvature remains finite, and no horizons are present. Thus, this describes a
completely regular fermionic star. Moreover, one can impose appropriate junction conditions so
that the star becomes a compact object smoothly matched to a generic BTZ-like vacuum solu-
tion, thereby behaving as a genuine star. Once the critical threshold is exceeded, however, the
fermionic matter collapses and localizes at a specific point in spacetime. At that location, the
fermion density diverges and in turn generates a curvature singularity, while at the same time
a Killing horizon forms precisely there. This singular horizon is non-extremal, as it possesses
a non-zero surface gravity, and is therefore unstable. Nonetheless, we anticipate that including
quantum corrections will remove this singularity, while the fermions remain condensed in the
lower phase.

Future work

In the first research program, a concrete method was developed for computing both eternal and
evaporating black hole solutions, and this method was implemented in a physically relevant,
dimensionally reduced model of Einstein–Hilbert gravity. Using this framework, the Page
curve was obtained for both eternal and evaporating Schwarzschild black holes, which might
suggest that this line of investigation is essentially complete. Nevertheless, there remain many
important models for which the Page curve has not yet been derived, particularly in the context
of evaporating black holes. Such models include, but are not limited to, Reissner–Nordström,
Kerr–Newman, BTZ, and others.

A further direction is to use the new method to compute the Page curve via non-physical,
ghost-like fields in a hybrid state—for example, a Hartle–Hawking state for physical fields
combined with a Boulware state for non-physical ones. In this setup, the entanglement en-
tropy shows Page-curve behavior without an island. These extra fields can render the effec-
tive central charge negative and remove the space-time singularity, which appears to drive
the Page-curve-like evolution. It would be interesting to connect this approach to the stan-
dard Lewkowycz–Maldacena derivation of the island formula: Can these non-physical fields be
interpreted within the gravitational path integral, and how do the resulting Page curves quan-
titatively compare? One may also further generalize the hybrid quantum state to entangled
quantum states.

The second research program has a natural extension. Up to now, only the minimally-
coupled matter theories have been analyzed, even though the general equations for non-minimally
coupled fields are already available. It is therefore important to investigate the behavior of tor-
sion in this broader framework as well. Existing results already suggest the presence of highly
nontrivial phase transitions in the minimally coupled case, so one anticipates even richer dy-
namics when matter is coupled non-minimally.

Another possible line of inquiry is to incorporate quantum corrections and examine whether
they can resolve the singular horizons that arise in fermionic star solutions. Finally, to construct
more physically relevant models of 2D dilaton gravity with torsion, one should perform a
dimensional reduction of the 4D Einstein–Cartan theory, employing the most general spherically
symmetric ansatz for both the vielbein and the spin connection. Ultimately, the main goal of
this research program is to determine how the island formula is modified in the presence of
non-vanishing torsion.
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Appendix A

Riemann-Cartan geometry and spinors

The key distinction between Riemannian and Riemann-Cartan geometries lies in the presence of
a non-vanishing torsion in the latter case. Then, the geometry is determined by two fundamental
fields: vielbeins ea and spin-connection ωab. Vielbeins ea = eaµdx

µ represent a specific basis
in a 1-form space. They also satisfy the condition of orthogonality, so that the metric has a
following form:

g = ηabe
a ⊗ eb. (A.1)

In this basis, the components of the metric are ηab, that is, a flat Minkowski metric. For this
reason, the frame defined by ea is called local Lorentz frame, and the Latin indices a, b, c, ...
(0̂, 1̂, 2̂, ...) are called the local Lorentz indices. On the other hand, global space-time indices
are denoted by Greek letters µ, ν, ρ, ... (0, 1, 2, ...). We adopt the (−,+) signature, and adhere
to the convention ε0̂1̂ = +1 for the Levi-Civita tensor. The vector field space is spanned by
inverse vielbein ea = e µ

a ∂µ, so that the relations of biorthogonality are satisfied:

eaµe
µ

b = δab, eaµe
ν

a = δ ν
µ . (A.2)

The construction of a Riemannian space equipped with the Levi-Civita connection does not
allow for the non-vanishing torsion. Riemann-Cartan spaces are equipped with spin-connection
which allows for non-zero torsion. For the purpose of defining parallel transport of different
objects on a manifold, a Riemann-Cartan covariant derivative is defined by:

D = d +
1

2
ωabΣab ≡ ∇̃µdx

µ, (A.3)

where d represents the exterior derivative, and Σab denotes the local Lorentz generators within a
specific representation of the Lorentz group, under which the corresponding object transforms.
For example, in a case of a vector field, generators are given by:

(Σab)
c
d = δ c

a ηbd − δ c
b ηad. (A.4)

Using (A.4) the action of the Riemann-Cartan covariant derivative on a vector field A = Aaeais
given by:

DAa ≡ ∇̃µA
adxµ =

(
∂µA

a + ωa
bµA

b
)
dxµ. (A.5)

On the other hand, the Riemann-Cartan connection coefficients Γ̃ρ
νµ are defined as usual:

∇̃µA
ν = ∂µA

ν + Γ̃ν
ρµA

ρ. (A.6)
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Demaning that these two equations (A.5) and (A.6) are consistent yields the metricity condition:

∇̃µe
a
ν ≡ ∂µe

a
ν + ωab

µebν − Γ̃ρ
νµe

a
ρ = 0. (A.7)

After preforming antisymmetrization with respect to µ and ν indices and solving for ωab
µ results

into:
ωab

µ = ∆ab
µ +Kab

µ, (A.8)

where Kab
µ is contorsion, while ∆ab

µ is called Ricci coefficient of rotation. They are given by:

Kµρν = −1

2
(Tµρν − Tνµρ + Tρνµ) , (A.9)

∆abc =
1

2
(cabc − ccab + cbca) , (A.10)

where T µ
νρ = Γ̃µ

ρν − Γ̃µ
νρ and caµν = ∂µe

a
ν − ∂νeaµ. Since T µ

νρ is the antisymmetric part of the
connection coefficients, Γ̃ρ

µν are expressed as:

Γ̃ρ
µν = Γρ

µν +Kρ
µν , (A.11)

where Γρ
µν are the Christoffel symbols. Then the decomposition of the Riemann-Cartan covari-

ant derivative into the Riemannian part and the remainder is as follows:

∇̃νAµ = ∇νAµ −Kρ
µνAρ, (A.12)

where ∇µ is the covariant derivative with respect to the Christoffel symbols. The torsion and
the curvature are defined as covariant derivatives of the spin-connection and the vielbein in the
following manner:

R̃ab = dωab + ωa
c ∧ ωcb, (A.13)

T a = dea + ωa
b ∧ eb. (A.14)

Then it is easy to show that the components of torsion T µ
νρ are indeed the antisymmetric part

of the connection coefficients Γ̃µ
νρ. The two-dimensional space-time has higher symmetry, which

results in the simplified expressions for the spin-connection, contorsion, and curvature:

ωab
µ = εabωµ, Kab

µ = εabKµ, ∆ab
µ = εab∆µ,

R̃ab
µν = −1

2
εabεµνR̃, R̃ = 2εµν∂µων , R = 2εµν∂µ∆ν ,

T a
µν = eaαK

αεµν , (A.15)

where R is the Riemannian part of the scalar curvature. The following two identities involving
the Levi-Civita tensor always hold in a two-dimensional spacetime:

εαβεγδ = −gαγgβδ + gαδgβγ, (A.16)
gαβεγδ + gβγεδα + gδβεαγ = 0. (A.17)

With this newly defined notation, we can now move on to rewriting the Dirac equation for
a massive spinor field in curved space-time. The minimal coupling to the geometry gives the
following: (

γµ∇̃µ −m
)
ψ = 0, (A.18)
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where ∇̃µ represents the covariant derivative within the spinor representation and γµ = e µ
a γ

a

are the coordinate-dependent γ-matrices due to their requirement to satisfy the Clifford algebra
associated with the metric gµν . Notice that the covariant derivative in (A.18) lacks an imaginary
unit prefix. This is because the signature is (−,+) instead of the usual (+,−) typically used
in the context of the Dirac equation. Additionally, we define local γ-matrices γa that adhere
to the Clifford algebra corresponding to the metric ηab, specifically:

{γa, γb} = 2ηab. (A.19)

Next, we make the following choice:

γ 0̂ = iσ1 ∧ γ 1̂ = σ2, (A.20)

where σ1,2 are Pauli matrices. Now the generators of the Lorentz group in two dimensions can
be expressed as:

Σab ≡
1

4
[γa, γb] = −

σ3
2
εab (A.21)

The Lorentz conjugate is given by the following:

ψ̄ = iψ†γ 0̂. (A.22)

Lorentz covariant derivatives for the spinor field and its conjugate are:

∇̃µψ =
(
∂µ + ωµ

σ3
2

)
ψ, ∇̃µψ̄ = ∂µψ̄ − ψ̄

σ3
2
ωµ. (A.23)

Finally, the symmetrized action for the massive Dirac fermion is expressed as:

SD = −
∫

d2x
√
−g
[
1

2
ψ̄γµ∇̃µψ −

1

2
∇̃µψ̄γ

µψ −mψ̄ψ
]
. (A.24)

For the metric written in a conformal gauge ds2 = −e2ρdx+dx−, the appropriate choice of
vielbeins is given by:

e+̂− = e−̂+ = 0, (A.25)

e+̂+ = e−̂− = eρ, (A.26)

and the inverse vielbeins are:

e −
+̂

= e +
−̂ = 0, (A.27)

e +
+̂

= e −
−̂ = e−ρ, (A.28)

The Ricci rotation coefficients can be represented using the metric as follows:

∆µ =
1

2
εαβ
(
∂αgµβ − eaβ∂µeaα

)
(A.29)

Substituting metric in a conformal gauge results in:

∆+ = ∂+ρ ∧ ∆− = −∂−ρ. (A.30)
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Appendix B

Transcendental equation solution

Here we solve the transcendental equation (5.102), that is:

ex̂(x̂− 1) = δex(x− 1), (B.1)

when δ ⩽ 1, x̂ ⩾ 0 and x ⩾ 0. Notice that when δ = 1, we have a simple solution x̂ = x. This
is the only solution, since both functions are monotonically increasing, which implies that they
intersect at most once. This is true simply because when σ+ = σ+

0 , the metric becomes that of
the Minkowski space-time (see section 5.1.3). This fact will be extensively used as well as the
fact that δ < 1 when σ+ > σ+

0 . Two cases will be studied, since the function on the right-hand
side of Equation (B.1) behaves differently depending on whether x ⩾ 1 or x ⩽ 1.

It is important to further discuss the condition x̂ ⩾ 0. Figure 3.2 shows space-time. In part I
of space-time the boundary is defined by x = 0. The formation of the singularity happens when
the collapsing matter’s world-line σ+ = σ+

0 hits the boundary of space-time. This corresponds
to x̂ = 0, which implies that x̂ ⩾ 0.

Theorem 1. The solution to equation (B.1) x̂ = x̂(x, δ), when δ ⩽ 1, x̂ ⩾ 0 and x ⩾ 1 is given
by the following functional series:

x̂(x, δ) = x−
∞∑
n=1

(1− δ)n

n!

(
1− 1

x

)n

Pn−1

(
1

x

)
, (B.2)

where Pn(x) are polynomials of the n-th degree, defined by the following recurrence relation,

Pn(x) =

[
n(x+ 1) + x2

d

dx

]
Pn−1(x), (B.3)

and the initial condition P0(x) = 1.

Proof. We expand the function x̂ = x̂(x, δ) in a Taylor series around δ = 1:

x̂ = x +
∞∑
n=1

1

n!

∂nx̂

∂δn

∣∣∣∣
δ=1

(δ − 1)n , (B.4)

where we have used the fact that x̂(x, 1) = x. The differential of the function x̂ = x̂(x, δ) is
given by:

dx̂ =
ex(x− 1)

x̂ex̂
dδ + δ

xex

x̂ex̂
dx. (B.5)
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The n-th derivative can be written in the following form:

∂nx̂

∂δn
= enx(x− 1)n

(
e−x̂

x̂

d

dx̂

)n−1
e−x̂

x̂
. (B.6)

Demanding that δ = 1 is equivalent to replacing x̂ = x on the right hand side of equation (B.6).
We define the array of polynomials Pn

(
1
x

)
by:

Pn−1

(
1

x

)
= (−1)n−1xnenx

(
e−x

x

d

dx

)n−1
e−x

x
. (B.7)

Using mathematical induction, it is easy to show that the Rodrigues formula (equation (B.7))
really defines polynomials of degree n−1. With the help of equation (B.7) it is straight forward
to derive a recurrence relation for the Pn(1/x) polynomials, which is given by:

Pn

(
1

x

)
=

[
n

(
1 +

1

x

)
− d

dx

]
Pn−1

(
1

x

)
. (B.8)

From this relation, the recurrence relation (B.3) is directly derived by the substitution x = 1/x.
Replacing n = 1 in equation (B.7), the initial condition reads P0(x) = 1.

To properly use equation (B.2), it is important to show that this series is uniformly conver-
gent. If so, then the solution of equation (B.1) when x ⩾ 1 is given by equation (B.2).

Theorem 2. The series
∑∞

n=1
(1−δ)n

n!
fn(x) is uniformly convergent when x ⩾ 1. The functional

array fn(x) is defined by the following equation:

fn(x) =

(
1− 1

x

)n

Pn−1

(
1

x

)
. (B.9)

Proof. To prove this theorem, we need to prove the following lemma first.

Lemma 1. The functions fn(x) are monotonically increasing functions of x when x ⩾ 1.

Proof. We will calculate the derivative of the function fn(x), and show that it is positive when
x > 1. Using equation (B.8) the derivative of the polynomial Pn−1(x) can be eliminated,
resulting in:

dfn(x)

dx
=

(
1− 1

x

)n−1 [
nPn−1

(
1

x

)
−
(
1− 1

x

)
Pn

(
1

x

)]
. (B.10)

Since x > 1, f ′
n(x) > 0 is equivalent to proving that

nPn−1

(
1

x

)
>

(
1− 1

x

)
Pn

(
1

x

)
, ∀n ⩾ 1. (B.11)

We write the polynomials in terms of their coefficients as Pn(x) =
∑n

k=0 a
(k)
n xk. Equation (B.11)

now takes the following form:

na
(0)
n−1 − a(0)n +

n−1∑
k=1

[
na

(k)
n−1 + a(k−1)

n − a(k)n

] 1

xk
+
[
a(n−1)
n − a(n)n

] 1

xn
+ a(n)n

1

xn+1
> 0. (B.12)
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We will show that coefficient of every order in equation (B.12) is greater than 0. To do this
we need the recurrence relation between the coefficients a(k)n , which is easily derived using
recurrence relation (B.3). The result is given by:

k = 0 : a(0)n = na
(0)
n−1, (B.13)

k = 1 : a(1)n = na
(1)
n−1 + na

(0)
n−1, (B.14)

1 < k < n : a(k)n = na
(k)
n−1 + (n+ k − 1)a

(k−1)
n−1 , (B.15)

k = n : a(n)n = (2n− 1)a
(n−1)
n−1 . (B.16)

Together with the initial condition a
(0)
0 = 1, equations (B.13) through (B.16) give a(0)n = n!,

a
(1)
n = nn! and a(n)n = (2n− 1)!! respectively. Now, we return to proving the inequality (B.12).

From equation (B.13) it follows that the k = 0 term in the (B.12) vanishes. The first-order
term vanishes because a(1)n = nn!. Now, the inequality (B.12) nay be recast as:

(∀k ∈ {2, 3, ..., n− 1}) na(k)n−1 + a(k−1)
n − a(k)n > 0. (B.17)

With the help of the relation (B.15), the inequality (B.17) can be rewritten in the following
form:

(n+ k − 2)a
(k−2)
n−1 > (k − 1)a

(k−1)
n−1 . (B.18)

Shifting k − 1 to k, and n− 1 to n, we arrive at the following expression:

(∀k ∈ {1, 2, ..., n− 1}) (n+ k)a(k−1)
n > ka(k)n . (B.19)

Now, we apply mathematical induction to prove this inequality. First, we prove the relation
for n = 3 (the base case of the induction). The coefficients of the polynomial P3(x) = 15x3 +
25x2 + 18x + 6 clearly satisfy relations (B.19). We need to prove that the relation holds for
n+ 1 if relation (B.19) is satisfied for n (induction hypothesis):

(∀k ∈ {1, 2, ..., n}) (n+ k + 1)a
(k−1)
n+1 > ka

(k)
n+1. (B.20)

Using relation (B.15), the inequality (B.20) can be rewritten as:

(∀k ∈ {2, ..., n}) (n+ 1)
[
(n+ k)a(k−1)

n − ka(k)n

]
+ (n+ k + 1)

[
(n+ k − 1)a(k−2)

n − (k − 1)a(k−1)
n

]
> 0.

(B.21)

Following from the hypothesis, both terms are greater then 0. Only two cases remain to be
proven: k = 1 and k = n. In the case of k = 1, the relation is given by (n + 2)a

(0)
n+1 > a

(1)
n+1.

Using the closed forms for these two coefficients, (n + 2)(n + 1)! > (n + 1)(n + 1)!, which is
clearly satisfied. In the case of k = n, we are allowed to use formula (B.21), which takes the
following form:

(n+ 1)n
[
2a(n−1)

n − a(n)n

]
+ (2n+ 1)

[
(2n− 1)a(n−2)

n − (n− 1)a(n−1)
n

]
> 0. (B.22)

The second term is greater then zero (from the hypothesis). Using relation (B.15) we get

2a(n−1)
n > 2na

(n−1)
n−1 = 2n(2n− 3)!! > (2n− 1)!! = a(n)n . (B.23)

With this, the mathematical induction is finished and we have proven inequality (B.19), and
subsequently the inequality (B.17).
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The last remaining part of inequality (B.12) that needs to be proven is the relation (∀n ⩾
1)a

(n−1)
n > a

(n)
n . Using the relation (B.15) (and the result a(n)n = (2n − 1)!!) repeatedly, it is

easy to arrive at the following expression for the closed form of a(n−1)
n :

a(n−1)
n =

n−1∑
k=0

2k(n− k)(n− 1)!(2(n− k)− 3)!!

(n− k − 1)!
. (B.24)

The zeroth term in this sum is equal to n(2n − 3)!!, and every other term is greater then
(2n − 3)!!, which means that: a(n−1)

n > (2n − 1)(2n − 3)!! = a
(n)
n . This is what we needed to

prove.

With this, we have proven inequality (B.12) and subsequently inequality (B.11), thus proving
the lemma.

To prove theorem 2, the Weierstrass criterion will be used. Lemma 1 implies that

(∀x ⩾ 1)fn(x) < lim
x→∞

fn(x) = a
(0)
n−1 = (n− 1)!, (B.25)

∀n ⩾ 1. The inequality (B.25) implies the following inequality for the coefficients of the series∑∞
n=1

(1−δ)n

n!
fn(x):

(∀n ⩾ 1)(∀x ⩾ 1)

∣∣∣∣(1− δ)nn!
fn(x)

∣∣∣∣ < (1− δ)n

n
. (B.26)

The next step is to prove that the series
∑∞

n=1
(1−δ)n

n
converges. By the comparison test, this is

true for |1− δ| < 1, which is satisfied. Then, according to the Weierstrass criterion, the series∑∞
n=1

(1−δ)n

n!
fn(x) converges uniformly.

This result is important because the infinite sum may exchange places with integrals and
limits with respect to x, which will be used in the main text. Now we move on to the case
when x < 1.

Theorem 3. The solution to equation (B.1) x̂ = x̂(x, δ), when δ ⩽ 1, x̂ ⩾ 0 and 0 ⩽ x ⩽ 1 is
given by the following functional series:

x̂(x, δ) = 1−
∞∑
n=1

δn

n!
Pn−1(1)e

n(x−1)(1− x)n, (B.27)

where Pn(x) are the polynomials defined in theorem 1.

Proof. If 0 ⩽ x ⩽ 1, then 0 ⩽ ex(1− x) ⩽ 1, which means that we can choose δ̃ = δex(1− x) as
a small parameter, and expand the solution as a Taylor series with respect to δ̃ around δ̃ = 0,

x̂(δ̃) = x̂(0) +
∞∑
n=1

δ̃n

n!

dnx̂

dδ̃n

∣∣∣∣
δ̃=0

. (B.28)

The equation we are solving, in terms of x̂ = x̂(δ̃), is given by:

ex̂(δ̃)(1− x̂(δ̃)) = δ̃. (B.29)
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With the help of the equation (B.29) the n-th derivative of the function x̂(δ̃) is given by

dnx̂

dδ̃n
= (−1)n

(
e−x̂

x̂

d

dx̂

)n−1
e−x̂

x̂
= −e

−nx̂

x̂n
Pn−1

(
1

x̂

)
, (B.30)

where equation (B.7) has been used. Using the fact that x̂ = 1 when δ̃ = 0 we arrive at the
following expression:

dnx̂

dδ̃n
= −e−nPn−1(1). (B.31)

Changing this result in formula (B.28) we find δ̃ = δex(1 − x) and we have derived formula
(B.27).

To be able to use this result (B.27), once again we need to prove that the series appearing
in equation (B.27) is uniformly convergent.

Theorem 4. The series
∑∞

n=1
δn

n!
Pn−1(1)e

n(x−1)(1−x)n is uniformly convergent when 0 ⩽ x ⩽ 1.

Proof. Since 0 ⩽ x ⩽ 1, we have enx(1− x)n < 1, which means∣∣∣∣δnn! Pn−1(1)e
n(x−1)(1− x)n

∣∣∣∣ < δn

n!
Pn−1(1)e

−n, (B.32)

∀0 ⩽ x ⩽ 1 and ∀n ⩾ 1. The next step is to prove that the series
∑∞

n=1
δn

n!
Pn−1(1)e

−n is
convergent. To be able to do this, we need a closed form for Pn−1(1), which will be derived in
the following lemma, without proof.

Lemma 2. The polynomials defined in theorem 1 have the following property: Pn(1) = (n +
1)n, ∀n ⩾ 0.

Now we can use the comparison test to check if the series
∑∞

n=1
δn

n!
Pn−1(1)e

−n is convergent.
Using lemma 2 we get

δn+1

(n+1)!
(n+ 1)ne−(n+1)

δn

n!
nn−1e−n

=
δ

e

(
1 +

1

n

)n−1

−→
n→∞

δ, (B.33)

which means that the series is convergent when δ < 1. This requirement is satisfied by the theo-
rem statement. Then, according to the Weierstrass criterion, the series

∑∞
n=1

δn

n!
Pn−1(1)e

n(x−1)(1−
x)n converges uniformly.

Sometimes functions of x̂ will appear in our calculations (for example, ln x̂). Similar expres-
sions to those of theorems 1 and 3 are needed for these functions.

Theorem 5. The differentiable function F(x̂(x, δ)), where x̂ is a solution of the equation (B.1),
when δ ⩽ 1, x̂ ⩾ 0 and x ⩾ 1, is given by the following functional series:

F(x̂) = F(x)−
∞∑
n=1

(1− δ)n

n!

(
1− 1

x

)n

Fn−1

(
1

x

)
, (B.34)

where Fn(x) is an array of functions, defined by the following recurrence relation,

Fn(x) =

[
n(x+ 1) + x2

d

dx

]
Fn−1(x), (B.35)

and the initial condition F0(x) = −x2 dF(1/x)dx
.
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Proof. The proof is analogous to that of theorem 1. We start by writing the Taylor series of
the function F(x, δ) around the point δ = 1:

F(x̂) = F(x) +
∞∑
n=1

1

n!

∂nF(x̂)

∂δn

∣∣∣∣
δ=1

(δ − 1)n. (B.36)

The n-th derivative is now given by the following expression:

∂nF(x̂)

∂δn
= enx(x− 1)n

(
e−x̂

x̂

d

dx̂

)n−1
e−x̂

x̂

dF(x̂)

dx̂
. (B.37)

The same way as in the theorem 1 we define an array of functions:

Fn−1

(
1

x

)
= (−1)n−1xnenx

(
e−x

x

d

dx

)n−1
e−x

x

dF(x)

dx
. (B.38)

It is now obvious that the recurrence relation for the functions Fn would be the same as for
the polynomials defined in the theorem 1. The only difference would be the initial condition,
which is now given by F0(1/x) =

dF(x)
dx

. Applying the substitution x 7→ 1/x, we arrive at the
expression given in the statement of the theorem.

Once again, the question of uniform convergence must be asked. This time, it depends on
the form of the function F(x̂). The first requirement is that F does not diverge when x̂ → ∞,
since the radius of convergence would depend on x, and the discussion of uniform convergence
would become meaningless. From the proof of theorem 2 we can see that the necessary condition
is:

(∀x ⩾ 1)(∃n0)(∀n ⩾ n0)

∣∣∣∣ (1− 1

x

)n

Fn−1

(
1

x

) ∣∣∣∣ < n!. (B.39)

The function ln x̂ is the only one directly involved in the calculation. Since this is the case, we
will take extra care of this function.

Corollary 1. The function ln x̂(x, δ) when δ ⩽ 1, x̂ ⩾ 0 and x ⩾ 1, is given by the following
functional series:

ln x̂ = ln x−
∞∑
n=1

(1− δ)n

n!

(
1− 1

x

)n

Qn−1

(
1

x

)
, (B.40)

where Qn(x) are polynomials of degree n+ 1, defined by the following recurrence relation:

Qn(x) =

[
n(x+ 1) + x2

d

dx

]
Qn−1(x), (B.41)

and the initial condition Q0(x) = x.

Proof. This corollary is a direct consequence of theorem 5. The initial condition is obvious
since −x2(ln (1/x))′ = x. We only need to prove that Qn are polynomials of degree n + 1,
which follows directly from the recurrence relation (B.41) since it increases the degree of the
polynomial by one, and the degree of the zeroth polynomial is 1. This concludes the proof.

Theorem 6. The series
∑∞

n=1
(1−δ)n

n!
fn(x) is uniformly convergent when x ⩾ 1. The functional

array fn(x) is defined by the following equation:

fn(x) = x

(
1− 1

x

)n+1

Qn−1

(
1

x

)
. (B.42)
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Proof. This proof will not be as detailed as the previous proofs since it is based on the same
ideas. By mathematical induction, it is easy to prove that the functions fn(x) are monotonically
increasing, the same way as in lemma 1. This fact implies that the functions fn(x) take their
maximum value when x→∞. Then, the recurrence relations (B.41) tell us that the maximal
value is (n− 1)!. The rest of the proof is exactly the same as in theorem 2.

Now we examine the x < 1 case.

Theorem 7. The function ln x̂(x, δ), when δ ⩽ 1, x̂ ⩾ 0 and 0 ⩽ x ⩽ 1 is given by the following
functional series:

ln x̂ = −
∞∑
n=1

δn

n!
Qn−1(1)e

n(x−1)(1− x)n, (B.43)

where Qn(x) are the polynomials defined in corollary 1.

Proof. The proof of this theorem is essentially the same as the proof of theorem 3. The only
difference is the appearance of the polynomials Qn instead of the polynomials Pn.

Finally, we need to prove the uniform convergence of the series appearing in Equation (B.43).

Theorem 8. When 0 ⩽ x ⩽ 1, the functional series
∑∞

n=1
δn

n!
Qn−1(1)e

n(x−1)(1−x)n is uniformly
convergent.

Proof. As in theorem 4, we can write:∣∣∣∣δnn!Qn−1(1)e
n(x−1)(1− x)n

∣∣∣∣ < δn

n!
Qn−1(1)e

−n. (B.44)

Now we need the closed form of Qn−1(1), which will be given by the following lemma without
proof.

Lemma 3. The polynomials defined in corollary 1 have the following property: (∀n ⩾ 1) Qn−1(1) =

(n− 1)!
∑n−1

k=0
nk

k!
.

Using lemma 3, the following inequality holds:

Qn−1(1) = (n− 1)!
n−1∑
k=1

nk

k!
< (n− 1)!en. (B.45)

Using (B.45), the inequality (B.44) becomes:∣∣∣∣δnn!Qn−1(1)e
n(x−1)(1− x)n

∣∣∣∣ < δn

n
. (B.46)

The next step would be to prove the convergence of the series
∑∞

n=1
δn

n
. This series is convergent

by the comparison test when δ < 1, which is satisfied.
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Appendix C

Review of the Schwarzschild solution

The Schwarzschild solution represents the spherically symmetric, static solution of the vacuum
Einstein equations, that is, to the system of equations:

Rµν = 0. (C.1)

Here, Rµν denotes the Ricci tensor. It can be shown that this metric constitutes the unique
static, spherically symmetric solution of the vacuum Einstein equations. This result is encapsu-
lated in Birkhoff’s theorem. A static, spherically symmetric solution of the Einstein equations,
or any appropriate subset thereof, represents the spacetime geometry in the vicinity of an arbi-
trary spherically symmetric gravitating source, and therefore also of static black holes. Within
the class of stationary solutions, there also exist rotating black holes (provided the theory is
not coupled to electrodynamics). These configurations, however, are not static. The metric
components do not explicitly depend on time. This only implies invariance under time trans-
lations, but not under time reversal (which holds for static spacetimes). The most general
stationary, asymptotically flat black hole solution is the Kerr–Newman solution. This solution
simultaneously incorporates both electric charge and angular momentum (i.e., rotation) of the
black hole. In this supplement, we shall largely follow the exposition presented in Chapter 4 of
Carroll’s book [106].

C.1 The Schwarzschild spacetime metric

In this section, we address the vacuum Einstein equations. The most general spherically sym-
metric metric can be expressed in the form:

ds2 = gaada
2 + 2gardadr + grrdr

2 + r2
(
dθ2 + sin2 θdϕ2

)
. (C.2)

Owing to the assumption of spherical symmetry, the metric components gar, grr, and gaa do
not depend on the angular coordinates θ and ϕ. It can be shown that this metric admits a
diagonal representation upon introducing a new time coordinate whose differential is defined
by:

dt = I(a, r) (gaada+ gardr) . (C.3)

Upon implementing this substitution, the metric may be expressed in the following form:

ds2 =
dt2

I2gaa
+

(
grr −

g2ar
gaa

)
dr2 + r2

(
dθ2 + sin2 θdϕ2

)
. (C.4)
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Since we began with the most general expression for the metric, we can therefore conclude
that restricting ourselves to a diagonal form of the metric does not entail any loss of generality
in the resulting solution. Accordingly, for the ansatz we adopt:

ds2 = −e2α(t,r)dt2 + e2β(t,r)dr2 + r2
(
dθ2 + sin2 θdϕ2

)
. (C.5)

By inserting this ansatz into the equations and exploiting the diagonality of the metric, we
obtain:

Γρ
µν =

1

2
eρλ
[
∂µgνλ + ∂νgµλ − ∂λgµν

]
, (C.6)

we can readily determine all components of the Christoffel symbols:

Γr
tt = e2(α−β)∂rα, Γt

rr = e−2(α−β)∂tβ, Γt
rt = ∂rα, Γr

tr = ∂tβ,

Γr
θθ = −re−2β, Γr

ϕϕ = −r sin2 θe−2β, Γθ
rθ =

1

r
, Γϕ

rϕ =
1

r
,

Γθ
ϕϕ = − sin θ cos θ, Γϕ

θϕ = cot θ, Γt
tt = ∂tα, Γr

rr = ∂rβ.

(C.7)

To determine the solutions of the equations of motion, it is necessary to compute the components
of the Ricci tensor. Specifically, we employ:

Rµν = Rρ
µρν = ∂ρΓ

ρ
µν − ∂νΓρ

µρ + Γρ
αρΓ

α
µν − Γρ

ναΓ
α
µρ. (C.8)

By inserting the Christoffel symbols (C.7) and the ansatz (C.5) into (C.8), we arrive at:

Rtt = −
[
∂2t β + (∂tβ)

2 − ∂tα∂tβ
]
+

[
∂2rα + (∂rα)

2 − ∂rα∂rβ +
2

r
∂rα

]
e2(α−β), (C.9)

Rrr = −
[
∂2rα + (∂rα)

2 − ∂rα∂rβ −
2

r
∂rβ

]
+

[
∂2t β + (∂tβ)

2 − ∂tα∂tβ
]
e2(β−α), (C.10)

Rθθ = 1 +

[
r∂r (β − α)− 1

]
e−2β, (C.11)

Rϕϕ =

{
1 +

[
r∂r (β − α)− 1

]
e−2β

}
sin2 θ, (C.12)

Rrt =
2

r
∂tβ. (C.13)

These expressions constitute all non-vanishing components of the Ricci tensor. The equa-
tions of motion can therefore be obtained by imposing that each of these components vanishes.
Immediately, from the rt-equation, we see that β = β(r), so the rr and tt equations reduce to:

∂2rα + (∂rα)
2 − ∂rα∂rβ + 2

r
∂rα = 0

∂2rα + (∂rα)
2 − ∂rα∂rβ − 2

r
∂rβ = 0

}
=⇒ ∂rα = −∂rβ. (C.14)

By employing this result in the θθ-equation, we obtain:

2r
dβ

dr
− 1 = −e2β =⇒ r

de−2β

dr
+ e−2β = 1 =⇒ d

dr

(
re−2β

)
= 1 =⇒ e2β =

1

1− C
r

, (C.15)
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where C is the integration constant. It remains to be verified whether this solution satisfies the
rr-equation. A direct calculation shows that it is indeed satisfied for an arbitrary constant C.
The only task left is to determine α(r, t). Since we have ∂rα = −∂rβ, we conclude:

α(t, r) = −β(r) + f(t) =⇒ e2α(t,r)dt2 = e−2β(r)dt
′2, where :

dt
′

dt
= ef(t). (C.16)

With this, we have completely eliminated the time dependence from the metric. This means
that we have indeed obtained a static solution, as expected, i.e. a family of solutions depending
on the constant C. It is clear that this constant must be related to the mass of the matter
around which we sought the solution. In order to determine this relation, it is necessary to
compute the non-relativistic limit of the Einstein equations. We do not perform that calculation
here. It turns out that the non-relativistic gravitational potential can be identified with the
quantity ϕ(r) = −1

2
h00, where gµν = ηµν + hµν , representing the expansion around the flat

spacetime metric ηµν . Since we know that in the non-relativistic case the following holds:

ϕ(r) = −GM
r

=⇒ −1

2
h00(r) = −

C

2r
= −GM

r
=⇒ C = 2GM. (C.17)

Therefore, the spacetime around a static, spherically symmetric mass distribution is given by
the following metric:

ds2 = −
(
1− 2GM

r

)
dt2 +

dr2

1− 2GM
r

+ r2
(
dθ2 + sin2 θdϕ2

)
. (C.18)

C.2 Singularity

The most important concept related to black holes is the singularity. The first thing we notice
when examining the metric from the previous section (Equation (C.18)) is that it diverges at
r = 0 and at r = 2GM . We are interested in whether these are true singularities or merely
coordinate singularities. To answer this question, it is necessary to determine invariants under
diffeomorphisms (i.e., coordinate transformations). Two invariants are already known:

R = gµνRµν = 0 ∧ RµνRµν = 0. (C.19)

Neither of these two invariants diverges at r = 0 or at r = 2GM . One invariant still remains
to be determined, namely RµνρσRµνρσ. In order to compute it, we first need to evaluate the
components of the Riemann curvature tensor, which in turn requires the Christoffel symbols.
Based on the formulas C.7 from the previous section, for the Christoffel symbols we obtain:

Γr
tt =

(
1− 2GM

r

)
GM

r2
, Γr

θθ = 2GM − r, Γr
ϕϕ = (2GM − r) sin2 θ,

Γr
rr = −

1

1− 2GM
r

GM

r2
, Γt

rt =
1

1− 2GM
r

GM

r2
,

Γθ
rθ =

1

r
, Γϕ

rϕ =
1

r
, Γθ

ϕϕ = − sin θ cos θ, Γϕ
θϕ = cot θ.

(C.20)

All other Christoffel symbols vanish. The next step is to compute the components of the
Riemann tensor. Using:

Rρ
µσν = ∂σΓ

ρ
µν − ∂νΓρ

µσ + Γρ
ασΓ

α
µν − Γρ

ναΓ
α
µσ, (C.21)
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we obtain:

Rθ
tθt = R

ϕ
tϕt =

(
1− 2GM

r

)
GM

r3
, Rr

trt = −
(
1− 2GM

r

)
2GM

r3
,

Rθ
rθr = R

ϕ
rϕr = −

1

1− 2GM
r

GM

r3
, Rt

rtr =
1

1− 2GM
r

2GM

r3
,

Rt
θtθ = Rr

θrθ = −
GM

r
, Rϕ

θϕθ =
2GM

r
,

Rt
ϕtϕ = Rr

ϕrϕ = −GM
r

sin2 θ, Rθ
ϕθϕ =

2GM

r
sin2 θ.

(C.22)

Since we know that Rµν = 0, we see that the above components of the Riemann tensor are
consistent. We can now determine the remaining invariant:

RµνρσRµνρσ =
48(GM)2

r6
. (C.23)

We observe that this quantity diverges at r = 0. Since this is an invariant under coordinate
transformations, it must diverge in all coordinate systems, and we therefore conclude that r = 0
is a true singularity. Later we shall see what this implies. On the other hand, r = 2GM is not
a true singularity, but rather a coordinate singularity. This means that there exist coordinates
in which this is not a singularity. Later we shall see that these are the Kruskal coordinates.
Let us note that when we take the limit r →∞, the metric becomes the Minkowski spacetime
metric. This implies that our spacetime is asymptotically flat. We conclude:

The Schwarzschild metric describes an asymptotically flat spacetime with a singularity at
r = 0. The quantity rs = 2GM is called the Schwarzschild radius.

With the Christoffel symbols and the components of the Riemann curvature tensor, one can
compute the geodesics as well as the geodesic deviation equation. However, we shall not pursue
this here, since they are not of relevance for the thermodynamics of black holes.

C.3 The maximally extended Schwarzschild solution

In this section, we present a systematic procedure for constructing the maximally extended
spacetime. Within this framework, the complete causal structure of the spacetime is rendered
explicitly manifest. This requirement implies that our overarching objective is to identify a
coordinate system in which null geodesics propagate at a constant angle of 45◦ at every point
in spacetime. In other words, the light cones appear as they do in Minkowski space. However,
the analysis becomes considerably more complicated once we impose the requirement that the
metric remain regular over the entire spacetime, with the sole exception of the point r = 0.

First, we resolve the problem of the causal structure. Light rays propagate along hyper-
surfaces of null type. Let us consider radial light rays. This corresponds to fixing the angular
coordinates θ and ϕ to prescribed constant values. Under these conditions, we obtain:

ds2 = 0 ⇐⇒ −
(
1− 2GM

r

)
dt2 +

dr2

1− 2GM
r

= 0 =⇒ dt

dr
= ± 1

1− 2GM
r

. (C.24)

Here, ± denotes incoming and outgoing light rays. By solving this equation, we obtain:

t = ±
[
r + 2GM ln

( r

2GM
− 1
)]

+ const. (C.25)
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In Figure C.1, the graphs of the func-
tions defined in Equation (C.25) are presented.
The figure clearly illustrates that, as one ap-
proaches the hypersurface r = 2GM , the corre-
sponding light cones become progressively nar-
rower, and in the limit r → 2GM , they de-
generate and effectively close at r = 2GM .
The cones illustrate the causal connection be-
tween the future and the past. As we approach
r = 2GM , we obtain progressively less infor-
mation, until ultimately at r = 2GM we can
no longer distinguish between future and past.

Figure C.1: Closing of light cones in (t, r) co-
ordinates

Because the spacetime under consideration is static, it necessarily admits a timelike Killing
vector. This Killing vector field is explicitly given by ξ = ∂t. This implies that the time
coordinate must remain fixed. Consequently, we infer that the spatial coordinate has to be
redefined in order to obtain light cones that are inclined at an angle of 45◦ throughout the
entire spacetime. To achieve this, we introduce the tortoise coordinate in the following way:

ds2 =

(
1− 2GM

r

)(
−dt2 + dr2(

1− 2GM
r

)2
)

+ r2dΩ2 ≡
(
1− 2GM

r

)(
−dt2 + dr2∗

)
+ r2dΩ2.

(C.26)

From this expression, we observe that the quantity r∗ is defined by:

dr∗
dr

=
dr

1− 2GM
r

=⇒ r∗ = r + 2GM ln
∣∣∣ r

2GM
− 1
∣∣∣. (C.27)

Observe that this coordinate (with the absolute value) is well-defined both for r > 2GM and for
r < 2GM . Consequently, the manifold decomposes into two coordinate patches: one covering
the region r > 2GM and the other covering the region r < 2GM . It therefore follows that:

ds2 = 0 =⇒ dt

dr∗
= 0 =⇒ t = r∗ + const, (C.28)

that is, we have determined that the light cones exhibit precisely the same structure as in
Minkowski spacetime. Nevertheless, the requirement of metric regularity over the entire space-
time, except at r = 0, has not been achieved. The problematic hypersurface at r = 2GM
persists; however, under the tortoise coordinate transformation it is mapped to r∗ → −∞.
To proceed, we introduce the Eddington–Finkelstein coordinates, which provide an adapted
description of outgoing and ingoing null geodesics in the (t, r∗) coordinate system. These coor-
dinates are defined by:

σ± = t± r∗ =⇒ ds2 = −
(
1− 2GM

r

)
dσ+dσ− + r2

(
dθ2 + sin2 θdϕ2

)
. (C.29)

Let us first move to the (σ+, r) coordinates. In these coordinates, the metric is given by:

ds2 = −
(
1− 2GM

r

)
dσ+2 + 2dσ+dr + r2(dθ2 + sin2 θdϕ2). (C.30)

291



APPENDIX C. REVIEW OF THE SCHWARZSCHILD SOLUTION

The light cones now satisfy the following equations:

ds2 = 0 =⇒ dσ+

dr
= 0 ∧ dσ+

dr
=

2

1− 2GM
r

. (C.31)
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The left equation corresponds to incom-
ing light rays (blue in Figure C.2), while the
right equation corresponds to outgoing light
rays (red in the figure). Let us immediately
note that by introducing these coordinates we
have resolved the problem of two charts that
arose when using the coordinate r∗. From the
figure it is clear that a freely falling observer
can transmit information about their position
as long as they have not yet reached r = 2GM .
However, for r < 2GM , all timelike (and even
null) trajectories are directed toward the sin-
gularity.

Figure C.2: Light cones in (σ+, r) coordinates.

We conclude that once particles enter the region r < 2GM , they can no longer change their
direction and return. Their future becomes uniquely determined. The spatial coordinate r
behaves as a temporal coordinate. All particles inevitably end up at the singularity. Let us
note that for r < 2GM it is not even possible to remain at a fixed r. For this reason, the
surface r = 2GM is called the future event horizon. Since even light cannot escape the region
bounded by this event horizon, we cannot know what occurs within this domain. It is precisely
by this property that black holes received their name. The singularity at r = 0 is called the
black hole singularity. Let us now move to the (σ−, r) coordinates. In these coordinates, the
metric is given by:

ds2 = −
(
1− 2GM

r

)
dσ−2 − 2dσ−dr + r2(dθ2 + sin2 θdϕ2). (C.32)

ds2 = 0 =⇒ dσ−

dr
= 0 ∧ dσ−

dr
= − 2

1− 2GM
r

. (C.33)

In (σ−, r) coordinates, the left equation
represents outgoing rays, while the right equa-
tion represents incoming rays. We see that now
a freely falling observer can transmit informa-
tion about their position even when located in
the region r < 2GM . On the other hand, they
cannot send information toward the singular-
ity! We conclude that the past of all particles
that were located in the region r < 2GM is
the singularity. In the region r > 2GM , the
observer can move in both directions along the
r-axis, just as in the previous choice of coordi-
nates.

Figure C.3: Light cones in (σ−, r) coordinates.

For the reasons stated above, the surface r = 2GM is, in this case, called the past event
horizon, while the singularity at r = 0 is referred to as the white hole singularity. This is not a
phenomenon that occurs in nature. It merely represents another possible choice of coordinates.

Thus far, to the asymptotically flat region characterized by r > 2GM we have appended
both the white-hole and black-hole. However, this construction does not yet correspond to
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the maximally extended Schwarzschild solution. The maximally extended solution is realized
when every geodesic can either be continued up to the maximal value of its affine parameter
or else terminates at the singularity. In the coordinate chart defined by (t, r), this requirement
is not satisfied. The coordinate t spans the entire real line, −∞ < t < ∞, whereas the radial
coordinate r is restricted to the domain 2GM < r < ∞. For the case of (σ+, r) and (σ−, r),
this issue has been fully addressed. Nonetheless, it turns out that there exists an additional,
distinct asymptotically flat region.

In the (σ+, σ−) coordinates we still encounter a problem. This is evident because the r∗
coordinate behaves differently in the regions r > 2GM and r < 2GM , so the coordinates σ+ and
σ− span the entire range of values in both regions. What we seek are coordinates x± = x±(σ±)
in which the metric is regular everywhere except at point r = 0, and which vary from −∞ to
∞ across the entire spacetime. For this purpose, let us consider a transformation of the form:

dx+dx− =

{
e

r∗
2GM dσ+dσ−, r > 2GM,

−e
r∗

2GM dσ+dσ−, r < 2GM.
(C.34)

In Appendix B we shall explain why we choose a transformation of this type. After performing
the calculation, in both cases we obtain the same metric, which is given by the following
expression:

ds2 = −2GM

r
e−

r
2GM dx+dx− + r2

(
dθ2 + sin2 θdϕ2

)
. (C.35)

We observe that this metric is indeed regular everywhere except at r = 0. It has the same
form for both r < 2GM and r > 2GM , and the light cones are identical to those in Minkowski
space! It remains to be verified whether the coordinates x± span precisely the interval (−∞,∞).
If this holds, we have obtained the maximally extended Schwarzschild solution.

1. First, we observe the case when r > 2GM . We can make two choices

dx+dx− =
(
e−

σ−
4GM dσ−

)(
e

σ+

4GM dσ+
)

=⇒ x+

4GM
= e

σ+

4GM ∧ x−

4GM
= −e−

σ−
4GM ,

(C.36)

dx+dx− =
(
−e−

σ−
4GM dσ−

)(
−e

σ+

4GM dσ+
)

=⇒ x+

4GM
= −e

σ+

4GM ∧ x−

4GM
= e−

σ−
4GM .

(C.37)

First case matches: x+ ∈ (0,∞) i x− ∈ (−∞, 0) (I quadrant), while the second case
matches: x+ ∈ (−∞, 0) i x− ∈ (0,∞) (II quadrant).

2. Now, we observe the first case: r < 2GM . Again, we can make two choices:

dx+dx− =
(
−e−

σ−
4GM dσ−

)(
e

σ+

4GM dσ+
)

=⇒ x+

4GM
= e

σ+

4GM ∧ x−

4GM
= e−

σ−
4GM ,

(C.38)

dx+dx− =
(
e−

σ−
4GM dσ−

)(
−e

σ+

4GM dσ+
)

=⇒ x+

4GM
= −e

σ+

4GM ∧ x−

4GM
= −e−

σ−
4GM .

(C.39)

First case matches: x+ ∈ (0,∞) i x− ∈ (0,∞) (III quadrant), while the second case
matches: x+ ∈ (−∞, 0) i x− ∈ (−∞, 0) (IV quadrant).
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We see that with this transformation we
have successfully achieved that the coordinates
x± precisely cover the entire two-dimensional
plane. The coordinates derived in this sec-
tion are called the Kruskal coordinates. In
them, the maximally extended Schwarzschild
solution is given.

Figure C.4: Regions of spacetime diagrams.

Now we wish to draw the t = const. and
r = σ = const. curves on the spacetime dia-
gram:

x0

x1
= tanh

(
t

4GM

)
= const.

(x1)2 − (x0)2 = f(r) = const.,

in regions I and III.

(x0)2 − (x1)2 = f ′(r) = const.,

in regions II and IV. The lines of constant r
are hyperbolas, while the lines of constant t
are straight lines passing through the coordi-
nate origin.

Figure C.5: Kruskal diagram.

We have two asymptotically flat regions: I and III, and two regions with singularities: II
(the black hole singularity) and IV (the white hole singularity). The singularity lines r = 0
represent the outermost hyperbola in regions I and III, and are given by:

(x0)2 − (x1)2 = (4GM)2 ⇐⇒ x+x− = (4GM)2 (C.40)

The event horizons are determined by x+ = 0 and x− = 0.

C.4 Conformal diagram

Conformal or Penrose diagrams represent spacetime diagrams constructed by means of a coor-
dinate transformation that satisfies the following two conditions:

1. The causal structure of spacetime is visible in the diagram. This means that the light
cones is oriented at an angle of 45◦.

2. Spacetime is compactified, so that infinity becomes a finite boundary on the diagram.
The complete structure of spacetime is thus represented.

In order to satisfy the second condition, coordinate transformations involving inverse trigono-
metric functions are usually employed. We shall now construct the conformal diagram for
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the static Schwarzschild black hole. We begin with the metric of the maximally extended
Schwarzschild solution, expressed in the Kruskal coordinates x±, which we derived in the pre-
vious section. We compactify the coordinates in the following manner:

X+

4GM
= arctan

(
x+

4GM

)
∧ X−

4GM
= arctan

(
x−

4GM

)
. (C.41)

Since we know that the coordinates x± had the domain (−∞,∞), the new coordinates X±

have the domain (−2πGM, 2πGM). In this way, the second condition is satisfied. We now
express the metric in these coordinates and obtain:

ds2 = −2GM

r
e−

r
2GM

dX+dX−

cos2
(

X+

4GM

)
cos2

(
X−

4GM

) + r2
(
dθ2 + sin2 θdϕ2

)
. (C.42)

From this metric we see that the causal structure has been preserved. In this way, both
conditions are satisfied. Let us now determine where the singularity line lies on this diagram:

x+x− = (4GM)2 ⇐⇒ tan

(
X+

4GM

)
tan

(
X−

4GM

)
= 1. (C.43)

By using the trigonometric formula for the tangent of the sum of two angles, we obtain:

tan

(
X+ +X−

4GM

)
=

tan
(

X+

4GM

)
+ tan

(
X−

4GM

)
1− tan

(
X+

4GM

)
tan
(

X−

4GM

) →∞. (C.44)

Since this quantity diverges, and the tangent function diverges when its argument equals
±π

2
, we conclude that the singularities of the black hole and the white hole are respectively

given by:
X+ +X− = ±2πGM. (C.45)

For the hypersurfaces r = const. and t = const. we have the following relations:

r = const. ⇐⇒ x+x− = const. =⇒ tan

(
X+

4GM

)
tan

(
X−

4GM

)
= const., (C.46)

t = const. ⇐⇒ x+ − x−

x+ + x−
= const. =⇒

tan
(

X+

4GM

)
− tan

(
X−

4GM

)
tan
(

X+

4GM

)
+ tan

(
X−

4GM

) = const. (C.47)

It is evident that the future null infinity, in the right asymptotically flat region J +, is ob-
tained when x+ →∞, which corresponds to X+ = 2πGM . Analogously, the past null infinity
J − is obtained when x− → −∞, i.e. X− = −2πGM . At the intersection of these two hyper-
surfaces lies the point i0, which represents spatial infinity. This is the point (2πGM,−2πGM).
The future timelike infinity i+ is located at the intersection of the black hole singularity line
and J +. This is the point (2πGM, 0). Meanwhile, the past timelike infinity i− lies at the
intersection of the white hole singularity line and J −, i.e. at the point (0,−2πGM). All of this
follows from the above equations for r = const. and t = const.. So far, we have only considered
the right asymptotically flat region. In the left asymptotically flat region, the entire structure
is obtained by a mirror reflection with respect to the axis X+ +X− = const.. The conformal
diagram is shown in the figure below. The past and future event horizons correspond to x+ = 0
and x− = 0, which in the conformal diagram correspond to the hypersurfaces X+ = 0 and
X− = 0.
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Figure C.6: Conformal diagram of the maximally extended Schwarzschild solution.

On this conformal diagram, as on the Kruskal diagram, it is evident that crossing the future
event horizon necessarily leads to an inevitable end in the singularity!

By maximally extending the Schwarzschild solution we obtain a region corresponding to
the black hole, a region corresponding to the white hole, our asymptotically flat universe, and
another asymptotically flat universe connected to ours through a wormhole passing through
the point (0, 0) on the conformal diagram. What we know, however, is that this does not exist
in nature. We are then led to ask: What does the conformal diagram of gravitational collapse
look like?

If objects in the universe do not evolve, then nothing interesting happens, and spacetime
appears as Minkowski space. However, this is not the case. Let us consider a star. Throughout
its lifetime, it burns nuclear fuel and in this way generates nuclear pressure. This pressure is
in equilibrium with the gravitational pressure for most of the star’s life. However, toward the
end of its lifetime, the star exhausts its nuclear fuel, and the gravitational pressure becomes
increasingly stronger. As the gravitational attraction intensifies, gravitational collapse occurs.
This event involves the reduction of the star’s radius due to its own gravity. It is accompanied
by an explosion in which the outer layers of the star’s mass are expelled. If the mass exceeds
a certain limit, gravitational contraction proceeds below the Schwarzschild radius. As a result,
a singularity forms and the star becomes a black hole.
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All that we have described can be repre-
sented on the portion of the conformal dia-
gram of the maximally extended Schwarzschild
solution corresponding to the right asymptoti-
cally flat region and the region where the black
hole singularity exists. In the figure along-
side, the diagram describing gravitational col-
lapse is shown. The region shaded in green
represents the domain in which matter under-
goes collapse. The Schwarzschild solution is
valid in the region outside the domain where
matter exists. This diagram contains an ad-
ditional part that we do not expect based on
the Schwarzschild conformal diagram. It is the
region that appears after the singularity disap-
pears.

Figure C.7: Conformal diagram depicting a
Schwarzschild black hole formed via the grav-
itational collapse of a star.

This is the diagram that describes the collapse of a star into a black hole, followed by
the evaporation of the black hole. It turns out that, due to quantum corrections, black holes
radiate, so that after a very long period of time the black hole will emit all of its mass. The
singularity disappears, leaving behind flat Minkowski space.
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Appendix D

Quantum fields in curved spacetime

To explain the phenomenon of Hawking radiation, it is necessary to know the basics of quantum
field theory in curved spacetime. Since we are dealing with scalar fields, we will carry out
everything using the example of scalar fields. In this appendix, for the most part (except in
Section D.5), we will follow Chapter 9 of Carroll’s book [106].

D.1 Canonical quantization in curved spacetime

First, it is necessary to introduce the Lagrangian–Hamiltonian formalism in curved spacetime.
The Lagrangian of a scalar field, obtained by minimal coupling:

∂µ −→ ∇µ, d4x −→ d4x
√
−g, ηµν −→ gµν , (D.1)

is given by:

L =
√
−g
[
−1

2
gµν∇µϕ∇νϕ−

m2

2
ϕ2 − 1

2
ξRϕ2

]
. (D.2)

Here we have also added a term that couples the curvature to the scalar field. The interaction
constant ξ can take several different values. The case of minimal coupling corresponds to the
value: ξ = 0. In the case of conformal coupling we have: ξ = n−2

4(n−1)
. This case represents the

situation when the metric is invariant under conformal transformations. The number n denotes
the number of dimensions of the space in which we are working. However, in nature neither of
these two cases necessarily needs to be satisfied.
Now we continue with the generalization of the Hamiltonian formalism to curved spacetime.
The generalized momentum and the Euler–Lagrange equations are generalized in the following
way:

π =
∂L

∂(∇0ϕ)
, ∇µ

∂L
∂(∇µϕ)

− ∂L
∂ϕ

= 0. (D.3)

A straightforward computation based on Equations (D.2) and (D.3) yields the following equa-
tions of motion: (

□−m2 − ξR
)
ϕ = 0. (D.4)

We could have arrived at the same result by the classical method of quantum field the-
ory, i.e. by calculating the Euler–Lagrange equations without using the principle of minimal
substitution. In order to proceed further, it is necessary first to define the scalar product on
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the functional space defined over the manifold we are working with. We choose an arbitrary
spacelike hypersurface Σ, with the induced metric γij, and the unit normal vector nµ. Now we
perform the generalization of the scalar product from flat spacetime:

(ϕ1, ϕ2) = −i
∫
Σ

dn−1x
√
γnµ

(
ϕ1∇µϕ

∗
2 − ϕ∗

2∇µϕ1

)
. (D.5)

This definition of the scalar product is independent of the choice of spacelike hypersurface
Σ. That is a necessary condition in order to have a well-defined scalar product. The next step
is solving the equation of motion. As in quantum mechanics, this involves finding a complete
set of functions that will form the basis of the Hilbert space (defined over our manifold). By
analogy with flat space, we would like to have positive-frequency and negative-frequency modes.
However, we do not know if this is possible, because we do not know whether we can separate
the variables, i.e. separate time from space. If we have a timelike Killing vector, then the
system is stationary, and we have a conservation law for energy, so we can define the energies
of the modes using it. However, this does not always have to be the case. What we can always
find is a complete set of orthogonal solutions, such that the following holds:

(∀i, j ∈ N) (fi, fj) = δij ∧ (f ∗
i , f

∗
j ) = −δij. (D.6)

Notice that for now the index i is discrete. It is easily generalized to the continuous case.
Now we can expand the field in terms of the basis functions:

ϕ =
∑
i

[
aifi + a†if

∗
i

]
. (D.7)

Here we have introduced, for now, the constants ai and a†i . The next step is the process
of canonical quantization of the scalar field. The procedure is analogous to the case in flat
spacetime, except for one small detail concerning the commutator of the field and the field
momentum. We impose the equal-time commutation relations in the following way:[
ϕ(t, x⃗), ϕ(t, x⃗

′
)
]
= 0,

[
π(t, x⃗), π(t, x⃗

′
)
]
= 0,

[
ϕ(t, x⃗), π(t, x⃗

′
)
]
=

iℏ√
−g

δ(n−1)
(
x⃗− x⃗′

)
. (D.8)

After quantization, the constants ai and a†i become annihilation and creation operators, re-
spectively. By enforcing the canonical commutation relations and utilizing the orthogonality
of the basis functions, one recovers the standard commutation relations for the creation and
annihilation operators, namely:

(∀i, j ∈ N) [ai, aj] = 0 ∧
[
a†i , a

†
j

]
= 0 ∧

[
ai, a

†
j

]
= 1. (D.9)

Now we define the vacuum state associated with this choice of basis functions in the same
way as in the case of flat space, and then construct the basis of the Fock space:

(∀i ∈ N) ai |0f⟩ = 0 =⇒ |n1, n2, ...⟩ =

(
a†1

)n1
(
a†2

)n2

...
√
n1!n2!...

|0f⟩ . (D.10)

Gravity is a theory that is invariant under diffeomorphisms, i.e. under the choice of coordi-
nates. In order to define the basis {fi | i ∈ N}, it is necessary first to choose the coordinates in
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which we are working, and only then to solve the equation in those coordinates. Any complete
set of functions obtained in the same coordinates will define annihilation operators that will
annihilate the same vacuum. However, if we now choose new coordinates and solve the equa-
tions and define the basis {gi | i ∈ N} in those coordinates, we obtain a new set of annihilation
operators, which will now annihilate a new vacuum |0g⟩:

ϕ =
∑
i

[
bigi + b†ig

∗
i

]
∧ (∀i, j ∈ N) [ai, aj] = 0 ∧

[
a†i , a

†
j

]
= 0 ∧

[
ai, a

†
j

]
= 1

=⇒ (∀i ∈ N) bi |0g⟩ = 0. (D.11)

These two vacuum states are fundamentally different. In gravity, one choice of coordinates
defines an observer who lives in those coordinates, while another choice defines another observer.
In flat spacetime we only had Lorentz transformations (and not diffeomorphisms), which kept
the vacuum invariant. That means that all inertial observers saw the same vacuum. However,
now this is no longer the case. Different observers see different vacuum! This is the main feature
of quantum field theory in curved spacetime. It means that if one observer sees the vacuum,
another may see a particle spectrum. This is precisely the situation that occurs in the Unruh
or Hawking effect!

D.2 Bogoliubov transformations

In Section D.1 we saw that for each choice of coordinates we have a different basis. Since
all these bases are bases of the same Hilbert space (as we are dealing with a single manifold),
there must exist some transformations that take us from one to another. These transformations
are called Bogoliubov transformations. We often encounter them in condensed matter physics
when considering many-particle systems, where the collective excitations are those observed in
experiment. The basic example is the BCS theory of superconductivity. The specific form of
the Bogoliubov transformation that connects the gi modes with the fi modes (Equation (D.11)
and (D.7), respectively) is given by:

gi =
∑
j

[
αijfj + βijf

∗
j

]
, fi =

∑
j

[
α∗
jigj − βjig∗j

]
, (D.12)

where αij and βij are the Bogoliubov coefficients. It is clear that we can obtain them using the
scalar product in the following way:

αij = (gi, fj) , βij = −
(
gi, f

∗
j

)
. (D.13)

From the condition that it is the same field expanded in different bases, the Bogoliubov
relations on the modes give us the Bogoliubov relations on the annihilation and creation oper-
ators:

bi =
∑
j

[
α∗
ijaj − β∗

ija
†
j

]
, b†i =

∑
j

[
−βijaj + αija

†
j

]
, (D.14)

ai =
∑
j

[
αjibj + β∗

jib
†
j

]
, a†i =

∑
j

[
βjibj + α∗

jib
†
j

]
. (D.15)
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From the mutual orthogonality of the f -basis and the g-basis, one obtains a set of constraints
that the Bogoliubov coefficients are required to satisfy. On the other hand, those same relations
guarantee the preservation of the commutation relations between creation and annihilation
operators when passing from one set of coordinates to another.

Now we observe how this formalism leads us to the conclusion that different observers see
different vacuum. Let observer A live in the coordinates that give the f -basis, while observer
B lives in the coordinates that give the g-basis. Let the quantum state be such that observer
A sees no particles, i.e. |ψ⟩ = |0f⟩. We are interested in what observer B sees in this state.
Let us determine the expectation values of the occupation numbers associated with the particle
spectrum seen by observer B:

⟨0f |nig |0f⟩ = ⟨0f | b†ibi |0f⟩ = ⟨0f |
∑
j,k

(
−βijaj +��*0αija

†
j

)(
�
�>
0

α∗
ikak − β∗

ika
†
k

)
|0f⟩

=
∑
j,k

βijβ
∗
ik ⟨0f | aja

†
k |0f⟩ =

∑
j,k

βijβ
∗
ikδjk =

∑
j

|βij|2. (D.16)

We arrive at the following result:

(∀i ∈ N) ⟨0f |nif |0f⟩ = 0 ∧ ⟨0f |nig |0f⟩ =
∑
j

|βij|2. (D.17)

This relation says: Although observer A does not see any particle spectrum, observer B does
see a particle spectrum as long as at least one Bogoliubov coefficient is different from zero! The
main question is how we detect these particles. If we have some detector in curved spacetime,
we ask how to define positive- and negative-frequency modes associated with it. The simplest
answer is to consider:

D

dτ
fi = −iωifi. (D.18)

If we can find modes that satisfy this equation, we have solved the problem. However, this may
not always be possible! We know that it is certainly possible if the metric is static. Then it
can be chosen so that the following conditions are satisfied:

∂0gµν = 0 ∧ g0i = 0. (D.19)

We write what the □ operator represents:

□ = g00∂20 + gij∂i∂j − g00Γi
00∂i − gijΓk

ij∂k. (D.20)

Now we can separate the variables in the Klein–Gordon equation into a temporal part and a
spatial part:

∂20ϕ =
1

g00
[
−gij∂i∂j + g00Γi

00∂i + gijΓk
ij∂k +m2 + ξR

]
ϕ. (D.21)

It is now clear that we can introduce the substitution of the type fω(t, x⃗) = e−iωtFω(x⃗).
In this manner we define the positive-frequency modes. By conjugating this equation we also
obtain the negative-frequency modes. Obviously, these modes satisfy the following equation:

∂0fω = −iωfω =⇒ Lξfω = −iωfω, (D.22)

where the second equation is the coordinate-free expression in which the Killing vector ξ ap-
pears. It is clear that, in such a choice of coordinates, it coincides with ξ = ∂0.
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D.3 Unruh effect

The Unruh effect represents the phenomenon that a uniformly accelerated observer in the
Minkowski vacuum state perceives a particle spectrum at a temperature proportional to the
observer’s own acceleration. Such an observer is called a Rindler observer. Let us first determine
the coordinates in which the Rindler observer lives. Acceleration can only be defined in the
observer’s own reference frame. Let a denote this acceleration. Since we are in Minkowski space,
the relevant question is: How does this acceleration transform under Lorentz transformations?
Let us consider a reference frame S ′ moving along the positive x-axis of the laboratory frame S
with velocity u, and let us consider a body moving with velocity v′ in the frame S ′ . We know
that velocity transforms according to the relativistic velocity addition law:

v =
dx

dt
=

dx
′
+ udt

′

dt′ + u
c2
dx′ =

v
′
+ u

1 + uv′

c2

. (D.23)

We now determine the law of acceleration transformation (al is the acceleration in the laboratory
system S):

al =
dv

dt
=

dv

dv′

dv
′

dt′
dt

′

dt
= a


√
1− u2

c2

1 + uv′

c2

3

. (D.24)

This is the general law of acceleration transformation under Lorentz transformations. Our
problem restricts us to the case when the body does not move in the S ′ system, since this is
the proper system attached to the body. This means that from now on S ′ is the system moving
together with the observer. We then conclude that u = v (the instantaneous velocity of the
observer) and v′

= 0. Therefore:

al =
a

γ3
=⇒ dv

dt
= a

(
1− v2

c2

) 3
2

=⇒ v(t) =
at√

1 +
(
at
c

)2 . (D.25)

This holds under the initial condition v(0) = 0. We now determine how the position of the
observer changes with time:

dx

dt
= v =⇒ x(t) =

c2

a

√1 +

(
at

c

)2

− 1

+ x0. (D.26)

We now seek the dependence t(τ), since we want to express everything in terms of the proper
time:

dt

dτ
= γ =

1√
1− v2

c2

=⇒ t(τ) =
c

a
sinh

(aτ
c

)
. (D.27)

The initial condition is chosen such that t(0) = 0. We can now also express x as a function of
the proper time:

x(τ) =
c2

a

√
1 + sinh2

(aτ
c

)
+ x0 −

c2

a
=⇒ x(τ) =

c2

a
cosh

(
at

c

)
+ x0 −

c2

a
. (D.28)
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The initial condition (or coordinate origin) can be chosen such that x0 = c2

a
. With this

choice, in units where c = 1, we obtain the following coordinate transformations:

t(τ) =
1

a
sinh (aτ) ∧ x(τ) =

1

a
cosh (aτ). (D.29)

We see that this trajectory is a hyperbola in Minkowski space, parametrized by the proper
time:

(ax)2 − (at)2 = 1. (D.30)

An observer moving along a geodesic necessarily ends up in the future timelike infinity. A
uniformly accelerated observer does not end up in timelike infinity; instead, their trajectory
is tangent to the light cone. Our goal is to switch to coordinates that describe the uniformly
accelerated observer. The time coordinate must be tied to the proper time, while in the spatial
coordinate the observer should remain at zero, since they do not move in these coordinates.
Let us consider the following coordinate transformation:

t =
1

a
eaξ sinh (aη) ∧ x =

1

a
eaξ cosh (aη) . (D.31)

These coordinates are called Rindler coordinates (η, ξ). We see that the uniformly accel-
erated observer lies along the trajectory ξ = 0, which is exactly what we wanted. The time
coordinate η = τ is equal to the proper time of the uniformly accelerated observer.

The domain of these coordinates is R. This
means that they are maximally extended. It
is evident that this observer has access only
to the first quadrant. The light cone deter-
mines the boundaries of this region. This ob-
server has two Rindler horizons. The hypersur-
face x+ = 0 is called the future Rindler hori-
zon, while the hypersurface x− = 0 is called
the past Rindler horizon. We see that space-
time in these coordinates strongly resembles
the Schwarzschild geometry in region I.

Figure D.1: Constant coordinate hypersurfaces
in Rindler coordinates.

From now on we consider the situation as if we are in two dimensions. Let us express the metric
in Rindler coordinates:

ds2 = e2aξ
(
−dη2 + dξ2

)
. (D.32)

We see that the metric does not depend on η. This means that, in these coordinates, we
have a Killing vector K = ∂η. Let us compute it in the (x, t) coordinates in order to see what
it actually represents. After the calculation, we obtain:

K = a (x∂t + t∂x) , KµKµ = −e2aξ = a(t− x). (D.33)
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We see that this Killing vector is timelike in region I. This is expected, since η is the time
coordinate. However, we notice that it becomes spacelike when crossing the Rindler horizons.
This means that it represents a Killing horizon. Let us move to the light-cone coordinates
σ± = η ± ξ:

x+ = t+ x =
1

a
eaξ [sinh (aη) + cosh (aη)] =

1

a
ea(ξ+η) =⇒ ax+ = eaσ

+

, (D.34)

x− = t− x =
1

a
eaξ [sinh (aη)− cosh (aη)] = −1

a
ea(ξ−η) =⇒ ax− = −e−aσ−

. (D.35)

In Section 8.2.1 we deal specifically with the Rindler observer. In this section we also
determined the Bogoliubov coefficients when the quantum state is the Minkowski vacuum, and
proved that the Rindler observer sees a particle spectrum in this state. Moreover, it turns out
that this is exactly a thermal spectrum at the temperature:

T =
ℏa

2πkBc
. (D.36)

Here we have restored the constants. Indeed, the temperature is proportional to the proper
acceleration of the observer. This temperature is detected by the observer located at x = 0.
We may then ask: what temperature of particles is detected by an observer at an arbitrary
ξ? The entire calculation is exactly the same as for the observer located at ξ = 0. The only
difference lies in his proper acceleration α. Namely, his trajectory should be:

t =
1

α
sinh

(
ατ

′
)
=

1

a
eaξ sinh (aη) ∧ x =

1

α
cosh

(
ατ

′
)
=

1

a
eaξ cosh (aη), (D.37)

where τ
′ is the proper time of this observer. From here we see his trajectory in the (η, ξ)

coordinates:

η =
α

a
τ

′ ∧ ξ =
1

a
ln
a

α
. (D.38)

We conclude that the temperature measured by this observer will be:

T
′
=

ℏα
2πkBc

=
ℏa

2πkBc
e−aξ =⇒ T

′
= Te−aξ. (D.39)

We see that the temperature becomes zero when ξ → ∞. This is expected, since as we
approach infinity the hyperbolae become flatter, and we recover Minkowski space. It is necessary
to clarify how this is possible. A Minkowski observer does not detect any particles, while a
Rindler observer does see a thermal particle spectrum. For the Rindler observer to detect
these particles, he must carry a detector with him. In order for the detector to accelerate, it
must continuously perform work. From the perspective of the inertial observer, the detector
simultaneously absorbs and emits particles, while from the perspective of the Rindler observer
it detects particles and undergoes acceleration.
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D.4 Event horizon and Kiling horizons

We ask ourselves how to determine the event horizon of a black hole. In Appendix A we did this
by observing what happens at r = 2GM . However, what should we do if we are given a metric?
We ask: does a horizon exist at all? When we have a static, asymptotically flat spacetime with
spherical topology, there exist coordinates in which the position of the event horizon can be
easily determined. In this case we have a timelike Killing vector ∂t. Then we can choose the
metric such that ∂tgµν = 0. On each t = const. hypersurface we can choose coordinates (r, θ, ϕ)
in which the metric is asymptotically flat. If we have chosen the coordinates wisely, we can
imagine a process in which we start from infinity (where the metric is flat) and descend toward
the singularity, using the coordinate r. We consider hypersurfaces r = const.. These will be
spacelike until some hypersurface r = rH . Beyond it they become timelike hypersurfaces. That
hypersurface r = rH must then everywhere be null (or a NULL hypersurface). If we choose
coordinates poorly, it may happen that it is null only in some regions. Beyond it, light cannot
escape to infinity. This means that event horizons are NULL hypersurfaces! It is now clear
how we can determine the event horizon. We can use the one-form ∂µr. It is normal to the
hypersurfaces r = const.. At the moment when these hypersurfaces become NULL, this vector
must itself become NULL (lightlike), i.e.:

0 = gµν∂µr∂νr = grr =⇒ grr(rH) = 0. (D.40)

In Section D.3 we encountered the notion of Killing horizons. This is a hypersurface along
which a certain Killing vector becomes NULL. It turns out that every event horizon in a
stationary asymptotically flat spacetime is a Killing horizon for some Killing field ξ. If the
spacetime is also static (which in two dimensions is always the case), then it is ξ = ∂t. The
converse does not hold. Not every Killing horizon must also be an event horizon. As we saw in
the previous section, the Rindler horizons are indeed Killing horizons, but they are not event
horizons. A Killing horizon is defined by the condition ξµξµ = 0 on the horizon itself. This
means that ∇ν(ξ

µξµ) is a one-form normal to the Killing horizon. On the other hand, we also
know that ξµ is the normal vector to that horizon. This implies that the following must hold:

∇ν (ξ
µξµ) = 2κξν =⇒ ξµ∇µξ

ν = −κξν , (D.41)

where κ is a constant on the Killing horizon. It is called the surface gravity. We shall later see
what it represents. By using Frobenius’ theorem: ξ ∧ dξ = 0, κ can be easily calculated. One
obtains:

κ2 = −1

2
∇µξν∇µξν . (D.42)

We assume that this expression is evaluated on the horizon. At first sight, it seems that κ
could be arbitrary, since a Killing vector remains a Killing vector even after being multiplied by
an arbitrary constant. However, in a static asymptotically flat spacetime the timelike Killing
vector can be fixed by the following choice:

ξµξµ → −1, when r →∞. (D.43)

For a static observer holds that his four-velocity is proportional to the timelike Killing
vector. The proportionality coefficient between the Killing vector and the four-velocity of the
stationary observer is called the redshift factor, i.e.
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ξµ = V (x)Uµ ∧ UµUµ = −1 =⇒ V (x) =
√
−ξµξµ. (D.44)

This quantity is called the redshift factor because it relates the photon frequencies measured
by a stationary observer at two different positions in space, due to the redshift. Let us consider
a photon with four-momentum pµ. The conserved energy of this photon is defined using the
timelike Killing vector, i.e. E = −ξµpµ. If we have a stationary observer with four-velocity
Uµ, we know that the energy of the photon measured by him is given by: ω = −Uµpµ. Let us
determine the relation between the two photon frequencies measured by stationary observers
at different positions in space:

ω1

ω2

=
−Uµ

1 pµ
−U ν

2 pν
=
V (x2)ξ

µpµ
V (x1)ξνpν

=
V (x2)E

V (x1)E
=
V (x2)

V (x1)
. (D.45)

Let us now determine the expression for the four-acceleration of a stationary observer:

aµ =
DUµ

dτ
=
dxν

dτ
∇νU

µ = Uν∇νU
µ =

ξν

V
∇ν

(
ξµ

V

)
= ξµξν∇ν

(
1

V

)
+

1

V 2
ξν∇νξ

µ

= ξµ

�
�
�
��>

0

∂t

(
1

V

)
− 1

V 2
ξν∇µξν = − 1

2V 2
∇µ (ξνξν) =

1

2V 2
∇µ
(
V 2
)
= ∇µ lnV. (D.46)

The first equality in the second line holds for two reasons. Since V (x) does not depend
on time, the first term is equal to zero. For the second term we applied the Killing equation:
∇νξ

µ = −∇µξν . In the second equation we can apply the defining equation for the surface
gravity (D.41):

aµ = − 1

2V 2
∇µ (ξνξν) = −

κ

V 2
ξµ =⇒ a2 = −aµaµ =

κ2

V 4
ξµξµ =

κ2

V 2
. (D.47)

From this relation we obtain an additional, and conceptually simpler, method for determining
the surface gravity:

κ = aV ∧ κ =
√
∇µV∇µV . (D.48)

We again assume that this expression is evaluated on the horizon. We can now proceed to
interpret this result. Let us consider what the expression would represent:

a
′
=
V1
V2
a. (D.49)

This expression represents the acceleration measured by the observer at position 2, if the
observer at position 1 measures an acceleration a. In our case we have V1 = V , the value of
the redshift factor on the horizon, while V2 = 1. According to Equation (D.43), this holds at
infinity. We can therefore conclude what the surface gravity physically represents:

In a static, asymptotically flat spacetime, the surface gravity represents the acceleration of a
static observer in the vicinity of the event horizon, as measured by an observer at infinity.
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For this statement to be valid, the spacetime must be static. Otherwise, the surface gravity
defined on the horizon does not admit this interpretation. In the stationary case we still have a
timelike Killing vector, but the difficulty arises from the fact that it is not NULL on the event
horizon, but rather on a hypersurface outside of it. This hypersurface is called the ergosurface.
The event horizon remains a Killing horizon, but now with respect to a linear combination of
the two Killing vectors present in this case: ∂t + ΩH∂ϕ. The quantity ΩH is referred to as the
angular velocity of the horizon. We shall not pursue stationary non-static solutions further,
since in two dimensions all stationary solutions are also static.

D.5 Regularity of the metric at the horizon

Since we know that the singularity at r = 2GM , in the case of the Schwarzschild black hole,
is merely a coordinate singularity, there must exist coordinates that are regular on this hyper-
surface (see Appendix C.3). We shall now demonstrate that, at the moment of crossing below
the event horizon, a radially freely falling observer does not perceive anything special. We will
show that this holds in the case of a static spacetime with spherically symmetric topology (since
such spacetimes are almost always considered in 2D). Let the metric be the most general:

ds2 = gttdt
2 + grrdr

2 + r2
(
dθ2 + sin2 θdϕ2

)
. (D.50)

We assume that the following holds: gtt = gtt(r) and grr = grr(r). Let us now demonstrate that
any such metric can be written so that the relation gtt = −grr is satisfied:

ds2 = gtt

(
dt2 +

grr
gtt
dr2
)
+ r2dΩ2 = gtt

(
dt2 +

dr
′2

g2tt

)
+ r2dΩ2. (D.51)

In this way we have defined the transformation of the radial coordinate: r′ = r
′
(r):

grr
gtt
dr2 =

dr
′2

g2tt
=⇒ dr

′

dr
=
√
grrgtt. (D.52)

Since we have reduced the problem to an integral, we may assume that the metric satisfies
gtt = −grr. From the previous section we know that the horizon is determined by the equation
grr(rH) = 0. Let us expand the metric around this coordinate value, i.e. r = rH + ε:

ds2 =

(
��>

0
gtt(rH) + ∂rgtt(rH)ε

)
dt2 +

dε2

�
�>

0
grr(rH) + ∂rgrr(rH)ε

+ f(ε)dΩ2

= ∂rgtt(rH)εdt
2 +

dε2

∂rgrr(rH)ε
+ f(ε)dΩ2. (D.53)

We now introduce a new coordinate ρ, defined such that the following relation holds:

dρ2 =
dε2

∂rgrr(rH)
ε =⇒ dρ

dε
=

1√
∂rgrr(rH)ε

=⇒ ε =
1

4
ρ2∂rg

rr(rH). (D.54)
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Accordingly, the metric takes the form:

ds2 = −
(
1

2
∂rg

rr(rH)

)2

dt2 + dρ2 + f(ρ)dΩ2. (D.55)

Let us now determine the surface gravity in this metric:

V =
√
−ξµξµ =

√
−gµνξµξν =

√
−gtt =⇒ κ =

√
∇µV∇µV =

√
grr (∂rV )2. (D.56)

=⇒ κ = −1

2

√
grr

−gtt
∂rgtt =

1

2
∂rg

rr(rH). (D.57)

We observe that this is precisely the quantity appearing in the metric alongside dt2. Let us
now rewrite the metric:

ds2 = −κ2ρ2dt2 + dρ2 = −ρ2dθ2 + dρ2, (D.58)

where we introduced a new coordinate θ = κt. If we now define the coordinates (t, x) in the
following manner, we obtain:

X = ρ cosh θ ∧ T = ρ sinh θ =⇒ ds2 = −dT 2 + dX2. (D.59)

We thus conclude that a freely falling observer indeed perceives nothing special when cross-
ing below the horizon, since we have obtained the Minkowski spacetime metric. Let us now
determine what the tortoise coordinate (C.27) represents in the vicinity of the horizon:

ds2 = gttdt
2 + grrdr

2 + f(r)dΩ2 = gtt

(
dt2 +

grr
gtt

dr2
)
+ f(r)dΩ2 =⇒ dr∗

dr
= grr. (D.60)

We now expand this relation and obtain the following:

dr∗
dε

=
1

�
�>

0
grr(rH) + ∂rgrr(rH)ε

=⇒ 2κr∗ = ln ε+ C
′
, (D.61)

where c′ is a constant that must be chosen appropriately. As expected, this quantity tends to
negative infinity as we approach the horizon! Let us now determine the relation between r∗
and ρ:

2κr∗ = ln
(
C2ρ2

)
=⇒ Cρ = eκr∗ . (D.62)

By substituting this expression into the defining relations for the (X,T ) coordinates, we obtain:

X = Ceκr∗ cosh (κt) ∧ T = Ceκr∗ sinh (κt). (D.63)

We observe that we have now fully recovered the Rindler coordinates. The only remaining
undetermined constant is C, but by noting how the Rindler coordinates are defined, it is clear
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that it must be C = 1/κ. Therefore, we can now write the transformation law for the light-cone
coordinates: σ± = t± x → x± = T ±X:

κx+ = eκσ
+ ∧ κx− = −e−κσ−

. (D.64)

This relation provides the coordinates in which the metric is regular at the event hori-
zon. We see that, in a systematic manner, we have obtained the Kruskal coordinates. In the
Schwarzschild case one has κ = 1/4GM . Naturally, we now analytically continue this trans-
formation so that it holds throughout the entire spacetime, and not only in the vicinity of the
horizon. In this way we immediately obtain the maximally extended solution! This transforma-
tion is highly general. Moreover, it applies not only to static solutions, but also to stationary
ones!

D.6 Hawking effect

The Hawking effect is a phenomenon stating that black holes emit a thermal spectrum of
particles at the Hawking temperature. This means that a stationary observer, located very
far from the black hole, detects a thermal spectrum of particles. Considering the derivations
presented thus far, we conclude that there must exist an observer who perceives the vacuum.
Depending on this, we may speak about the particles observed by another observer. What
the previous section has shown is that a freely falling observer perceives nothing special while
crossing the event horizon. Moreover, the metric becomes the Minkowski spacetime metric.
This means that such an observer perceives the Minkowski vacuum. This is indeed one of
the quantum states that can be chosen for the system under consideration. It is called the
Hartle–Hawking state. Since the metric is regular throughout the entire spacetime, this state
describes a black hole in thermal equilibrium with its surroundings.

Our goal is to determine the temperature of the particles that reach the asymptotically flat
region at J +. Let us first compute the redshift factor in the Schwarzschild geometry:

V =
√
−ξµξµ =

√
−gµνξµξν =

√
−gtt =⇒ V =

√
1− 2GM

r
. (D.65)

The next step is to determine the acceleration experienced by a freely falling observer at the
horizon:

a =
√
∇µ lnV∇µ lnV =

√
grr

V
∂rV =

1

2
√
grr

∂rgrr =⇒ a =
GM

r2
√
1− 2GM

r

. (D.66)

We note that this value of acceleration diverges precisely at the horizon. Since a freely
falling observer at the horizon perceives Minkowski spacetime, yet is strongly attracted inward
by the large acceleration toward the black hole, a static observer just outside the horizon then
behaves as a Rindler observer, opposing this acceleration in order to remain at a constant
distance from the event horizon. This means that such an observer detects a thermal spectrum
of particles (just as a Rindler observer does), at the temperature a

2π
. Our interest is in what an

asymptotic observer, located far away from the black hole, detects. This observer also detects
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these particles, but with a temperature that has undergone gravitational redshift. Therefore,
we can write that the temperature detected by this observer is given by:

T = lim
r1→2GM

lim
r2→∞

V (r1)

V (r2)

a

2π
=

1

2π
lim

r→2GM

√
1− 2GM

r

r2
√

1− 2GM
r

=
1

8πGM
. (D.67)

When we restore all constants, we obtain the following expression for the Hawking temperature:

T =
ℏc3

8πGkBM
. (D.68)

We see that the temperature is inversely proportional to the mass. At first glance, this
is peculiar, since it implies that black holes possess a negative heat capacity. It should be
emphasized that this is the temperature of the radiation; however, this radiation is in thermal
equilibrium with the black hole (since the quantum state is everywhere regular, namely the
Hartle–Hawking state), and therefore it is also the temperature of the black hole itself. We can
now employ the standard thermodynamic relations to calculate the entropy of the black hole.
We begin with Einstein’s relation connecting mass and energy: E =Mc2. The thermodynamic
relation of relevance here is: dE = TdS. After integrating with respect to the mass, we obtain
the following result for the entropy:

S = kB
4πGM2

ℏc
. (D.69)

We note that the Schwarzschild radius is proportional to the mass, so the square of the mass
is proportional to the area. Taking this into account, we obtain that the entropy is proportional
to the area of the event horizon. The final relations for the mass, temperature, and entropy of
black holes are given by:

E =Mc2 ∧ T =
κ

2π
∧ S =

A

4l2p
. (D.70)

It turns out that these relations are general and can be applied to almost all black hole
solutions, whether static or stationary. Let us further note that the acceleration of the Rindler
observer is in fact the surface gravity, i.e. κ = a. This is yet another fact that confirms the
equivalence principle!
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