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Abstract

This dissertation investigates quantum gravity effects and black hole unitarity within the
framework of semiclassical two-dimensional dilaton gravity with the aim at resolving the infor-
mation loss paradox. A central objective is to reproduce the Page curve for the experimentally
relevant dimensionally reduced Schwarzschild black hole, in both evaporating and eternal con-
figurations. To this end, we first develop a coherent method for constructing eternal and
evaporating black hole geometries based on a symmetric ansatz for two-dimensional spacetimes
that admits a Killing vector. With this ansatz in place, we obtain the classical static vacuum
solutions to the equations of motion. Next, we describe a classical collapse scenario by smoothly
matching two such vacuum regions across an infalling matter shockwave. We then incorporate
quantum corrections and solve the quantum-corrected equations of motion in perturbations
around the classical vacuum black hole and the classical collapse scenario by specifying the
Hartle-Hawking state and the Unruh state, respectively, as the underlying quantum states.
The Hartle-Hawking state leads to an eternal black hole solution, whereas the Unruh state
describes an evaporating black hole. Finally, by invoking the island rule, we successfully derive
the Page curve in both of these setups.

The second part of this work investigates how spacetime torsion enters black hole ther-
modynamics, with the specific aim of preparing the ground for studying its influence on the
island formula by identifying viable two-dimensional spacetimes with nonzero torsion. To con-
struct such two-dimensional torsional models, we carry out a dimensional reduction of a five-
dimensional Chern—Simons theory. Examining minimal couplings to various matter fields, we
uncover distinct cosmological solutions and a charged Riemannian black hole. In particular,
coupling gravity to Dirac spinors gives rise to a fermionic soliton-star that undergoes a charac-
teristic phase transition: a fully regular fermionic star configuration collapses into a localized,
non-extremal singular horizon once a critical parameter is surpassed. Finally, we incorporate
Polyakov-Liouville quantum corrections and thereby obtain an eternal black hole configuration
with two singular horizons, analogous to the rotating 3D BTZ black hole. We then employ
the standard island prescription, using the Wald entropy as the area term, to investigate how
torsion influences the fine-grained entropy. Our analysis shows that turning on torsion enforces
stringent constraints on the allowed position of the black hole boundary hypersurface. In sum-
mary, this work develops a robust computational framework for studying evaporating black
holes and supplies two-dimensional spacetime solutions with torsion that can be employed in
future analyses of how spacetime torsion alters fine-grained entropy.

Key words: 2D dilaton gravity, black hole thermodynamics, information loss paradoz, black
hole evaporation, Page curve, island formula, dimensional reduction, Chern-Simons gravity,
spacetime torsion

Research field: physics

Research subfield: high energy physics



Apstrakt

Ova disertacija istrazuje efekte kvantne gravitacije i unitarnost crnih rupa u okviru semik-
lasi¢ne dvodimenzionalne dilatonske gravitacije sa ciljem razreSenja paradoksa gubitka infor-
macija. Glavni cilj disertacije je reprodukcija Pejdzove krive za eksperimentalno relevantnu
dimenziono redukovanu Svarcgildovu crnu rupu, kako u isparavajucoj tako i u vecénoj konfigu-
raciji. Najpre razvijamo metod za konstruisanje geometrije ve¢nih i isparavaju¢ih crnih rupa
zasnovan na simetri¢cnom ansatzu za dvodimenzionalno prostor-vreme sa Kilingovim vektorom.
Koriste¢i ovaj ansatz, dobijamo klasi¢na staticka vakuumska reSenja jednacina kretanja. Zatim
opisujemo scenario klasicnog kolapsa glatkim spajanjem dve odgovarajué¢e vakuumske oblasti
preko kolapsirajuceg talasa materije. Potom dodajemo u nas model kvantne korekcije i reSavamo
kvantno-korigovane jednacine kretanja korisre¢i perturbativni razvoj oko klasi¢ne vakuumske
crne rupe, kao i klasi¢nog scenarija kolapsa, birajuc¢i Hartli-Hokingovo kvatno stanje i Unruhovo
kvantno stanje, redom. Na kraju, uspesno izvodimo PejdZzovu krivu u obe konfiguracije.

Drugi deo ove disertacije bavi se uticajem nenulte torzije u prostor-vremenu na termodi-
namiku crne rupe, sa ciljem izucavanja efekata u formuli sa ostrvom pomodéu nalazenja odgovara-
ju¢ih dvodimenzionalnih prostor-vremena sa nenultom torzijom. Da bismo konstruisali takve
dvodimenzionalne modele sa torzijom, primenjujemo dimenzionu redukciju petodimenzionalne
CernfSajmonsove teorije. Ispituju¢i minimalna kuplovanja sa razli¢itim poljima materije, otkri-
vamo razna kosmoloska reSenja kao i naelektrisnanu crnu rupu u Rimanovskom sektoru teorije.
Posebno, sprezanje gravitacije sa Dirakovim spinorima dovodi do fermionske solitonske zvezde
koja dozivljava karakteristican fazni prelaz: potpuno regularna konfiguracija fermionske zvezde
se kondenzuje u lokalizovani, neekstremalni singularni horizont nakon $to se desi fazni prelaz.
Kona¢no, ukljuc¢ujemo Poljakov-Liuvilove kvantne korekcije i time dobijamo konfiguraciju vecne
crne rupe sa dva singularna horizonta, analognu rotirajuc¢oj 3D BTZ crnoj rupi. Zatim primen-
jujemo standardnu preskripciju ostrva, koriste¢i Voldovu entropiju kao povrsinski ¢lan, kako
bismo ispitali uticaj torzije na fino-granuliranu entropiju. NaSa analiza pokazuje da ukljuci-
vanje torzije namece stroga ogranicenja na dozvoljeni polozaj grani¢ne hiperpovrsi crne rupe.
Ukratko, ovaj rad razvija racunarski okvir za proucavanje isparavajué¢ih crnih rupa i pruza
reSenja za dvodimenzionalna prostor-vreme sa torzijom.

Kljuéne reci: 2D dilatonska gravitacija, termodinamika crnih rupa, pardoks gubitka informacija,
isparavanje crnih rupa, PejdZova kriva, pravilo ostrva, dimenziona redukcija, Cern-Sajmons
gravitacija

Naucna oblast: fizika

Uza naucna oblast: fizika visokih energija
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Chapter 1

Introduction

In this dissertation, we study certain thermodynamic aspects of black holes. Black holes arise
as some of the earliest known solutions to Einstein’s field equations. In 1915, Einstein presented
his General Theory of Relativity [2|, and in that same year Karl Schwarzschild found the first
spherically symmetric solution of Einstein’s equations [3|. This solution is characterized by the
presence of a singularity, that is, a point where the curvature of spacetime ceases to be well
defined. In addition, this singularity is concealed behind a surface called the event horizon.
More precisely, the event horizon is a boundary that separates spacetime into two distinct
regions. Inside the region enclosed by the horizon, the future evolution of all particles, including
light, is the same: they inevitably end at the singularity. Put differently, once a particle crosses
the event horizon, the gravitational field becomes so intense that escaping would demand a
speed exceeding that of light, which is physically impossible. As a result, the particle remains
confined. Because of these characteristics, this solution is known as a black hole.

1.1 Historical overview of the black hole thermodynamics

As research progressed, further black hole solutions were identified, the most general of which is
the Kerr—Newman solution |4, 5]. This solution provides the most general vacuum configuration
of Einstein’s equations coupled to electrodynamics, describing a singularity concealed behind
an event horizon. Black holes can, in fact, be fully characterized by only a few parameters, i.e.,
conserved quantities: the mass M, the angular momentum (spin) J, the electric charge @, and
the magnetic charge P. Using Killing vectors, which encode spacetime symmetries, one can
determine these conserved quantities. They are connected via the Smarr relation [6], which
can be derived purely from the spacetime geometry [7]:

M= %HQHJJF@HQJF@HR (1.1)
where k denotes the surface gravity, A is the area of the event horizon, G is Newton’s gravi-
tational constant, {2y is the angular velocity of the horizon, ®y is the electric scalar potential
at the horizon, and Wy is the magnetic scalar potential at the horizon. This formula closely
resembles Euler’s equation in thermodynamics [8], which prompted many researchers to regard
black holes as thermodynamic systems. Taking into account that M = M (A, J,Q? P?) is a
homogeneous function of degree 1/2, together with the Hawking area theorem [9], AA > 0,
which is always satisfied, the first law of black hole thermodynamics was established in the
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mid-20th century in the form [10]:

dM = " dA + QudJ + dudQ + UydP. (1.2)
8t
From Eq. (1.2), up to an overall numerical factor, Bekenstein inferred which quantities should
be interpreted as the temperature and entropy of a black hole:
A
T = ot AN S

81 aG (1.3)

Information loss paradox

From a classical standpoint, a black hole that “swallows” everything that comes near it should
not exhibit any temperature. Thus, the quantity obtained earlier could not be regarded as a
genuine temperature; it was instead understood merely as a mathematical construct highlight-
ing a formal analogy with thermodynamics. This interpretation remained dominant until 1974,
when Hawking performed the quantization of fields on the fixed Schwarzschild black hole back-
ground. He showed that this semiclassical framework—combining quantum field theory with
general relativity—implies that a stationary observer at infinity measures black hole radiation
with a thermal spectrum and a well-defined temperature. This result determines the previously
undetermined parameter to be o = 4 |11, 12, 13|. It was the first clear indication that black
holes behave as genuine thermal systems.

Two years before Hawking’s discovery, Bekenstein had hypothesized that black holes must
carry entropy [14], and the following year he argued that the proportionality constant should
be very close to o = 4 [15]. Consequently, the expression for black hole entropy is known as
the Bekenstein—Hawking formula and is written as

kgA

— (1.4)

SBH 179
42

where [, = @/% denotes the Planck length. Up to this point we have employed natural units

with ¢ = kg = h = 1, whereas here the constants have been reinstated to emphasize the
physical dimensions.

Thus, the notion that black holes possess entropy was confirmed; however, this led to a new
set of problems. The subsequent task was to compute the entropy of the radiation emitted
by the black hole, known as Hawking radiation. Because this entropy is associated with the
subsystem corresponding to the radiation, it is actually the fine-grained entropy. In contrast, the
Bekenstein—Hawking entropy is a coarse-grained entropy, defined as a thermodynamic quantity.
Hawking’s analysis demonstrated that the fine-grained entropy grows monotonically over time
throughout the evaporation process, up until the black hole has completely evaporated. This
behavior is incompatible with unitary time evolution in quantum mechanics. Specifically, if
the black hole is formed by the collapse of a pure state, as is generally assumed, then after
evaporation one is left with a mixed state of radiation. Such an evolution is non-unitary. This
inconsistency is referred to as the Hawking information parador. Hawking himself did not
consider it a paradox, but instead interpreted it as evidence that black holes act as systems
into which information can fall and be permanently lost [16].

In contrast, numerous researchers challenged this conclusion and sought to pinpoint a mis-
take in Hawking’s calculation of the radiation entropy. As a result, in 1992 Page introduced a
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particular time dependence for the entropy of Hawking radiation so that the overall evolution
would remain unitary [17, 18]. This time dependence is now referred to as the Page curve.

Throughout the 1990s, a large number of papers on black hole entropy appeared, aiming
to address the information paradox, that is, to understand why information seems to be lost.
Many authors followed Hawking’s argument and assumed that quantum fields propagating on
a black hole background do not evolve unitarily. To study this issue, two-dimensional dilaton
gravity models were developed as simplified frameworks. The most prominent among these
are the CGHS model [19] (named after Callan, Giddings, Harvey, and Strominger) and the JT
model [20, 21| (named after Jackiw and Teitelboim). These are not realistic models but rather
“toy models,” designed to capture only the qualitative features of black hole evaporation; a
precise, quantitative treatment still requires numerical computations.

To model black hole evaporation, quantum corrections to the classical theories must be
taken into account. When the matter sector consists of massless scalar fields, this leads to the
inclusion of the Polyakov-Liouville term [22] in the action. However, adding this term alone
does not yield analytic solutions, so additional correction terms were introduced to preserve
analyticity. For the CGHS model, there are two widely used such extensions: the RST model
[23, 24] (named after Russo, Susskind, and Thorlacius) and the BPP model [25] (named after
Bose, Parker, and Peleg). In the 1990s, analyses of both of these models pointed to the same
outcome: black hole evaporation leads to information loss [26, 25]. These constructions were
originally motivated by, and derived from, string theory.

Fine-grained entropy in gravitational systems

In parallel with efforts to resolve the information paradox, Gerard 't Hooft introduced the
holographic principle in 1993 [27]. By revisiting Hawking’s original results from the 1970s, he
argued that the number of degrees of freedom associated with a black hole scales with the
area of its horizon. This notion was then developed further by Susskind in his 1995 work [28],
where he treated the entire spacetime as the boundary of a higher-dimensional bulk, effectively
portraying the universe as a hologram. The most influential development inspired by the
holographic principle came shortly thereafter in Juan Maldacena’s 1997 paper, which introduced
the AdS/CFT correspondence [29] (Anti-de Sitter/conformal field theory). This work rapidly
became the most cited publication in the history of theoretical high-energy physics.

Drawing on ideas from string theory, and AdS/CFT correspondence in particular, Ryu and
Takayanagi proposed in 2006 a relation between fine-grained (entanglement) entropy and the
conformal field theory defined on the boundary of Anti-de Sitter spacetime. This relation is
now known as the Ryu—Takayanagi formula [30]. A covariant generalization of this formula
was presented in 2007 [31]. The central idea is grounded in the Bekenstein-Hawking expression

for black hole entropy:
) All]
S = min {e:}ct [E} } : (1.5)

where I denotes a subregion of the boundary of a space-like hypersurface, and A[/] is the area
of the corresponding surface I.

Even so, most researchers in this area aimed primarily at reproducing the Page curve, be-
cause the principle of unitarity in quantum mechanics is broadly accepted. The Ryu—Takayanagi
formula on its own failed to yield the Page curve in any concrete model, but it served as the
initial step toward formulating a general expression for the fine-grained entropy of gravitational
systems. Substantial advances followed. By carrying out a more sophisticated analysis of the

3
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gravitational path integral, originally introduced by Gibbons and Hawking [32], Maldacena and
Lewkowycz in 2013 derived a formula for the generalized fine-grained entropy in gravitational
systems [33, 34]:

) All
SFG = mlll’l {G)I(t [%Cj + Ssemi—cl (E[ U Erad):| } . (16)

In this work, they introduced the concept of islands ¥; and their boundary I, which appears
in the formula via the Ryu-Takayanagi area term. In addition, they included the semiclassical
fine-grained entropy of the combined region made up of the island ¥; and the Hawking-radiation
region X,.q4.

The key insight is that, contrary to the earlier assumption that only a single saddle—the
Hawking saddle—contributes, the gravitational path integral actually has two saddle points.
Using the replica-wormholes construction, a second saddle point, the replica-wormhole saddle,
was identified. The Hawking saddle yields a contribution to the fine-grained entropy that
grows indefinitely, whereas the replica-wormhole saddle gives a contribution that decreases
monotonically. Taking the minimum of these two competing contributions, the formula (1.6)
reproduces the Page curve correctly. Since the replica-wormhole construction arises simply as
an implementation of the replica trick in theories with dynamical gravity, it is expected that
the island rule should apply to essentially any type of black hole.

In the years that followed, many works appeared that refined this formula into its now-
standard form [35, 36, 37]. The main issue was whether it genuinely reproduces the Page curve
in explicit models. This was ultimately demonstrated first in JT gravity in 2019 [35, 38, 39|,
and subsequently in the RST/BPP model in 2021 [40, 41] and the DREH model between
2022 and 2025 [42, 43]. Building on this foundational derivation of the Page curve, it has
since been obtained in a broad class of two-dimensional dilaton gravity theories [44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59|, as well as in several higher-dimensional
constructions [60, 61, 62, 63, 64]. Additional noteworthy investigations of entanglement entropy
in gravitational settings include [65, 66, 67, 68, 69]. At face value, these results may suggest
that the information paradox has been resolved. Nonetheless, important issues remain open,
such as the detailed quantum state of Hawking radiation, the reconstruction of the relevant
causal diamond |70, 71, 72|, and related questions.

1.1.1 Chern-Simons theory of gravity

Another major line of research that emerged over the last century is Chern—Simons theory.
What started as a purely mathematical construction for analyzing topological invariants of
manifolds—especially the Pontryagin characteristic classes—has become a central pillar of con-
temporary theoretical physics. It is applied not only in gravitational and topological quantum
field theory contexts, but also in condensed matter physics to characterize topological phases
of matter, such as those appearing in the fractional quantum Hall effect. The theory was first
introduced by mathematicians Shiing-Shen Chern and James Simons in their seminal 1974
paper |73]. In this work, they identified a boundary term that cannot be defined globally by
a gauge-invariant tensor, yet whose integral over a closed odd-dimensional manifold yields a
topological invariant.

The first appearance of Chern-Simons theory in physics occurred when researchers recog-
nized that this mathematical construct exhibits distinctive physical features, largely because its
action does not depend on the metric and is therefore topologically invariant. In 1982, Stanley
Deser, Roman Jackiw, and Stephen Templeton brought the Chern-Simons term into the realm

4
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of physics [74]. They demonstrated that incorporating this term into the Einstein—Hilbert
or Maxwell actions in (2 4+ 1) dimensions generates a mass for the graviton or photon with-
out violating gauge invariance—a mechanism now known as Topologically Massive Gravity or
Topologically Massive Electromagnetism. In 1989, Edward Witten transformed the subject
by proving that Chern-Simons theory defines a Topological Quantum Field Theory (TQFT)
[75]. He famously employed it to formulate a quantum field theoretic description of the Jones
polynomial, a knot invariant in mathematics. This achievement forged a deep link between
physics and topology and played a key role in Witten’s award of the Fields Medal.

The first concrete application to general relativity appeared in 1988. In (2 + 1) dimensions,
general relativity becomes strikingly simple: it lacks local propagating degrees of freedom and
thus realizes a TQFT. Achicarro and Townsend [76], followed by Witten [77], showed that ordi-
nary three-dimensional general relativity is mathematically equivalent to a pure Chern-Simons
gauge theory. This was the first explicit realization of gravity as a pure gauge theory. Build-
ing on this, in 1992 Banados, Teitelboim, and Zanelli found that 3D gravity with a negative
cosmological constant admits black hole solutions [78|. Since the bulk theory is purely topolog-
ical (Chern-Simons), the degrees of freedom accounting for the black hole entropy are entirely
localized on the boundary. This represented a major conceptual advance and anticipated the
holographic principle.

In the early 1990s, Ali Chamseddine and collaborators formulated Chern-Simons gravity
and supergravity in arbitrary odd dimensions [79], exploiting the fact that the CS form ex-
ists only in odd-dimensional spacetimes. In contrast to standard Einstein gravity, higher-
dimensional Chern-Simons theories for gravity include higher powers of the curvature, yet they
uniquely evade the occurrence of pathological “ghosts” (negative-energy modes) that usually
plague higher-derivative models. In 1996, Strominger and Vafa demonstrated that string the-
ory can account for the microscopic origin of Bekenstein—-Hawking entropy by employing the
five-dimensional Chern-Simons term in minimal 5D supergravity and, in this way, successfully
counted the microstates of five-dimensional black holes [80].

A key feature of the five-dimensional Chern-Simons theory of gravity is that, although the
action has no explicit dependence on torsion, torsion does not vanish on shell, unlike in stan-
dard four-dimensional General Relativity. Consequently, one must adopt the Riemann—Cartan
geometric framework to correctly analyze solutions with nonzero torsion [81]. More generally,
in any spacetime dimension there exists a class of Lagrangians—known as Lovelock Lagrangians
[82]—that contain higher-order curvature terms while preserving properties analogous to those
of ordinary General Relativity. A thorough and foundational exposition of the geometric for-
mulation of Chern-Simons gravity in all odd dimensions is provided by Zanelli in his 2012 work
[83], which details the gauge-theoretic construction, the structure of local degrees of freedom,
and the way in which one passes from standard General Relativity to these Lovelock-type
gravitational theories.

In studying the thermodynamics of any gravitational theory, boundary terms play a crucial
rule. The asymptotic symmetries of AdS; spacetime were first analyzed by Brown and Henneaux
in their 1986 work [84]. A systematic treatment of boundary terms in Chern—Simons theories
in odd dimensions was later developed by Miskovi¢ and Olea in [85]. Their paper introduces
an elegant framework for handling boundary conditions, counterterms, and the regularized
evaluation of Noether charges, which is further extended in [86].

The thermodynamics of three-dimensional Chern—Simons gravity with torsion has been
explored in [87, 88]. In [87]|, the authors present a thorough study of three-dimensional
black holes in Einstein—-Maxwell theory endowed with both gravitational and electromagnetic
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Chern—Simons terms. They construct intrinsically rotating, geodesically complete solutions
and confirm that their mass, angular momentum, and entropy obey the first law of black
hole thermodynamics. In contrast, [88] derives generalized asymptotic configurations for 3D
Maxwell Chern—Simons gravity and proposes a new extension that introduces torsion through a
deformed Maxwell algebra. They show that, whereas the torsionless sector leads to flat cosmo-
logical spacetimes, the torsional sector gives rise to BTZ-like geometries in which the entropy
depends not only on the horizon area but also on additional spin-2 fields integrated over the
horizon. Finally, in five dimensions, one finds a well-defined BTZ-type black hole with torsion,
whose thermodynamics, when coupled to an SU(2) soliton, is analyzed in the recent work [89].

1.2 Motivation

The Einstein—Hilbert action and its black hole predictions form the foundation of contemporary
gravitational theory. Over the decades, numerous experiments have been carried out with the
aim of testing Einstein’s theory of gravity [2|, and all have confirmed its validity. The first key
success was the explanation of the anomalous precession of Mercury’s orbit around the Sun,
where the general relativistic correction matches observations with remarkable precision. This
was followed by the confirmation of gravitational lensing, in which a single source (typically
a galaxy) appears in two distinct directions in the sky as seen from Earth. This effect arises
because light is deflected when it passes near a massive body such as a black hole, exactly as
predicted by general relativity. The most recent observational breakthroughs provide especially
compelling evidence for Einstein’s theory: the first ever image of a black hole [90] and the
observation of gravitational waves [91].

Another central feature of general relativity is the set of cosmological solutions it admits,
many of which describe our universe quite accurately. In this domain, there is an even larger
body of experimental data, most notably the observations of the cosmic microwave background
(CMB) radiation. Yet general relativity by itself does not account for the small temperature
fluctuations observed in the CMB. These are generally viewed as phenomena that require a
complete theory of quantum gravity. Consequently, researchers turn to semiclassical meth-
ods—where quantum fields are defined on a curved spacetime background—to explain these
features, and such approaches have achieved partial success.

The same technique is employed to account for the thermal character of black holes. Conse-
quently, they must emit radiation and lose energy—an effect that cannot be understood without
invoking quantum field theory in curved spacetime. Although this phenomenon has not yet
been confirmed experimentally, because the predicted temperature of a black hole is on the
same order of magnitude as the CMB temperature, it is regarded as an unavoidable aspect of
black hole physics. Therefore, it deserves deeper study.

This leads to crucial questions, such as: Do black holes—and by extension, general rela-
tivity—respect the principles of quantum mechanics? In particular: Is black hole radiation
governed by a unitary time evolution? Furthermore, this issue should be investigated in more
intricate settings as well, including cosmological solutions of Einstein’s equations.

The island formula (1.6), obtained from the gravitational path integral, offers a framework
that reproduces the Page curve and thereby suggests that the underlying evolution is unitary.
Nonetheless, this does not yet guarantee that the Hawking radiation itself evolves unitarily,
since the Page curve only captures the correct time dependence of the fine-grained entropy.
Several questions remain unresolved. For instance: Is it possible, in principle, to reconstruct
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the full information about the initially infalling matter solely from measurements performed on
the Hawking radiation?

At present, the explicit form of the island formula is well understood only in two spatial
dimensions. Consequently, the Page curve has been computed primarily in a limited set of "toy
models" based on two-dimensional dilaton gravity, and often in the unphysical context of an
eternal black hole, which describes a black hole in thermal equilibrium with its surroundings.
In this work, we succeed in reproducing the Page curve within a physically relevant DREH
model, derived from experimentally tested Einstein’s general relativity. Moreover, we achieve
this for both the eternal black hole case and the fully evaporating black hole scenario.

The importance of torsion

The second line of research in this dissertation focuses on the dimensionally reduced five-
dimensional Chern—Simons theory. Although this is not a physical theory, the first giveaway
being that it is defined in five spacetime dimensions it nevertheless admits black hole solutions
with non-vanishing torsion. In contrast, general relativity is intrinsically torsion-free, as it is
formulated on a Riemannian manifold. However, such manifolds do not exhaust all geome-
tries that can arise from the fundamental postulates of general relativity. In particular, the
equivalence principle can be viewed as implying that gravity results from the localization of
the Poincaré symmetry. When the Poincaré group is localized in this way, the most general
resulting manifold is a Riemann—Cartan manifold, which allows for non-zero torsion.

The presence of torsion has not yet been confirmed experimentally, but we still cannot
definitively claim that spacetime is torsion-free. In many theoretical frameworks, torsion is
intimately connected to the nontrivial interaction between Dirac fermions and gravity, for
example in configurations such as fermionic soliton star solutions. The canonical case is the
Einstein—Cartan theory, which extends general relativity to a Riemann—Cartan spacetime. In
fact, when fermions are absent in this theory, the resulting equations of motion reduce to
Einstein’s field equations, which enforce vanishing torsion.

The central question to be addressed is: How does non-vanishing torsion affect the fine-
grained entropy of gravitational systems such as black holes? Since this problem is too broad, a
more precise first step is to ask: How should the island formula (1.6) be modified to incorporate
the effects of torsion? At the time of writing this dissertation, this remains unresolved. Even
the correct torsion-inclusive generalization of the Ryu-Takayanagi formula is not yet known.
In this context, five-dimensional Chern—Simons theory provides an excellent testing ground for
exploring torsion, as it admits a BTZ-like black hole solution with torsion. From the viewpoint
of the island formula, however, it is natural to dimensionally reduce the full five-dimensional
Chern—Simons theory to two dimensions and consequently recast it as a two-dimensional dilaton
gravity theory that includes both torsion fields inherited from higher dimensions and torsion
intrinsic to two dimensions.

The initial task in pursuing these questions is to obtain solutions with torsion in two-
dimensional dilaton gravity. This is the specific goal of this dissertation within this broader
research program. Having achieved this paves the way for the next step: trying to modify the
Ryu-Takayanagi formula so that torsion is properly taken into account. Ultimately, once the
correct torsion-inclusive formula is established, it should be applied to compute the Page curve
in the dimensionally reduced, experimentally tested Einstein-Cartan theory of gravity.
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1.3 Key results

This dissertation pursues two separate directions within the framework of two-dimensional
dilaton gravity. The first focuses on analyzing the fine-grained entropy of gravitational systems,
while the second explores a dimensionally-reduced model of five-dimensional Chern-Simons
theory, with the ultimate aim of understanding how non-zero torsion influences the fine-grained
entropy in such systems. We begin by outlining the central method used to compute the various
solutions developed in this thesis.

The first key result is the construction of the symmetric ansatz in Sec. 3.1, designed to
describe 2D spacetimes that admit at least one Killing vector. This ansatz provides a straight-
forward route to obtain the equations of motion for any static configuration in 2D dilaton
gravity, including classical vacuum solutions, asymptotically flat Minkowski-like vacua, and
eternal black hole scenarios. Every such solution is characterized by (F*,F~, C, f), where F*
encode the coordinate transformations from an arbitrary coordinate system to the Eddington-
Finkelstein coordinates associated with the chosen Killing vector, and C' denotes a set of inte-
gration constants (or charges) that specify the particular solution. The quantity f represents
a collection of arbitrary functions that typically emerge from residual gauge freedoms in the
higher-dimensional parent theory from which the 2D dilaton gravity model is obtained.

The same ansatz can be employed to formulate the classical collapse scenario, as discussed
in Sec. 3.4, where infalling matter propagates along a null hypersurface. In this framework,
the spacetime on each side of the null hypersurface must be given by one of the static vacuum
solutions. By requiring a continuous matching of these vacuum regions across the infalling
matter hypersurface, one relates the parameters of the two solutions. Specifically, the presence
of falling matter induces a discontinuity in F~ and in charges C', while the other coordinate
transformation remains unchanged. In most situations, these junction conditions fully fix the
remaining gage freedom and thereby determine any arbitrary functions that may appear in the
general vacuum solutions.

Another important aspect of this matching procedure is that it allows one to obtain a formal
expression for the mass of the spacetime in terms of its parameters, providing an alternative
route to determine the thermodynamic properties of the theory.

However, in many cases, these equations of motion cannot be solved exactly. In such situ-
ations, one employs a perturbative expansion in the natural parameter i and determines the
equations of motion only up to the first order in A. This allows the ansatz to be applied to
obtain the evaporating black hole solution as well. Because the EMT associated with quantum
corrections is of order h, one first uses the zeroth-order static solutions to evaluate the EMT and
only then integrates the equations of motion. The solutions in the regions of spacetime sepa-
rated by the infalling-matter hypersurface are then characterized by (F*,F~,C,t, (67),t_(07)),
where the additional functions ti(0*) encode the specific quantum state of the fields. After
enforcing the continuous matching of the two solutions across the dividing hypersurface, the
coordinate transformation F~ and constants C' receive additional quantum corrections, leading
to a quantum-corrected collapse scenario. This procedure is described in full detail in Sec. 3.4.1.

We employ this method to obtain both the eternal and evaporating black hole solutions in
the DREH model, as presented in Secs. 5.2.3 and 5.3, respectively. An analogous procedure is
applied in the Riemannian sector of the DR5DCS model, where the corresponding solutions are
constructed in Secs. 6.2.3 and 6.3, respectively. One might anticipate difficulties near the end-
point of evaporation, since the standard non-perturbative solutions in the BPP and RST models
exhibit non-analytic behavior in this region of spacetime. Our method, however, captures
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precisely this non-analyticity and correctly reproduces the energy balance, the thunderpop,
and the end-state geometry in each model.

The central findings of this research program are summarized in Chap. 10, where we suc-
cessfully obtain the Page curve for the DREH model in both the eternal and evaporating black
hole scenarios. The perturbative analysis reproduces the expected behavior of the Page curve,
determines the Page time, and thereby establishes the unitary time evolution of the fine-grained
entropy in the DREH model.

The central result of the second line of research is derived in Sec. 2.3, where the com-
plete 5DCS theory is dimensionally reduced to two dimensions over the 3-sphere, yielding the
following action:

km? N 3 o 2
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In this manner, a two-dimensional dilaton gravity theory with torsion is obtained. Its proper-
ties are examined in detail in Chap. 7. There, it is shown that the general vacuum geometry
is inherited from the original 5DCS theory and corresponds to a BTZ black hole with a non-
vanishing five-dimensional torsion field, which manifests in the 2D theory as a scalar field 6.
This field 0 effectively serves as a Lagrange multiplier, imposing a constraint that substantially
restricts the phase space of admissible solutions. In Sec. 7.2.1, we adopt the symmetric ansatz
and exploit this constraint to explicitly determine all additional fields originating from the di-
mensional reduction and the two-dimensional torsion as well, in the presence of two-dimensional
matter. We demonstrate that, as long as 6 # 0, the 2D torsion is necessarily non-vanishing as
well.

In Sec. 7.3 we solve the ensuing equations of motion in the presence of matter that is min-
imally coupled to gravity. We consider several types of matter fields. The most compelling
solutions are found when a Dirac spinor field is minimally-coupled to both gravity and torsion.
In that setting, we demonstrate that the system supports a fermionic soliton star configuration
with a clearly defined phase transition mechanism. The transition is governed by two param-
eters, p and P. For ’%| > 7, the solution corresponds to a completely regular spacetime, free
of horizons and singularities. Once this critical threshold is crossed, however, the fermions
condense at a particular spacetime location where the fermion density 1)t diverges. This di-
vergence in density produces a curvature singularity and a horizon precisely at that location.
The associated horizon has non-vanishing surface gravity, so the resulting configuration is non-
extremal. We anticipate that including quantum corrections will remove, or “smooth out,” this
singularity.

Beyond the fermionic star configuration, we uncover a wide variety of additional solutions.
In most situations, coupling to scalar fields, with or without electromagnetism, leads to cosmo-
logical solutions. These are typically singular and often describe spacetimes oscillating between
a big bang and a big crunch events. In some cases, additional singularities arise in between
them, occurring at spacetime locations where the scale factor remains finite. Singularities
of this kind are referred to as sudden singularities and have been thoroughly studied in the
literature [92, 93]. In addition, we demonstrate that once the Polyakov—Liouville quantum
corrections are taken into account, the geometry develops a structure analogous to that of the
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Reissner—Nordstrom or rotating BTZ black hole solutions, featuring two singular horizons that
shield a singularity lying beyond them.

The main results of the second research program are discussed in Chap. 11, where we ana-
lyze the fine-grained entropy in the DR5DCS framework. There, we explicitly obtain the Page
curve for an eternal black hole in the Riemannian sector of the theory. Furthermore, we derive
several noteworthy results concerning how torsion influences the Page curve by computing the
fine-grained entropy of a quantum-corrected eternal black hole solution featuring two singular
horizons. This computation is carried out using the standard island rule, with the Wald en-
tropy serving the role of the area term. Our analysis indicates that torsion imposes stringent
constraints on the placement of the cut-off hypersurface that defines the boundary of the black
hole region. Nevertheless, these findings should be interpreted cautiously, since they are some-
what conjectural: it is currently unclear whether the usual island rule remains valid in theories
with non-zero torsion.

1.4 Organization

The dissertation is divided into two main parts. The first part, comprising Chaps. 2-7, focuses
on two-dimensional dilaton gravity. Various models are presented, their equations of motion
are solved, and quantum corrections are incorporated, leading to both eternal and evaporating
black hole solutions. The second part, consisting of Chaps. 8-11, is devoted to the study of
fine-grained entropy in the framework of 2D dilaton gravity, where the Page curve is recovered
for several different models. The final chapter provides concluding remarks.

In Chap. 2 we present the framework of dimensional reduction. This framework is central
to the thesis, since all theories under consideration are obtained from higher-dimensional ones
by dimensional reduction. We begin by formulating a dimensional reduction on a general
Riemannian manifold with a well-defined topology. Using this setup, we then derive the action
for a theory reduced over an n-sphere manifold, and subsequently apply it explicitly to reduce
the five-dimensional Chern-Simons (5DCS) theory and the four-dimensional Einstein-Hilbert
action to two-dimensional dilaton gravity over S* and S?, respectively. In the final section,
we carry out the dimensional reduction of the full 5DCS theory to a two-dimensional dilaton
gravity with torsion over S® by employing the most general spherically symmetric ansatz for
both the vielbein and the spin-connection.

Chap. 3 is devoted to the general structure of two-dimensional dilaton gravity. We first
introduce the most general symmetric ansatz for a two-dimensional spacetime that admits at
least one Killing vector. The ansatz for scalar, spinor, vector, and tensor fields is constructed, as
well as for the metric and the dilaton. We then derive the most general covariant conservation
laws in 2D dilaton gravity when non-minimal couplings to curvature and torsion are included.
Next, we incorporate quantum corrections through the Polyakov-Liouville action and study
the transformation properties of the resulting quantum energy-momentum tensor (EMT). The
concluding section of this chapter develops the framework for both classical and quantum-
corrected gravitational collapse, with particular emphasis on a perturbative expansion in A in
the quantum-corrected case.

In Chap. 4 we present an in-depth review of the CGHS model of 2D dilaton gravity, treated
as a fundamental toy model for investigating the entropy of Hawking radiation in an asymp-
totically flat spacetime. We begin by deriving the equations of motion and their general so-
lutions. We then impose a static ansatz setup, solve the resulting static equations of mo-
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tion, and formulate the classical gravitational collapse scenario. After that, we incorporate
Polyakov—Liouville quantum corrections, examine various choices of counterterms that render
the quantum-corrected equations exactly solvable, and determine the most general static vac-
uum solution of these quantum-corrected equations. In the following section, we provide a
detailed analysis of the BPP model, which we adopt as our preferred route. We first construct
the exact quantum-corrected collapse scenario and then apply the perturbative method devel-
oped in Chap. 3 to demonstrate that it leads to consistent results. The chapter concludes with
a discussion of the thermodynamic properties of the CGHS model.

Chap. 5 focuses on the dimensionally reduced four-dimensional Einstein—Hilbert action and
is organized into three sections. As before, we start by deriving the classical equations of motion
and demonstrate that Birkhoff’s theorem is inhered through dimensional reduction, in the sense
that the most general solution of the vacuum equations of motion is the Schwarzschild black
hole spacetime. The second section explains how to incorporate Polyakov-Liouville quantum
corrections in this setting, derives the most general quantum-corrected static solutions, and
discusses both the asymptotically flat static vacuum configuration and the eternal black hole
scenario. The final section systematically introduces evaporating black hole solutions. In this
part, we explicitly compute the end point of evaporation, determine the final state of black hole
radiation, and show that the end-state geometry is the quantum-corrected Minkowski vacuum
solution.

In Chap. 6 we study the Riemannian sector of the dimensionally reduced five-dimensional
Chern-Simons theory (DR5DCS). The organization closely parallels that of the preceding chap-
ter. In the first section, we derive the classical equations of motion together with their most
general vacuum solutions, and then construct the classical collapse scenario and the associated
Penrose diagram. The following section introduces quantum corrections into this framework.
There we obtain the general static solutions to the quantum-corrected equations of motion and
formulate the eternal black hole scenario. The final section is dedicated to the evaporating
black hole solution. We explicitly determine the end-point of evaporation, the corresponding
final state, and the geometry characterizing this end state.

Chap. 7 is devoted to the full dimensionally reduced 5DCS theory with non-vanishing tor-
sion. Because the equations of motion are, in general, extremely challenging to solve, we
immediately adopt the symmetric ansatz of Sec. 3.1. Within this framework, we derive the
most general symmetric vacuum solution and formulate the classical gravitational collapse.
The second section addresses the general solution of the gravitational equations of motion.
We manage to express all additional fields arising from dimensional reduction, as well as the
two-dimensional contorsion, solely in terms of the metric, the dilaton, and their derivatives,
and from this we obtain the resulting equations for the dilaton and the metric in terms of
the matter EMT and the contorsion current. We then analyze three distinct cases. First, we
consider matter with a completely vanishing contorsion current; in this regime the matter EMT
is entirely determined by the metric. Next, we investigate how non-vanishing components of
the contorsion current modify the equations of motion. The penultimate section examines the
coupling of gravity to various matter field theories. We start with a real scalar field, pure
electrodynamics, and spinor field theory, then proceed to scalar electrodynamics, and conclude
with ideal fluid hydrodynamics. Finally, in the last section we incorporate Polyakov-Liouville
quantum corrections.

We now turn to the second part of the dissertation. Chap. 8 is devoted to various notions
of entropy in gravitational systems. It is divided into four sections. In the first section, we
highlight the distinction between coarse-grained and fine-grained entropy, and clarify what is
meant by the fine-grained entropy of quantum fields in a gravitational background. We stress
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that the crucial ingredient in defining entanglement entropy is the spacetime region in which
the degrees of freedom inaccessible to a static observer reside.

The second section focuses on the Von Neumann entropy in gravity. We begin by computing
the Von Neumann entropy for a Rindler observer and derive the Unruh effect. In subsequent
subsections, we examine how changing the inaccessible region affects the fine-grained entropy
and extend the resulting formulas to curved spacetimes, both with and without reflective bound-
aries. The next subsection analyzes how the entropy depends on the choice of quantum state of
the matter fields. This section concludes with a definition of the Hawking information paradox.

The final section reviews the recent Maldacena—Lewkowycz prescription for evaluating fine-
grained entropy in gravitational systems, following [1]. We begin by presenting the central
dogma, which states that a black hole can be treated as an ordinary quantum system up to a
certain cutoff hypersurface, and then proceed to discuss the reconstruction of the Page curve,
the replica wormhole method, and the problem of entanglement wedge reconstruction.

In Chap. 9 we revisit the derivation of the Page curve in the BPP model. We begin by
computing the Page curve for an eternal black hole and subsequently analyze the evaporating
black hole case. For both setups, we first examine the no-island configuration, in which one
recovers the standard Hawking result, and then demonstrate explicitly how incorporating the
island correctly yields the Page curve. At the end of this chapter, we address the reliability of
the Page curve calculation and offer a comment on the Page time.

Chap. 10 is devoted to the central result of this dissertation, namely the Page curve in the
DREH model. It is organized into three sections. In the first section, we derive the Page curve
for an eternal black hole, analyze the island and no-island configurations, and comment on their
connection to Wald entropy. The second section focuses on the Page curve in a classical collapse
setup, where we show that the resulting Page curve exhibits the same asymptotic behavior as
in the eternal black hole case, as expected in the absence of quantum back-reaction on the
classical geometry. The final section recovers the Page curve for an evaporating black hole,
with particular emphasis on distinguishing between the island and no-island configurations.

In the final Chap. 11 of the second part of the dissertation, we study the Page curve
in the context of the DR5DCS theory. We begin by introducing a coupling of the black hole
spacetime to a thermal bath region, which is required whenever the spacetime is asymptotically
AdS-like. The following section evaluates the coarse-grained entropy in this model by using the
Wald entropy formula. We then reproduce the Page curve for an eternal black hole in this
framework, examining both island and no-island configurations, as usual. In the final section,
we explore how to compute the Page curve when the spacetime exhibits non-vanishing torsion,
again employing the Wald entropy formula as the area term in the island rule.

The main text is supplemented by four appendices. App. A introduces the Riemann-Cartan
geometry and the spinor conventions employed throughout this dissertation. App. B provides
further technical details on the polynomials that appear in the evaporating black hole solution
of the DREH model discussed in Sec. 5.3. In App. C we present a brief review of the standard
four-dimensional Schwarzschild solution. The final App. D is devoted to quantum field theory
in curved spacetime, with particular focus on the scalar field. We begin by discussing canonical
quantization in curved spacetime, Bogoliubov transformations, and the Unruh effect. The
fourth section highlights the role of event and Killing horizons within the black hole spacetimes,
while the fifth section derives the Kruskal coordinates and the surface gravity by imposing
regularity of the metric at the horizon. In the last section, we examine the Hawking effect and
Hawking radiation.
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Chapter 2

Dimensional reduction

Higher-dimensional gravitational theories are generally difficult to solve. To address this, one
often attempts to simplify the problem by reducing the number of dimensions. There exist
many consistent methods to carry out such a dimensional reduction. The original historical
proposal, due to Kaluza and Klein [94, 95|, suggested introducing a fifth coordinate in order
to unify Einstein’s general relativity with Maxwell’s electromagnetism. To account for the fact
that we do not observe this fifth coordinate, they assumed it is compactified on a tiny circle
with a radius so small that it cannot be detected. Although this framework did not yield the
correct value for the electron mass-to-charge ratio, it nonetheless remains a foundational idea
in modern string theory, where the compactification is done over small complex Calabi—Yau
manifolds, thereby reducing higher-dimensional string theories to an effective four-dimensional
theory.

In this chapter, we present an alternative approach to dimensional reduction. The idea is
to impose a symmetric ansatz such that the resulting metric has the required topology, and
then integrate out the redundant coordinates. In this way, any solution of the original theory
that possesses the specified topology and symmetries automatically becomes a solution of the
dimensionally reduced theory. Since it is considerably easier to study the thermodynamic prop-
erties in the lower-dimensional framework, this method is particularly valuable, as it ensures
that the desired solutions are indeed captured by the reduced theory.

The chapter is divided into three sections. In Sec. 2.1, we present a general method for per-
forming this type of dimensional reduction on a Riemannian manifold. In the following Sec. 2.2,
we carry out the dimensional reduction over the n-sphere and, as illustrative examples, consider
the Einstein—Hilbert action and the Riemannian sector of five-dimensional Chern—Simons the-
ory. In the final Sec. 2.3, we perform a dimensional reduction of the complete five-dimensional
Chern-Simons theory of gravity, which exhibits a black hole solution with torsion, which is of
great importance for the study of fine-grained entanglement entropy in gravitational systems
with torsion.

2.1 Dimensional reduction of Riemannian manifold

Here we introduce an alternative symmetry-based approach to dimensional reduction of a Rie-
mannian manifold. We begin with an N-dimensional manifold that can be decomposed in K +1
disjunctive sub-manifolds My = M, x My X My, x .- x My, , each characterized by its
own dimension d,, topology and symmetry properties. The component M,, represents the final
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n-dimensional manifold that remains after the reduction process. The metric on each subman-
ifold is written as ds? = w,f:;adxiadxja. Accordingly, for the metric on the original manifold we
adopt the following ansatz:

a

K
1 . .
ds® = G pdXAdXE = Gudatda” + E ﬁe_%a%(:])-adx’“dxja, (2.1)
a=1

where we have introduced K dilaton fields ¢, and dimensional constants A\, associated with
the corresponding submanifolds. We emphasize that the symmetry requirement is that the
dilaton fields depend solely on the coordinates of the final manifold, namely ¢, = ¢,(x*). We
denote the coordinates collectively as X4 € {a#, 2%t 2% ... 2'%} where Latin indices label the
submanifolds and Greek indices are reserved for the final manifold.

The action of the higher-dimensional Riemannian gravity theory may depend only on the
curvature invariants, namely:

S = / AV XV—=GL (R, RapR*, RapcpR*PP) . (2.2)
My

Hence, we evaluate these invariants using the ansatz (2.1). In addition to I'", for the resulting

manifold and Ff:ja for each submanifold over which the dimensional reduction is carried out,
the remaining non-vanishing Christoffel symbols are:

1 _
e = peli e 2y VrG,, Va € {1,2,.., K},

Tl = —8% Vb, Vae {1,2,... K}.

(2.3)

The next step is to compute the Riemannian curvature tensor of the initial manifold using
Christoffel symbols (2.3) and ansatz (2.1). For non-zero components of the Riemannian tensor,

we get:
1

Ruial/]a )\2 e P)/’La]a (v#vu¢a v“(bavu(ba) )

RZ(L]aV — 513(1 <Vﬂvy¢a — Vugﬁaquﬁa),

ia (@i 1 20, i (@) (@ (2.4)
R Gakate = B okt + az¢ P (Voa)’ (5 o Yiaka — 0 kﬂgala)
L
Za _ 7fa —2¢
Rjagn = —05, )\2 b%b]b VoV ¢y,
R oo = B s
where R, and R ‘;a k1, are the Riemannian curvature tensors of the final manifold and the

a-th submanifold, respectively. The Ricci tensor is defined by Rap = RP, 5, and is given by:
K

Ruw =R+ Y _do (vuqusa - vmawﬁa),

a=1 (2.5)

n

a

a 1 _ a
Riaja = Rz(a;a + 2¢a71( ])a <D¢a - vu¢avu¢>a

where R, and R, ;, are the Ricci tensors of the final manifold and the a-th submanifold,
respectively. In addition, we introduce ¢ = Zle da¢q. The first curvature invariant, the scalar
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curvature, is directly computed from Eq. (2.5):

R =R+ (V¢)* — 20 ? + Z NR@e* — d, (V,)?), (2.6)

a=1

where R and R@ denote the scalar curvatures associated with their respective manifolds.
Finally, we evaluate the quadratic curvature terms. The Ricci squared is as follows:

K K
RYPRap = Ry B ++ ) X' R R + > dodye® 'V, V, e VIV e

a=1 a,b=1

K K
+ 2R Y o (VuViba = VibaVida) +2 D A2 R (O, — V,0,9"9)  (27)
) a=1 a=1

+ Z dq (D% - Vu¢av#¢)2 ’

a=1

while the Kreshman scalar is given by:

RapcpRAPP = Ry, po R +4Zd eV, V,e VIV e 44 Y dody V6,V )’
a=1 1<a<b<K
K . .
£ MR L Bt — AN RO (V6,)* + 2da(da — 1)(Va)*

a=1

(2.8)
We can see that the resulting action is at most fourth order in derivatives of the dilaton fields.

All of these invariants depend on the corresponding invariants of the submanifold on which
the reduction is carried out. These are the only terms that explicitly depend on the submanifold
coordinates. Substituting Eqs. (2.6-2.8) into the gravitational action (2.2) and then integrating
over the submanifold coordinates yields an action defined on the final manifold. If one or more
of the submanifolds is non-compact, divergences can arise when attempting to integrate out
the submanifold coordinates. In such cases, an appropriate regularization procedure must be
employed to tame those divergences. In most cases the invariants appear in specific combination
known as Gauss-Bonnet term [96], firstly introduced in Lovelock gravity [97], and later refined
as main ingredient in Gauss-Bonnet gravity:

GB =TR* — 4R" R + R"" R po- (2.9)

This term becomes relevant only in theories with more than five dimensions. In two- and
three-dimensional theories it is exactly equal to zero; while in four dimensions it appears as a
topological term, proportional to the Euler characteristic of the manifold. It arises in topological
gravity theories, most notably in five-dimensional Chern—Simons theory.

Finally, we need to substitute the ansatz (2.1) in order to rewrite v/—G from Eq. (2.2)
in terms of the dilaton fields. Because the metric ansatz is block diagonal, its determinant
factorizes into a product of \/—g contributions, one from each submanifold:

NN | ] G RENE A | S 210)
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Consequently, the integration decomposes into K separate integrals over submanifolds, each
of which can be computed individually. The corresponding action is then defined on the final
submanifold. Note that, from the standpoint of this final action, Lagrangian terms of the form
e?V ,&" are total derivatives and can therefore be disregarded when deriving the equations of
motion.

2.2 Dimensional reduction over n-sphere

In this section we preform the dimensional reduction of manifold M x S™ over the submanifold
S™. Since the n-sphere is a maximally symmetric space, the curvature invariants are given by:

R =n(n—1) A RYRY =n(n—1)* A RERI =2n(n—1). (2.11)
Placing this into the scalar curvature yields the following:
R =R+n(n—1)[(Ve)®+ Ne*] — 2¢"0e . (2.12)

The last term in this expression is a surface term. Consequently, it may be omitted from the
action, since it does not contribute to the equations of motion. The remaining invariants can
likewise be obtained by straightforward substitution. Instead of presenting the full expressions
from this procedure, we only provide the resulting form of the Gauss—Bonnet (2.9) term:

GB =n(n —1)(n — 2)(n — 3) (\'e*? +2X%¢**(V¢)* — (V)*)

+ 2n(n — 1) ()\262¢R + (n _ 2)(V¢)2 (D¢ . (V¢)2) _ 26"¢Vu£“) 7 (2.13)

where the last term in the second row o €’V " represents a total derivative in the action
and as such can be disregarded.
2.2.1 Dimensional reduction of 4D Einstein-Hilbert action over S?

In this section, we consider the dimensional reduction of the Einstein-Hilbert action, commonly
referred to as the DREH model. The four-dimensional action is given by:

1 4
= — 2.14
6nCin /d vV —GR, ( )

where G is the Newton gravitational constant in four dimensions. Since the reduction is
preformed over the S?, the specific four-dimensional metric is given by:

(w0 L (e
GAB - ( 0 ’YZJ ) A PYZ] - )\2 < O 672(;5 Sin20 . (215)

where the indices correspond to i, j € {2,3}, while p, v € {0,1}. Here X is simply a dimensional
parameter. We also assume that g,, = g,,,(2% 2'). In this case, the scalar curvature (2.12) and
the Jacobian (2.10) read:

R =R+2(Ve)? +2)\2e* — 2% . (2.16)
1
d*XV-G = d%:dedgoﬁ\/_—ge*%5 sin 6. (2.17)
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After integrating out the angles and neglecting the surface term, we arrive at the following
dimensionally reduced action:

Sred = 4G TeMY / d*zy/—ge*? [R+2(V¢)® + 2X%e*] . (2.18)

Let us discuss the dimensionality of the constant appearing in front of the action. Its
dimension matches that of the gravitational constant in two dimensions. This correspondence
enables us to define the two-dimensional gravitational constant as G = A\*Gy. To construct
the complete theory, we must also incorporate matter. We introduce matter in the form of a
two-dimensional massless scalar field f. The DREH action then takes the following final form:

Somen = 1 [ Eov=ge ® [R+2(Vop + 2] - 5 [ Eoy=g (9. (219)

Note that, as a consequence of the dimensional reduction, the reduced action exhibits a cosmo-
logical constant term as well. In some cases, matter may instead be introduced as a quantity
obtained through dimensional reduction by starting from the four-dimensional scalar field action
and then performing the reduction. In this formulation, the matter Lagrangian is multiplied
by a factor e=2% [98].

2.2.2 Dimensional reduction of 5D Chern-Simons theory over S?

In this subsection, we preform the dimensional reduction of the five-dimensional Chern—Simons
(5DCS) action over S3, obtaining a two-dimensional dilaton gravity theory. Although 5DCS
gravity generally allows for non-zero torsion, here we restrict our analysis to the torsion-free
Riemannian sector. The action can be written as [99]:
12

SE) = 213 &z =g [R + 5+ 7 (RF = AR Roup + RAPPRepap) . (2.20)
In the same way as in the case of Elnstem—Hllbert action, we assume that the metric has a
block diagonal form:

1
ds® = g, dz"dz” + ﬁe‘%dﬂg, (2.21)

where ¢ = ¢(2°,2') is a newly introduced dilaton field, g,,, = g,,,(z°, ') is a two-dimensional

metric, and dQ3 = dy? + sin®¢(d6? + sin® dp?) = v,;dz'dr? is a S® metric. We use Greek
indices p,v = 0,1 for the remaining two-dimensional manifold, and Latin indices i, j = 2, 3,4
for the S®. For the S? reduction, the scalar curvature. For the S? reduction, the scalar curvature
(2.12), the Gauss-Bonnet term (2.13) and the Jacobian (2.10) read:

R =R+6((Vg)+ A\e*) —2e°0e ™7, (2.22)
GB =12 (N’Re* + (V¢)* (O¢ — (V¢)?) — 26>V ") | (2.23)
dPPXV-G = d%d@ﬁdﬁdgp%e—w sin? 1 sin 9. (2.24)

Placing Eqs. (2.22-2.24) into the action (2.20) we get the following final expression for the
action of the dimensionally reduced theory:

ke 72 030 2,26
SDR5DCS-R = BUE /d V=g { (1+3(A)%e*) .

6 ((Vo)® + \e*) + z% +31(V9)* (O¢ — (V)?) | + Smat,

where S, 1S @ mater action in two dimensions.
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2.3 Dimensional reduction of the full 5DCS theory over S°

Let us first introduce the five-dimensional theory of Chern-Simons gravity, following the intro-
duction in [99]. As a first step, we introduce the SO(4,2) gauge connection:

1 1
A= 5QABJAB - 7E/U% (2.26)

where Jyp and P4 are generators of the s0(4,2) Lie algebra, satisfying:

[JaB, Jep| = napJee + npcJap — (C <> D),
[Jan, Pc| = npcPa — nacPs, (2.27)
(P4, Pg) = Jap.

The parameter [ denotes the AdS radius. Using this gauge connection, we can then build the
Chern—-Simons Lagrangian, which in five dimensions takes the form:

—g Tr(]-"/\]—'/\A—%}'/\A/\A/\AJr%A/\A/\A/\A/\A), (2.28)

where the trace is taken in a particular representation of the gauge group. After evaluating
this trace, the resulting action can be written in the following form:

k 1 2 1
S8 = 3 /5ABCDE <7RAB/\RCD/\EE+ﬁRAB/\EC/\ED/\E’%—ﬁEA/\EB/\EC/\ED/\EE>.
(2.29)
By varying the action (2.29) we arrive at the following set of equations of motion:
eapcpp(RY + EA NEP)(REP + EC ANEP) =0, (2.50)

eapopeT* (RPC + EP NEY) =0,

These equations do not require the torsion 74 = dE4 + Q4; A EZ to vanish. On the other
hand, they are satisfied when the torsion is set to zero. Consequently, it is consistent to focus
on the torsionless sector of the theory defined by the action (2.20). This is the most common
approach in studies of this class of Lovelock gravity, where Riemannian geometry is assumed
from the outset, as we did in the previous section.

What is interesting about the 5DCS gravity is that it admits the dimensionally continued
BT7Z black hole solution |78, 100].

ds® = — (r? — p) dt* + dr® + r*dQ3, (2.31)

1
(r? = p)
where dQ3 denotes the metric on the 3-sphere. It is straightforward to see that the choice
= —1 yields AdS space-time. The field Eqgs. (2.30) admit solutions not only with spherical
symmetry, but also with more general geometries in which dQ)3 is replaced by an arbitrary dX3,
where Y3 is any fixed manifold describing the horizon geometry [101]. A notable characteristic
of this BH solution is that it allows for nontrivial axial torsion. Adopting conventions where
the indices {i,7,k} € {2, 3,4} label directions along Y3, the nonvanishing torsion components
are given by:
. 0 ..
TH=——cFelek, (2.32)

r
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with 0 an arbitrary constant, while all remaining torsion components vanish.

The existence of this black hole with torsion makes this theory an interesting testing ground
for the effects of torsion on the fine-grained entropy of gravitational systems. Since most of
the Page curve reconstructions are carried out within the framework of two-dimensional dilaton
gravity, for simplicity, we preform the dimensional reduction of the full 5DCS to two dimensions.

The first step in this procedure is to find ansatz for the spin-connection and the vielbein
which exhibits a spherical symmetry of a 3-sphere. We decompose indices as (A) = (a,1),
where lower Latin indices from the beginning of the alphabet indicate two-dimensional Lorentz
indices, while indices 7, j, k- -- € {2,3,4}. The five-dimensional vielbein is given by:

e
EC=eldt +efdr=e* A Ei= eTeZ, (2.33)

where €2 = dip, €3 = sint d¥, and e* = sin sin dy; while ¢ = ¢(2°, 2!) is the dilaton field.
The most general static, spherically symmetric Riemann—Cartan space-time in five dimensions
[102] admits the following ansatz for the spin connection:

QO = A2, 2hda! + B(a®, 2)da® = ™, QY = g%,
QY = o2, 2h)e!, QO = —cospdd + 0(2°, 2')e?, (2.34)
O* = —cosysinddyp — 0(2°, z)e®, Q3 = —cosIdyp + 0(2°, 2')e?,

where A, B, ¢°, ¢' and 6 are arbitrary functions defined on the final manifold. Then the
components of Riemann-Cartan curvature tensor R4% = dQ4% + Q4 A QP can be directly
computed. To illustrate how one computes components of the form R* we explicitly evaluate
component RY%:

R02 — dQO2 4 Qol A QIZ + QO3 A 932 4 QO4 A Q42

:d¢0Ad¢+w01¢1/\d¢_¢09 (63/\64—64/\63) . (235)

Furthermore, we demonstrate the procedure for calculating the components R¥ by explicitly
working out R?3:

R23 — dQQ3 + Q24Q43 + Q2OQO3 + 921913
= sinpdip A d9 + df — 02 sineh dip A dY — (¢od + dr1¢*) sineh dep A .

Generalizing this procedure to other components of the Riemannian curvature tensor, we con-
clude that:

R — (dg%)e’ — Bgc ik, (2.36)
RY = (1 — ¢"py — 0?)e'e’ + df ¥er. (2.37)

One must show that ¢* indeed forms a two-dimensional Lorentz vector multiplet. Under
SO(4,2) gauge transformations, A transforms according to A — A, = A — de, with € =
%EAB Jag +€*Py. Two-dimensional Lorentz transformations are produced by choosing € = ¢ Jy;.
A straightforward calculation yields:

. . 1 1
A= —deJy, — ¢ (Q‘” 1+ Q1T — 7E0P1 + 7EIPO) : (2.38)
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from which we conclude:
A= (@ — de) Jog + (90 120 Joy + (QU 4 Q%)

+ %Q”Jm + % (60 — 861) Po + % (61 + 860) Pl. (239)

Substituting Eq. (2.34), we obtain the following transformation law for ¢®:
P — @O’ —eplet A @let = plet + e, = % @7 + e (2.40)

Since this quantity indeed transforms as Lorentz vector, we can utilize a vielbein e * to define
a two-dimensional vector ¢ as ¢* = e M. Additionally, Eq. (2.39) shows that ¢ is a scalar
field.

The next step is to evaluate the whole action (2.29) using the ansatz for the spin-connection
(2.34) and for the vielbein (2.33). The resulting reduced action is then given by:

2 ~
Srea = — % /Nsab e [(1 +3(M)2** (1 — ¢e¢”)) R + %(1 + (A)2* (1 — o)) e” A €

+6xe? (1 4+ (A)22(1 — 6.¢°))e® A dg? + 6(Al)2e2dg™ A dgﬂ

e A el

T~ 22T

— 3(A)20%e? {Rab +

Note that after performing integration by parts in the last term, it becomes clear that 62 plays
the role of a Lagrange multiplier. When the two-dimensional torsion vanishes, the precise
structure of the term containing 6% coincides with that of JT gravity [20, 21]. Consequently,
assigning a non-zero value to this field greatly simplifies the resulting equations. The action
(2.25) reduces to the Riemannian action (2.25) upon setting # = 0 and imposing ¢, = %Vmb,
with ¢, = e,"¢,. These relations are implied by the torsion-free condition 7 = 0.

Now we rewrite the Riemann-Cartan action (2.41) into a more suitable Riemannian form.
Using the notation defined in App. A, different terms appearing in Eq. (2.41) can be expressed
in terms of the metric g,, and the contorsion 1-form K, as follows:

eaR” = —R=— (R +2:"70,Kg), (2.41)

e N e = —1, (2.42)
e T’ = —¢'T",, = =" ¢,K,, (2.43)
cap® Ndd? = =V, 0 = — (V9" — "¢, K,), (2.44)
apde® A do® = — (%qw@y(p" - %gb"%qw) , (2.45)

where R and R are the Riemannian and Riemann-Cartan scalar curvatures, respectively. In
addition, Eqs. (2.42-2.45) should be multiplied by d?z/—g. To further simplify equations, we

define a reduced dilaton filed x by:
1

= —6_
Al
Putting all terms (2.42-2.45) into action (2.41) and using the reduced field (2.46), the action

X ¢, (2.46)
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becomes:
km? 9 34 3 9 9 of 2
SDRCS5:W d“z\/—ge 1+P(1—<I> —60*) ) |R+2¢ aaKﬁ—i—l—Q
24 Sy ot 1+i(1_¢2_92) Voo — 9. Kg|  (247)
2 Ix3 “ Ix x2 ¢ ap ’

6
-5 {vacb%w — Va0 Ve’ — eaﬁKavﬁcbﬂ } + Siat,

where ®? = ¢%¢,, and Spae denotes the action of the matter fields. The remaining part of
the action is attributed to gravity. This action is a functional of the metric g,,, the contorsion
K,,, the vector field ¢ arising from the five-dimensional spin connection, the scalar field 0
linked to the five-dimensional torsion, and the dilaton field ¢, which plays the role of the radial
coordinate in five dimensions.
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Chapter 3

Dilaton gravity in two dimensions

In the previous chapter, we developed a systematic procedure for performing dimensional reduc-
tion of a gravitational theory between arbitrary spacetime dimensions. This process necessarily
led to the appearance of new dilaton fields as an integral part of the reduction. Dimensional re-
duction offers several advantages. First, it yields an effective theory in fewer dimensions, which
is significantly more tractable. Second, and more importantly, the reduced theory preserves the
solutions of the original higher-dimensional theory that reflect the topology of the manifold used
in the reduction. For instance, if one is interested in spherically symmetric vacuum solutions
of a higher-dimensional theory, then performing a reduction over a sphere ensures that these
configurations remain valid solutions in the lower-dimensional theory. Third, some fine-grained
thermodynamic quantities, such as entanglement entropy, are known in closed analytic form
only in a smaller number of dimensions. Therefore, applying dimensional reduction is a much
need prerequisite for examining these thermodynamic properties.

The dimensionality of the final manifold has not yet been specified. In this chapter, we focus
on the general features of two-dimensional dilaton gravity. A two-dimensional spacetime offers
an excellent setting for studying entanglement entropy, because in two dimensions there exist
well-defined formulas for computing it. As these theories arise from a dimensional reduction of
a higher-dimensional theory, their thermodynamic characteristics retain traces of the original
higher-dimensional system, thereby providing a window into the thermodynamics of higher
dimensional black hole solutions.

In order to study Hawking radiation and its thermodynamic characteristics, one must take
into account the back-reaction of quantum fields on the spacetime geometry. This requires
computing an effective action, at least up to one-loop order. In the case of a two-dimensional
massless scalar field, this effective action is known as the Polyakov-Liouville (PL) action [22].
An additional remarkable feature of the 2D setting is that the PL action is exact at the one-loop
level.

As established in the previous chapter, performing a dimensional reduction of a Riemannian
spacetime leads to the emergence of several dilaton fields ¢,, whose number and structure are
determined by the topology of the manifold on which the reduction is carried out. Imposing
that the original action contains terms at most quadratic in the curvature, the resulting reduced
action has the following form:

S[¢aaguu] X /dQl‘\/__ge_ 20 dada (FO[gba] + f1[¢a]R + -FQ[QSQ]RQ) ) (31>

where the functionals F;[¢,] depend on the dilaton fields and involve at most four derivatives.
This structure follows directly from Egs. (2.6-2.8). Moreover, we have exploited the specific
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CHAPTER 3. DILATON GRAVITY IN TWO DIMENSIONS

features of the two-dimensional spacetime (A.15) to express both the Riemann curvature tensor
and the Ricci tensor solely in terms of the Ricci scalar. Note that for higher-dimensional gravity
theories involving the Gauss-Bonnet term (2.9), there is no second-order curvature term in the
reduced action as Gauss-Bonnet in 2D vanishes.

For a dimensional reduction of a full Riemann—Cartan theory with non-vanishing torsion,
the resulting action involves many additional fields. Besides the dilaton associated with the
higher-dimensional vielbeins, there appear both scalar and vector fields arising from the higher-
dimensional spin connection. The two-dimensional geometry is then characterized by the metric
g, and the contorsion K, (see App. A).

This chapter consists of four main parts. In Sec. 3.1, we present an ansatz for the metric,
1-form, vector field, spinor field, and more generally for any tensor field in spacetimes that
admit at least one non-null Killing vector. To construct this ansatz, we choose one of the
dilatons ¢, as a radial coordinate, thereby expressing all remaining fields as functions of that
single dilaton. The following Sec. 3.2 addresses how the covariant conservation laws of the
energy-momentum tensor are modified in the presence of non-vanishing torsion. Our derivation
closely follows [81], but we additionally incorporate non-minimally coupled fields, which leads
to an even more intricate structure of the conservation laws. These laws are crucial in deriving
several thermodynamical properties of gravitational theories. The penultimate Sec. 3.3 presents
the Polyakov—Liouville action, which serves as the framework for incorporating the quantum
corrections. The transformations of the energy-momentum tensor, as well as different vacuum
states are discussed in detail. Finally, in the concluding Sec. 3.4, we examine how to construct
a gravitational collapse scenario within the framework of two-dimensional dilaton gravity. As
a by-product of this analysis, we obtain an alternative method for deriving the mass of the
spacetime.

3.1 Symmetric ansatz setup for two-dimensional spacetime

We consider an ansatz for symmetric solutions in a two-dimensional spacetime. That implies
the presence of at least one Killing vector. We focus on configurations with a single Killing
vector, which may be either time-like or space-like. Because these two situations are analogous
with respect to the ansatz for the field content of the theory, we will present the procedure
specifically for the case of a time-like Killing vector.

In two dimensions, any stationary spacetime is necessarily static. This indicates that the
existence of a time-like Killing vector is the only requirement for the geometry to be static.
The ansatz for the metric is taken to have the form:

ds* = —e*’drtda, (3.2)

so that the conformal gauge is satisfied. This is always possible in two dimensions. Using this
ansatz, the Christoffel symbols and scalar curvature are as follows:

I, =20.p A R=8e%0,0_p. (3.3)
In this gauge, for an arbitrary function f, the scalar quantities are given by:
Of = —4e 20, 0_f N (Vf)?=—4e 20, f0_f. (3.4)
Let us assume that there exists a time-like Killing vector:

=0, =F (27)d. —F'(z")o,. (3:5)
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CHAPTER 3. DILATON GRAVITY IN TWO DIMENSIONS

The functions F* are the coordinate transformations from arbitrary coordinates z* to the
Eddington-Finkelstein-type coordinates 0= = t 4 ¢, defined by the following relation:

do™ 1
Stating that the spacetime is in the Eddington-Finkelstein gauge amounts to fixing F* = —1
and F~ = 1. In this way, we preserve the arbitrary choice of the coordinates within the

conformal gauge. Note that we use the same label £ to denote both the Killing vector and the
associated Killing one-form.

The reduced field x can always be introduced by selecting one of the dilatons such that:
(3.7)

where L is the characteristic length scale of the model (for the AdS spacetime, it is the AdS
radius [ as in Eq. (2.46), while for the Schwarzschild black hole, it equals the Schwarzschild
radius a). The quantity r therefore acts as the radial coordinate in the higher-dimensional
theory. In two dimensions, we can similarly take [x to serve as the radial coordinate. This
choice is also convenient for comparing the two-dimensional theory with the higher-dimensional
one from which it is derived.

For any scalar field f, including the remaining dilaton fields, the presence of a time-like
Killing vector implies £V, f = 0, which means that f depends only on the spatial coordinate,
f = f(x). The norm of £ defines the metric function A(x):

&=, =FF e = Ax), (3.8)

which represents the gy component of the metric in the (¢,7) coordinates. It depends only on
the dilaton field (coordinate r) since there is a time-like Killing vector.

In two-dimensional spacetime, a basis in the space of 1-forms can be chosen to be {&, x£},
since these two are orthogonal in a sense £#(%€),, = 0. There are also restrictions on the vector
fields (1-forms) related to the existence of {. Any 1-form A can be expressed as:

A= A" 27)E - At(ah,27) %€, (3.9)

where A" and A* are parallel and perpendicular components of 1-form A with regard to Killing
1-form &. Then, the restrictions are given by:

,CgA =0 <~ §aVaA5 + AaVﬁfa =0, (310)

where L is a Lie derivative along the ¢ vector field. Inserting ansatz (3.9) reduces Eq. (3.10)
to:

(£°VaA") &5 + (£°VaAT) 558 = 0. (3.11)
The terms in Eq. (3.11) are mutually orthogonal, which implies that each one of them is equal
to zero. This in turn means that A" = A'(x) and At = A*+(x). We conclude that any 1-form
can be expressed as:
y = A" ()G + AL (Rt (3.12)
The 1-form V,x can also be written in form Eq. (3.12), but the condition {#V,x = 0 implies
that there is no parallel component:

V,x = =D(x)e,,&". (3.13)

1
L
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CHAPTER 3. DILATON GRAVITY IN TWO DIMENSIONS

By applying the same reasoning, namely that £;7" = 0 for a rank-2 tensor 7', we are led to the
following ansatz for T"

Tow =TV ()€ + T (9)euena 67 + (T (x)€uenp + T (x)608,,) - (3.14)

This procedure can be easily generalized to tensors of any rank. A symmetric ansatz for a
spinor field can likewise be formulated. We begin by writing the Kosmann-Lie derivative for a
spinor field [103, 104]:

Lo =V, + Va1, (315)

For further information on the spinor notation employed in this work, refer to App. A. Imposing
that the spinor field satisfies the symmetry condition leads to the following equation:

_ (-Fro.+F0_+1(0sFF+0-F )\ ,
Lot = (—F+6+ LFo. o Frrar)) V0 (3.16)
Then, the ansatz for the spinor field is given by:
Frid i (x)
—| px)e
=171 : (3.17)
— |2 .
w| x(x)e™

where ¢, x, a, and 8 denote unknown functions that depend solely on the dilaton field x.

Now, we can express the tortoise coordinate o(x) = 3(¢c* —07) = -1 < C}é"’—f + [ ‘?—:) and

subsequently the metric in the (¢,/x) coordinates:

o dx 1 dzt dax~
Z:_/E:_Z(/FT+/F_—>’ (3.18)
12dx>

2 2
ds® = Adt ~ADT

(3.19)

Eq. (3.18) gives the coordinate dependence of the dilaton field x = x(x*, 2 ™), while Eq. (3.19)
implies that another coordinate transformation can be performed to change the metric to a
standard form associated with the black hole solutions:

dx 12dx?
— =D = ds’=AX)dt* - . 2
= s (%) NG (3.20)
In some cases, another coordinate transformation may be performed:
d 1
é = —ﬁ — ds® = A(Z)dt2 + l2dZ2, (321)

when A < 0. In a case when A > 0 a substitution z = iZ is consistent. New coordinate 7z is
time-like, implying that the Killing vector ¢ is space-like. In this case, we have a cosmological
solution.

To summarize, by demanding the existence of a time-like Killing vector field £ the two-
component vector field A* is replaced with two scalar functions A"(x) and A+ (x), one orthogonal
and the other perpendicular to the Killing field; the two-component spinor field v is equivalent
to four scalar functions p(x), x(x), a(x) and §(x); metric is replaced with a function A(x),
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CHAPTER 3. DILATON GRAVITY IN TWO DIMENSIONS

while the dilaton field x is regarded as a coordinate and a derivatives of a dilaton field introduce
another scalar function D(x).

Note that the arguments presented here are not applicable when the Killing vector is light-
like, because € and %€ cease to span the entirety of the 1-form space. Since we had to include an
auxiliary function D to play the role of the derivative of the dilaton, an additional integration
constant may appear when solving the equations of motion. This constant has no physical
significance and therefore must be fixed by imposing suitable conditions. Up to this point,
we have not specified the asymptotic behavior of the solution. Requiring the spacetime to be
asymptotically flat yields extra conditions on the norm of the time-like Killing vector at infinity
and on the behavior of the tortoise coordinate (3.18) at large distances. Interpreting the dilaton
x as a radial coordinate, these two constraints read:

lim A=-1 A lim o= +o0. (3.22)

X—00 X—00

If, instead, the spacetime approaches AdS at infinity, a different set of asymptotic conditions
must be enforced:
A~ —x*(x),x =00 A limo=+oo. (3.23)

X—00
In summary, one must always prescribe the asymptotic form of the norm of the Killing vector,
consistent with the spacetime symmetries, and at the same time require that the tortoise
coordinate (3.18) diverges to +o0o as the radial coordinate is taken to infinity.

At the end of this subsection, we give a collection of useful expressions involving different
vector fields is given here:

D dA

,uéy - 2L d guv; (324)

D d

b 1

V,.A T (AAY), (3.25)

) D d
VA, = —F (AA"), (3.26)
e A,B,=A(A'B*— A'B"), (3.27)
A"B,=A(A"B" - A*B"Y), (3.28)

where € is the Killing vector field, A = £2, while A and B are two arbitrary vector fields. For
the scalars, we have the following set of formulas:

_ %d% (Di_i) , (3.29)

R= Z ddX (Di—i — 2LAK”) : (3.30)
Ox = —%% (AD), (3.31)
(Vx)* = —AL—ZZQ, (3.32)

where K" is a component of contorsion parallel to the Killing field &, R is the Riemann-Cartan
scalar curvature, while R is the Riemannian scalar curvature. Finally, for the rank-2 tensor
field T}, we have:

¢ Ty =T =N\ (T" —TH), (3.33)
2
Fi2T:|:j: — AZ |:T“” 4 TJ_J_ :F (THJ_ + TJ_”)} ) (334)
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Note that, in the case of a symmetric tensor, we obtain 7"+ = T+

3.2 Covariant conservation laws

In this section, we investigate the modifications to the covariant conservation law for the energy-
momentum tensor due to the presence of a non-zero torsion within the two-dimensional theory.
In this prescription, the main sources are the energy-momentum tensor 7),, and the contorsion
current Tf, the latter of which is obtained by taking the variational derivative of the matter
action with respect to the contorsion. In Sec. 2.3 we show that the fundamental fields of the
theory transform as expected with respect to the local Lorentz transformations (2.40) in the
case of the dimensional reduction of 5D Chern-Simons theory. Naturally, it is expected that
this holds true for any well-defined dimensional reduced theory. We analyze the symmetry
properties according to the Poincaré gauge theory (for more details, see [81]). The idea is to
localize the Poincaré group. The compensating fields, which are introduced within this process
of localization, are interpreted as spin-connection w“bu and vielbeins e *, and subsequently the
resulting geometry is interpreted as Riemann-Cartan geometry discussed in App. A.

The infinitesimal local Poincaré transformations in two dimensions are parametrized by a
translation vector ¢#(z) and a rotation angle 6(x), namely:
ot o = ot + (M(x) = 2" + e (x) + 0(x)eM w,, (3.35)

where we have used 60, = 0¢,,, in two dimensions. The matter fields then transform according

to the following law: )
o(2) = ¢f () = 2O DML o), (3.36)

where M, = 2,0, —x,0,—X¢,, and P, = —0, are generators of rotations and translations that
belong to the respective representation of the Poincaré group associated with the field ¢, and
Y, = —Xe€ is the matrix part of the Lorentz generator. Infinitesimally, the form-variation of
the matter fields can be expressed as:

So6(x) = Po(a) = (65 — ¢*9,) d(x). (3.37)

When there is a global Poincaré symmetry present, the derivative of a field transforms according
to:

50(8,u¢) = ,Pa,ugb - (%CV V(b- (338>
The localization procedure consists of two steps. First, one introduces a connection (gauge
field) so that the transformation law of the newly defined covariant derivative of the field (A.3)
has the same form as Eq. (3.38), i.e.

b (V) =PV, = 0, V0. (3.39)

Then, one demands that, in the local reference frame, the covariant derivative transforms the
same way as in the flat case:

60(Vad) = PV + 02,2V, (3.40)

where @,@ = ea“@uqﬁ. Eq. (3.40) introduces another set of compensating fields, i.e. vielbeins
e, . For more details on spinor notations see App. A. Using Egs. (3.39) and (3.40) one derives
the form variations of the compensating fields w, and e ", given by:

dowy = —(* 0wy — wWa0,C* — 0,0, (3.41)
ot = Oc e, + e, 0aCH — (“One,l". (3.42)
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Next, we define the gauge-invariant quantities, that is, the field-strength tensors for the w“bu

connection and the vielbein e *, é“bw, and T°,,, respectively, given by Eqgs. (A.13) and (A.14).
From a geometric standpoint, they represent the curvature and torsion of the underlying
Riemann-Cartan manifold. The metric g,,, defined by Eq. (A.1), transforms in the follow-

ing way (using the transformation law for vielbein (3.42)):
Sog = (58" + ¢"6"5) D — C*Dug?™. (3.43)

Using Egs. (3.41-3.42) the separate parts of the spin-connection have the following form varia-
tions:

S0, = —CP0aN, — NaD,C* — 0,0, (3.44)
oK, = —C*0,K,, — Ka0,C®. (3.45)

From these equations, it is evident that contorsion K, behaves as a 1-form, in contrast to A,,.
Finally, we find the transformation laws for the curvature and the torsion. They are given by:

SoR = —C*0,R, (3.46)
SoTH = K9, CH — (20, K*. (3.47)

It is easy to check that the torsion transforms as a vector under the local Poincaré transforma-
tions, that is:
6T = 9, T°. (3.48)

The condition for the invariance of the action results in the following equation for the Lagrangian
of the theory:

AL = 6,2+ 0, (an) —0, (3.49)

where £ = /—gL [81]. For instance, by its very construction, the action (2.47) is invariant
under Poincaré transformations. Moreover, it is straightforward to verify that the condition

(3.49) holds, making use of the transformation laws (3.42-3.47) and (2.40). This is expected to
occur for all properly defined dimensionally reduced theories.

Now, we investigate the conditions which are imposed on the action of the matter fields
due to the local Poincaré invariance. To make the matter action manifestly invariant, we
demand that its Lagrangian depends only on the quantities that transform covariantly under
the Poincaré group, i.e.

£M = EM <9W7 Wy ¢7 @,u,gba R’ TH) . (35O>

Notice that a non-minimal coupling is allowed since the matter action can directly depend on
curvature and torsion. This violates the equivalence principle. Nonetheless, we will continue
to examine these scenarios as well. Next, we define the following dynamical currents:

T = 2_9Lu ot = Ol = (9/3_3\/[ T, = M—M (3.51)

puv - /—_g agw/a — awM ) 0 8R ) 1% aT“

Using the form-variations (3.41), (3.43), (3.46-3.47), on-shell condition (3.49) for the matter
Lagrangian can be expressed in the following form:

ALy = =gC 15 + 01+ 0, (V—gA*) = 0, (3.52)
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where the quantities I, Is and A are given by:

0Ly 0Ly
A =10 [ —— ¢ — aa} —¢f [ —— 03¢ — Lm0 + 7% + 0%ws — 1K |, (3.53)
0(Va0) 0(Va0) e

I=0,(vV—-g0"), (3.54)
1 -
Ig = \/—__gﬁa (V=9 (7% + 0%ws — 76K*) ] + 57’,“,859’“’ — 0%0swa — Ta0sK* — 003R. (3.55)

Because the parameters § and €* (or (%) can take any values, nullifying the term ALy requires
that I, I3, and A® be equal to zero. With A* being dependent on these parameters as well,
each term within the brackets in Eq. (3.53) must thus vanish, leading to the following two
conditions:

@ — aféM@ Y= S° (3.56)
o Ko = 95N & 4 so gy = 7O 3.57
_75+T5 —a<@ ¢) 5(b— glM = 8- ( . )

The first Eq. (3.56) demonstrates that the dynamical spin-current ¢® matches the spin tensor of
the matter fields S®. In contrast, the subsequent Eq. (3.57) illustrates the relationship between
the covariant energy-momentum tensor of the matter fields T(M)aﬁ and the dynamical currents
specified in Eq. (3.51). Note that this quantity is not equal to the energy-momentum tensor

derived by varying the matter action with respect to the metric.

By setting I = 0 (3.54) and employing the Riemannian covariant derivative V, associated
with the Levi-Civita connection, we derive the ensuing conservation law for the dynamical
spin-current:

V0" =0, (3.58)

Finally, imposing the condition Iz = 0 leads to the covariant conservation law associated with
the dynamical current 7%, specifically:

1 -~ ~
Var® = =2 Re™ 00 + Vo (K77) + 7,VIK? + oV R, (3.59)

where we have once more employed the Riemannian covariant derivative.

Currently, the covariant conservation laws have been identified, but they are related to the
dynamical currents specified by Eq. (3.51), and not directly to the energy-momentum tensor
T which is obtained by varying the matter action in relation to the metric, nor to the
contorsion current Ty, which results from variation with respect to the contorsion. Since the
metric and contorsion are the only independent variables present in the theory, given that
torsion, curvature, and the spin connection are intrinsically determined by their derivatives, it
inevitably follows that there exist conservation laws that are reliant solely on T#” and T};. To
obtain these, we first express the contorsion current and energy-momentum tensor in terms of
dynamical currents. Varying the matter action with respect to contorsion results in:

—Tk =o'+ 71+ 2e"0,0, (3.60)
while, the variation with respect to the metric yileds:
1 1 -
T =7+ 5 (97 + 79" Vaos + 2 [V”V”Q —g" (D@ + 503)] = (T"K" + 77K").
(3.61)
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The next step is to find the covariant derivatives V, Tk and V, 7#". With the help of covariant
conservation laws for o# (3.58) and 7 (3.59) we arrive at the following expressions:

VT =-V,1", (3.62)

1
vV, T = —iR[K]el’p (0, + 7, +2,,V70) —K'V,77, (3.63)
where R[K] = 2¢/0,K,. In the case of minimal coupling, that is, 7* = 0 and p = 0, the co-
variant conservation laws reduce to the expressions obtained in [81]. As anticipated, dynamical
currents, as mentioned in (3.51), can be completely removed from conservation laws and re-
placed with the contorsion current and energy-momentum tensor. This is achieved by inserting

Egs. (3.60) and (3.62) into Eq. (3.63). The resulting expression for the covariant conservation
law of the energy-momentum tensor is presented below:

174 1 17 v
V. = SR[K]e TS + KV, T%. (3.64)

Applying the ansatz defined in the Sec. 3.1, Eq. (3.64) can be rewritten in the following form:

dr'+ dA d d
A or—— — K" — (AT + Ti-— (AK" .
dx + dx di( )+ Kdi(( ) (3.65)
drit 1 dA d d
A (37 + 1) == KL£ (ATH#) + TIQ& (AK"), (3.66)

where we have employed the X coordinate (3.20). The first Eq. (3.65) can be integrated, yielding
the following:
A
T =K' + = (3.67)
where A is an arbitrary constant. Placing T} = Tg = A = 0 into Egs. (3.67) gives T+ = 0,
while Eq. (3.66) reduces to the standard conversation law of the energy-momentum tensor, i.e.:

D [ dT+ 1 dA
A +3 (3 +1") = g€, = 0. (3.68)
X

T = _
Vi 2L dx

As a final consistency check of our approach, we verify that, upon setting the non-minimally
coupled terms 7 and p to zero, we reproduce the result of [81]. The spin-current conservation
law (3.58) is already identical in form to that given in [81]. Next, from Eq. (3.60) we obtain
T} = —o*. Using the spin-current conservation law (3.58), this implies V, T = 0. Inserting
this into Eq. (3.64) yields:

1
vV, = —§R[K}€”p0p, (3.69)
Vot =0, (3.70)

which coincide with the conservation laws for the two-dimensional gravitational theory derived
in [81].

3.3 Quantum corrections

In the preceding sections, we have constructed the framework of classical 2D dilaton gravity. To
study Hawking radiation, however, it is necessary to account for the back-reaction of quantum
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fields on the classical geometry. This is achieved by adding the Polyakov—Liouville action [22],
which represents the 1-loop effective action of a two-dimensional massless scalar field, namely:

ehSPL /'DXG;L fder( %( x)? )7 (371)
After computing this Gaussian functional integral, we arrive at:

Sev.= 5= [ & [ /=gl =g R@GG ~ »)Rw) (3.72)

Here, G(x —y) denotes the Green’s function of the massless Klein—Gordon equation in a curved
(1+1)-dimensional spacetime, defined by OG(z — y) = \/%795(2) (x —y). A striking feature of
this action is that it is 1-loop exact. In the form given above, the action is manifestly nonlocal.
However, one can render it local by introducing an auxiliary scalar field v, in terms of which
the action becomes:

h
Spr = =56~ d*z/=g 2Ry + (V¥)?] (3.73)
which is on-shell equivalent to Eq. (3.72). The field equation of the auxiliary field is as follows:

Oy = R. (3.74)

By varying the action with respect to the metric we obtain the following energy-momentum
tensor of the quantum fields:

h

(AT],) = yro

1
=2V, Vb + V0V, + g (zw - §(V¢)Q>] : (3.75)
It corresponds to the expectation value of the quantum energy-momentum tensor operator. The
limitation of this approach is that it requires the introduction of an additional field. However,
Eq. (3.74) can be readily solved once we substitute Eq. (3.3) into it:

b= =2+ fr(at) + f(27), (3.76)
where fi represent a set of arbitrary functions. Using this result, the energy-momentum tensor
is given by:

h
(ATL.) = Oip— (0wp)” —te(a®)|, (AT! )= —m&ﬁ_p, (3.77)
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where the functions t4 are given in terms of fi by the following relations:

1 1
te(a™) = §aifi 1 (Oxf2)”. (3.78)
The quantity € = h serves as a natural expansion parameter in perturbation theory and will
be employed in later chapters whenever we deal with a theory that cannot be solved exactly.
Finally, we rewrite the EMT of the PL action (3.75) once more, now employing the symmetric
ansatz introduced in Sec. 3.1:

(ATD) = A { {4L2 (te(o®) +t_(07)) + %(D@f _oapd (Di—iﬂ £.6,

127 (2LA)? dx dx
+ |:4L2 (t+(0+) + t,(Jf)) + %(’Di_j):>2:| Supguagpga
— 4L (t4 (o) —t_(07)) (Eupls + ay,,gu)gp}, (3.79)

31



CHAPTER 3. DILATON GRAVITY IN TWO DIMENSIONS

where we have used the form of the EMT in the arbitrary coordinates z*, namely expression

(3.77), together with the observation that, after inserting the metric ansatz (3.2), the func-
tions ti(2%) transform to the Eddington—Finkelstein coordinates, due to the appearance of the
coordinate transformation functions F*:

1 A\
(8ip)2 — (ﬁp + ti(xi) = (8i In Fi)2 + Eﬁi InF* + ti($i) + ( ) Flx] (3.80)

1
4 2F+

= tu(e*) — 5 Dus [0*] + (Q%i)zf[x] = tale) 4 (Wii)?f[x],

where F[x] denotes a function which depends only on metric function A (3.8) and its derivatives.
Note that for Eq. (3.79) to be only a function of the dilaton x, functions t.(c®) must be
constants.

3.3.1 Transformation properties of the energy—momentum tensor

To proceed with our analysis of these equations, we must first clarify the meaning of the
seemingly arbitrary functions ¢+ (3.78). To this end, we examine how the energy-momentum
tensor behaves under coordinate transformations. To preserve the conformal gauge, we limit
our consideration to conformal coordinate transformations, specifically those of the form y* =
y*(z*). Tt is enough to focus on the quantum part of the energy-momentum tensor, because
the classical contribution is already known to obey the standard tensor transformation law.
Under the conformal transformations, the metric function p changes in the following way:
1. dyt™ 1. dy”

p(y) = p(x) + 5 In o + S (3.81)
Since the energy—momentum tensor is required to transform as a tensor, and its classical com-
ponent already obeys the standard tensor transformation law, the quantum fluctuation of the
energy—momentum tensor (3.77) must likewise satisfy this same tensor transformation law,

namely:
(ATL () = (;%) (AT, (2)). (3.82)

By enforcing condition (3.82), we arrive at the following expression for the transformation law
of the ¢t functions:

d(L‘i 2 1 y+/// 3 y+// 2
te(y™) = <dy_i> {ti(l’i) - §Dasi [yi]} , Dy [yt] = 2 (F) : (3.83)

The quantity D,+ [y*] is called the Schwarzian derivative. It represents a functional acting
on a function of a single variable. In Eq. (3.83) the quantity y*" denotes the first derivative
of the function y™ = y*(z"). In order to better understand the nature of the quantity ¢,
we perform canonical quantization of the scalar field in curved spacetime (see App. D.1). The
equation for the scalar field, and its solution, are given by:

Of=0 = 0,0_f=0 = fla",27)=f(z")+ [ (z7). (3.84)
We define positive-frequency modes as:
dfv + )
Of* =—iwf’ = —fflii ) = —iwf“(2¥) = [Y(2%) = Afe’”””i. (3.85)
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The standard scalar product is given by:
(a2) =i [ doyine | )T ) - v ) es0)

where: n# = (¢77,0,0,0)" i /7 = €. By imposing the orthogonality condition of the modes:

(f&r, f22) = 6(wy — wa), we arrive at the following quantized scalar field:

*© dw

o V4amrw

where a.(w) and al, (w) represent the creation and annihilation operators of the modes f%.

fr(a®) =

[(Jci(w)e_i“””i + alei“’”i] : (3.87)

We now compute the two—point Green’s function. Because the definition of the vacuum
state is coordinate-dependent, we label it as |0, z) to underline that it is specified with respect
to the % coordinates. Since the explicit dependence on A is relevant for what follows, we
reinstate the factor of v/A multiplying the field. The two-point correlation function then takes
the form:

* dwdw’

G(z,2') = (0, 2| fo(a®) fo(a™)]0,2) = h//o me

® dw . ., h
_ h/o ﬁew(ﬂﬁ t_zt) — _E In ‘x/i — xi| + const. (388)

wWalms () 7] gy (w)al, (W) |0, 2)

Next, we evaluate the expectation value of the energy-momentum tensor by applying 0,0', to
the Green’s function and then taking the limit ' — x, which yields:

0 9 G(w,x'):—ﬁ lim . (3.89)

< o
0,2|T{L(z)|0,2) = lim L "

o't at aZL‘i 8w’i

The energy-momentum tensor operator can be decomposed as T w = Tuy :+ (0, x| TAW |0, ),

leading to:
1

T (2) = T, (x): i x/ii_rgi m, (3.90)
where : ij : denotes the normally ordered part of the energy—momentum tensor expressed in
the x* coordinates. This represents the energy-momentum tensor as measured by an observer
in the * frame. The key question is what an observer in the y* frame measures if, for example,
the energy—momentum tensor is normally ordered with respect to the 2% coordinates (so that
an observer in the r* frame detects no excitations of the matter fields). More generally, we
may ask how the normally ordered part of the energy—momentum tensor changes under the
transformation 2% — y*, assuming that the complete energy-momentum tensor satisfies the

usual tensor transformation law. We find:

. A h 1
T ) =TS+ — lim ———
L) =Lt g,
d j:d S h 1
= lim %x—/iTii(xi) +— lim ——
yEoyt dy* dy AT oyt (Y — ) (3.91)
drE\2 . h 1 dz* dz'* 1
B et . A —
- (dyj:> $Ths() A xilinmi (x/* — xﬁ:)Q dy=* dy'* (y'* — yj:>2
f 7
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It remains to evaluate the limit L. We as- Y
sume that the transformation y* = y*(a%) is
differentiable, so that whenever z/* — 2% it

follows that y'* — y*. For convenience, in L M
the calculation of the limit L, we will denote
xF simply by « and y* simply by y. We set Y [/

2’ —x = ¢ — 0 and perform an expansion in
powers of . A representative behavior of such
functions is illustrated in Fig. 3.1:

) dy e*d?y e d3y
VYT T TS d

~
/ 7

X X x

(3.92)

= —te—+ ——. Figure 3.1: Representation of the behavior of
the transformation y(x)

Furthermore, we use the notation g—z =1/, 3277‘2’ = ¢”, and similarly for higher derivatives. We

now proceed to evaluate the desired limit of L.:

dz dz’ 2 2dy dy’
L:lim[ — : ]_1' Clind) i k) ﬁd_g/

e—0

— = 111m /
(@ =22 (f—y?| =0 (o —x)2(y —y)2L

2
) <8y/ + §y// + %y///> _ €2y' (,y/ + ey” + §y///> + 0(64)
= 111m
o ()
52 52 52
. (y/)Q + €y’y” + ?y/y/// + Z<y//>2 _ (3//)4 _ Ey’y” _ 33//1/, + 0(82)
e—0 52(?./,)4

M-y o) 1 [y 3(y~)2]:_ 1

= (v) = 6y

y 2

y/

Finally, the transformation law can be written as : T (z¥) :

. :t:t . dy:t . :l::l: . 247-‘- €T . .
This formula corresponds to a standard transformation law for the energy-momentum tensor
in conformal field theory [105]. The coefficient in front of the Schwarzian derivative, when
multiplied by %, defines the central charge, which takes the value ¢ = 1 for a free massless
boson.

From this we conclude that an energy—momentum tensor that is normally ordered with
respect to one coordinate system will, in general, not remain normally ordered after a change
of coordinates. This is consistent with the fact that one observer can perceive the vacuum,
while another detects a particle spectrum (see App. D.1). It is also crucial to note that the
Schwarzian derivative enters the transformation, so the transformation law coincides with the
one in Eq. (3.83) for the quantity ¢4 (z*). Consequently, we obtain

0 TL s () ) = — ot (), (395)
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where |¢)) denotes the quantum state of the field. Eq. (3.95) gives the expectation value of the
normally ordered energy—-momentum tensor, and thus indicates whether an observer associated
with a particular reference frame measures a particle spectrum or not. On this basis, we
characterize the quantum state in which the system is found. The central issue is whether a
particle spectrum is present at asymptotic infinity, i.e. at J*. Three distinct choices of vacuum
state are commonly considered |26, 106]:

e Boulware state |B): This is a state that exhibits no energy flux through either of
the asymptotic null infinities, J+ or J~. In other words, it describes a non-radiating
black hole. For this requirement to hold, the energy—momentum tensor must be normally
ordered with respect to the Eddington-Finkelstein, asymptotically flat coordinates o¥,
specifically:

(B : TL,(6%):|B) = —cti(c¥) =0 = |B)=10,0). (3.96)

e Hartle-Hawking state |H H): This is a state in which the energy flux through J+ and
J~ is equal. In other words, the black hole is in thermal equilibrium with its surroundings
[107], evaporating at the same rate at which it absorbs. For this requirement to hold,
the energy—momentum tensor must be normally ordered with respect to the Kruskal
coordinates o*, i.e. the coordinates in which the metric remains regular at the horizon,
namely:

(HH|: Tl (z%): |HH) = —et4(zF) =0 = |HH)=10,z). (3.97)

e Unruh state |U): This state corresponds to a black hole that has no energy flux at 7~ in
the distant past, but does exhibit energy flux at 7" in the far future. In other words, we
are dealing with a scenario where, at some point in time, matter collapses and a black hole
forms. Prior to the collapse, there is no energy flux, and the energy-momentum tensor
is normally ordered with respect to the asymptotically flat coordinates c*. Once the
collapse occurs, the appropriate asymptotically flat coordinates switch to 6. Because the
quantum state is defined in terms of the original o coordinates, the energy-momentum
tensor is no longer normally ordered in the new asymptotically flat coordinates 6*. This

mismatch produces an energy flux at J+, implying that the black hole evaporates.

(U|:TL(0%): |U) = —eti(cF) =0 = |U)=]0,0). (3.98)

In recent years, a new class of quantum states, known as hybrid quantum states, has been
explored. This idea was first put forward in [108, 109] within the framework of the RST model
[23, 24|, where it was shown that the entanglement entropy of quantum fields can exhibit a
Page-curve-like behavior even without invoking an island [110]. The core concept is to introduce
non-physical, ghost-like fields arranged in a hybrid state. A hybrid state is a mixture of two
quantum states (for example, a Hartle-Hawking state for the physical fields together with a
Boulware state for the auxiliary non-physical fields, i.e. |¢)) = |[HH) ® |B)). Because of the
inclusion of these non-physical fields, the effective central charge of the conformal field theory
can become negative. When this occurs, the space-time singularity is removed, which appears
to be the primary mechanism driving the Page-curve-like evolution of the entanglement entropy
in this setting. In contrast, the resolution of space-time singularities has long been expected
to be a hallmark of a fully consistent theory of quantum gravity. Although the island formula
(1.6) reproduces a Page curve, it does not, by itself, resolve singularities. This shortcoming can
be viewed as a consequence of working within the semiclassical approximation.
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3.4 Gravitational collapse scenario

In this section, we explain how to construct a gravitational collapse scenario within the frame-
work of two-dimensional dilaton gravity. For studying the Page curve, one needs an evaporating
black hole solution, i.e. a dynamical semi-classical configuration that does not admit a global
timelike Killing vector field.

We begin by setting up the classical collapse scenario. The infalling matter is represented
as a null shockwave of mass M propagating along the z* = z§ hypersurface. Once this
shockwave reaches the boundary of spacetime, namely the x = 0 hypersurface, a singularity
forms together with an event horizon. The energy-momentum tensor for the simplest ingoing
shockwave is described using a Dirac d-function as follows:

Tip=s6(zt —af), T-_=T,_ =0, (3.99)

where s is a constant connected to the mass of the shockwave. The mass carried by the energy-
momentum tensor is given by [106]:

M = / do /AN € T, (3.100)

where X is a space-like hypersurface, n is an orthogonal vector to the surface > normalized

as n,nt = —1, £ is the time-like Killing vector, « is the induced metric on ¥ and T}, is the
energy-momentum tensor. Since ¢ is orthogonal to X, we can choose n to be proportional to &,
i.e. n* = —£_. The induced metric on the hypersurface ¥ is then: ds? = —Ado?. Substituting

all of this into Eq. (3.100) gives:

M = / dovV—-AH—=T,, = dJF+2T++ = /—SF+25( —x§) = —sFT(zf).

(3.101)

\/_

The collapse scenario is illustrated in Fig. 3.2. singularity
The blue line, representing the matter shock-
wave, divides the diagram into two parts.
Because matter is confined to the shock-
wave itself, regions I and II are described
by vacuum solutions of the form (F*, F~ C),
where F*(z%) denote conformal transforma-
tions from arbitrary coordinates z* to Edding-
ton-Finkelstein coordinates o*, and C' is a set
of constants specifying the solution in Edding-
ton—Finkelstein coordinates (such as the black
hole mass or charge). In this way, one encodes
the most general static vacuum solution within
the formalism developed in Sec. 3.1. When
crossing the shockwave hypersurface, two of
these three parameters can jump, namely C
and F~. To determine these discontinuities, i
we impose appropriate gluing conditions on the
metric and dilaton field. Figure 3.2: Penrose diagram of the gravita-
tional collapse

horizon—

shockwave
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Both the metric and the dilaton must remain continuous functions of zt and z~ across the
hypersurface ™ =z, which implies:

62p[ QPH e_¢1 — 6_¢H s (3102)

z+:x0++5

)
x*za}i{—i—e

=€
+

_ +
zt=xj—e

gt
X 7x0 €

when € — 0, where the indices I and II refer, respectively, to region I and region II of space-time
(see Fig. 3.2). In addition to these two continuity conditions, all derivatives of the metric and
the dilaton with respect to the coordinate x~ must also be continuous. Finally, we have to
examine the ++ component of the metric equation, since its source term, 7' ,, is proportional
to a Dirac o-function. This function can always be expressed in the following form:

M
O F +Gen(ag — o) + Gon(a™ —ag) = 770 (&7 — (), (3.103)

where it is repeatedly used that the metric and the dilaton field and their derivatives with
respect to 2~ must be continuous along the hypersurface x* = x{. Integrating this equation
from zg — € to 2§ + € and then taking the limit ¢ — 0 yields:

g M

= FraT) (3.104)

<

What we have essentially done here is to split the +4 equation into a term proportional to
the Dirac d-function, 0;F, and a term, G-/, which is discontinuous at 2 = zd. The latter
contribution is integrable at ™ = ¢ and therefore its integral vanishes in the limit ¢ — 0.
This constitutes the final condition imposed on the fields. Solving Eqgs. (3.102) and (3.104)
then determines the parameters of region II of the spacetime in terms of those of region I, or
equivalently:

FI_I("E_> - FI_I (Fl_(x_)v ¢<x_7‘7‘1€)’_>7F?—(x8—>7Cb M) ) Fﬁ - F?_v Cn=Chn (F?_(x8_>>’017 M) .
(3.105)

The net result of this kind of construction is that the static vacuum solutions remain present
in both spacetime regions I and II. What does change is the Killing vector, because the com-
ponent &~ becomes discontinuous, rendering the spacetime as a whole non-stationary. As a
consequence, the asymptotically flat Eddington—Finkelstein coordinates are modified, going

from o* to 6%, since they are defined by:
do® 1 do* 1
= . L T 3.106
&t TP ot T FE (3.106)

specifically the ¢~ coordinate. For later convenience, we introduce a new set of coordinates
adapted to the shockwave hypersurface:

+ - ot o

%, AN f=e (3.107)

X

where the first coordinate plays the role of a redefined ¢, and the second encodes a shift in
the o™ coordinate. Note that § € (0, 1), and it monotonically decreases from 1 to 0 (the latter
corresponding to infinity) throughout region II of the spacetime, where the black hole is located.
When region I is the flat Minkowski space, we have x = x at the shockwave hypersurface.

According to the cosmic censorship conjecture [106], any singularity must remain concealed
behind some kind of horizon, typically the event horizon. In dynamical spacetimes, however,
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another type of horizon can arise, known as the apparent horizon, which can lie outside and
thus obscure the event horizon. The apparent horizon is defined as the surface behind which
all trapped surfaces are located (i.e., all null geodesics converge, preventing light from escaping
that region). In dilaton gravity the apparent horizon is determined by the condition d,e™"¢ = 0,
because this expression is proportional to the area of the n-sphere in the higher-dimensional
theory from which the model is obtained via spherical reduction (see Chap. 2). For consider-
ations involving entropy, the apparent horizon is in fact more relevant than the event horizon
itself |26].

3.4.1 Quantum-corrected collapse scenario

Here we assume that quantum corrections are incorporated via the PL action defined in
Eq. (3.72). The starting point is the same as in the previous section: the infalling matter
is modeled as an ingoing null shockwave located on the 1 = z§ hypersurface, which splits the
spacetime into two regions. Region I denotes the portion of spacetime prior to the passage of
the shockwave, i.e. ** < z, and coincides with the corresponding region in the classical setup.
The essential new element is that we must now specify the quantum state of the fields, because
in the quantum-corrected framework the geometry is characterized by the ordered quintuple
(Ft,F~,t,,t_,C). Choosing t= = 0 then selects the quantum state in which the EMT is
normal ordered, as in Eq. (3.95).

In region I we introduce the Eddington-Finkelstein coordinates o and impose that the
EMT is normal ordered with respect to these coordinates, i.e. tL(c®) = 0. This condition
guarantees the absence of Hawking radiation at the J~ hypersurface, prior to the introduction
of the infalling matter. Without the shockwave, this would indicate that the matter fields are
prepared in the Boulware state (3.96).

Once the infalling matter is introduced, the asymptotically flat coordinates change from o*

to a new set 6. This is already apparent in the purely classical collapse setup (3.106), and
therefore should remain valid when quantum effects are included. Moreover, upon incorporat-
ing quantum corrections, these coordinate transformations are expected to receive additional
contributions. Since the EMT is no longer normal ordered in the new asymptotically flat co-
ordinates, Hawking radiation is present on the J* hypersurface. Consequently, the underlying
quantum state is in fact the Unruh state (3.98).

Classically, the model features two stationary geometries with distinct time-like Killing
vectors, which are smoothly matched across the o™ = o4 hypersurface. Thus, each region
can be regarded as stationary on its own, even though the full spacetime is dynamical. Once
quantum corrections are turned on, this picture changes. The geometry in region I may still
be treated as stationary with respect to its corresponding Killing vector, but this is no longer
true for region II. The key point is that, upon crossing the matching hypersurface, not only the
coordinate transformations F* change, but the functions ¢, also undergo a change.

In many practical situations, the full vacuum solution (F*,F~ ¢, ¢, C') cannot be obtained
in closed analytic form. When this is the case, one possible approach is to carry out a formal
perturbative expansion in the natural small parameter € = % (often written without &), which
multiplies the EMT components (3.77). At zeroth order in € one recovers the classical collapse

solution. The next step is to expend the fields to first order in €, namely:

prrp(x) +ea, A e ? e ?® 4gh (3.108)
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Since the quantum correction to the EMT already appears at first order in the expansion
parameter £, we insert the fields at zeroth order and evaluate it. The resulting expression is:

2
Ny — 2 1L dAg _ Aopoi dAy
(ATYY) = (2LF+)2 [4L te(o™) + 1 (Do dx> 5 o Do_dx ,
iy — € d ([ dhe
(ATYY) 2L2D0 . (Do o ) (3.109)

where Ag and Dy are given by Eqgs. (3.8) and (3.13), respectively. The explicit dependence
on the z* coordinates arises from the term —g£rt,(0=). The "++" equations of motion can
always be rewritten as a first-order differential equations for the quantity e=2’Dy 0.0 — %aFjF,

that is:
e aFF\  FFFti(o%) FF Flx] |1/ dAg\® AgDp d dA,
0 —— | = — ~ (D - — (D=2 .
8i<1>oai L) Fr 2L DyAZ 4(0dx) 2 dx(odx) Oux
(3.110)

The first term on the right-hand side is fixed by the choice of a vacuum state and therefore
remains in integral form as a source. The second term depends only on x and is multiplied by
a function that is independent of the coordinate associated with the derivative on the left-hand
side. Finally, the function F[x] depends on the model. Consequently, integration can be carried
out. The result is:

+
040 = i [F7(D1 + 2a) + GT| Doe™ + FT¥Dye* / C;iiti(ai)}"[x], (3.111)

where a new set of arbitrary functions G* = G*(z%) is introduced. They represent the quantum
corrections to the coordinate transformations F¥. The new function D; is defined via:

1 dAo 2 A()Do d dAO
(D=2 - — (D=2
4 dx 2 dx dx
Employing a combination of the dilaton equation and the trace equation makes it possible to
remove the unknown function a and therefore make Eq. (3.111) integrable once more. This
integration gives a solution for # in terms of the derivatives of #, thus making it a first order
differential equation for 6. Solving this equation gives a closed form of the 6 function in terms
of x and the integrals of the sources. These two integrations result in another set of integration

constants 7, which represent quantum corrections to the constants of the classical solution.
Combining the zeroth and first order corrections together:

Dy _ Tl
dx B DoAg

. (3.112)

p(x)+ears p, e ¥ e e FE4GEF s FE C+eC - C, (3.113)

we get the quantum-corrected solution that depends on x and the sources ti(ai).

With this, the general vacuum solution to the quantum-corrected equations of motion has
been determined to first order in . We now turn to the collapse setup. As in the classical
analysis, the spacetime is split into two regions, each described by a vacuum solution. In the
first part, we select a solution with vanishing energy flux at both future and past null infinity.
Consequently, the quantum state is |0, o), which implies ¢+ (c*) = 0. Upon entering the second
part of the spacetime, the asymptotically flat coordinates are replaced by 6%, but the quantum
state itself remains unchanged. In contrast, the solution in part IT depends on ¢4 (6%). Since
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this dependence is of order ¢, it suffices to evaluate it at zeroth order, so that it is governed
solely by the classical coordinate transformations F*, namely:

1 1
t:(6%) = F* | 2 (0:1n F*)° + 0L ImF*|. (3.114)

Because only the ¢~ coordinate is transformed non-trivially, we have t_(67) # 0 as the only
non-vanishing component. In this way, the functions t1 that specify the quantum state are
determined in part II of the spacetime. The continuity conditions (3.102) and (3.104) must
then be imposed, yielding the quantum-corrected coordinate transformations into part II, as
well as the quantum-corrected discontinuity in the constants C, which encode the mass and
other charges of the theory. The geometry in part II of the spacetime is thus completely
specified.

The quantum-corrected collapse scenario is de- i+
picted in Fig. 3.3. It closely resembles the clas-
sical collapse shown in Fig. 3.2. The key dis-
tinction is the emergence of region III within
the second part of the spacetime. This fea-
ture arises from the non-stationary geometry,
which gives rise to an evaporating black hole
located in region II of the spacetime. In this horizon —
region, the geometry is such that the apparent
horizon, defined by d,e ™® = 0, and the sin-
gularity determined by solving 1/R = 0 meet
at a finite point in spacetime, denoted as the
end-point of the evaporation (o ,0;). Nev-
ertheless, in many 2D dilaton gravity models
[23, 24, 25|, the black hole has not radiated
away all of its mass by this stage. In accor-
dance with the cosmic censorship conjecture L
[106], a naked singularity cannot be allowed to
form; thus, the remaining mass is discharged as
an outgoing shockwave along the hypersurface
o~ = op. This shockwave is commonly re-
ferred to in the literature as “the thunderpop.”

infalling matter

Figure 3.3: Penrose diagram of the quantum-
corrected gravitational collapse featuring an
evaporating black hole

Next, we need to identify the end-state geometry. The first step is to rewrite the solution
using the radial coordinate x and the ¢~ coordinate, since the hypersurface that separates the
evaporating black hole in region II from the end-state geometry of region III is specified by the
condition 0~ = 0. We then recast the metric and the dilaton field in region II by introducing
a running constant C' = C'(o™), expanded as C' = C' + & Cy(0~). This quantity closely follows
the apparent horizon. Because the singularity is typically of e-order,, the parameter C' becomes
small when the apparent horizon meets the singularity, i.e. near the end point of evaporation.
Consequently, in the vicinity of the hypersurface 0~ = o we can take the limit C =0
within the first-order terms in the solution. In this limit, the solution reduces to one of the
static configurations without energy flux at asymptotic infinity. Therefore, the metric and the
dilaton field are already smoothly matched across the hypersurface o~ = oy
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Since no further coordinate transformation takes place in this step, the EMT in region III is
already normal ordered with respect to the 6% coordinates. We also identify the final vacuum
state as |0, ). Consequently, the evolution both starts and ends in a pure state, implying that
no information is lost during this process. Nevertheless, the final state does not depend on the
detailed structure of the initial infalling matter shockwave. To determine whether information
is genuinely lost, one must evaluate the entanglement entropy and verify whether it exceeds
the coarse-grained limit set by the thermodynamic entropy.

Finally, as already noted, the black hole does not radiate away all of its mass by the time the
evaporation reaches its end-point. One should determine how much mass remains by evaluating
the emitted energy:

% do—
Erog = —s/ —t (67) =M + Mg, — Ms, — M,, (3.115)

where M is the mass carried by the infalling matter shockwave, Mg, denotes the mass of the
initial spacetime of region I, Mg, the mass of the final spacetime of region III, and My = O(e)
is the small residual mass of the black hole at the end-point of the evaporation. This remaining
mass is expected to be released as an outgoing energy shockwave. Eq. (3.115) is referred to as
the energy balance equation.

To verify the internal consistency of this treatment, one has to evaluate the EMT at the
0~ = oy hypersurface and demonstrate explicitly that it contains a term proportional to the
Dirac-0 function, with mass equal to M. This confirms the presence of an outgoing shockwave
originating from the evaporation end-point. One way to show this is to use the "——" component
of the metric equation and integrate it across the o~ = oy hypersurface. This procedure is
analogous to the one previously used when the spacetime was matched across the infalling
shockwave hypersurface in Eq. (3.104).
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Chapter 4

Review of the CGHS model

The classical CGHS model [19] is an example of a 2D dilaton gravity theory emerging from
string theory. We are not be concerned here with the detailed derivation of its action. It can be
obtained by dimensionally reducing an extremal magnetically charged black hole. Because the
Einstein-Hilbert term in two dimensions is purely topological, gravitational dynamics originates
from the interplay between the dilaton, acting as a scalar field, and the spacetime curvature.
Furthermore, the model includes matter in the form of N massless scalar fields. The role of
these N fields becomes crucial once quantum fluctuations are taken into account. The action
of the CGHS model is given by:

Scans = % /C12$\/—_g‘3_2(z> [R+4(Ve¢)® +4N7] — %Z/de\/—_g(Vfi)Q, (4.1)

where ¢ denotes the dilaton field, R the Ricci scalar curvature, A a constant with dimensions
of inverse length, and f; is the one of the N scalar matter fields in the model. The constant
G appearing in the first term is the two-dimensional Newton constant. Although it is often
set to one or omitted in the literature, we keep it explicit to maintain dimensional consistency.
We refer to the first term as S, (the gravitational action) and the second as S, (the matter
action).

The chapter is organized into five sections. In the first Sec. 4.1, we derive the equations of
motion of the model. We then obtain their general solution and impose the static ansatz of
Sec. 3.1. Among the resulting configurations, besides the usual linear dilaton vacuum and the
static black hole, we study a particular cosmological solution with charged scalar matter fields.
The section concludes with the introduction of a dynamical collapse scenario.

In Sec. 4.2, we incorporate quantum fluctuations through the Polyakov-Liouville action
(3.72), together with an additional correction term in the action designed to render the resulting
equations exactly solvable. We examine how this new term modifies the equations of motion
and determine the general static solutions using a symmetric ansatz.

The next Sec. 4.3 is devoted to the BPP model [25], specified by a particular choice of the
correction terms. Within the BPP framework, we analyze the linear dilaton vacuum solution,
a Minkowski vacuum solution characterized by a vanishing EMT at asymptotic infinity, as well
as eternal and evaporating black hole solutions.

The penultimate Sec. 4.4 focuses on the perturbative treatment of the BPP model introduced
in Sec. 3.4.1, specifically the quantum-corrected gravitational collapse scenario. Whereas the
final Sec. 4.5 discusses the thermodynamical quantities within the classical CGHS model.
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CHAPTER 4. REVIEW OF THE CGHS MODEL

4.1 Equations of Motion

By varying the action with respect to the metric ¢** and the dilaton field ¢, we obtain the
corresponding equations of motion:

88, = d*z\/—ge 2¢{ (51n (v=g) — 26¢) [R+4(V$)> + 4)2] + 6R + 45 (V¢)® }

27rG

=5 G d®z/—ge™ 2¢{ (—%gmﬁg““ - 25¢) R+ 41(Ve)? + 4X?

+ Ruwdg™ + g" oR,, + 4V 0V, 009" + 89"V 0V, (69) }

0
—2((V)* + N2) g + 4V, 0V, + G | 59"

2 —24
2G d“z+/—ge {

+ g™ R, —2 [R+ 4 (V) +4N2] 66 + 8¢V, ¢V, (50) } (4.2)
—— i

A B

In the second line, we employed the standard relation for the variation of the metric determinant,
I—g = —%\/—_gguyég“”, along with 6(V¢)? = V6V, 00" + 2¢"'V, ¢V ,(d¢) [106]. Due to
the enhanced symmetry of a 2D spacetime, the Ricci tensor is proportional to the metric, which
makes the Einstein tensor G, = R, — %ng,, appearing in the third line, vanish identically.
Thus, we are left with simplifying the terms A and B in Eq. (4.2). The term B can be directly
simplified via partial integration. Neglecting boundary terms (as they do not influence the
equations of motion), we obtain:

B = o= G d*zy/—ge ?? [-80¢ + 16(V¢)?] 6¢. (4.3)

The simplification of term A in Eq. (4.2) is more complex. We begin by evaluating the variation
0R,,,. To this end, let us examine the situation in a locally flat reference frame (where I'/,, =0
but 9,14, # 0):

Ry, = 6R",,, = 8 (8,1%, — 8,10, —T6.I% —T0.T%)=0a,(T0,) —d, (5T2,).  (44)

pa pv vas pp

It is well established that Christoffel symbols themselves do not transform as tensor components.
However, it is also known that the difference between two Christoffel symbols does behave as
a tensor component [106]. Since we are dealing with such a quantity, specifically or't,, we are
allowed to use the principle of minimal substitution. Consequently, we obtain

6R,, =V, (6I7,) =V, (6T7,). (4.5)

Inserting this relation into the expression for A and carrying out a partial integration (discarding
boundary terms) leads to:

1
A= = / A2z /—_ge—2¢g;w [Vp(b 5Ffw -~ V., (H‘ﬁp} ) (4.6)

Because this quantity is a tensor, it is more convenient to evaluate it in a locally flat reference
frame (LFRF). The transformation to such a locally flat reference frame is given by:

G N AN Vu+— 0, N day/—g+—d®c N 0,00, =0 N 0,0, 0. (4.7

43



CHAPTER 4. REVIEW OF THE CGHS MODEL

Therefore, under this transition, the variations of the Christoffel symbols persist, even though
the Christoffel symbols themselves vanish. The term A in the locally flat reference frame then
takes the following form:

A = % d*ze >0 [8,¢ 617, — 0,¢ 6T, |
LFRF
1
- / d*ze 0,0 (Mn™ — 0" n*) Or(6g,w) (4.8)
1
=5 [ Ll W — ) Oy (e7200,0) G-

In the first line we applied the transition to the LFRF. In the second line we substituted the ex-
pressions for the variation of the metric in the LFRF: 6T, = 57 [0,(6gu) + 9, (gux) — Ox(0g,u)]
and simplified the expression. In the third line we applied partial integration. Following the
principle of minimal substitution and returning to a general reference frame, as well as using
the relation: 69,, = —g,.95,09"" the term A becomes:

= % /de\/—g [—VuVl,e*% + g#yDe’Qﬂ ogh”. (4.9)

By substituting back into the expression (4.2) for the variation of the gravitational action S,
we obtain:

68, = . G d?zy/—ge 2¢{ 2V, V.0 + (2(V¢)* — 20¢ — 2X?) g, ] 69"
(4.10)
+ [-2R + 8(V¢)* — 8)* — 80¢] 5¢}.

To derive the complete set of equations of motion, one must also vary the matter action .S,,
with respect to both the metric ¢ and the matter fields f;. This procedure mirrors the one
applied to the gravitational action S,. As a consequence, we arrive at the following result:

_é/d%\/__g{;[ wfiVfi = guu(sz)ldi—(Dfi)(Sfi}. (4.11)

We observe that the energy-momentum tensor (EMT), given by Tu = \/’igiw Zfil T,S,i,),

coincides with the EMT of massless scalar fields. In this expression, TW denotes the EMT
corresponding to the i-th particle species, obtained from the action S of the associated i-th
matter field. Therefore, enforcing Hamilton’s principle, 60Scars = 054 4+ 0S5, = 0, yields the
following equations of motion:

59 B - e
S =00 VY0 g ((V0) =00 = W) e = 0T,
%:o; D¢=(V¢)2—V—ER>
5 (4.12)
= —0: Ofi=0; Vie{l,2,..,N}
ofi
(i)
) = —2 05m

py \/__g(;,g;w : V - Hfzv f’L - g,uu<vfz) Vi e {1,2,,N}
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CHAPTER 4. REVIEW OF THE CGHS MODEL

Up to this point, we have treated the first term in the CGHS action as the gravitational
action, but it can be interpreted in another way. More precisely, it encodes the coupling
between the dilaton and the spacetime curvature and can therefore be viewed as the matter
action associated with the dilaton. The truly gravitational contribution is instead given by the
Einstein-Hilbert action. Since it appears in the field equations as 0 = G, o T},,, we infer
that, in two dimensions, the equations of motion reduce to 7}, = 0. With this in mind, we can

introduce the dilaton energy—momentum tensor:

7o = —2.95% _ 2
w = gagw 0
We thus find that the equations of motion take the expected form, Tlfy + TJV = 0. This obser-

vation will play a crucial role when we later discuss the interpretation of the limit N > 1 for
the matter fields.

V. V,o+ (Vo)> —O¢ — A?) g | €. (4.13)

4.1.1 General solution of the equations of motion

In this subsection, we proceed to solve the equations of motion (4.12). We adopt light-cone co-
ordinates ¥ = t + 2 and work in the conformal gauge introduced in Chap. 3. Substituting the
conformal-gauge metric (3.2) together with the scalar invariants (3.4) into (4.12), we obtain the
corresponding equations for p and ¢. Using the identity 0, 0_e™2? = (—20,0_¢ + 40, ¢ 0_¢) e~2?,
the equations of motion can be rewritten in the following form:

t— 900 e N2 = 2QT (4.14)
44 -2 140,00 (¢ — p)e ¥ = nGTL,, (4.15)
¢:  0,0_e % —20,0_(¢p— p)e 2 + N2e2=9 =, (4.16)

where the first two equations follow from the metric equation, while the third is derived from
the dilaton field equation. Since T\ = 0 for massless scalar matter fields and T\, = (VL f;)2,
Eqgs. (4.14) and (4.16) can be combined to yield:

0+0_(¢ — p) =0, (4.17)
whose general solution takes the form:
2(p — ¢) =w_(27) +wi(a) (4.18)

where w, and w_ denote arbitrary functions of a single variable. We can now insert this
expression back into Eq. (4.14). Doing so gives:

e_2¢ = —>\2 /dx_ew /dl'—’—ew7L + F+($+) + F_(l‘_), (419)

where F(zF) constitute another set of arbitrary single-variable functions. We now transition
to the y* Coordinates, which offer a more suitable description while maintaining the conformal
gauge, defined by Zg—i = e¥*, leading to the following form of the metric:

B dy*dy~
—Nyty=+ Fo(yt) + F_(y™)

ds® (4.20)
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CHAPTER 4. REVIEW OF THE CGHS MODEL

Using Eq. (4.19), we can readily determine e=2¢ as follows:

e = NyTyT + F(y") + F(y7). (4.21)

In this way, we have demonstrated that one can choose coordinates such that p = ¢. This
particular choice is referred to as the Kruskal gauge condition, as it is directly connected to the
Kruskal coordinates appearing in the Schwarzschild solution (see App. C.3). From this point
onward, we work in the Kruskal gauge. Moreover, instead of denoting the coordinates by y=,
we use ¥ to represent the Kruskal coordinates. The remaining task is to solve Eq. (4.15),
which simplifies to:

d*F,
drt?

which leads to the following form of the functions F, expressed in terms of the given EMT:

= —nGTL (z%), (4.22)

b
= —WG/dx /d:ciTii ) +asr® + 3" (4.23)

where a4 and b are arbitrary constants. From Eq. (4.22), it follows that Tii can depend only on
r%. By inspecting the matter field equations from Eq. (4.12), we confirm that this requirement
is indeed fulfilled:

dx*

7 d % 2
Of, =0=0,0_f; =0 = f; = fi, (@) + fi_(z7) = T (a%) = (E) . (4.24)
Therefore, the general solution of the equations of motion in the Kruskal gauge is given by:

e = _Nata — WG/dx+/dx+T++ — ﬂG/dx_ /dm_T__ +a,xt +a_x” +0b.

(4.25)
In this setup, the geometry is characterized by three constants, a4 and b, together with the EMT
of the matter fields, T, (z*). In the absence of matter the constants at can be eliminated
by an appropriate change of coordinates, z& +— 2% — 55 Depending on this choice, we obtain
various distinct solutions, i.e. different geometries. It should be remembered that all of this
has been formulated in the Kruskal gauge. If required, we can easily switch to other coordinate
systems.

4.1.2 Applying the static ansatz setup

In the preceding subsection, we described the standard procedure for solving the CGHS equa-
tions of motion in the Kruskal gauge. We now instead employ the symmetric ansatz introduced
in Sec. 3.1, which is obtained by imposing the presence of a time-like Killing vector. In this
setup, the natural length scale is determined by A, implying L = 1/A, and the reduced field
defined in Eq. (3.7) becomes x = e~?. By rewriting the metric equation using Eq. (3.8) for the
metric function A, together with Eq. (3.13), we obtain:

D |d d dA d (D G
M |:& ( ) g,u&/ ( dx ( Dd ) +4X2A& <;)) eﬂngU§p§J:| = %T;{m (426>

where we have employed the auxiliary relations (3.32) and (3.33) for the scalar invariants Cx and
(Vx)?, respectively, as well as Egs. (3.24) and (3.29) for the covariant derivative of the Killing
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CHAPTER 4. REVIEW OF THE CGHS MODEL

vector and the scalar curvature. This equation implies that the only non-zero components of
the EMT are the one aligned with the Killing vector, 7", and the one orthogonal to it, T+,
while all mixed components vanish. Similarly, for the dilaton equation one gets:

d x_d dA

Since the matter field are massless scalar fields, we can use the fact that their EMT is traceless
in two dimensions. Thus, taking the trace of the metric Eq. (4.26) gives:

d [, dA 2, d (DY
This equation is integrable, resulting into:
1._dA AD
-D—+—=C, (4.29)
2 dx X

where C' is an integration constant. This equation can be regarded as a solution for D. Sub-
stituting this solution into the dilaton Eq. (4.27) we once again get an integrable equation, the
solution being as follows:

Ax* + OxAD = p, (4.30)

where p is another integration constant. Combining Eqs. (4.29) and (4.30) results into a
differential equation for A whose solution is:

Ax® — pln |AX?| = b — C°%%, (4.31)

where yet another integration constant b is introduced. Next, we compute the tortoise coordi-
nate (3.18). Direct calculation, yields

1 2
Ao = 50 In |Ax?|. (4.32)

Finally, one has to enforce the constraints (3.22) for the asymptotical flat solution at infinity.
Taking the limit x — oo of Eq. (4.31), gives A — —C?, implying that C' = +1. Then, from
Eq. (4.32) we deduce that C' = —1, by demanding that ¢ — 400 in this limit. Hence, the
solution in the asymptotically flat coordinates depends on two constants b and p and is given
by:

! A<O
1 (b4 2uho)e D = X_{\/b+2u)\a~|—e”", A <0,

A= (4.33)

_ 1 Vb +2udo — e A > 0.
1— (b+2udo)e=2r’

Next, we compute the components of the EMT by substituting this solution into Eq. (4.26).
This gives:

A >0,

2uN?
G
In contrast, evaluation of the components of the EMT using the scalar field f and the equation
of motion for the i-th field yields the following.

XL/ dR\? d df;
m _ il N i a i) _
T =1 =T S :(Ddx) o <ADdX) 0. (4.35)

=1

NPT = NPT = (4.34)

Hence, the physical interpretation of the constant p > 0 is that it is some type of a charge
carried by the matter fields. Since the Eq. (4.31) is transcendental when p # 0, we cannot
write down the explicit expression for A in terms of x.
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CHAPTER 4. REVIEW OF THE CGHS MODEL

4.1.3 Static vacuum solutions

In this subsection, we examine the static vacuum solution, defined by the condition T/fy =0,
which holds when p = 0, as can be seen from Eq. (4.34). From Eq. (4.31) it follows that D = x,
and Eq. (4.32) provides an expression for A solely as a function of x, namely:

A:E—l, D = x, 2)\0:ln‘b—x2

x2

: (4.36)

where the last expression determines the tortoise coordinate (4.32). There are three possi-
ble scenarios depending on the sign of the constant b. To see if this solution possesses any
singularity, we compute the scalar curvature. Using Eq. (3.29) we obtain:

4D

5

R =

- (4.37)
It is now evident that as long as b # 0 there is a singularity at xg = 0. When b = 0, we have
A = —1 throughout the entire spacetime and R = 0, so the geometry is simply flat Minkowski
spacetime. For b # 0, in order to determine whether the solution describes a black hole or
a naked singularity, we must check for the presence of an event horizon. The event horizon
is defined as the hypersurface on which the time-like Killing vector becomes null, i.e., where
A=0. If b <0, then A < 0 everywhere, indicating that no event horizon exists. Conversely,
for b > 0, imposing A = 0 gives xyg = V/b. It is therefore clear that in this case the solution
corresponds to a static black hole. Hence, the solutions can be classified according to the sign
of the constant b as follows:

e b= 0: Flat Minkowski spacetime,
e b < 0: Naked singularity,

e b > (: Static black hole.

The cosmic censorship conjecture rules out the formation of naked singularities, which in turn
requires that the constant b be nonnegative. Now we examine each of the two allowed cases in
detail.

Linear dilaton vacumm

Within the CGHS model, the vacuum configuration is referred to as the linear dilaton vacuum.
This terminology stems from the fact that, for b = 0, the dilaton field ¢ depends linearly on
the spatial coordinate o. Explicitly, the solution is

d’s = —dt* + do?, ¢ = —)o, (4.38)

and it arises as the limit b — 0 of the general static vacuum solution (4.36). This solution
exhibits the full two-dimensional Poincaré symmetry, meaning that, in addition to the Killing
vector 0y, there are two more Killing vectors: 0, corresponding to spatial translations, and
L = 00, + t0, corresponding to Lorentz boosts.
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Static black hole

This scenario corresponds to a choice b > 0 in the general static solution (4.36). As men-
tioned before, the event horizon is xyg = v/b, while the singularity is xs = 0. The two extra
Killing vectors vanish, leaving only the Killing vector of time translations. Transitioning to the
Eddington-Finkelstein coordinates, similarly to the general solution of the CGSH model with
matter (4.33), we get:

1
W T A<l [Vorere, A<,
= 1 X = (4.39)
— A >0, Vb—e?  A>0.
1 — be=2Ao
In this coordinate system, the horizon is shifted to infinity, that is, oy = —00. Consequently,

the two cases in Eq. (4.39) represent two coordinate charts that are joined along the event
horizon hypersurface located at infinity. The singularity is still determined by xg = 0, which
gives b = €2*? in Eddington-Finkelstein coordinates.

To construct the maximally extended black hole solution, as in the Schwarzschild case, we
need to switch to Kruskal coordinates (see App. D.5). Our first task is to determine the surface
gravity at the horizon:

Y (4.40)

H

A dA
-2 |\p=
" ' dx

2
accordingly, the Kruskal coordinates follow from exponentiating the Eddington—Finkelstein
coordinates using the surface gravity, that is:

+

et =€ A DT |=e M, (4.41)

where the signs of ¥ determine four patches connected by the event horizon. In all four
patches, the metric and the dilaton exhibit the same form:

drtdx~

d? = -2 &
° —N2xtr—+b’

e = N2aTrT + b (4.42)
As anticipated, in Kruskal coordinates we have ¢ = p. This solution coincides with the general
solution (4.33) once the condition of a vanishing EMT is enforced (along with ay = 0).

The transformation (4.41) divides the space- xOA
time into four distinct regions, classified ac- X xt
cording to the signs of the Kruskal coordinates I
2. As an illustration, region III is character-
ized by 7 < 0 and = < 0. Collectively, these
four regions serve as coordinate charts that to- 1 III
gether constitute an atlas for the spacetime
manifold. In practical applications, one typ-
ically focuses on region I and, in some cases,
region II. Region I describes the exterior of
the black hole and directly corresponds to the
A < 0 case in Eq. (4.36), whereas region II
describes the black hole interior, where the
Killing vector is space-like, i.e. A > 0.

Figure 4.1: Different patches of the spacetime
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We now examine the coordinate curves t = Black hole singularity
const. and o = const. in Kruskal coordinates:
® 0 = const

®t = const
@ event horizon

t=c:— ="M = 2" =ca”,

oc=c: Natr =+ — 1t =c.

In Fig. 4.2, the t = const. curves are plot-
ted in red, whereas the ¢ = const. curves
appear in blue. The Killing horizons (i.e.,
the event horizons) lie at ¢ — —oo and are
drawn in green. Singularities occur in regions
I and IV of Fig. 4.1, specified by the relation White hole singularity
Nztz~ = b, ie. 2\o = Inb, and are indi-
cated in the figure by a black wavy line.

Figure 4.2: Kruskal diagram in CGHS model

We observe that the resulting diagram is completely analogous to the Kruskal diagram of the
Schwarzschild solution (see App. C.3). Consequently, the corresponding conformal diagrams
also match (see App. C.4). Even the singularity is described by the same functional relation
xt =z (27). We now proceed to identify the standard black-hole (¢,7) coordinates, in which
the metric assumes the following form:

2 2 dr? dr 1 2\r 2X\o
ds :—Z(T)dt—i—m eSS %:m — € :C(e :l:b) (443)

We note that the + signs in these expressions determine whether the solution is defined in

quadrants I and IT or in quadrants III and IV, respectively. Enforcing the condition r = ry at

the horizon leads to C' = j:CMbTH. Thus, for [(r) we find:

[(r) =1 — e 200 935 =1n [+b (62/\(7"*771) -1)]. (4.44)

The singularity is located at:

rs =Ty -+ % Inb. (445)
As in the Schwarzschild case, regions I and II are both represented by the same metric in the
(t,r) coordinate system. Spacetime terminates at the value of the radial coordinate r associated
with the singularity. The domain r» > ry represents region I in Fig. 4.1, while r < ry denotes
region II. Moreover, the dilaton reduces to a linear function of r, namely:

1
o= —§1nb—)\(r—7“H). (4.46)
We still have to clarify the physical interpretation of the constant b, namely how it relates to
the black hole mass. Although one could determine this using the ADM formalism, we will not

adopt that approach here. Instead, we will deduce the form of this relation from the dynamical
setup introduced in the following subsection.

4.1.4 Cosmological solution with charged matter

In this subsection, we examine the general static solution (4.90) in the case where the matter
charged with p # 0. The event horizon is defined by the condition A = 0. From Eq. (4.31) we

20



CHAPTER 4. REVIEW OF THE CGHS MODEL

infer that, as long as p # 0, there is no finite value of x that satisfies this condition. Let us first
consider the case A < 0. Attempting to determine the apparent horizon from 9,x> = 0 leads
to the equation p + €*** = 0. Since pu > 0, this equation admits no solutions. The curvature

scalar is given by
62>\0' + M 2
—1]. 4.47
<b+2u)\a+e”"> (4.47)

It is evident that the curvature diverges along the hypersurface x = 0. This equation always
admits a solution for a negative value of the coordinate o. Consequently, this configuration
describes a naked singularity and is therefore excluded by the cosmic censorship conjecture.

R = 4)\?

For A > 0 we are effectively looking for the cosmological solution. The first order of business
is to determine under which conditions A > 0 holds. This is the case when:

e* < b+ 2udo. (4.48)

For a fixed value of u, with p > 0, there is
a critical value of b above which the inequal-
ity admits a solution. In Fig. 4.3 we plot the
functions f(x) = e* and gy(x) = b+ px, where
x = 2Mo. For sufficiently small b, a solution

does not always exist. As b increases, one :g (2)
reaches a critical point at which g,(x) becomes ° gc+ @

tangent to f(z). Differentiating Eq. (4.48), we
obtain 2Ao.. = Inpu. Substituting this back
into Eq. (4.48) yields the condition on b:

b>p(l—1Inp). (4.49)

Figure 4.3: Graphical solution to inequality

For y > e, this inequality is automatically ful-
(4.48)

filled for any positive b.

Now assume that condition (4.49) holds. As illustrated in Fig. 4.3, inequality (4.48) admits
two critical values, denoted by o; and o0,. Because A > 0, the Killing vector ¢ is space-like,
which means that o plays the role of a time coordinate. We therefore relabel it as o — 7. The
metric then takes the form

—dr? 4+ dr?
ds* = 4.50
T bt 2y — 1 (4.50)
which can be cast into the standard cosmological form ds* = —dt? + a(t)?dr?, where the new

time coordinate ¢ and the derivative of the scale factor a = /A, namely a(t), are given by

d b— 2pA
t— / 7 ,alt) = A pE opAT e (4.51)
V(b +2pAT)e 2 — 1 ((b+2uAr)e=2A — 1)
From this expression we observe that a(t) < 0 for 1y < 7 < g;—/‘j, and a(t) > 0 for l;Tﬁ <T < Ty
Hence, the universe undergoes a contraction phase with a(t) > 0 until the moment 7 = %

2p?
after which it begins to expand to infinity. The curvature becomes singular at both endpoints,

so this solution corresponds to a universe that originates as an infinite universe at 7 = 77 and
terminates in a big rip at 7 = 7, once again diverging to infinity.

o1



CHAPTER 4. REVIEW OF THE CGHS MODEL

4.1.5 Dynamical solution and gravitational collapse

In this section, we consider the dynamical solution of the equations of motion (4.14-4.16), closely
following the method described in Sec. 3.4. The overall setup is illustrated in Fig. 3.2. The
matter content is represented by an infalling shockwave localized on the hypersurface * = 7.
We begin by re-deriving Eq. (3.104) within this framework. Because both ¢ and p must remain
continuous throughout spacetime, as required by Eq. (3.102), the derivatives d,¢ and d,p do
not contain contributions proportional to the Dirac é-function. Integrating the equations across

the shockwave then yields:

<
TGM
= : 4.52
P (r) 5
Using the ansatz for the derivative of the dilaton (3.13), together with the general static vacuum
solution (4.36), we find:

8.:,_672(;5

>

A ~ GM - 1GM TGM
2x=F De*| = = AX| = — by—b.= : 4.53
2 T T R @) A DY e (4.33)
Imposing continuity of the metric then determines the jump in the function F~:
AI AH B _ b> _ }"(2 B B Q
- —= F:=F=" — TF-=F"11 4.54
F; Fﬁ II I b< . }22 11 I + b< . 5{2 ) ( )

where we have introduced the coordinate X defined in Eq. (3.107). Hence, the general discon-
tinuity of the solution when crossing the shockwave hypersurface is described by the following

relation:
TGM
GM
(F* F~,b) s <F+,F— <1+ bj§2> bt T . ) . (4.55)

This equation shows how the solution evolves when an additional mass M is added to the
total mass of the black hole. The gravitational collapse corresponds to a scenario in which
the initial spacetime is the linear dilaton vacuum, specified by (—1,1,0), expressed in Edding-
ton—Finkelstein coordinates. The subsequent transition to a black hole solution in region II of
the spacetime is then:

(—1,1,0) = (_1’1_7TGM 1 WGM)'

AR
At this stage, the physical relation between the constant b and the black hole mass becomes
clear: b = “GTM The final step in the computation is to write down the explicit form of the

dilaton field in the (d,%) coordinate system. In region II of spacetime, the solution takes the
form:

(4.56)

TGM 1

A x2
From this relation, it is immediately evident that at the shockwave hypersurface 6 = 1, we
recover the expected identity x = x.

A:

—1, D=x, In[pb—x’|=-2Ié+In[b—%|. (4.57)

We now rewrite the solution in terms of the Kruskal coordinates (4.41). A straightforward
calculation gives:

e =% =\l (:v_ + WGM) WGM.

4.58
Nxg A (4.58)
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CHAPTER 4. REVIEW OF THE CGHS MODEL

%5(1‘* —xg), together with F*(z;) = —Azg, into the general
CGHS solution (4.81) and then carrying out the integration reproduces the same result, pro-
vided that continuity of both the metric and the dilaton field is enforced. For later convenience,

we also define the notation A = ’;\fx]‘f .
0

Conversely, substituting 7'y ; =

Using the coordinate transformations in region II of the spacetime (4.56), we directly cal-
culate the new Eddington-Finkelstein coordinates in region II of the spacetime:

At =M A NaT 4+ A) = —e . (4.59)

Inserting these expressions into the solution (4.58), we can immediately confirm that the so-
lution depends solely on the coordinate . Therefore, the solution is genuinely static within
region II of the spacetime. It should be kept in mind, however, that although the solutions
in each of the two spacetime regions are static, the spacetime as a whole does not possess a
time-translation symmetry.

To obtain the Penrose diagram, we switch to compactified coordinates. The transformation
that produces the required form is:

MG
A2A

Under this transformation, the point z§ is mapped to y; = 7+ In these new coordinates, the
metric takes the form:

Y a—

tany® A A(z7+A) =AAtany . (4.60)

dy*tdy~
A2 cos? yt cos?y~ tanyt (tany— — 1)

dytdy~
A2 cos? yt cos?y~ (tanyt tany— — 1)’
In Fig. 4.4, the conformal diagram of the singularity
dynamical black hole is displayed. The Y event horizon VAT =Ty
singularity is specified by tany™ tany~ =
1, ie. y*+y = %, and is depicted as
the black wavy line. The infalling matter is
shown as the red arrowed curve. The hyper-
surfaces i* denote future and past timelike in-
finity (in red), while ° represents spatial in-
finity (in blue). The hypersurfaces J* cor-
respond to future and past null infinity (in J”
green). The spacetime boundary is drawn as a
solid black line. In region II, the event horizon
is present, indicated by the solid blue line and
given by z; = —A. This expression follows
from extremizing the two-dimensional area of boundary
a sphere, namely by imposing 9, e72¢ =0 (see __ ) _
Sec. 3.4). We find that the apparent horizon Flgure.4.4: Penrose diagram of the dynamical
scenario

.yt <

ds* = (4.61)

yr >

NN

T
+ — Nyt —

y Yo 2

matter collapse

and the event horizon are identical.

This configuration does not describe an evaporating black hole. Indeed, the apparent horizon
and the singularity meet at future time infinity ¢*. Moreover, in region II of the spacetime,
the fields are independent of the new time coordinate. To obtain a genuinely evaporating black
hole solution, quantum corrections must be taken into account. For more details, see Sec. 3.4.
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CHAPTER 4. REVIEW OF THE CGHS MODEL

4.2 Adding quantum fluctuations

In this section, we incorporate quantum corrections into the classical CGHS model. Gravity
is kept classical, while the scalar matter fields are quantized via the Polyakov—Liouville action
(3.72). Further details on the quantization procedure for the scalar fields are provided in
Sec. 3.3. Thus, we work within the semiclassical framework of quantum field theory on a fixed
classical background geometry (26, 25]:

The central objective of these toy models is to obtain exactly solvable equations of motion
that still capture the essential qualitative features of the system. The full CGHS action sup-
plemented only with the PL term is not exactly solvable. For this reason, we introduce an
additional correction term in the action, denoted by S.,., which depends exclusively on the
dilaton and the geometry. The complete action then takes the form:

SQC - Sg[Q,Qﬂ + Sm[gvfz] + NSPL[gaw] + Scor[ga ¢] (462)

The first two contributions reproduce the classical CGHS model (4.1). Since Spy, is independent
of the detailed structure of the matter fields, it is simply multiplied by N when there are
N distinct matter fields. In two-dimensional models, the equations of motion reduce to the
condition 7, = 0, so we obtain:

@ @ frcl [ ——
TS, + AT?, + THI + N < ATI, >=0, (4.63)

where the various energy—momentum tensors are defined as follows:

—2 4SpL

. —2 048, o _ =2 050 npa_ =2 65a _
V=g 6g*.

MV:—/_g5g,ul/’ MV:—/_g 5gw/’ pyo /_gW’

(AT],) (4.64)

The correction term S..,, can be interpreted as a classical modification of the original CGHS
model; consequently, the EMT derived from this part of the action is labeled ATZ’V. We do
not interpret this contribution as a quantum effect. In contrast, the only genuine quantum
contributions stem from the Polyakov-Liouville term, so the corresponding EMT is written as
(AT],). Hence, the total EMT of the matter fields is:

- Jcl
T, =TI+ (AT],) . (4.65)

Since the correction term must cancel the part of the PL action that renders the equations
of motion not exactly solvable, it must scale as Nh. This creates an apparent tension: the
correction term is intended to be classical, yet it is proportional to h. To resolve this, let
us consider a very large number of matter fields. In that case, the combination NA can be
treated as a constant of the same order as ﬁ Thus, we need not view it as a small quantum
correction, but instead as a finite constant. Since the overall factor in front of the correction
term can be chosen as an arbitrary constant that is not intrinsically of order h, we are free to
set it equal to the constant NA.

Due to this correction term, the dilaton field equation of motion is modified as well and
takes the following form:

5Sg 5Scorr
+ —

ot e =0 (4.66)
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CHAPTER 4. REVIEW OF THE CGHS MODEL

4.2.1 The correction term in the action

Here we examine which forms of the correction term in the action can make the equations of
motion exactly solvable. While the main body of this work focuses on the BPP model, we
introduce here a more general expression for the correction term. It is given by [26, 25]:

Seor = N /d25(7\/_ |: CI¢R + g (v¢) (467>

where C7 and (s are free parameters whose specific values determine the particular model. In
the next section, we demonstrate how to choose these constants so that the resulting model
possesses exactly solvable equations of motion. For the moment, we simply note which choices
correspond to the most relevant models, namely the RST [23, 24] and BPP [25] models.

e BPP model: () = % AN Cy=1

e RST model: () = i A Cy=0

By explicitly solving the equations of motion in detail, we can see why the constants are fixed
in exactly this way. In this section, we keep the constants arbitrary. We now vary the action
with respect to the metric and the dilaton field. The same type of term appears repeatedly in

this calculation as in Eq. (4.2). After performing a large number of simplifications, we arrive
at

55 — VR / d%\/—{ lcl <v V- gWD¢) & < wPVup — guu (Vo) ﬂ "
[ CiR— @D¢] 6¢} (4.68)

After a direct identification with Eq. (4.64), we can read off the correction to the energy—momentum
tensor and the variation of the correction term with respect to the field ¢, which are given by:

h
ATS, = -2 {cl (v V.- gWDqﬁ) f;( WOV~ S (V) >]
(4.69)
6Ser _ NI Cy
Y0, o [ CIR__DQS}

4.2.2 Equations of motion and their general solutions

Now we can write down the full set of equations of motion. On the left-hand side we collect
the geometric contributions, i.e. all terms arising from the dilaton energy-momentum tensor,
while on the right—hand side we put all matter contributions. Using Eqs. (3.75) and (4.69), we
arrive at the following system:

V. V,pe ™ + g, (V) —Op — N?) e

NhG TG

Cy
+— {01 (V V¢ — gWch) ( nOVid — guu (Vo) )} = TTJw (4.70)

(—2R +8(V¢)* — 8\* — 80¢) e ** = NhG (C’lR + %ng) ,

25



CHAPTER 4. REVIEW OF THE CGHS MODEL

where the only source term entering the equations of motion is the quantum—corrected en-
ergy-momentum tensor,

Nh 1
T!, =TL" + —| =2V, Vot + VOV + g <2D¢ — 5(w)?) } . (4.71)

481
The second term in Eq. (4.70) precisely coincides with the EMT derived from the PL action in
Eq. (3.75). Consequently, these equations merely represent a compact rewriting of the relations
we have already obtained in the preceding sections. Our next task is to solve this coupled
system. Expressing the equations of motion (4.70) in light-cone coordinates 2% and choosing
the conformal gauge metric (3.2), we find:

+ = 0,0_e7% 4+ N2 _ NhG(C19,0_¢ = nGTL_, (4.72)
+4: 0% +40:00+ (¢ — p) e 2+
NhG {01 (a;@ﬁ - 2aipai¢) + % (8i¢)2} = rGTL,, (4.73)
¢:0,0_e72 —20,0_(¢ — ple 2 + \22P~9) = NhG [—CﬁJﬁ_p + %&r@_qﬁ} (4.74)
Nh . Nk
R W NN A (L [aip — (up)? - u(f)} S um)

where, in the last line, we have written the components of the quantum—corrected EMT explic-
itly in terms of the PL EMT components introduced in Eq. (3.77).

Next, we choose the constants such that the resulting system of equations admits an exact
solution. In the classical CGHS model, the key requirement for obtaining a closed-form analytic
solution was the Kruskal gauge condition, which followed from Egs. (4.14) and (4.16). We now
investigate what happens when we combine Eqs. (4.72) and (4.74). This yields

Cy

2
12

G8+8_(gb —pe 2 =0. (4.76)

1
Nh <Cl — ) 8+a_¢+NFL (Ol — E) 8+a_p—
In order to obtain the equation 0,0_(¢ — p) = 0, which is required to impose the Kruskal

gauge, the constants must satisfy

Cy 1 Oy +1
cl__u_—(cl—ﬁ) — =21 (4.77)
With this choice, the equation simplifies to
Cs 2 94 B

Consequently, we can also impose the Kruskal gauge condition p = ¢ in the quantum-corrected
case. In both the RST and BPP models, the relation (4.77) between the constants C; and
(5 is indeed fulfilled. After enforcing the Kruskal gauge condition, the equations of motion
(4.72-4.74) take the form:

+—: 040 [ew + NhG (1—12 — Cl) qﬁ] = —)\% (4.79)

++: 07 [ew + NhG (% — Cl> 4 = Nthi(:ci) — TGTLE (2%). (4.80)

12
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CHAPTER 4. REVIEW OF THE CGHS MODEL

It is clear that this system of equations can be solved exactly by directly integrating the
sources, which are now determined by T together with the function ¢ defined in Eq. (3.78).
The particular choice of the functions ¢ is tied to the specification of the quantum vacuum
state (see Sec. 3.3). The general solution to the quantum-corrected equations of motion is given
by:

1
e * + NhG (E — C’l) ¢ =—Nata WG/dx /d:E THe — 5t+)

(4.81)
— WG/dI_ /dx_ Tf’fl — 8t_> +a,xt +a_x” + b

We also introduce the constant ¢ = %, which multiplies the quantum correction to the

matter energy—momentum tensor. Eq. (4.81) is transcendental in ¢, except in the special
case C] = 12, which corresponds to the BPP model. The quantities a4 and b are integration
constants, just as in the classical CGHS solution (4.25). Hence, in the BPP case the equations
coincide exactly with the classical ones, and for this reason that model will be of particular
interest in the following analysis..

4.2.3 General static solution

In this subsection, we solve the system of Egs. (4.70) by employing the symmetric ansatz
introduced in Sec. 3.1. Once this ansatz is implemented, the equations of motion reduce to:

d dA NhGC, [ d dA d (D 2_dA NG Cy d(AD)
{&( dx)+ 2 (& <Ddx) _4A& <_) XDdX)+ 12 x Suby

d dA ,. d (DY NhGCix*d (DA NhGCyx d oo
[& (XDdX)+4 A <_)+ 2 &(ﬂ dx) 12 _< )}5’”’5”’“
)

d
TGy TG (Tf ol (AT( ) (4.82)

T oaT T g2
A(AD) < d [_dA NhG d /_dA\ G
D *pl (pth LS (4.
i T3 dx( dx)+ T3 {Old ( dx)+ 6 dx (483)

where the symmetric-ansatz form of the EMT <AT£{:)> is provided in Eq. (3.79). Because

the left-hand side of Eq. (4.82) contains no mixed parallel-normal component, the constants

associated with the functions ¢4+ must coincide. We denote their common value by t,(07) =
A2

t_(0~) = 7 E. Subtracting the parallel and orthogonal components of Eq. (4.82), we arrive at:

NRG |1 1Y\ d dA Cy d (AD 2 d (1 dA  AD
T[é(cl_ﬁ)&<p&)+<m C)dx( )} T (z”& ?) =0
(4.84)
This equation is akin to taking the trace of the original system (4.82), together with the
property that the EMT of a massless scalar field is traceless. It coincides with Eq. (4.76). For

this equation to be explicitly integrable, the constants C; and Cy must obey condition (4.77).
Imposing that condition and integrating yields

1 dA AD
-D— 4 — 4.
2 dx X =G ( 85)
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CHAPTER 4. REVIEW OF THE CGHS MODEL

which is equivalent to Eq. (4.29) and encodes the Kruskal gauge condition for a static geometry.
Proceeding in complete analogy with the purely classical static solution, we now integrate the
dilaton Eq. (4.83). The result is

wrcer M (0 DY ao g s

where () denotes an integration constant. Combining Eqs. (4.85) and (4.86) leads to the fol-
lowing expression for the metric function A:

AXQ—cghqAxﬂ::b—-02(x2+JVM§<cg—i%)1nx), (4.87)

with b introduced as the final integration constant. The tortoise coordinate o keeps the same
form as in Eq. (4.32). The last step is to insert all these results back into the original Eq. (4.82)
and extract the constraints on the classical part of the EMT. We obtain

NRG
v = =2 (04 M8 2+ 09). (489

This matches our expectations, as the equation of motion for the matter sector coincides with
that of the classical static configuration, thereby introducing an additional charge p. Conse-
quently, we express () in terms of the remaining parameters:

NhG
48

As in the purely classical setup, the constant C' must be chosen such that the metric satisfies
A — —1 when x — oo and 0 — +o00. From Eq. (4.87) it follows that A — —C? in this limit,

Q=p-—

E+0C?). (4.89)

hence the second condition fixes C' = —1. Finally, we rewrite the solution (4.87) for the metric
function in Kruskal coordinates by using |[Ax?| = ¢** = —\2xT 2~ and reverting to x = e¢:
1 NhG
€%+AWG(E—%L>¢:—Vf%_—< 5 (E+1)— )hﬂﬁﬁwﬂ+b (4.90)

Note that for u # 0, the geometry remains very similar to the classical case analyzed in
Sec. 4.1.4. The resulting spacetime is a cosmological solution that describes an infinite universe
shrinking from an infinite scale factor and subsequently re-expanding back to an infinite scale
factor. We now turn to specific vacuum configurations: the linear dilaton vacuum, the static
solution, and the static black hole, all specified with g = 0.

Linear dilaton vacuum

Here we determine which values the constants must take so that the linear dilaton vacuum
solves the original field equations. The general solution of this model is given by Eq. (4.90).

Imposing the condition e 2? = —\2ztz~ leads to:
NG
NﬁG(——Cl)gb ( o (E+1)—2u>¢+b. (4.91)

From this relation it follows that the state must be massless, i.e. b = 0. Setting p = 0, the

constraint becomes: ]
— —Cy==. 4.92
24 ! ( )
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CHAPTER 4. REVIEW OF THE CGHS MODEL

For the static configuration with no energy flux at infinity—namely, the Boulware state—the
energy-momentum tensor is normal ordered in Eddington—Finkelstein coordinates, which en-
forces ti(0%) = Z = 0. Consequently, the linear dilaton vacuum represents a genuine vacuum
state, devoid of any particle content, only in the RST model, where one has C; = 1/24. While
in the BPP model, we instead obtain = = —1, which corresponds to the Hartle-Hawking state.

This connection is demonstrated in the following sections.

Static vacuum solution

A static vacuum solution is defined as one that carries no energy flux through either past or
future null infinity. This requirement leads to the choice:

[1]

=0. (4.93)
Imposing this together with p = 0 simplifies the general solution (4.90) to:

1 Nh
e 2?4+ NhG (E — C’l) ¢=—-Natr — 4—8G In |Nztz™| +b. (4.94)

In general, this relation is transcendental in ¢. It becomes algebraically solvable for ¢ only in
the BPP model, characterized by C; = 1/12. This is the main advantage of the BPP model.
However, the drawback is that no choice of b can recover the linear dilaton vacuum from this
solution. Consequently, the linear dilaton vacuum necessarily carries a nonvanishing energy
flux at future null infinity.

Static vacuum black hole solution

Note that for any non-vanishing (), no event horizon appears at a finite value of x. Since the
presence of an event horizon is a prerequisite for a solution to qualify as a black hole [106], we
must therefore set () = 0. Moreover, because we are interested in a vacuum configuration, we
also impose 1 = 0. Under these conditions, we obtain a constraint on the parameter =, namely:

[1]

=—1 (4.95)
Inserting this relation into the general solution (4.90) yields:
1
672@5 + NhG (E - Cl) ¢ = —)\2$+$7 + 0. (496)

Here again, we see the benefit of working with the BPP model rather than the RST model. For
Cy = 1/12, this solution coincides with the classical expression (4.42).

4.3 BPP model

In this section, we study the various solutions within the BPP model, following the derivation
of [25]. Unlike in the previous section, we begin with the most general solution in Kruskal
coordinates, and then obtain different geometries by specifying in advance the vacuum state
of the quantum fields. We then explicitly compute which of these geometries give rise to a
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CHAPTER 4. REVIEW OF THE CGHS MODEL

non-vanishing energy flux at infinity. Moreover, we clarify why = = —1 (4.95) holds for the
static black hole.

As already stated, the BPP model arises when the constants in the correction term of the
action (4.67) are fixed to €y = & and Co = 1 [25]. With this choice, the general solution to

the BPP equations of motion takes the form

e2 = Nty — WG/dZ‘+/dJI+ (Tf:ﬁl — 6t+>

(4.97)
- WG/dZL’_ /dx_ <Tf’fl - 5t_> +ayxt +a_x” +0,

which is obtained by substituting C; = 1/12 into the general solution of the quantum-corrected
CGHS model (4.81).

Eq. (4.97) gives the solution for the dilaton (and thus for the metric as well, since p = ¢
in Kruskal gauge), with Tj;’f, t+, as, and b serving as sources. Relative to the classical CGHS
solution (4.25), the only new ingredients are the functions ¢4, which encode the choice of
quantum state of the matter fields. Recall that ¢ = % is the parameter signaling the presence
of quantum corrections in the model; in the limit € — 0, the solutions revert to their classical
forms.

We now briefly comment on the dimensions of the constants appearing in these expressions.

In D spatial dimensions, Newton’s law takes the form ' = G7#Z2. For D = 1, this implies
G] = kg‘sg. It follows that the combination ’Z—? is dimensionless. Hence, in the product G the

factor 1/¢3 is effectively absent.

4.3.1 Linear dilaton vacuum

The linear dilaton vacuum corresponds to a solution with flat spacetime, as is already known
from the classical CGHS model. For this case, the appropriate choice of sources in Eq. (4.97)
is:

TH' =0 A ar=0 A b=0 A ti(zF)=0. (4.98)

The last condition specifies that the quantum state is the Hartle-Hawking vacuum (3.97) (be-
cause the energy—momentum tensor is normal ordered in Kruskal coordinates). The metric
takes the form:
detda~
— N2zt~
To verify that we truly have the Hartle-Hawking state, we compute the energy—momentum
tensor in the % coordinates:

1
ds® = = —3 In ‘)\2x+x_| . (4.99)

+ 2 2 O:I: _5)‘2 1
(OTL %) = 2 08— Qs ~ )| = 5 (4.100)

Next, we must determine whether there is any energy flux at infinity. To this end, we transform
to the asymptotically flat coordinates ¢ and consider the limit o — oo:

ATl = (G5 ) ATLG) = 5 = 0.0l ALl 00)| =5

—- (4101

ji
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We observe that an energy flux is present both at J+ and J~, and thus we identify the
configuration as a system in thermal equilibrium. Evaluating the temperature of the radiation,
we obtain:

kA dA| A

-~ 2rh 4wk | dx|  2«h
For more details see App. D.5. This shows that, even though the geometry is that of Minkowski
flat spacetime, there is still a nonvanishing energy flux. This is the same outcome as in the pre-
ceding section. Therefore, this solution cannot be identified with the true Minkowski vacuum.
The geometry behaves as the geometry in the vicinity of a black hole, although no singularity
exists, leading us to classify it as nonphysical.

(4.102)

4.3.2 Eternal black hole solution

Here we present the quantum-—corrected static black hole solution, corresponding to the Har-
tle-Hawking vacuum (3.97) for the matter fields. We require the energy-momentum tensor to
be normal ordered in the 2* coordinates. Consequently, the setup is specified by the following
choice of sources in Eq. (4.97):

_7TGM
D

Just as for the linear dilaton vacuum, the metric here also coincides exactly with the classical
one (see Eq. (4.42)):

TH =0 A ar=0 A b ty(2¥) =0. (4.103)

detdx~ 1
2
= — = ——1
ds iy vpe—— W(f\M AN 5 n

TGM
A
Note that this solution is equivalent to Eq. (4.96). We now investigate whether this configura-

tion gives rise to an energy flux at infinity, as is necessary for describing a black hole in thermal
equilibrium:

~Ngtr™ + (4.104)

2

(4.105)

0 )2 =¥
(ATL,(z%)) =« aip—@p)?—%(xi)} —i[ A

4 | —=Nate + —”G>\M

Expressing the energy-momentum tensor in the oF coordinates and then taking the limit
o — oo yields:

N2

A2 1
_ A = (4.106)

AT (6T
(ATii(07)) A (1+WGTM€72M)

5 — <0,£L“’ ATjJ:ci(Ui) ‘O,:E>

ji

Thus, the energy flux at J* matches that of the linear dilaton vacuum (4.101). The crucial
distinction is that in the present case there is an actual black hole of mass M. In this way we
have obtained the eternal black hole configuration, which will serve as the basis for our analysis
of the fine-grained entropy of Hawking radiation in Chap. 9.

At the conclusion of this subsection, we determine the value of the = parameter that corre-
sponds to the static black hole configuration. By transforming t. (%) to Eddington-Finkelstein
coordinates using the transformation law (3.83), we obtain:

xE 2 0 2
ti(ot) = (ja_i) {;{(xi) - %DI:!: 05| = ti(oF) = —)\Z. (4.107)

On the other hand, = is defined by t.(0F) = )‘Tz:, which immediately implies = = —1. This
coincides with the value previously obtained by requiring the presence of an event horizon in

the general static vacuum solution (4.95).
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4.3.3 Minkowski vacuum

Since our aim is to study gravitational collapse, we require a vacuum configuration that does
not emit radiation at infinity, unlike the situation for the linear dilaton vacuum (4.101). Such a
configuration is realized by the Boulware vacuum (3.96), defined by the condition ¢4 (c*) = 0.
Consequently, the setup is characterized by the following values for the sources in Eq. (4.97):

T =0 A ar=0 A b=0 A ti(oF)=0. (4.108)

Let us now examine in more detail the requirement ¢+ (o*) = 0. This condition implies that
the energy-momentum tensor is normal ordered with respect to the o coordinates. Equiva-
lently, there is no energy flux through J*. We can verify this explicitly:

= —Sti (O'i)
ji

<ATii(Ui)> - = [%P - (3i/3)2 - ti(ai)}

(4.109)

ji

The contributions involving derivatives of the metric must vanish, because p must remain finite
as o — 0o. A necessary and sufficient condition for this behavior is ¢4 (%) = 0.

To determine the metric, we must now compute ¢4 (x*). This can be achieved by applying
the transformation law (3.83) for this quantity, derived in Sec. 3.3. This yields:

ty(2®) = (Z—i) {%’(gﬂ - %Doi [f}} = ﬁ (—%) (—%/\2) = 4(;)2. (4.110)

All the required source parameters in Eq. (4.97) have now been evaluated. Performing the
corresponding integrations yields

enG
e =% = Nty — WT In (=X*zz27) + C. (4.111)
Here C' is an arbitrary constant, playing the role of the constant b. We adopt the notation C'
in order to align with the conventions of [25]. We now determine the metric and dilaton in

asymptotically flat coordinates (in quadrant I of Fig. 4.1):

—dt? + do?

2 _
ds _1—(%)\0—0)6

1 erG oo
oo A ¢(O’) = —)\o — §1H |:1 — (T)\U — C) e :| (4112)

It is immediately evident that this configuration is static. Moreover, in the limit ¢ — oo,
we recover the linear dilaton vacuum, precisely as desired. A straightforward computation of
the energy-momentum tensor in the z* coordinates, followed by a transformation to the o*
coordinates, leads to:

2
R )\2 1 — awGe—Q)\a ere—Q)\o
AT, (0%)) = £ : - - -1
< :i::l:(o )> 4 (1 . (87;G)\O_ _ C) e—2Ao 1— (%)\U — C) e=2r

— (0,0| AT (6%)|0,0)| =0. (4.113)
Ji

All these solutions approach the linear dilaton vacuum at J* because e2? vanishes expo-
nentially fast in this region. We now address the interpretation of the constant C' [25]. For
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the spacetime mass (for example, in the ADM formalism) one finds 5% = C' — Cy, where Cy
is a reference value corresponding to the massless solution. However, the ADM mass of both
the linear dilaton vacuum and the static black hole diverges. This divergence arises from the
presence of radiation at J*. Since the static solutions have a smaller ADM mass, we are led
to expect that the true ground state is given by one of these static configurations.

This also clarifies why the linear dilaton vacuum actually corresponds to the Hartle-Hawking
state. It is smoothly connected to the choice b = 0 in the general eternal black hole solution
(4.104), and not to any particular value of the constant C' in the family of static vacuum
solutions (4.111). Consequently, it must display the same Hawking radiation as the eternal
black hole. We therefore conclude that the genuine vacuum state associated with flat Minkowski
spacetime, once quantum corrections are switched off, is represented by one of the static vacuum
solutions (4.111).

We now examine the behavior of solution (4.111) in greater detail. From a mathemati-
cal standpoint, it closely resembles the cosmological solution discussed in Sec. 4.1.4. Setting
W= ”G renders the two solutions identical. Nonetheless, flipping the sign of x has significant
phys1cal implications. For the cosmological solution, pu is positive, which implies A > 0. By
contrast, solution (4.111) is a vacuum solution with A < 0. Consequently, unlike the cosmo-
logical case, it should not contain any singularity, as it does not describe a black hole. As
in the cosmological case, we begin our analysis with the scalar curvature. A straightforward
computation gives:

2
e e T BB~ S )
— N2ty — ZC0n (—\2ata) + O

(4.114)

Two different kinds of singularities appear in this setting. First, the curvature clearly blows
up at #¥ = 0. These singularities can be handled in a straightforward way by removing the

hypersurfaces 7 = 0 and 2= = 0 from the manifold. More interesting, however, is the situation
in which the denominator vanishes:

Nty — #1 (~Natz ) +C=0 — - %Aa +C=0.  (4.115)
We carry out an analysis analogous to that in /
Sec. 4.1.4. A graphical representation of the
solution to Eq. (4.115) is depicted in Fig. 4.5.
We introduce the functions f(x) = e and
go(z) = =€ —C, and determine their point of
intersectlon An intersection occurs only when ®fx)
C < C*. The critical value C* is obtained by :QC(x)
identifying the straight line go-(x) that is tan- /] 9e+ ()
gent to the curve f(x). The tangency point is x
located at xg = In &= E’TG Consequently, for the /
constant C* we obtam

Figure 4.5: The intersection of the functions f
and go

We conclude that for C' < C* there exist spacelike hypersurfaces given by ¢ = o, which solve
this equation. In this regime, the curves intersect twice, producing two distinct hypersurfaces.
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This defines the strong coupling region, where strong quantum correlations are expected and
the semiclassical approximation breaks down. Consequently, we choose to discard this region.

For C' > C*, divergences appear at the hypersurfaces 2* = 0. In this case, the previously
studied equation has no solutions, but we can still identify a strong coupling region. It is located
enG

in the neighborhood of the point 2\, = In =1, where the curves are closest to each other.

The terminology “strong coupling region” arises because e?® becomes very large there; this
factor acts as the coupling strength between the curvature and the dilaton in the action. In our
static vacuum configuration, we must avoid both singularities and strong coupling regions. We
eliminate them by imposing reflective boundary conditions at the boundary of spacetime. This
boundary coincides with one of the hypersurfaces o = 03, so we enforce reflective boundary
conditions at o = o, via:

<ATJ{+> - <ATE—>

o=0y

(4.117)

o=0y
Hence, a well-defined Minkowski vacuum exists only in the region ¢ > o5 when C' < C*, or in
the region o > o, when C' > C*, with reflective boundary conditions imposed at o, = o4 + ¢
Or 0 = Opmin + 0, respectively, where o > 0.

4.3.4 Evaporating black hole solution

In this subsection, we construct the dynamical scenario for an evaporating black hole. In
contrast to Sec. 4.1.5, the spacetime here is divided not into two, but into three distinct regions.
Specifically, evaporation ends at a finite point in the spacetime, and beyond this point the
geometry returns to a static vacuum solution. This third region is absent in the purely classical
case, where no radiation is present. The solution is fixed by the following choice of source
parameters in Eq. (4.97):

M,

fie _
B =N
0

(zt—azf) A TI9=0 A ar=0 A tilocF)=0 (4.118)

For an evaporating black hole, there is no energy flux in the distant past, i.e. at J—
(z7 < x§), whereas in the far future (™ > z) there is an energy flux at J . Consequently,
the appropriate quantum state is |¢)) = |0, o), namely the Unruh state (3.98). This implies that
the metric before the collapse corresponds to one of the Minkowski vacuum states (4.111) with
some constant C' (region I). After collapse, the metric is determined, as in the classical scenario,
by imposing the continuity of both the metric and the dilaton field along the hypersurface
xT = z{. We then obtain:

drTdx~

_ ’ + oot
) —Ngtrm — ZC0n (= X2ata) + C s
ds? = ) (4.119)
dxtdx to gt
— , T >z
—N2at (7 + A) — ZCIn (—\2ata) + 6 4 O ’

We now focus on region I of the spacetime, i.e. the portion after the shockwave. If the
spacetime boundary is fixed by ¢ = o3, then the coordinate z§ coordinate is determined by
—\2xfxy = €. Two distinct possibilities arise. In the first, when the infalling mass satisfies
M < M, it is too small to create a singularity, and the matter shockwave is simply reflected
due to the reflective boundary conditions (4.117). Our primary interest, however, lies in the
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second situation, where the mass exceeds the critical value and a singularity forms, thereby
generating region II of the spacetime. By evaluating the curvature, we obtain that the curve
along which it diverges, i.e. the singularity, is given by:

—Nad (z5 +A) — # In (=Nzdzg) + 7TGTM +C =0. (4.120)
According to the cosmic censorship hypothesis, an event horizon must exist to conceal this
singularity. In addition, there may be an apparent horizon that encloses the event horizon and,
therefore, also hides the singularity. The apparent horizon is obtained by solving the equation
O,e72% = 0, which yields
enG
4

Once the singularity has formed, the black hole starts to evaporate. To demonstrate this
explicitly, one needs to compute the components of the energy—momentum tensor in the asymp-
totically flat coordinates, which in this case are the 6% coordinates defined in Eq. (4.59). The
relevant component is (AT?_(67)) evaluated along the J*+ hypersurface. Since the metric
approaches a constant on J+, the EMT there is given by (AT (67))| 7+ = —et_(67). More-
over, from Eq. (4.110) we know how the condition ¢_(¢~) = 0 is modified when we transform

to Kruskal gauge coordinates, namely t_(z7) = m. Thus, using Eq. (3.83), we obtain:

—Naly (zag +A) = (4.121)

t_(67) = (Z?)Q {t(aj_) — %Dm [&—}] =22 (z7 +A)° {4(;)2 — 4($1+A)2] . (4.122)

Expressing this relation in 6~ coordinate, the EMT along the J*+ hypersurface reads:

2
A N (4.123)
4 (14 AAer™)

(0,01 AT (67)10,0)

Jt

The dynamical nature of this setup manifests itself in the explicit dependence of the EMT
on the ¢~ coordinate, in contrast with the static configurations discussed in the previous sub-
sections. As the black hole continues to evaporate, the apparent horizon gradually contracts
until it eventually meets the singularity. To locate this event in the spacetime, we have to solve
the pair of Eqs. (4.120) and (4.121). Solving for the intersection coordinates zj and xg, we
find:

L PN TSGR enG I A (4.124)

4(rGM+XC) *
>\2A 4 ]_ — —6106_1_ : emGA :

+
in

Thus, the intersection takes place within a finite time interval. At that moment, the singu-
larity becomes naked. According to the cosmic censorship theorem [106], this is not allowed to
occur. This issue is resolved, however, if the entire black hole has evaporated by the time the
intersection is reached. For this reason, it is also referred to as the evaporation end-point. We
now verify whether the black hole has completely evaporated by calculating the energy emitted
via Hawking radiation up to this point. Since the metric at J 7 is flat, namely ds? = —dé*dé—,
the radiated energy is given by:

o5 eN2 [ 1
Eyog = do— (AT (6 = do~ |1— .
o= [Tty =5 e |- ey
X[ L1 el 1
A A R 4125
G (4.125)
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where in the second line, we make a change of variables, defining £ = 1+AAe?? ", which implies
4(xrGM+AC)

g = %eH ==cx  and 1+ é = —A&  With these relations, we can then write the radiated
TE
energy in an explicit form:
EA enG 4M  4C A

Fgw=—|-Nn—+14+—+4+ — — — 4.126
¢ 4[ "y - +€)\+€7TG x;j] ( )

A enG enG SAVAN A EAA

=M+ —|C+——|1-1 — M+ (C-C" - =

+7TG|: * 4 ( "y >] drg +7TG( ) 4oy’

where the quantity C*, defined in Eq. (4.116), appears in the second line. This shows that the
black hole does not fully evaporate by the time the evaporation process reaches its endpoint.
We now compute the residual mass. A straightforward calculation gives:

A A EAA
SM = (M+E(C—(JO)) ~ Eroa = ~5(C —Oo)+E. (4.127)

We observe that, up to the end-point of the evaporation, the black hole emits nearly all of
its energy. Yet, the cosmic censorship conjecture requires that the entire initial mass is radiated
away at the end-point. We now try to smoothly match the solution along the line 2= = xy, so
that in region III of the spacetime (z~ > x) we obtain a Minkowski vacuum solution (4.111)
characterized by a new constant C’ and asymptotically flat coordinates %, namely:

42 — dotdo~ B detda~

T I (EEAG e ™ aZt (- + A) — ECIn (A2t (1 + A) + O
(4.128)
To ensure a continuous matching of both the metric and the dilaton field across the hypersurface
x~ = xg, the following condition must be satisfied:

e—2p — e—2p
:x5(+)

— O =C" (4.129)

—(=)

ZEi:Ip

T

One might then conclude that the difference in the mass of spacetime prior to the beginning of
the evaporation and after the evaporation ends 2= (C* — Cp) is equal to the mass (4.127), but
this is incorrect because Eq. (4.127) contains an additional contribution. We must therefore
determine the physical origin of this extra term. In regions II and III, the field e=2¢ is given
by:

e = —Nat (7 +A)+ {—# In (—Nztz7) + WGTM + C] ey —a7)
} (4.130)
+ [—WT In (=X°2t (2™ +A)) + C*} n(z” — ),

where 7 is the Heaviside function. After a careful calculation of the second derivative of e=2%,
we obtain:

2 26 _ erG
KT
G 1 1 erGA
o? —2¢:€7T_{_ P O S —_—} e O
-€ 4 (337)277(33}3 x”) + (- +A>277(37 Tg)| + Az, (I}E —I—A) (z Tg),
0,0_e 2 = —\2 (4.131)
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These three equations correspond to the original system (4.79-4.80), with the third equation

exactly coinciding with Eq. (4.79). Because the expression for the asymptotically flat coordinate
a7 is identical in all three spacetime regions, we deduce that ¢t (x1) = m holds everywhere.
This is precisely what the first equation states. To interpret the second equation, we must

determine ¢_(z~) in the third region. Region III is defined to be the Minkowski vacuum in the
6% coordinates, so the quantum state there is 1)) = |0,5). This implies t_(6~) = 0, which
in turn leads to t_(z7) = m. Therefore, we can now identify the meaning of each term
appearing in the second equation:

g —27)  nle” —ag) Felf =\ _ eA -
t_(z7) = ()2 + L 1A T (x7) = —4x5 (om + 3) o( g). (4.132)

Due to the presence of a term proportional to the Dirac d-function, an additional matter
shockwave arises, which exits the black hole and travels to future null infinity at the precise
instant when the singularity meets the apparent horizon. To compute the mass transported by
this outgoing shockwave, we employ Eq. (3.100), taking n* to be proportional to the time-like
Killing vector in region III, £ = AzT9, — A (x~ + A) d_. The calculation simplifies to:

eA eAA

M = do n"¢'l, = ————=F (2g) = —, 4.133
v e T = P ) = (1.133)

where we have used F~(2g) = —A(zg + A).

Therefore, we find that the mass carried away by this shockwave precisely matches the
second term in the expression for 0 M (4.127). Let us briefly recapitulate the physical picture. At
the instant when the singularity reaches the apparent horizon, a small amount of negative energy
(since x < 0) is emitted as an outgoing shockwave (the so-called thunderpop |23, 24, 25, 26|),
which transports the surplus energy to infinity. After this emission, what remains is a static
universe with no energy flux at J*, described by the Minkowski vacuum metric.

What is noteworthy is that the constant C” determining the Minkowski vacuum state in
region IIT of the spacetime is independent of the initial choice of C' and in fact coincides with
the critical value C*. As before, we must discard the strong-coupling region, implying that
the spacetime boundary in region III is located at 2\ép = In ££€ which, upon rewriting in z*

1
coordinates, becomes:
erG

4

Hence, the boundary in region III is simply the extension of the apparent horizon from region
II. It is also evident that the event horizon (in region II) is given by:

N (v + A) = (4.134)

Ty = Tg. (4.135)

If we expand the metric near the strong-coupling region, i.e., close to the boundary & = 5 + 9,
where 6 > 0 is a small parameter, we find:

—dt? + dé?

2 __
1 = e 09

(4.136)
Thus, in the vicinity of 6 = 0, the spacetime exhibits the geometry of a semi-infinite throat.
The proper distance diverges logarithmically as one approaches the boundary, mirroring the
behavior found in higher-dimensional black holes. Furthermore, the curvature remains finite
everywhere, so the spacetime is geodesically complete.
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Figure 4.6: Penrose diagram of the evaporating black hole solution in the BPP model

There is still one "degree of freedom" remaining that we have not fixed: the constant Cj,
which selects which particular static Minkowski vacuum corresponds to the massless solution. It
is natural to demand that the ADM mass of the final spacetime vanish. Under this assumption,
the natural assignment is Cy = C*. However, for this choice, the spacetime in region I acquires
a nonzero mass unless C' = (™. This consideration motivates us to fix the initial constant C
as well. Although such a choice is not strictly required within this model, it provides the most
physically meaningful specification of the constants.

The full dynamical picture of the evaporating black hole is presented in Fig. 4.6. The axes
represent the compactified Kruskal coordinates. One can clearly track the evolution of the
spacetime boundary (black line). Initially, it coincides with the boundary of the strongly cou-
pled region of the Minkowski vacuum solution in region I, which is described by Eq. (4.115). In
this stage, it is a constant-o hypersurface, o = o, subject to the reflective boundary conditions
(4.117). Entering region II, the boundary turns into a singularity (4.120), indicated by the
wavy line in Fig. 4.6. In region III, it again becomes a constant-d hypersurface, ¢ = o5 (4.134),
representing the continuation of the apparent horizon of region II, defined in Eq. (4.121). The
trapped surfaces, located between the apparent horizon and the singularity, are shown in green.
The initial ingoing shockwave is colored red. The end-point of evaporation (4.124) is explicitly
marked, with the outgoing shockwave emerging from it also drawn in red, while in the opposite
direction the event horizon (4.135) of the black hole in region II extends.

In region III, the energy—momentum tensor is normal ordered with respect to the & coor-
dinates, which implies that the final quantum state is [¢)) = |0,5), i.e., a pure state. Since
there is no Hawking radiation in this region, the evolution appears to be unitary. Nevertheless,
the only parameter describing the initial matter is its mass, and this is also the only piece of
information that can be inferred from the final spacetime. Consequently, the model seems to
exhibit information loss. However, because there are strong correlations in the vicinity of the
boundary, we might expect substantial quantum gravitational effects there, which could provide
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a mechanism for recovering the apparently lost information. Whether information is actually
lost depends on the behavior of the entanglement entropy, more specifically, on whether or not
it follows the Page curve. This is discussed in detail in Chap. 9.

Evaporation time

At the end of this section, we determine the total evaporation time. We begin with the relation

o+
e =——P (4.137)
rE + A
The evaporation time is evaluated by fixing the integration constant C' according to the above
choice, i.e. by setting C' = C*. With this choice, the intersection point takes the form

enGG [ am_ _ A
o [e B 1} A o= (4.138)

+
xE_

Substituting these expressions into Eq. (4.137) for the evaporation time yields

g _ _EMG(am 2 B ar 4G M? N
e RPTOVNE (e by 1) — 2)\tE—21n<e by 1> In e +21n()\x0), (4.139)

If we now assume that the black hole mass is very large, namely t—l\f > 1, the evaporation time
simplifies to
2
_ +

In the large-mass regime, the second term in this expression can also be neglected, since the
logarithmic contribution grows much more slowly than the linear one. Let us next consider the

behavior of the event horizon (4.135) in this limit: =~ = x; ~ —A. Thus, in this regime, the
horizon is located slightly below the hypersurface t= = —A. Restoring the physical constants,
the evaporation time becomes
487 M
Atg = ——= 4.141
TONRA2Y (4.141)

where we have discarded the last term in Eq. (4.140) as well, since it is constant and therefore
negligible compared to the leading term, which scales linearly with the mass.

4.4 Perturbative treatment of the gravitational collapse

In this section, we demonstrate how the perturbative method introduced in Sec. 3.4.1 can be
employed to derive the quantum-corrected collapse scenario discussed in the previous section.
We work in Eddington—Finkelstein coordinates. Because the linear dilaton vacuum in the BPP
model carries a non-vanishing energy flux at infinity, both spacetime regions I and II (see Fig.
3.3) must be quantum-corrected. When solving the equations, it is not necessary to treat these
two regions separately, since the Minkowski vacuum should emerge as the b — 0 limit of the
solution in the region 7 > z{, where the black hole exists. We therefore first determine the
general solution of the BPP equations of motion.
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We begin by expanding the equations of motion (4.72-4.74) for the BPP model to first order
in e, using an expansion analogous to Eq. (3.108), namely p — p+ ca and ¢ — ¢ + 6. The
equations of motion then become:

Aae = %mae + e (FYo,0+F~0.0)

Oy (6_2p (aié’ + )\aFiGQ")) = _%éﬁ—ﬂaieqﬁ—p, (4.142)
0,0_60 = 0,0_«.

Since the right-hand side of Eq. (4.73) is already of ¢ order, a simple substitution of ¢ — p in
zeroth order from Eq. (4.36) yields:

e2(é—p)

a:t (672p (8i9 + )\OZF¥€2P)) = W

/\2
{@(6*) + Z] , (4.143)
where Eq. (4.73) has been recast into the form in Eq. (3.109). To determine the normal ordered
components of the energy-momentum tensor ¢4 (6%) in region II of the spacetime, we make use
of Eq. (3.114). These components read:

t(6T)=0 At (67)= %2 (F?-1). (4.144)

Expressing F~ in terms of ¢ and ¢ (3.107) with the help of Eq. (4.57) and substituting in
Eq. (4.143), after integration, yields:

A, G 1 1
8+(9 = —§F e |:2CY+ F__ + Zb— €_2¢:| ) (4 145)
0_60 = _5F+e2p 2a+G_+_|_1 62 '
2 Ft  452(b—e2¢)—b]’

where another set of arbitrary fictions G*(0*) is introduced. These two expressions corre-
spond to Eq. (3.111). The function D; is determined by direct comparison. Following further
the method introduced in Sec. 3.4.1 we express « from the first equation in Eq. (4.142) and
substitute it in Eq. (4.145). The subsequent integration gives:

Abfe*® = 3(}—: ~F 0.0+ ge% (In|p—e|+H),
AGY A -
Afe* = S —Fro 0+ 2e* (Infb— 6% (b— ™) | + HT),

with an additional pair of functions H*(2¥). Requiring these two equations to coincide deter-
mines the form of the functions H* in terms of another constant D, resulting in the following
expression:
n _
Abfe*? = % (be*® —1) [2a+%+§—_] +%€2¢[—21n5—D+1+1n‘b—52 (b—e‘%)]}.
(4.146)
To obtain the function 6, we follow the same procedure once again. Solving Eq. (4.145) for «

and substituting the result into Eq. (4.146) yields a pair of first-order differential equations for
0 (one involving 0,6 and the other involving 0_0). Integrating these two equations introduces
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a new family of arbitrary functions, which are then fixed by requiring that the two resulting
expressions for 6 agree. The final form of 6 is given by:

o2 (be?* — 1) (/dx + 87 +/dx_£) +162¢<1 —D—2Ind+In|b—4° (b—e—2¢)|)
2 F+2 F-2 8
(4.147)
We now switch back to the quantum-corrected fields ¢ 4+ €6 — ¢ and p + ca +— p, as described
in Eq. (3.113) by substituting the solutions for « (4.146) and 6 (4.147). In this way, we obtain
the quantum-corrected counterparts of the expressions in Eq. (4.57):

FYF- e = be* — 1+ f 2¢[2ln(5+D—1—1n]b—(5zb —2¢)|]

In |b — e’2¢| = 2\0,

(4.148)
where F* + ¢G* +— F*. Taking the limit b — 0 gives the following quantum-corrected
Minkowski vacuum solution:

enG 2¢21n5—|—D—1—ln‘b_52(b_€—2¢ dx*
4 be2¢ — 1 /

FTFe* = -1+ _ng (¢ + ¢p) €*?

6+ 6+ an)e (/d"”+ /dFi)

where ¢y denotes the integration constant. Choosing Eddington—Finkelstein coordinates as the
starting coordinate system is equivalent to fixing F* = —1 and F~ = 1. If one then performs
an additional coordinate transformation to Kruskal coordinates (4.41), it is straightforward to
check that, to first order in perturbation theory, the solution (4.149) coincides with the exact
Minkowski vacuum solution (4.111). Under this identification, the constant C' appearing in
Eq. (4.111) is related to ¢ via C' = %gbo.

In Sec. 3.4.1, the next step is to smoothly match the solution (4.148) to the initial Minkowski
vacuum configuration (4.149). This is done by imposing continuity of €** and ¢, while allowing
their derivatives 9, p and 9, ¢ to exhibit discontinuities across the hypersurface x* = xj. Under
these conditions, the evaporating black hole solution is fixed by specific choices of the constants
b, D, and coordinate transformations F* and F~ that enter the general solution (4.148):

TGM
A

As we can see, the coordinate transformations do not gain any quantum corrections in this
procedure, and the coordinates are the same as in the classical case:

(4.149)

b= . D=1+42¢y, Ft =—1, F- =1 —be > (4.150)

206 = —2Iné +In |b — *|. (4.151)

A direct check shows that solution (4.150) coincides with the exact solution (4.119) expanded
to first order in e.

The end-state of the evaporation

To find the apparent horizon, we solve the equation d,e 2 = 0. Employing the solution
(4.148), the apparent horizon hypersurface to first order in € is given by

X = b+ ﬁﬁ (4.152)
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The scalar curvature, defined as R = 8¢=2°0,.0_p, is found to be

4N\2p52

T 1)

where the quantum-corrected constant b is introduced as b = b — C (k —Ind — ¢p). The
singularity line is described by .
e =b— b6, (4.154)

since this corresponds to the hypersurface along which the curvature diverges. To obtain the
end-point of the evaporation, one must determine where the apparent horizon and singularity
hypersurfaces intersect. This intersection can be computed from Egs. (4.152) and (4.154) to
first order in ¢, yielding the following result:

62 =be me 120 A 2y 1+%e G170 | (4.155)

+ ~
By rewriting the solution in Kruskal coordinates and employing 62 = i—% together with e*® =

— Nzl zy, we obtain that these expressions reproduce the precise end-point (4.124) to first
order in €.

Next, we show how to extract the end-state geometry. As a first step, we rewrite the so-
lution in terms of the radial coordinate ¢ and the coordinate X, since the hypersurface that
separates the evaporating black hole from the end-state geometry is defined using this coor-
dinate, specifically by the condition X = Xg. For this purpose, we introduce the running b
constant:

~ G G

b= b+ g0+ = Infbe ™ — 1] (4.156)
Since the deviation from the constant b is of order g, we can replace every occurrence of b in
the first-order perturbation theory with b. Consequently, Eqs. (4.148) are modified as follows:

1_€7TG

FTFe? = be®? — e?1n ‘I; —e ¥,

(4.157)

me‘b
4 b— 2

These two relations are valid for every value of the coordinate X. As we move toward the event
horizon at X = Xg, the quantity b decreases smoothly and takes the value:

- enG enG
by, = WT <ln WT - 1) (4.158)

= 2)0.

In ‘l; 2

at X = Xg. DBecause ISE is of order e at this point, we may set b — 0 in the first-order
perturbative expansion. After taking this limit, Egs. (4.157) reduce to the Minkowski vacuum
solution (4.149) with constant ¢ = -2 bE Comparing with the exact solution (4.128), we find
that, upon transforming to Kruskal Coordmates the two solutions coincide to first order.

To determine whether a further outgoing shockwave emerges from the evaporation end-
point, we integrate the "——" equation in (4.73) from o — € to oy + ¢, and then take the limit
€ — 0, which yields:

o +e
© 2 2o e (4.159)

lime 2 |0_
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where by = “GAM and AM denotes the mass of the shockwave. By substituting the derivatives

directly, we obtam

bo o p TG 55 emG 1 erG 52
= —— . 4.1
ro¢ 1€ + 5 b_6_2¢+ Py ——— (4.160)

A careful calculation of this expression yields the following:

by — _57er _ozy  EMG

1 be %9, (4.161)

Since e " o 1/b, the first term remains finite in the limit b — 0, whereas the second term
vanishes. Consequently, the mass of the thunderpop is:

AN = — gz — A2

4.162
4 4oy’ ( )

which matches the exact expression.

Finally, we turn to verifying the energy balance (3.115) in the BPP model. We begin by
evaluating the total energy emitted by the black hole throughout its entire evaporation process:

O d — A A

Emdzﬁ/ELt—(&_)zg—b_QxE In [be™= — 1 M—i——2¢0—ln%+1——_7
oo FT 4 4 Tg

(4.163)

where, in the last step, we have made use of the expression (4.144) for ¢t_ (7). Observe that this
result matches exactly the exact formula (4.126). This agreement arises because the coordinate
transformation F~, which enters the computation of the radiated energy, does not acquire
quantum corrections in the BPP model. The energy balance can be reformulated in terms of
the b-parameters as:

brad =b + €7TG¢0 - 67;G

In this relation, ”ngo represents the mass of the spacetime before the collapse, while WG =0
corresponds to the mass of the final configuration. The parameter b = ”C/:\M is the b—parameter
associated with the incoming shockwave, by denotes the b-parameter of the outgoing shockwave,

and b,,q = % is the b-parameter describing the Hawking radiation.

¢o — b, (4.164)

4.5 Thermodynamical quantities

In this section, we derive the temperature and entropy of the static black hole in the CGHS
model. At first glance, discussing black hole entropy might seem meaningless unless one adopts
the framework of quantum field theory in curved spacetime. Nonetheless, the temperature can
actually be obtained purely from the geometric data (see App. D.6). In general, the temperature
is given by T' = 3%, where & is the surface gravity calculated in Eq. (4.40). For our case, this
yields:

}‘L

A Ahe
T=— = T= .
2w 2rkp

(4.165)

We observe that the temperature is independent of the mass. Applying the thermodynamic
relation dM = T'dS, we obtain the entropy as S = % The integration constant is chosen such
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that S = 0 at M = 0. It is customary to express the entropy in terms of the value of the dilaton
at the horizon, namely:

M A2 2¢c3
W)C\;CQ = M= %67%)}1 - S= l{:Bée*%H, (4.166)

e 201 =

where we have employed the expression for the temperature (4.165) together with the static
black hole solution (4.42). Finally, by setting kg = h = ¢ = G = 1, we arrive at the following
expressions for the temperature and entropy of a static black hole in the CGHS model:

A

T on

T A S =2e%00, (4.167)

Note that these expressions remain valid even after quantum corrections are included, since the
surface gravity stays unchanged.
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Chapter 5

Dimensionally-reduced Einstein gravity

In this chapter, we set the stage for studying the information loss paradox by computing
the Page curve for the theory of dimensionally reduced Einstein-Hilbert gravity (the DREH
model). Our primary goal here is to construct the eternal and evaporating black hole scenarios
within this theory. In the preceding chapter, we pursued the same objective using the CGHS
model of dilaton gravity. That model has the key benefit that its equations of motion remain
exactly solvable even after incorporating quantum corrections. This feature is absent in the
DREH model. Nonetheless, since Einstein gravity is a thoroughly experimentally tested theory,
analyzing entanglement entropy in the DREH model is highly significant. Once quantum
corrections are introduced, we employ the perturbative approach described in Sec. 4.3.4. The
reduced action (2.19) was obtained in Chap. 2. For convenience, we rewrite it here:

SDREH = % de\/—_ge_2¢ [R + 2(V¢)2 + 2/\262(’25} - %/d%\/—_g (Vf)z . (51)

The first term in Eq. (5.1) represents the gravitational action, denoted by S,, whereas the
second term introduces the matter contribution as a single scalar field, labeled S,,. Unlike in
the CGHS model, we do not require additional scalar fields, since no correction term can be
incorporated into the action that would make the equations of motion exactly solvable.

The chapter is divided into three main sections. In the first Sec. 5.1, we solve the classical
equations of motion derived from (5.1). We begin by analyzing the vacuum solution, then
determine the solution with charged matter, and finally formulate the classical gravitational
collapse. In this part we largely follow [111].

In the next Sec. 5.2, quantum corrections are included through the Polyakov-Liouville action
Eq. (3.72). The general static vacuum solution is obtained by employing the static ansatz
introduced in Sec. 3.1. We then examine two specific cases: the vacuum solution associated
with the Boulware state of the quantum fields and the eternal black hole solution. Here, our
presentation is based on the arguments given in both [42] and [111].

The concluding Sec. 5.3 addresses the evaporating black hole scenario. We obtain the
solution that satisfies the Unruh vacuum condition, and then demonstrate that the apparent
horizon and the singularity meet at a finite point in the spacetime. We also show that the end-
state geometry is again described by the static Boulware vacuum solution, and that there is no
need to invoke a thunderpop. The entire analysis is carried out to first order in a perturbative
expansion in f. In this section we mainly follow [111].
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5.1 Equations of motion and their solutions

We now proceed to determine the equations of motion obtained by varying the action 5.1.First,
we address the gravitational part of the action:

35, = 1 [ @o{d (VEETR) 4 287G (V0P 4 N e 1 230 (Vo) |

1
=c d%\/—ge_%{ — e [VMVV€_2¢ + g,wDe_Qd’] 0" — 2RH¢
— g [(V0)* + X2e*?] e %6g" + 2V 16V, 00g"" + 4 [(V¢)* — O] 5¢}
1
=10 / d2x\/_—962¢{ 2V, V0 — 2V,0V,0 + g, (3(V9)* — 206 — \*e*?)] 6g
+ [4(V¢)? — 40¢ — 2R] 5¢}. (5.2)
Throughout this computation, the same terms as in the CGHS model appear. In the second
line, we employ Eq. (4.9) for the variation of the scalar curvature, together with 6 1In (\/—¢g) =
—%gwég‘“’. Moreover, we make use of the enhanced symmetry of the 2D spacetime, which

leads to a vanishing Einstein tensor, G, = 0. The matter contribution is exactly the same as
in the CGHS model (4.11), so we simply reproduce it here:

55, = —/dzx\/—_g{% [Vufvl,f - %gﬂwa)?} 5" — (O0f) 5f}, (5.3)

where we have omitted the sum, since the DREH model involves only a single scalar field.
Using the same notation for the energy-momentum tensor as in the CGHS model, we arrive at
the following equations of motion:

o
5915; =0:  2V,V,0e % = 2V,0V,0e % + g, (3(Ve)® — 206 — N2e*) e = 2GT},.
5S ) R
55 =0 (Vo) -Oo=17.
05
—=0: 0Of=
-2 0Sn B 1 )
Tul/ = \/—__‘QW . TMV - Vufvyf - §g“y<vf) (54)

The metric equation in Eq. (5.4) can be simplified. Contracting it with the metric tensor
g" yields Oe™2? = 2\? 4+ 2GT, where T = g"'T),. Defining a new field ¢ = e™® and using the
dilaton equation, we arrive, after some algebraic manipulations, at:

1 1 _
AR §Rw,<p =G <TW — §gWT> o1 (5.5)

Op? = 20* +2GT. (5.6)

Note that we have not introduced the reduced field x (2.46) in the same manner as in the
CGHS model. Instead, we use ¢. The reduced field is defined later, and its definition involves
the Schwarzschild radius.
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5.1.1 Vacuum solution of classical equations of motion

We now determine the general solution of the classical vacuum equations of motion in the
conformal gauge ds? = —e*drTdz™, introduced in Eq. (3.2). In this gauge, the non-zero
components of the connection, Ricci tensor, and scalar curvature are listed in Eq. (3.3), and
the scalar field invariants are specified in Eq. (3.4). With these choices, the equations of motion
(5.5) and (5.6) take the form:

8i (672p(‘9ig0) = —GTii(pileizp, (57)

84_6_@0 + g0(9+8_p = O, (58)
2

D, 0_p* + %er =0. (5.9)

In this step, we have made explicit use of the symmetry of the scalar field EMT, the fact that
its trace is zero, and that the only non-vanishing components are Ty, which are set to zero
when considering the vacuum solution. Integrating Eq. (5.7), we obtain:

Orp = %F:F(yﬁ)ez", (5.10)

where F*(2%) denote a set of arbitrary functions. Shortly, it will become evident that they are
identified with the Killing vector (3.5) associated with time translations. The functions 0i¢
obey the consistency condition 0,0_¢p = 0_0,p. Making use of this property leads to:

V,Ff=V_F", (5.11)

0,0_p = %V+F+62”. (5.12)

Combining this expression with Egs. (5.9) and (5.10), we can write ¢ in terms of F* and p as

A1+ FrF-e?
- - - - 1
=T (5.13)
We now determine d,0_p by inserting Eqgs. (5.13) and (5.12) into Eq. (5.8):
(V+F+)2 €2p
040_p=—"7"F——. 5.14
. . r— 2 + +.2 8*(V+F+> ;
One readily verifies that 0_ (1 + F*F~e*) = FTV_ F*e* and that 0,0_p = —5—~. Using
these relations together with Eq. (5.14), we obtain
V.FH = GHat) (14 FHFe®)?, (5.15)

where G (2) is an arbitrary function. Differentiation with respect to ™ reproduces the same
relation, implying that we also find:

ViFt =G (a7) (1+ FFe¥)?, (5.16)

where G~ (z7) is likewise an arbitrary function. Because these two expressions coincide, the

functions G* must in fact be equal to the same constant: G*(z") = G~ (z7) = —5-, where the

significance of a will be clarified shortly. Therefore, using Eq. (5.13), we arrive at the following
result:

1 2
Ft=—— (1+F'Fe?)" = -2, 1
v, 2@( + e*’) 2 2 (5.17)
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We can check that V, F* likewise obeys V, F* = F£9, In (F*F~¢?). Combined with Egs. (5.17)
and (5.13), this allows the derivatives of ¢ to be written as:
A=A

- . 1

By integrating this equation, we obtain the final result, which is expressed by the following two

equations:
A dx™ de™\
¢+ Aaln ()\a 1) =3 </ o —|—/ ) = Ao, (5.19)

A
FrR=e¥ = 2% 1. (5.20)
¥

The general solution of the classical vacuum Eqgs. (5.19-5.20) is characterized by one integra-
tion constant and two arbitrary functions. We denote it by the ordered triplet (F*,F~, a). It is
clear that this solution is expressed in the form Eqgs. (3.18-3.19). The first line gives the dilaton
field and defines the tortoise coordinate, whereas the second line provides the metric functions
A. The functions F* represent the coordinate transformations from an arbitrary coordinate
system to the Eddington—Finkelstein coordinates. Therefore, we conclude that the most gen-
eral vacuum solution of the DREH equations of motion corresponds to the static Schwarzschild
black hole. A natural choice for the dilaton field is ¢ = e~® = \r, thereby introducing the
radial coordinate. Expressing the metric in terms of this radial coordinate yields

dr?

1—e

ds? = — (1 - g) de + (5.21)
Thus, the Schwarzschild metric is recovered within the DREH model. By direct comparison
with the standard Schwarzschild solution, we identify the constant a as the Schwarzschild radius.
The appearance of the Schwarzschild black hole as the most general solution of the vacuum
equations of motion in the DREH model is precisely how Birkhoff’s theorem [106] manifests
itself in this two-dimensional framework. This observation also makes it clear that the model
arises from dimensional reduction over S?. For more details on the standard Schwarzschild
solution see App. C.

5.1.2 General static solution with charged matter

The key conclusion of the previous subsection is that the most general vacuum solution coincides
with a static black hole configuration corresponding to the 4D Schwarzschild geometry. We now
turn to determining the most general static solution when the matter fields are permitted to
carry a certain type of charge, similarly to the CGHS model in Sec. 4.1.4. In doing so, we make
explicit use of the fact that the classical scalar field EMT is traceless. After imposing the static
ansatz of Sec. 3.1, the equations of motion (5.5-5.6) take the following form:

2GA dA Dy d dA d (AD? Dy d dA

N tur = e + _QD_ D— Sugu - ¥ _80_ D— Eupguofpsaa
A2p dp 2 dop dy dp 2 dop dy

pL (ADy) = —1. (5.22)

dy
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The trace of the metric equation gives:

dA  d(AD?) d dA

D*— Do— (D— | = 0.
do ' dp YA \Udp

Substituting the second equation from Eq. (5.22) into Eq. (5.23) yields an integrable equation.

Solving it introduces a positive charge ;1 > 0, associated with the scalar field in the same way
as in Eq. (4.34) of the CGHS model, namely:

dD i d(Ap)\ A
A2 - 2 _ 2 S\ A2 HI|:A2 J_J_:_. 24
PAD = D <A > ( dg AT g 2G (5:24)

Inserting this form of D; leads to a second-order differential equation for A. Integrating once,
we obtain:

(5.23)

CpydAe)
(1 A) o= —A-2uinlAgl, (5.25)

where A is an additional integration constant. Putting Eq. (5.25) back into the expression for
D, in Eq. (5.24) we see that A + 2uln|Ap| > 0. Treating Eq. (5.25) as a differential equation
for ¢ as a function of Ay, we find the solution:

V2msgn(A) _a A
— W@ werfi In ’A(p‘ + ﬂ

where B is the final integration constant, and erfi(x) denotes the imaginary error function,

defined by
erfi(x / e dt. (5.27)
\/_

The tortoise coordinate (3.18) can likewise be expressed in terms of A¢ and takes the form:

[wlln]Aap\—i—— ﬁsgn e?uerﬁ(“lm]/\ﬂ—i— )

The asymptotic behavior of this solution is given by ¢ = Q”TTA@'. Hence, the geometry is not
asymptotically flat, and the solution is therefore completely disconnected from the standard
Schwarzschild black hole solution.

A
o= 7@ + A+ 200 Ay (5.26)

(5.28)

5.1.3 Classical gravitational collapse

To describe classical gravitational collapse, we adopt the approach presented in Sec. 3.4. The
energy-momentum tensor is specified as an incoming shockwave with components T,, =

-7 f{l +)§ (7 —x§) and T__ = 0, where M denotes the mass carried by the shockwave. The
Zog

associated Penrose diagram is depicted in Fig. 3.2. The spacetime consists of two regions (I and

IT in Fig. 3.2), which must be joined smoothly. In particular, the metric and the dilaton field

are required to match continuously across the hypersurface x* = x{, as imposed by condition

(3.102):

e2p1 — e2ru

, (5.29)

+ rt= xo +e

+=g—
TT=x,y —€

: (5.30)

zt :ma' +e

Pr

= @Ir
x*:xa' —€
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when € — 0, and the indices I and II label parts I and II of the spacetime, respectively, in
the same manner as in Sec. 3.4. In region I, the vacuum solution is specified by (F{", F; , a1),
whereas in region II it is characterized by (Fy;, Fy;, air). The final condition (3.104) follows from
integrating Eq. (5.7). This yields:

GM

_ —2p
R

topt
x 7.?0 €

-1

e 2O, pr; — e, p; (5.31)

m*zxg—&—e

__ .t
zt=x]

Eq. (5.31), together with Egs. (5.10) and (5.29), leads to a discontinuity in the derivatives of the
dilaton field and consequently to a discontinuity in the F~ coordinate transformation, which is
given by:

_ _ . 2MG .,
FH = FI + N e P I+:wa—. (532)
From Eq. (5.29) and solution (5.20), together with Eq. (5.30), we also find that the constant a
undergoes a change at 27 = z{.
2GM

ai = ay + T (533)

Hence, we conclude that the solution in region II of the spacetime takes the following form:

2MG/ X 2MG

Fi Fo(1 , . 5.34

Eq. (5.34) specifies the structure of the solution in region II, given that region I already
contains a black hole solution and that this black hole consumes matter of mass M. Without loss
of generality, we may adopt the Eddington—Finkelstein gauge in region I, which corresponds to
choosing F{" = —1 and F| = 1. To investigate gravitational collapse, we further set the metric
in region I to be that of Minkowski spacetime by taking a; = 0. The associated dilaton field
is then ¢ = 3 (67 — 07). With these choices, Eq. (5.34) shows that the geometry in region II
indeed contains a black hole of mass M:

(_1 | AMG/N 2MG)

5.35
of —o= N (5:35)

Let us now introduce the notation that will be used from this point onward. To begin with,
we take the solution in region I of the spacetime to be the Minkowski vacuum, specified by
(=1,1,0). We then define ¢(c~) = 3 (¢ — o~). With this function, the coordinate transfor-

2
mations in region II can be written as:

D — Aa
Fr=—1 F =%2"79 (5.36)
¥
Here we omit the index IT on the functions FliI as well as on the constant aj, and simply
write a = 2];429 In region IT of the spacetime, relation (5.19) remains valid, so we define new

Eddington—Finkelstein coordinates 6+ via Eq. (3.106). Expressed in terms of o*, these are:

ot =0T, (5.37)
5 .
&_:0+—X{g&+)\aln (%-1)] (5.38)
Next, we define the reduced dilaton field (2.46) using the Schwarzschild radius a as:
¥
= —. 5.39
X = (5.39)
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Moreover, the solutions (5.19) and (5.20) in region II of the spacetime can be recast in terms
of the coordinates 0 and X, defined in Eq. (3.107) and the reduced field x:

x+hn(x—1)=—-lnd+x+In(x—-1),

1 5.40

FfF e =— — 1. (540)

X

Now we analyze solution (5.40). From the metric equation we infer the presence of a

black hole, with a singularity located at x = 0 and an event horizon at x = 1. Recall that

@ = A7, where 7 is the radial coordinate in region II of the spacetime. Inspecting solution

(5.40) once more, we find that the condition ¢ = Aa translates into ¢ = Aa. Consequently, the
hypersurfaces corresponding to the horizon and the singularity are given by:

og = o4 — 2a, (5.41)
In 55 = }A{s + In |}A(S - 1|, (542)

respectively. In the limit £ — oo, we obtain o — oo, which is equivalent to 6 — 0. Applying
Eq. (5.42), we conclude that the horizon and the singularity meet at future time infinity i".
This is precisely what one expects, as quantum corrections are absent in this scenario. Both of
these lines are depicted in the conformal diagram (see Fig. 3.2). In both spacetime regions there
exists a timelike Killing vector, but its form changes upon crossing the separating hypersurface.
Therefore, the full spacetime is not stationary. This configuration corresponds to the classical
CGHS gravitational collapse analyzed in Sec. 4.1.5.

5.2 Adding quantum corrections

In close analogy with the treatment of the CGHS model in Secs. 4.2 and 4.3, we now consider
the quantum-corrected DREH model by supplementing the classical DREH action (5.1) with
the Polyakov—Liouville term (3.72). Further details on the PL action are provided in Sec. 3.3.
Unlike in the CGHS case, here no additional correction terms can be introduced that render the
quantum-corrected equations of motion exactly solvable. Consequently, the dilaton equation of
motion in Eq. (5.4) remains unchanged. The metric equation, on the other hand, is modified
solely through the contribution of the energy-momentum tensor of the quantum fluctuations
(3.75), and takes the form:

2V,,V,6 = 2V,0V 6+ g (3(V6)? — 2006 — X2 ) |72 = 2GN{vufvyf — (V1)

n I
487

-2V, VY + VOV, 0 + g (QD@ZJ - %(V@b)2> ] }, (5.43)

where the EMT of the PL-type quantum fluctuations is explicitly presented in the second line.
In this section, we focus exclusively on quantum-corrected vacuum solutions. Therefore, the
classical contribution to the EMT is set to zero. In the conformal gauge (3.2), the equations of
motion become:

hG
Ot (6_2p3:t<,0) = m [(aj:p)2 - aip + ti(a:i)} @_16_2p, (5.44)
0.0_p 4+ 0,0_p =0, (5.45)
A2 h
0.0+ e % 5 20 (5.46)
2 67
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where the explicit forms of the quantum-corrected EMT components in Eq. (3.77) have been
employed. From this, we clearly observe that the dilaton Eq. (5.45) coincides with Eq. (5.8), and
therefore remains unchanged. In contrast, the trace Eq. (5.9), associated with its quantum-
corrected counterpart (5.46), is modified. This modification arises due to the gravitational
trace anomaly. Specifically, the trace of the quantum-corrected EMT takes the form (§7)) =
ge_Qp&r@, p, whereas in the classical case the scalar field EMT is traceless.

These quantum-corrected equations are not exactly solvable. Instead, we treat them per-
turbatively to first order in the expansion parameter € = %, following the procedure outlined
in Sec. 3.4.1. We apply this method in complete analogy with the BPP model discussed
in Sec. 4.3.4. Concretely, we perform the perturbative expansion by shifting the dilaton as
© — @ + b and the metric as p — p+ ea, as specified in Eq. (3.108). The quantum correction

to Eqs. (5.44-5.46), expressed in terms of § and «, is then given by:

Or [€72°0,0 — 20 0, ] = [(('Ltp)2 —Rp+ti(at)] e, (5.47)

a+079 + @84,8,04 + 98+a,p = O, (548)
2

0:0_ (o +p) + %0562’) = 0. (5.49)

The first step in solving these equations is to integrate the first one, Eq. (5.47). By expressing
p from Eq. (5.20) and substituting it into (d1p)® — 8%p + t4(2F), this equation can be recast
into the form (3.110). After further using the relation (5.18), we obtain:

W

1 A ® Aa
010 — MaFT) = —ti(0%)e P + SFT Aa—— :
Oy (e70y aFT) T L(oF)e P! + 5 ag03(g0—)\a)26i(’0’ (5.50)
Since Dy = 1, it follows that Flp] = —1/(p — Aa). We then introduce the function D;(y) via

its derivative: ;
dD —2)a
P (5.51)
de ©3(p — Aa)?
This relation is precisely equivalent to Eq. (3.112). Upon integrating Eq. (5.50), we arrive at
the expressions for the derivatives of 6:

_ A - -1 ,2p - 2p/ da™* t+(0-+)

040 = 3 [F(D1+2a)+G | e —F e - (5.52)
_ A s o2 iz [[drTt(07)

0-6 =3 [F™(D1 +2a) + GT] e* — F'e [ (5.53)

where G*(z%) are arbitrary functions encoding the quantum corrections to the coordinate
transformations. At this stage, the derivatives 0.6 are still not known in closed form, because
the integrals in Eqs. (5.52) and (5.53) cannot yet be performed explicitly. The obstacle is the
functional dependence ¢ = ¢(x*, x7), which is only implicitly determined by the transcendental
Eq. (5.19). For the moment, we therefore keep the solution in this integral representation. In
order to integrate Eq. (5.52) once more, we must remove the undetermined function . This can
be achieved by using Eq. (5.49), together with Egs. (5.10) and (5.20), from which we obtain:

2F~ B G~ dzt [ a dztt (o) _
9+T(g03_6’+93_g0+3_p) —/Dldg0+F—_g0—/F—+ (z-l) /F_Jrgp—/\a +H s
(5.54)
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where we have introduced an additional arbitrary function H™(z7). By eliminating the deriva-
tives 0_¢ and 0_6 using Eqs. (5.18) and (5.53), respectively, and then applying the same
procedure once more to Eq. (5.53), we obtain:

) a+ 26— 1
g £l ) (pl f20+ F) e 1 (5.55)

@ 2 de=t_(o7) /dx+ Aa /dl‘+ ty (o) _
L Dydp— Z(p— _ ) [ —H
T U dp =3¢ A“)/ F- o — a Fr \ g F+ o — Aa ’
0 (o — Aa) G‘) e?Gt 1

Dy +2 —_—+ — 5.56
Aa ( vt a+F* +)\aF++2gp (5.56)

@ 2 dzt ty(ot) /dx_ Aa /dx_ t_(o7) N
L Drdep = Z(p— A _ A g e _Ht
+)\a{/ dp =3¢ a)/F+go—>\a P\ F o — Aa

By equating Eqgs. (5.55) and (5.56) we obtain the following consistency condition:

_ G- 2 [dx _ N Gt 2 [da7 N
where C' denotes an arbitrary constant. Adding Egs. (5.55) and (5.56), and making use of
Eq. (5.57), we express 6 in terms of ¢ and « as:

g o(p — Aa) [ Gt G-

1 v
D, +2 —_— 4+ = —+ — [ Did .
P 1+ a+F++F—}+2gp+/\a/ 1de (5.58)

[ (o) [ ) )
Aa Ft \ ¢ Ft o — \a F- \ o F-o—Xa|

At this stage, a single integration has been performed. As in Sec. 3.4.1, another integration
is required. This is clear from the fact that Eq. (5.58) is not yet the final form of the field 6,
since it still involves the unknown function «, which must be eliminated. A straightforward
way to accomplish this is to use either Eq. (5.52) or Eq. (5.53), thereby obtaining another first-
order differential equation for 6. Note that the constant C' defined in Eq. (5.57) does not appear
explicitly in Eq. (5.58); instead, it is absorbed as the integration constant of [ D;dp. We later
demonstrate that C' represents a quantum correction to the constant a. Proceeding with either
Eq. (5.53) or Eq. (5.52) leads to the same outcome: one derives two alternative expressions

for 6, each containing its own arbitrary functions, which are then removed by setting these
expressions equal to each other. The resulting final expression for 0 is:

©—MAa [\ / LGt / G~ / a © /
= = — =) - D
’ @ {2 < Wt [ de 2¢(p — Aa)? " (¢ — Aa)? rdy
det 1 dxt N de= 1 dx~ 3
+/ F+g0—)\a/F+t+(J)+/F—g0—)\a/F—t<J )], (5.59)

in terms of 1, 7, t, (o7 (z1)), t_(0 (x7)) and p(z™, 7). The next step would be to determine
«. One possible approach is to use Eq. (5.52), from which it is straightforward to derive an
expression for o in terms of ™ and z~. However, as discussed in Sec. 3.4.1, this is not required,
because we already possess all the information needed to write down the quantum-corrected
forms of Eqs. (5.19-5.20).

Let us first simplify the expressions by using the reduced field x = & and the coordinate

K Aa
X = Z. In terms of x, the function D;(x) and its integral can be written as:
1 1 1 31 2
Di=—|n1— |- o 4z 5.60
! 4()\a)2{n x| x-—1 2X2+X ’ (5.60)
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1
1— =
X

- 51} e (5.61)

2x

1
/Dldgo = Da |:<X— 2)In

where C' is the constant introduced in Eq. (5.57). For later convenience, we now define the

function: o) — /dgo (2¢(wAiz Tt —SO)\a)Q / Dld¢> 7 (5.62)

which, upon using Eq. (5.61), takes the form:

ST T R ) 1
Oo(x) = Dar 1 {2 +(x*=3x+3)Injx—1| — (x 2x+2)lnx} +C (X_ | In |x 1\) :
(5.63)

We furthermore introduce the integrals:

da* 1 dz*
L. = +). 64
. /Fw_M/Fiw) (5.64)

Using this notation, Eq. (5.59) can be recast in a considerably more compact form:

x—17T[A LGt _G™
b=~ [§</dx ﬁJr/dx F)JFQOH]’ (5.65)

where I = I, +1_. We now proceed to demonstrate that the functions G* represent the quantum
corrections to the coordinate transformations, by examining how Eq. (5.19) is modified when
these quantum corrections are included. From Eq. (5.65) we extract the term involving G,
multiply it by €, and add it to the right-hand side of Eq. (5.19):

e ol B o _)\ dxt B Gt /dx B G~
g0+)\aln<)\a 1>+5<p—)\a ey —el = 2[/ T 1 T + = 1 )|
(5.66)

The final step is to revert to the quantum-corrected fields (3.113). If we expand Eq. (5.19)
to first order in &, we obtain precisely the term linear in 6 that appears in Eq. (5.66). On
the right-hand side of Eq. (5.66), we have the first-order expansion in e of (F* + eG*)~1,
implying that the transformation F* + ¢G* +— F* should be interpreted as the quantum-
corrected coordinate transformation. Furthermore, observe that the constant C' in Eq. (5.63)
represents the quantum correction in Aa + ¢C' — Aa. This can be verified straightforwardly
by expanding (Aa + eC)In (p/(Aa + eC) — 1) to first order in €. We are similarly interested in
how quantum corrections modify Eq. (5.20). To this end, we now employ the newly defined
quantum-corrected coordinate transformations:

FTF e? s FTFe* |14 ¢ | 20+ 6" + & (5.67)
=t )| :

The quantity in brackets of Eq. (5.67) also appears in Eq. (5.58), which allows us to isolate it
from that expression. Before doing so, we introduce another set of integrals:

dz® [ a da* ti(o®)
I - _
n-- [ (80 1)/ et (5.68)

We then define I' = I’ + 1", insert this into Eq. (5.67), and make use of Eq. (5.20) to obtain:

A Aaf —A a1 1
R e [“0 “py+ 20y —/Dldgp + —I’] . (5.69)
® ® © 200 ®
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The first three terms are precisely the expansion of Aa(p+ef)~t—1. Because C'is the integration
constant of [ Dydep, the only term in which it appears is eC'/, which, once again, demonstrates
that C' corresponds to the quantum correction to the constant Aa. Expressing Egs. (5.66) and
(5.69) in terms of the quantum-corrected reduced field x and the quantum-corrected constant
Aa, we finally obtain:

1 1
X—|—1H|X—1|—|—L—1 [—+(X2—3x+3)ln|x—1|—(X2—2x+2)lnx} 1

4(Aa)?x—1 |2 Aa
1 dzt dz~ o
T (/F*/F) =y 670
1 € 2x — 3 1 1 2 11 el
FTFe” == —1 ml—=|+=-=—S+-=|+—-—. 5.71
‘ X +4()\a)2 [ x x| x X2+2X3:| T hax (5.71)

Egs. (5.70) and (5.71) provide the general solution to the vacuum Egqs. (5.47-5.49). They
therefore represent the quantum-corrected analogues of Egs. (5.19) and (5.20) obtained from the
classical equations of motion. Consequently, the solution to the quantum-corrected equations
of motion is specified by an ordered quintuple (F™,F~,a,t,,t_). Note that F* and a are now
quantum-corrected quantities. An explicit solution can be constructed once the integrals I and
I’ have been evaluated. These integrals are not independent, but are linked through Eqs. (5.52)
and (5.53), so that it suffices to compute only one of them. Since the condition ti(z%) = 0
specifies the vacuum we adopt (see Sec. 3.3), the integrals I and I’ are closely related to the
particular choice of vacuum state.

5.2.1 Applying the static ansatz

The general static solution in the classical DREH model is obtained in Sec. 5.1.2. Once quantum
corrections are incorporated, the main distinction is the presence of the gravitational trace
anomaly. Consequently, the trace of the EMT on the right-hand side of Eq. (5.5) can no longer
be neglected. For the quantum-corrected EMT (3.79) it reads:

(€ués + €upEral?87)

2GA 1 e |p 1 dA\? 1. d [ dA
Ty — gl T ) =— |E—2—-p? (= “AD— (D==
A%@(“ 2% > Ax | e 4 <d90> "3 ds@( dw)
(5.72)

where 1 and £ denote the scalar-field charge and the parameter specifying the quantum vacuum
state, respectively, defined through:

A2
2G’
Because the action itself does not receive correction terms, the left-hand side of (5.5) remains

identical to the classical expression (5.22). Thus, the resulting system of equations takes the
form:

)\2
T4

AT — AT — to(ot) =t_(c7) =. (5.73)

[

dA  d(AD?) d [/ _dA
D?— Do— (D-—] =0 5.74
dg0+ v + sod(p( dgo) : (5.74)
d e d [_dA
D— (AD 1+ -D— (D=—=) =0 5.75
g+ 14504 (D) =0, (5.75)
dA Dy d [ _dA e |u 1 dA\? 1. . d [.dA
D4 (p= )= — |[E_=_Cp? (= “AD— (D= . 5.76
dp 2 dsf)( dcﬂ) Ax | e 4 (dso> T3 d<P< d@)] (5:76)




CHAPTER 5. DIMENSIONALLY-REDUCED EINSTEIN GRAVITY

Since we are not interested in the classical charged matter in this subsection, we set = 0. By
combining the three equations in a particular way, we obtain an expression for D in terms of

A and its derivative: ,
dA e (dA
D?lo—+A+— [ —
[w dp TR (dsO)
dD?

Substituting this into Eq. (5.74) yields an expression for <= in terms of A and its deriva-
tives. Consequently, Eq. (5.75) reduces to a second-order nonlinear differential equation that

determines the metric function A:

(2_ )dZ_A+2 %‘i‘ﬁ % 2_‘_€_Q0 % 3_ =124+ dlnA_( 2 _ )d21nA
vooe dp? Sodgo 2A \ dy 4A% \ dop T 7 dp L

ez
- _1-= )
A (5.77)

In general, Eq. (5.78) is extremely difficult to solve. In the special case = = 0, it can be recast

as a first-order differential equation for u = %:

du € €
2 2 2 3
—2) o 2put (P S )ut e Spu’ =0 5.79
(gp 6)d90-|— ou + g&+2u+4g0u ( )
This is an Abel differential equation, which is well known to be highly nontrivial to solve; closed-
form solutions exist only for a limited set of specific relations among the coefficients multiplying
the powers of u. In our situation, these conditions are not met, and an exact analytic solution
is not available. Therefore, as anticipated, we resort to a perturbative approach. In the limit
e — 0, Eq. (5.78) simplifies to:

d?A dA B

— — =0 = A=A+4— 5.80
where A and B are integration constants. Imposing the asymptotic condition (3.22), i.e. A —
—1 as ¢ — oo yields the Schwarzschild solution (5.21) with B = Aa, as expected. Expanding
A = Ay + €Ay, where Ag denotes the Schwarzschild solution, we obtain the following general
solution:

1 5 |:2X -3

.
X Ti0ar

ln‘l——

22,1 1}+55 <2X_31nyx—1]+i> , (5.81)
X X 2x
where we have employed the reduced field (5.39) and have also dropped the two integration
constants in A;. In the most general case, the solution can be written as Ay — Ay + D1 + %.
The constant Dy, however, is absorbed into a as its quantum correction, whereas D represents
the quantum-corrected contribution to the constant A in Eq. (5.80) and thus merely rescales the
entire Killing vector. Consequently, it can be removed by a redefinition of the time coordinate
and will be disregarded here. Inserting Eq. (5.81) into the expression (5.77) for D, we find:

1 31 2 1 1
S A yem =1 - ——|. 82
+ —l—X]—Fa [2+ n|x— 1] X—1:| (5.82)

1
1— =

X

£
D=1+——|l
N {n x—1 2x2

1(ha)?

Finally, we derive the tortoise coordinate (3.18). A straightforward integration gives:

1 1 3
gZX—I—lH’X—”—}—L— (X2—2x+2)ln 1—=|+x—-=
a 4(Xa)?x—1 X 2
_ L (5.83)
€= )
—|—X_1|i(X —X—i—l)ln’X—l‘—§—§(BX—5)(X—1):|.
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5.2.2 Solution without energy flux at the asymptotic infinity

Here, we focus on the solution for which there is no energy flux in either of the two asymptotic
regions of the spacetime. The associated vacuum state is the Boulware vacuum [0, o) (3.96).
It is characterized by normal ordering of the EMT with respect to the Eddington—Finkelstein
coordinates, that is, by the condition t4(0*) = 0. For the general static solution discussed
in the previous section, this requirement implies = = 0. Consequently, the solution takes the
form:

1 5 2x — 3 1 2 2 11
A==—1 - =|+2-2 4=

X + 4(Aa)? [ b'e t e + x x2 2X3:| ’

€ 1 1 31 2
D=1+—|mf1—~| - o4z 5.84
+ 4(Aa)? [n X x—1 2x2 X:| ’ ( )

o € 1 3
S=x+hnlx—1|+——v—|(x¥*=2x+2)In|l — = — .
a x+Infx |+4(Aa)2x—1[(x x+2)n x| X 2}

In contrast to the BPP model (see Sec. 4.3.3), solution (5.84) admits a well-defined a — 0
limit, which yields Minkowski spacetime, i.e. A = —1, D =1, and ¢ = xa. This indicates that
the Minkowski solution is a regular configuration with no energy flux at null infinities. The
solution was first obtained in [111].

One can also derive this solution from the general solution of the quantum-corrected model
(5.70-5.71). In that framework, imposing t.(c¥) = 0 is equivalent to requiring that the integrals
I. (5.64) and I’y (5.68) vanish. At first glance, the resulting solution appears to diverge in the
limit @ — 0. However, we must recall that the constant Aa is modified as Aa — Aa + eC(\a).
The apparent divergence can be removed by a suitable choice of the constant C'(Aa), namely
C(Aa) = ﬁ. With this specific choice, the metric function and the tortoise coordinate are
exactly transformed into Eq. (5.84). Finally, for the function D in Eq. (5.84) we have D =

1 + Dy, where D is defined in Eq. (5.60). Hence, the two derivations are mutually consistent.

Since these configurations correspond to solutions with no energy flux at infinity, they are
expected to be horizonless and therefore not to resemble black hole solutions. It has been shown
in {112, 113| that the classical horizon disappears once quantum corrections are incorporated.
The horizon is defined as the hypersurface on which the Killing vector (3.5) becomes null, i.e.
where A = 0. In a perturbative framework, if a horizon is present, its position should be
written as xg = xg) - SXS). From Eq. (5.84), we immediately deduce that xﬁ” = 1, which
represents the classical horizon. The first-order correction is then found by taking the limit
x — 1 of the first-order terms in Eq. (5.84). This limit diverges, showing that the perturbative
expansion breaks down in the region of spacetime near the classical horizon. Equivalently, one
may interpret this divergence as evidence that the quantum corrections actually eliminate the

classical horizon. We thus reach the same conclusion as in [112, 113].

Another significant property of solution (5.84) is that it exhibits a curvature singularity
whenever the mass parameter is non-vanishing. This can be checked explicitly by evaluating
the scalar curvature, which to first order in the perturbative expansion is given by:

Aa

_ 2
=28

(5.85)

As expected, this expression vanishes in the massless limit, a = 0. This leads to the same
conclusion as in the RST and BPP dilaton gravity models |23, 24, 25]. There is, however, a
subtle difference between our model and the BPP construction. Furthermore, we find that if
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the central charge of the conformal matter fields obeys € < 0, the singularity disappears from
this Boulware state at first order in perturbation theory. This phenomenon has been analyzed
thoroughly in the context of the RST model [108, 109]. A negative central charge may result
from the presence of unphysical, ghost-like fields. Moreover, numerical investigations within
the DREH model [114] likewise suggest the appearance of this type of behavior.

5.2.3 Eternal black hole scenario

An eternal black hole solution describes a black hole that is in thermal equilibrium with its
environment. Consequently, the quantum fields are in the Hartle-Hawking state (3.97), which is
defined by imposing that the normal-ordered EMT vanishes in Kruskal coordinates, t.(z%) = 0.
By construction, this configuration is static and therefore must belong to the family of solutions
(5.81-5.83) for a particular value of the constant =. The defining property of a static black hole
is the presence of an event horizon [106]. This horizon is the hypersurface on which the Killing
vector becomes null, i.e., where A = 0. However, solving this condition perturbatively in the
form xy =1+ exg ) is not feasible as long as the term In |x — 1| is present in expression (5.81).
Fortunately, there exists a particular choice of = that removes this term. It is given by:

Ho 1 (5.86)
T 4(Xa)? '
The solution can now be written as:
1 € 2x — 3 31 2 11
A=--—-1 — | - - — 4+ =
X 4(Aa)? [ X e 2x  x? 2X3:| ’
€ 31 2 1
D=1+ —1|-1 e 5.87
+4()\a)2 [ nX+2X2+X 2}’ ( )

1
g:x—i—ln\x—l]—l—m {—ln|x—1\+ (1—){——1) lnx—i—g(x—l)].

We observe that the integration constants in the = term are fixed such that xy = 1, because for
this value of the dilaton the associated Killing vector becomes null. To locate the singularity,
we evaluate the curvature (3.29), which takes the form:

2 € 7 1 151
=—— 1+ — (! ———=+—==1]. .
R a?x3 [ +4()\a)2 (nx+x 2 X+ 2 X>:| (5.88)

Consequently, the curvature diverges along the hypersurface approaching the classical singu-
larity at xg &~ 0. The surface gravity (see App. D.5) is given by:

- % (1 + 4(%)2) . (5.80)

We now confirm that the condition (5.86) imposed on the parameter = indeed implements
normal ordering of the EMT in Kruskal coordinates. To move to the Kruskal coordinates we
use the classical part of the surface gravity. After applying the transformations (see App. D.5),
we obtain:

%
dx

1
K= —
2a

Moot = (1) e - oot =5 = 2= B o o
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Therefore, the choice (5.86) for =, originally obtained by requiring the presence of an event
horizon, is precisely equivalent to selecting the Hartle-Hawking state. Finally, we should ex-
amine the nature of the pole of the tortoise coordinate appearing in Eq. (5.87). Using the
expression for the surface gravity (5.89), we obtain

1 € 1 5 3
— x4l —1 4+ ——((1=x= ——)x+2x=2)]. 91
o o X+ In|x | 0a)? (( X X—l) HX—|—2X 2)1 (5.91)

Expressed in this way, the tortoise coordinate exhibits precisely the same near-horizon behavior
as in the classical case, namely o = i In|x — 1|, because the term of order ¢ vanishes at the
horizon xg = 1. This is made possible by the specific choice of the integration constant of the
= term in Eq. (5.83).

Next, we demonstrate how to obtain the same result starting from the general solution (5.70-
5.71). The sources are the functions t.(o*). For the Hartle-Hawking state, they are specified
by Eq. (5.90). Hence, we can easily evaluate the integrals I (5.64) and (5.68). Performing the
integration, we find:

I'=2Xa[2x—4)Inx— 1]+ (Ay(z") + A_(z7)) x+ By(a") + B_(a7)], (5.92)

where Ay(z%) and Bi(2%) are arbitrary functions. At this point, one has to proceed with
caution. If these arbitrary functions are simply discarded, the correct = term in Eq. (5.81)
cannot be recovered. This issue appears as an artifact of the procedure in which the quantum
corrections to the coordinate transformations G* are eliminated in Eq. (5.57) after the first
integration. Consequently, choosing A, and By arbitrarily effectively corresponds to perform-
ing an additional coordinate transformation. The appropriate choice of this transformation is
fixed by requiring that F* represent the components of the time-like Killing vector (3.5), i.e.
that V. F* = V_F~. Imposing this condition uniquely determines the arbitrary functions and
restores the original solution (5.81).

The solution (5.87) was first derived in [42], albeit in a slightly different form. There, the
metric ansatz is taken to be:

2
ds?=—(1-%4 em(r) ) et g2 + _ (5.93)
T T 1_g+€m7q(7’)’ ’
with the functions m and ¢ specified by:
a 7T /raN? a a r
=—|—(- —+In-——— .94
m(r) 4(Aa)? { 2 <r> * r * ny a] el (5.94)
1 3 ra\2 a a
=——|—(-) —=2—-—In- )
o) 4(Aa)? [ 2 <r> r nr] + 0, (5.95)

where r = xa. We also use the notation h = 1 — (a — em)/r. In this framework, the norm of
the Killing vector is as follows:

A=— (1 ~44 M) e2ee(r), (5.96)
r r
Requiring this expression to coincide with the solution (5.81) fixes the constants C; and Cy to
7 1
Ci=—— AN (Chy=——. 5.97
' 8(Na)? > 7 8(Na)? (5.97)

As an additional consistency check, we note that this particular choice of constants reduces the
surface gravity in [42] to Eq. (5.89). Moreover, comparing the tortoise coordinate in [42] with
Eq. (5.91), we find that they coincide up to an integration constant.
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5.3 Evaporating black hole scenario

The evaporating black hole scenario describes both the gravitational collapse leading to black
hole formation and the subsequent evaporation driven by Hawking radiation. This framework
is introduced in Sec. 3.4. Here we follow [111], where this scenario was first developed within
the DREH model.

The purely classical gravitational collapse was analyzed in Sec. 5.1.3. Since the classical
treatment does not include the back-reaction of quantum fields on the geometry, the black
hole does not evaporate in that setting. Unlike in the BPP model discussed in Sec. 4.3, where
the Minkowski vacuum carries a non-vanishing energy flux at infinity, in the DREH model the
initial spacetime can still be chosen as Minkowski space after quantum corrections are included.
This is because the Minkowski metric satisfies the quantum-corrected field Eqs. (5.44)—(5.46)
and does not exhibit any energy flux. For the evaporating black hole case, the relevant vacuum
state is the Unruh state (3.98), defined by ¢4 (c*) = 0. While the initial spacetime has vanishing
energy flux at infinity, a non-zero flux appears at future null infinity once the black hole forms,
arising from the change in asymptotically flat coordinates (see Sec. 3.4).

Before the black hole forms (region I of the spacetime in Fig. 3.3), we work in the Ed-
dington-Finkelstein gauge, which corresponds to choosing the o* coordinates for the solution
(5.70-5.71). In this gauge, the solution takes the form (—1,1,a,0,0). In region II of the space-
time an evaporating black hole is present. There, the Eddington-Finkelstein coordinates are
denoted by 6%, and the solution is characterized by (—1,F~,0,¢_(67)). Consequently, we need
to determine the functions t.(6%) using the transformation law (3.83). Since the coordinate
transformation (3.106) is expressed in terms of the functions F*, defined in Eq. (5.36), the
problem reduces to computing the Schwarzian derivative. The final expression is written in
terms of the coordinate X:

U,

t,(67) =0, t_((f’):—4(/\a)2 T (5.98)

Observe that the spacetime depicted in Fig. 3.2 differs from that in Fig. 3.3 by the presence
of a third region (IIT). This additional region corresponds to the spacetime that remains after
the black hole has fully evaporated and is characterized by the end-state geometry. With all
necessary ingredients specified, the next task is to determine 6, whose general expression is
given in Eq. (5.65). This solution, however, is only fixed up to the integral I in Eq. (5.64).
The problem therefore reduces to computing these integrals for the particular choice (5.98).
Because t; = 0, the integral I, vanishes, leaving us solely with the integral I_:

1—/?__S0_1M/d;__t(&). (5.99)

The inner integral, expressed in terms of the coordinate x(c~), takes the form

do= . 1 _. . 1 1\ 1 31

where we have introduced the function F(x). With this, the integral I can be rewritten as

1 xdx F(x)
I=-— . 101
4)\a/§(—1x—1 (5.101)
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The key difficulty is that we must integrate with respect to x, even though the integrand
still involves the field x, and the two variables are related by the transcendental Eq. (5.40),
which can be cast in the following form:

fx—1)=0d0e(x—1). (5.102)

To proceed, we must solve Eq. (5.102) for %, i.e. obtain X = X(x,0). Since in region II of
the spacetime we have § < 1, this equation admits an analytic solution. The full derivation,
including a rigorous proof of the uniform convergence of the resulting series, is presented in
App. B, see Theorems 1 and 3. Here we simply state the final result:

( e’} n

5 n(x— n
1= =" (1 —x)"P, (1), x <1,
n=1

n'
= (1 =) 1\" 1
X—Zl( ) (1—;> Pn_l(;), x> 1,

where P, (x) are the polynomials introduced in Theorem 1. In the subsequent calculation we
also require the function Inx = InX(x, d), which is given by (Theorems 5 and 7)

— g 5'6(_)(1—X)”Qn_1(1), x < 1,
n!
n=1

Ink = (5.104)

lnx—i(l;dd)n <1——) Qu- 1(1>, x> 1,

\ n=1

(5.103)

>
I

(

where Q,, () are the polynomials defined in Corollary 1. Making use of the series representations
(5.103) and (5.104), together with their uniform convergence (see App. B), one readily finds

that I can be written as
4

I5(x) +15,(x)Ind — Z—I< x <1,
1
[(x,0) = — 5.105
(X7 ) 8)\CL< ( )
7 () + 2, () B(x), x> 1,
\
where the newly introduced functions I,, are given by
1 X—3
< _ _ ) —1n%(1 — %) —
I5(x) = 1 a 1ln(l x) — In*(1 — x) — 2x + o,
1 Xx—3 1
I7(x) = S ln(l - ;) —In*(x — 1) — 2L(x) + co,
1
I (x)=15(x) =2 (—1 —Injx—1| + c_1> : (5.106)
X_

- [ () e (2) /B 12 o ()

(1o 1) P s

I<(x) = Pp_i(1) / w e D(1 — %)™ + Q1 (1) / (21_& (1 — )

+ en(x—l)(l N X)n—l (Pn—1(1> + 3Qn—1(1)) + éna
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where L(x) = %2 — [ % Ins, so that L(1) = 0. The constants ¢, are free parameters. By

comparing Eq. (5.106) with Eq. (5.70), we can interpret these constants as being associated
with a redefinition of the o coordinate, because the contribution to I that contains them
depends solely on § = §(o1). On the other hand, the constants ¢, are fixed, since the functions

I,, must be continuous across the hypersurface at x = 1, which imposes the matching condition
(1) =15(1).

The integral in Eq. (5.101) has been reduced to the simple integrals appearing in Eq. (5.106).
Consequently, we can express the function 6(x, ) from Eq. (5.65) as

x—11[A + - 1 >
0(x,0) = " [5 (/ do’+% + /da%) + o (SO(X) +S_1(x)Inéd — ;ESH(X))] :
(5.107)
Here, So(x) = Ip(x) + (8Aa)by(x), S_; = 14, and S, = I,,. The function 0y(x) is defined in
Eq. (5.63). Note that Eq. (5.107) simultaneously covers the cases x < 1 and x > 1, with § = §
for z < 1 and 6 = 1 — 4 for # > 1. The explicit expression for Sy(x) is given in Eq. (5.109). For

n > 1, the functions S, (x) coincide with the corresponding I,,(x), so we do not rewrite them
here. It is straightforward to verify that the set of functions S, (x) obeys the recurrence relation

\

dS
d 1 d [((x-1)2d o 1
nds”— 1d—((x ) ds”): ax T (5.108)
x  x—1dx X X 0. —
The function Sy is explicitly given by:
( 2 _ 2 2
2$ Inx—(2x — 3)In (1 — x) — In*(1 — x) — 2x
x—1
1 x < 1,
+8 alC' ( —1In(1 —x)) + co,
So(x) = x—1 (5.109)
(2x —1)Inx — (2x — 3)In(x — 1) — In*(x — 1) — 2L(x)
1 x > 1.
+ 8 aC <—1 —In(x— 1)) + co,
X—

Using Eq. (5.52), we can then compute «a(x,d) directly. Substituting the obtained expressions
for # and « into the equations of motion (5.47-5.49) confirms that Eq. (5.107) indeed provides
the required solution.

5.3.1 Evaporating black hole solution

In the preceding subsections, we obtained a solution in region II of the spacetime (see Fig. 3.3),
where the black hole has already formed. This solution involves several constants: cg, c_1, ¢,
¢n, and C'. Since the constants ¢, and ¢, are arbitrary (they encode the choice of the function
G™), we fix them by imposing S, (1) = 0 and setting ¢q = 0. Using Eq. (5.52), one can then
straightforwardly compute «(x,d). Next, by repeating the same procedure as before, namely
p+ea s p,x+ =0 — x, and F*= 4+ eG* — F* (see Egs. (5.66) and (5.67)), we arrive at the
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following set of equations:
Flnfx — 1] — ——— | So(x) + S_1(x)Ind — S—nsn(x)
* 8(\a) n!
dot do~ ot —o6-
- - = A1
2/\a {/ /F—} 2a (5.110)
r(1_1>{ {x—ldSO X_lds_l(x)ln5—2c_1
X X dx
= (1-— —1 dS
—c — Z ( + Spi1(x) — nSn(X)>] } :
(i - 1) { {X = dSO —S_1(x) — 8(Xa)*D(x)
x < 1.
x—1 dS x = 1dS,(x) h
- l 0 — Z ( = nSn(X))] } :

(5.111)

x =1,

FtF e? =

The only remaining free constants are c_; and C'. The solution in region II of the spacetime
must match continuously with the solution in region I across the hypersurface o = o, i.e.,

at 0 = 1 (see Fig. 3.2). Let us first consider the "++" component of Eq. (5.44):

A Aa

O, (720, ) = §F5( —od ) e +e((04p)° — D7p)p e (5.112)

Integrating this relation yields

e 0 ps — e PiLp. = —g)\a e — £(04p> — 3+p<)90_1e_2p7 (5.113)
where the subscript ">" denotes the region o* > o and "<" the region c© < of. The
origin of the last term in Eq. (5. 113) deserves clarification: it is inherited from the final term in
Eq. (5.112). Since d4p = 2;‘2‘77( —og)+o(e), with n(c* — o4 ) the Heaviside step function, it
follows that 92 p contains a contribution proportional to a Dirac é-function. Using Eq. (5.52),
one can then establish that

Orps = gF>e2p (1+eD(x)). (5.114)

At 0 =1 we have x = %, €’ = 1, and 0, . = \/2. A straightforward computation then leads
to the following form for the function F~(%):

P = (1 - i) {1 —eD(R) - 2(;)2&2(;_ 5| (5.115)

Now we impose the continuity conditions on p and €. This analysis will be carried out
independently in the two separate regions of the spacetime, specifically for x > 1 and for x < 1.
We begin with the case x > 1. Substituting 6 = 1 into Eq. (5.111) and using Eq. (5.115), we
obtain:

haC — 2

1 t2ata=0 (5.116)
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From Eq. (5.116) it follows that C' = - and c¢_; = —¢;/2. Since ¢; = 7 was already fixed by

the condition S;(1) = 0, where Si(x) = 2Inx— 2 — 3 +¢;, we obtain c¢_; = —Z. The remaining
continuity requirement is #(x,1) = 0. Using Eq. (5.110), this condition becomes:
A Gt A G~ So(X)
do"—=—— = [ do~ =— . 5.117
2/0F+2 2/“1«“—2 8\a (5-117)

To fully specify the solution, we set G* = 0, which then yields the following coordinate trans-

formations:
_ 1 e x—1dSy(x)

Fr=(1—=]11 5.118
< x){ T30 x & } (5.118)

Ft=—1, (5.119)

N A “ 5 N

g = O'[J)r — 2a |:X + ln ’X — 1’ — WSQ(X)] y (5120)

6t =0t (5.121)

Next, we turn to the region « < 1 of the spacetime. Setting § = 1 in Eq. (5.111) yields the
following condition:

. Inx 3 1—4)\a 1 X—ldS() .
2k =2 — = =2 =20 + 2 — ;E[ _ nSn(X)}. (5.122)
Inserting 0 = 1 into Eqs. (5.103) and (5.104) gives:
N = P”—l(l) n(X— S\n
le—ZTe( V(1 —x)m, (5.123)
n=1
A S Qn—l(l) n(x— S\n
lnX:—ZTe E=D(1 — %)™ (5.124)
n=1

From Eq. (5.106) we obtain the following expression for the derivatives of S, (x):

dSs(x)

e %(1 — %) 2enxD) [(2 —n)Pu_1(1) + (2 = 3n)Q,_1(1)]. (5.125)

Substituting Eq. (5.125) into the first series on the right-hand side of Eq. (5.122) and using
Egs. (5.123) and (5.124), the sum can be evaluated straightforwardly, giving:

£ — 1= 1dS5(%) Inx 1 3
——nl 92 ~+ —. 5.126
X ;n! dx -1 it ( )

The second series in Eq. (5.122) can be obtained in a similar way: we first differentiate, use the
same technique as for the preceding sum, and then integrate, imposing the condition that the
sum vanishes at X = 1. This procedure leads to:

=SSR 4 3
Z &) % — - — — +7=57(%). (5.127)
— 1 X X
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By inserting Egs. (5.126) and (5.127) into Eq. (5.122), one indeed recovers condition (5.116).
The remaining requirement is the continuity of the function 6. Using Eq. (5.110), this continuity
condition can be rewritten as:

S5 (%) =S5 (%) - Si(f()- (5.128)

Once again, employing Eqs. (5.123) and (5.124), the series in Eq. (5.128) can be evaluated,
yielding:

LS5 (%) . . X=3
> S =2L(%) - 2% - Ik (5.129)

n=1

Substituting Eq. (5.129) into Eq. (5.128) one readily verifies that the continuity condition is
met.

5.3.2 Asymptotically flat solution

Our final task is to verify whether the solution defined by Egs. (5.110) and (5.111) is asymp-
totically flat. For this purpose, it is useful to clarify the behaviour of S; (x) as x — oco. We
demonstrate that, for n > 1, the following relation holds:

6 1
§7(0) = (1~ IS} (x) + 4 Zogu <;) 6202 (1), (5.130)

where Zy(,—9)(2) denotes polynomials of degree 2(n — 2). Expression (5.130) is written so as to
incorporate the condition S, (1) = 0, given that S;(1) = 0. We will collectively denote the last
two terms in Eq. (5.130) by R, (x). Using the recurrence relation (5.108), one can derive the
following recurrence relation for the functions R,,:

dRy 1 dR,, 24 1 d [((x—1)*dR,
- — (-1 = il . 131
dx "X (n )X5 X—ldX( X dx (5.131)
We now substitute 982 = —2IM,(x) into Eq. (5.131), which leads to:
2 3 x —1dM
— — —1)! R — n
M1 —nM, = (n—1)!+2 <X x2) M,, T (5.132)

Since My(x) = 1, Eq. (5.132) shows that the functions M, (x) can be expressed as poly-
nomials in 1/x, and that their degree increases by two each time n is incremented by one.
Consequently, the degree of the n-th polynomial is 2(n — 2). After integrating the functions
M,,/x°, we obtain the representation (5.130) for the functions S; (x). For later convenience, we
introduce the shorthand 6Zs(,—2)(1) = 2,. To determine whether the spacetime is asymptot-
ically flat, we examine the large—x behavior of the metric, i.e., the limit x — co. We do this
term by term using Eq. (5.111). The d-independent term is given by:

_ 2 qa> —

X dx X X x xz x5

from which it follows that this contribution goes to zero as x — oo. The term proportional to
>
In §/x also vanishes in the limit x — oco. Furthermore, since % ~ (n —1)!2 for x — oo, this

contribution likewise tends to zero. The only remaining term in the sum is

Sni1 — 1Sy = — (21 — nz) + O (i) : (5.134)

x4
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Thus, we are finally left with the following expression:

= (1—0)"
lim FPF-e? = 1 — 8(;)2 > ( -~ ) (Zni1 — N2n). (5.135)

n=1

From Eq. (5.135) we infer that, in the 6% coordinates introduced in Egs. (5.120) and (5.121),
the metric is not asymptotically flat. Since its asymptotic form depends solely on o', we
attempt to perform a coordinate transformation that renders the metric flat at infinity:

ds* = e*dotdo” = —FTF e*d67d6~ = —FF*F e*dé'"de. (5.136)

Requiring that the metric be asymptotically flat in the coordinates 6~ and 6’ is equivalent to

choosing
oo

+ € (1 B 5)n
Ft=1- STha)? ; o (Znt1 — N2n). (5.137)

dét
P

To determine the new coordinate 6't, one must evaluate the integral [
expression is

The resulting

T ac = (1—-0)"
o't = 2am5%7ﬂkw2;; 2+ 2aD, (5.138)

where D denotes an arbitrary integration constant. We now investigate the behavior of
Eq. (5.110) for the dilaton field at infinity. Solving Eq. (5.138) for Ind and substituting the
result into Eq. (5.110) leads to:

AL+ A

S3 () +S_1(x) Ind—Y %(s;(x)mﬁ)} - TU—D. (5.139)

8(Aa)?

Q

x+In(x —1)—

First, we extract the d-dependent contributions from Eq. (5.139). For large x we have
Sp(x) ~ (n— D!I(2Inx+7) — z,, (5.140)

which allows us to rewrite the sum appearing in Eq. (5.139) as:

(e 9]

—Z%Wﬁ)w) ~Ind(2Inx+7). (5.141)

In the limit x — oo, the contribution in Eq. (5.141) cancels exactly with the term S_;(x)In .
The Sj (x) contribution in Eq. (5.139) behaves as:

2
lim S (x) = 2+ =, (5.142)
X—00 3
as x — 00. The key ingredient in deriving Eq. (5.142) is the asymptotic form of L(x):
1 2
L(x) ~ —= In2(x — 1) — —. (5.143)
2 6
Thus, in the limit x — oo, Eq. (5.139) simplifies to:
€ 2 o't —a6"
1 -1)-——|—+1)|=————-D. 5.144
X+ n(x—1) 4(/\a)2(6 N ) 2a ( )
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Imposing that the asymptotic behavior of the dilaton field remains unchanged under quan-
tum corrections fixes the constant to be D = 4(/\5—@2 (%2 + 1) . For simplicity, we can redefine the

coordinate transformation for o* by taking FTF'* — F* and 6/t — 6. In this new notation,
the coordinate transformations become:

- 1 3 x—1 dSO()A{)
F = (1 ;> {1+ IYIERESF: ] : (5.145)
= (1—0)"
Fr— 14 ( - 14
+ 8()\@)2 ; TL' (Zn—H nzn)a (5 6)

and the corresponding asymptotically flat coordinates read:

£
8(Aa)?

™ +2+Z 1_ ] (5.148)

6" =04 —2a {5{4— In|x—1| - So(&)} : (5.147)

2ae
8(Aa)?

ot =0t +

We then introduce a new coordinate ¢ in terms of 7:

6= exp{ (—%) } (5.149)

With these definitions, the final forms of the metric and the dilaton field in region II of the
spacetime (see Fig. 3.2) are as follows,

e E e () i

n=1

_}2{111? —Z 1;'(5 n <X;1ds>( ) SiJrl( )_ns>( ))]} (5150)

n=1
L L 8(;)2 g} - ;!5 (a1 = nan ] < 1 8(5@2 {X; 1ds§>£X)
+S7(x ilni - Z " (X; LdS }EX ns,f(x)) } (5.151)
x4 In(x—1)— m lsg(x) - %2 — 94 IndS_ 1 (x) — 2 < ;l‘s)n(s;(x) +2)
b+ k+In(k—1)— 8(;—a)2850 = &+2_a6_ = g (5.152)
x4 1In(l—x) — 8(;)2 lsg(x) _ %2 24 mdS . (x) — :1 %sg(x) _ g u ;!5)nzn]
b+ k+In(1-%) — 8(;)285(&) = 6+2_a6_ = g (5.153)

Eq. (5.150) provides the form of the metric for x > 1, while Eq. (5.151) gives the corre-
sponding expression for x < 1. The relations (5.152) and (5.153) are the quantum-corrected
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transcendental equations for the dilaton field x = ﬁe“’ﬁ in the regimes x > 1 and x < 1, respec-
tively, expressed in terms of the coordinates o™ (via their dependence on §) and o~ (through
the dependence on X). The functions Sg/< and Si/<(x) appearing in Egs. (5.150)—(5.153) are
defined in Eqs. (5.109) and (5.106), respectively. Observe that for 6 = 1 both Egs. (5.150)
and (5.151) reduce to Eq. (5.145) for the coordinate transformation F~. Consequently, e* = 1
when ¢ = 1, which enforces continuity of the metric. Moreover, Egs. (5.152) and (5.153) show
that x = X when § = 1, ensuring continuity of the dilaton field. In Egs. (5.152) and (5.153) we
also identify new asymptotically flat coordinates 6=, defined in Eqgs. (5.147) and (5.148). Note
that in the following subsections we alternate between the original 4% coordinates and the ones
introduced in this subsection.

5.3.3 Evaporation adapted form of the solution

The terms involving Ind appear in the evaporating black hole solution (5.150-5.153). Since
Ind ~ o, these contributions grow without bound at late evaporation times. One might
therefore conclude that this behavior leads to a divergent metric at 7. However, they cancel
precisely against the 0 terms coming from the sums, so that the metric remains asymptotically
flat. Still, their presence in this explicit form is somewhat unexpected. From a physical point
of view, the apparent horizon should shrink as the black hole continues to evaporate. Hence, it
is natural to expect that the In d terms are effectively incorporated into the constant Aa as part
of its quantum corrections. In this subsection, we rewrite the solution (5.150-5.153) guided by
this line of reasoning.

As a consequence, the solution is well defined on hypersurfaces specified by x = 1+ O(é) or
equivalently x = 1 4+ O(£). We also introduce the notation & = ﬁ This is relevant because
many hypersurfaces of physical interest (apparent horizon, horizon, island, QES, etc.) are
described by relations of this form. From the structure of the equations of motion (5.44-5.46)
and the method by which they are solved (5.47-5.59), one is naturally led to expect that the
formulas for d.x (5.52-5.53) remain well defined when x = 1 4+ O(é), since they follow from
straightforward integration of the original equations of motion. This expectation is indeed

confirmed:
0+X=%{1—%[1—2(2(X—2)1nx—8+5x+§
_(X_1)§;%(X;1d§f—nsg)>”, (5.154)
ax:—QalF_{ _11511&; {1—2(2(X—2)lnx—2(x—1)1n(1—x)+1—2x+}3—(

X n! dx
n=1

eorgrm)

This indicates that the problem emerges in the course of performing the final integration in
Egs. (5.58-5.59). We now introduce a new coordinate:

X
=, 5.156

: (5.156)
such that aa can be interpreted as a quantum-corrected version of the constant a. With this
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substitution, Eqgs. (5.154-5.155) take the form:

1 1 3
0ix = — 1——~{1— (2(y—2)lny—8—i—5y+—
2(1 y2—g y

_(y— 1)2% (YT_ldde —nsg))] } (5.157)

oo |

n=1
1 1 € 3
(y —1)2 X 67 dSs
SV TN o L 5
. ;n! & (5.158)

We therefore expect the evaporation dynamics to be determined by the zeroth-order term
in € in Egs. (5.157) and (5.158), because the first-order contribution vanishes at y = 1. Hence,
we temporarily ignore the O(€) term in the square brackets of Eq. (5.157), which yields:

1 1
o_ (L 1
8+X % ( y2 — é) (5 59)
Next, we introduce a function J(x) defined implicitly through
ot
a = —. 5.160
) =2 (5.160

Differentiating Eq. (5.160) with respect to ot and substituting Eq. (5.159) leads to the following
differential equation for J:

dJ

E
dy 4145V —é-1"  (1+5)Vy?-é-1

A solution of Eq. (5.161) can then be written as:

2 _ & 2 _ &
R y—° (5.161)

J(y) = —g + Sexp{ Gf(y)) } (5.162)

where S is an integration constant to be fixed, and f (y) is defined by:

2_¢

sy y
o= [ =

Upon performing the substitution z = ‘/ilé’ the integral (5.163) takes the form

dy. (5.163)

- 72dz
—ge [ 2% 164
/ 85/ 2 - 1DR(s) (5.164)
where
23/2 g3/2
R(z) :z4+2\/§(1—7) z3—2z2—2x/§<1+T>z+1. (5.165)
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(5.166)

This quartic polynomial can be factorized as
(7> + a1z + B1) (2% + aaz + Ba)

R(z) =
(5.167)

The coefficients a; 2 and ;2 are constrained by
-3
&2

041+062=2\/g<1—z>, 61+ﬁ2:—2—041042,

alﬂ? + a2ﬂ1 _2\/_ ( 2) > 6162 =1.

Although the system (5.167) can be solved exactly, we instead determine its solution perturba-

tively up to O(£*). This yields
N £ &3
—ovE[1-2 Sy L
. . . NV (5.168)
T e P T iy
b 2 48 ? 2 48
The corresponding expressions for the roots of the polynomial R(z) are
g2 g @ oo
p RN 1
R TR RS S (5169)
g2 & @ gz g
P R c 1
%2 416 32 32 64 (5.170)
s E g2 &2 & B8 o ‘171
R e BT R AT (5171)
3 5
g & 3 32 &8 b
P R ST _s 5.172
“ TRt T TR T 321 (5.172)
Now the integral (5.164) can be evaluated in a straightforward manner, yielding
1. _
(1——6) \z—zll—<1—15)ln|z—zl|
) (5.173)
5
In —.
16

72 + gz + Bo

4

flz) ==1
uQ € 1—2z2
(1——5)ln|z—22|+ <1+Z€) In|z — zz|+

2

A convenient and consistent choice for the constant S in Eq. (5.162) is S = 2 + —, which
2 2

In |y—1|—|——1—5y +—. (5.174)
y —

ensures that the divergent contributions in Eqgs. (5.152) and (5.153) are entirely absorbed into
9

the function J(y). By expanding J, we obtain

X
a

€
J(y) =y+Inly —1|—¢ {—41ny (2y = Dy —1f
From Eq. (5.174) it follows that the function J incorporates all divergent terms, including
) appearing in Egs. (5.152) and (5.153). These

the Ind contribution (after substituting y =
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equations can therefore be recast in the form:

(1 + m ln(5> J(y) - m (2y 4+ 3)Iny + 5y — 2L(y) — i O;—!(S)nsz(y)] (5.175)
=—Ind+J(%) - 8(;)2 [(2% 4 3) In% + 5% — 2L(%)], wheny > 1

(1 + @ In 5) Jy) - 8(;@)2 [y2z21 Iny + 3y — niz %sg(y)] (5.176)
:_m5+j@y—&;yKﬁ+ﬁﬂmx+ﬁ—zu@L when y < 1.

Note that both equations are well defined in the vicinity of y = 1 + O(€), which was

the primary objective of this subsection. Next, we determine the general solution under the
3 3

assumption y = 1+ Ttz and a > 0. This condition yields x = 1+ DazH Consequently, both

Egs. (5.175) and (5.176) reduce to:
aJ(1+én)=—Ino+J (1+Eu). (5.177)

Formula (5.177) can be further recast as:

aexp{ Gf(u@ﬂ)} :exp{ Gf(uéﬂ))}. (5.178)

A detailed analysis of the function f(z) then yields:

s Ap—1
Cl4n—1/

LA

a (5.179)
Because the solution is derived only to first order in perturbation theory, we obtain @*¢ = 4.
We expect that this relation will remain valid at higher orders in perturbation theory as well.
Under this assumption, Eq. (5.179) reduces to:

dp—1
0= . 5.180
’477 —1 ’ (>150)
Substituting back, yields the following expression:
€
X =1 14 (4n—1)0 |. 181
b'e +4(/\a)2< + (4n )> (5.181)

Together with Egs. (5.157) and (5.158), derivative we give a closed form for the metric deriva-
tives: Oip:

a+p:ﬁﬁ{1+§ {(3+2y) (1—%) +2lny (5.182)
535 (nl1 =5 = - 1>dfy)”

O_p = —4a1F_ {&2}; ! (1 - iF(&)) — é (1 - #) (5.183)

_'—4&;72 [(y2 —1) <ln(1 —y)+ (2y — 3)y22;2> fomny 4 OOF 1)2(y — 1" :1 %djj] } .
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In terms of the function F(x), the coordinate transformation F~ can be expressed as:
x—1 € 2x—1
F~ = 1—— |\ FER)+ 57— |- 5.184
SIS =)] .

Notice that all these expressions are well defined around the y = 1 and x = 1 hypersurfaces

5.3.4 The end-state of black hole evolution

In the previous subsection, we obtained an evaporating black hole solution generated by col-
lapsing matter. In this subsection, we examine the final state of the black hole’s evolution.
We adopt the approach described in Sec. 3.4.1. We first determine the apparent horizon, then
analyze the curvature and locate the singularity. Their intersection specifies the end-point of
the evaporation. At the conclusion of this subsection, we compute the total energy radiated
away from the black hole during its evolution. The apparent horizon is defined by d,e~2? = 0,
which is equivalent to xd,x = 0. Employing formula (5.114), a straightforward calculation
gives:

2 — 1A 0" (x—1d
x:1+L1n5+4—(x—2)1nx—3+——5—x+x Z—(X ﬁ—nsnﬂ.

4(Aa)? 2x 2 2 “nl x dx
(5.185)
Solving Eq. (5.185) perturbatively, by choosing ansatz x g = Xf}l + €XE4}_I, we obtain:
€
=14+ —-(2+1nd|. 5.186
sa =1+ g (24 ) 50

As time elapses, 6 becomes progressively smaller, which correspondingly decreases the apparent
horizon. This is precisely the outcome we anticipate. Observe that in computing 0, x we have
employed expression (5.151). The same expression for the apparent horizon can also be obtained
using formula (5.150), given that Xi‘o}{ = 1. Adopting the new notation introduced in Sec. 5.3.3,
and setting expression (5.157) equal to zero, the apparent horizon is determined by

€
= /14+—. 5.187
YAH + a)? ( )
It is straightforward to verify that this relation reproduces the same result as in Eq. (5.186).
Making use of formula (5.179), the dependence of the apparent horizon on X(9) is

4(Na)2
€

g
X =1+——11 1 In . 1
Ran =1+ 1o +( b 4(Aa) 5 (5.188)

Taking the limit £ — 0 of the expression inside the square brackets, and noting that this term is
already of order O(g), we arrive at the following simplified expression for the apparent horizon
in the (%, d) coordinates:

€
Xag(0) =1+ 1+6 5.189
an(0) = 1+ g (14 0) (5.189)
The next step is to determine the line of the singularity. To achieve this, we must first com-
pute the scalar curvature (3.3). Employing the equations of motion (5.45-5.46), the curvature
can be written in terms of the first derivatives of the dilaton field:

2 1+ 4a’e 2P0, x0_x

2 __ _¢€
(ha)?

R— (5.190)

a? x
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At first glance, Eq. (5.190) appears to shift the singularity from xg = 0 to xg = ‘/\/—5 once

quantum corrections are taken into account. If this were indeed the case, it could signal a
potential problem for the perturbative treatment. Making use of expression (5.190) together
with the recurrence relation (5.108), the scalar curvature can be recast as

2 £ 2 15 (x —1)% X 0 dS, (x)
R:W{1+W[21nx—3—;+§+2x+21n5+ Z—

X = n!  dx
(5.191)
We first examine the beginning of evaporation, 6 = 1. Applying the relation (5.126), we obtain
2 e 1
R = 1 — . 5.192
a’x3 ( * 2(Xa)? x2) ( )

From Eq. (5.192), we find that the singularity line admits two distinct solutions:

| 3e
Xg — 0 and Xg ~ W (5193)

Neither of these two solutions matches the expected result xg = ‘/\/—5 This discrepancy may

stem from the use of the perturbative approach. Fortunately, one can obtain a non-perturbative
expression for the scalar curvature at the beginning of the evaporation. To this end, we solve
the equations of motion on the hypersurface o™ = o + ¢, ¢ — 0. On this hypersurface, the

O'+—

metric is fixed by e* = 1, and the dilaton field is given by x = % This follows from the

continuity conditions imposed across the hypersurface. From Eq. (5.113) we then find:
€ x—1

=0 p=—.

(Aa)? o 2a

Using Eq. (5.194), one readily verifies that Eq. (5.46) holds. Combining Eq. (5.45) with
Eq. (5.194) yields the following differential equation for d,p = f(x(c7)):

X0, X + (5.194)

df 1 1+ 20557 f

7 _ _ (5.195)
dX 2a 2 €
x (%2 - 555
The solution of Eq. (5.195) is given by:
>\2
flx) =22 > ), (5.196)
2¢e x2 — €
G2

where ) is an integration constant. By directly comparing Eq. (5.196) with the expression
for 0, p obtained from Eq. (5.151) in the case 6 = 1, we infer that ) = 1. Consequently, the
solutions for d;p and d.x, together with the condition o™ = o, take the form:

1 1 1
dx=—|1- —— |, O.x=-——, (5.197)
2a 2 _ € 2a
(Aa)?
Ma X
0, p—= —1], o_p=0. (5.198)
2e X2 — £
(Aa)?
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The scalar curvature is then given by:

2 1

a? 5
(2~ oep)

We therefore conclude that, at the beginning of the evaporation, the singularity forms at

R= (5.199)

Xs Ve (5.200)

:%7

as anticipated. Restoring all physical constants, this corresponds to pg = which is of

the order of the Planck length.

hG
127ce3?

Next, we determine the quantum-corrected expression for the line of singularity given in
Eq. (5.42). In the y coordinates (defined in Sec. 5.3.3), the singularity takes the form

Ve = (5.201)

:%l—kmlné@

Ys

Substituting Eq. (5.201) into Eq. (5.176) and expanding the result up to terms of order O(¢)
yields the following condition for the singularity:

9e £ = O e
1+ ——1 —— ) " E8(0) =%kg+1In kg — 1] — ——S>(Xy). 202
( +8<M>2) n55+8w>2zln!sn(0) Rs +Infks — 1| - s ST (). (5:202)

Thus, Eq. (5.202) shows that the singularity (5.42) acquires a quantum correction of order
O(e).

The end-point of the evaporation

According to the cosmic censorship conjecture [106], a naked singularity cannot result from
gravitational collapse. In contrast, the two hypersurfaces yam(6) (5.187) and yg(6) (5.201)

intersect at a finite value of the coordinate 9, determined by ag = ‘/\/—5 The corresponding point
marks the end-point of evaporation, and is given by:

ot = o 4 S0) (1 ﬁ) . (5.203)

e Y

If we now substitute all constants, expression (5.203) can be rewritten as

7687 M2 N [
P e Y Y L 204
T8 =% T ( 40 37TG> (5.204)

Eq. (5.204) shows that the leading contribution to the black hole evaporation time scales as M3,
which agrees with the standard thermodynamic estimate and coincides with the result obtained
in [115]. It is convenient to rewrite the evaporation end-point in terms of the § coordinate:

,M(l,ﬁ)

5]5:6 € xa ),

(5.205)

The quantity (5.205) is extremely small, ip < Toayz- Conversely, In dp is very large, scaling

as 1/e. This indicates that the perturbative expansion ceases to be reliable at this stage.
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Nevertheless, by proceeding with care we can still extract meaningful information. To determine
the exact location of the evaporation end-point, besides dp we must also compute Xg. From
YE = yag = 1+ m, we infer that xp = 1 + O(¢). Employing Eq. (5.180), the second
coordinate of the evaporation end-point is

tp =14 = |1y e 06

0ay (5.206)

Formula (5.206) can equivalently be obtained by using Eq. (5.189) and setting § = dp. Observe
that the end-point exhibits the same type of singular behavior as in the BPP model (4.124).

Finally, we discuss the location of the black hole’s event horizon, which is determined by

x = Xg. We expect it to form for x < 1, but initially to lie very close to the x = 1 hypersurface

at the beginning of the evaporation. Subsequently, it should gradually move inward until it

meets the singularity. To obtain the horizon curve yy(0), we return to Eq. (5.179), which yields
4(a)?

CNLE €

g
14— |14 (£ . 2
yi =1+ oo |1+ (&H (5.207)

Observe that in the limit ag — ag, expression (5.207) simplifies to yg = yay, as anticipated.
It is now straightforward to determine xg, which is given by

(1+ e ln5H> [1+4(;a) <1+§—§)1 (5.208)

Using Eq. (5.190) along the apparent horizon hypersurface, we obtain the non-perturbative
expression for the scalar curvature:

2 1
Rap = 55—

a2x2 —

(5.209)

G

A perturbative counterpart of this result can also be derived starting from Eq. (5.191), which
can be recast as

2 1 1

€
242 _ _¢ 2
a?x? — 57y — (}\2)2 { 4(Aa)

1
ny -+ 2y? 2y n! dy

n=1

@%—w@y—w+xy—m2“3ﬁd$i}

(5.210)
and, upon inserting Eq. (5.187), this expression reduces to Eq. (5.209), as required.

The radiated energy

We now evaluate the total energy radiated by the black hole over its entire lifetime. It is given
by Eq. (3.115):

7 da € .
Byt = ——/' 57) = o F ). (5.211)

Because the Schwarzschild radius Aa scales linearly with the mass, it can serve as an energy
measure. Accordingly, we can associate the quantity Aa,.q = 2ET)‘\“1G with the radiated energy.
Thus, Aa,qq takes the form:

€

)\amd = —mF@A(E)

(5.212)
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The function F(X) becomes ill-defined in the limit X — 1. This is precisely the kind of issue
discussed in Sec. 5.3.3. To address it, one needs to compute the first-order correction to F(X):

dF- dg (dF—\°
F(X) = —2 = . 21
®) & ) ( & ) (5:213)
Using Eq. (5.176), we find:
1 47 £ 2x 3
= Ink + > 214
- &k 80ha)? (&—1 nXﬂz”)’ (5:214)

dF~ d27 € 3 Inx—1
= _—F2 — (=42 . 21
& Lbz? T 80a) (22 MR )} (5:215)

Since the terms of order O(¢) remain regular as X — 1, they can be discarded. After changing

variables to z (as defined in Eq. (5.164)), the upper integration limit becomes 1, while the lower

%8 where z] is given in Eq. (5.171). The integral now extends

over a narrow interval around z = 1, which allows us to set z = 1 wherever this does not affect
the well-definedness of the integrand. The integral then takes the form:

[Pyt G g

[e.9]

limit becomes zp = z] + (:\/_j

A straightforward evaluation up to order O(1) yields the following expression for F(xg):

2
Waf 800 e |3 (5.217)

Fkp) = ——7 NG 4a)2 2

Hence, the radiated energy (5.211) is:

Bo— Ml he B he (ln hie +§>+0( hie )
rad = 12rM2Gy  192M2Gy | 1927 M2Gy 2 MGy )|’
(5.218)
where we have reinstated all physical constants. Eq. (5.218) shows that, during evaporation,
nearly the entire initial mass of the black hole is radiated away, leaving only a small remnant
of order y/e. This agrees with the results obtained in the RST and BPP dilaton gravity models
[23, 24, 25].

5.3.5 The end-state geometry

Having already determined both the evaporation end-point and the total radiated energy in
the previous subsection, the final element from Sec. 3.4.1 that remains to be examined is the
geometry of region III of the spacetime (see Fig. 3.3). As in the BPP model, analyzing the late-
time geometry within the perturbative scheme is difficult because the approximation fails close
to the evaporation end-point. Nevertheless, we can still attempt to extract useful information
by rewriting the Schwarzschild radius in terms of the X coordinate, rather than the ¢ coordinate,
following the procedure outlined in Sec. 3.4.1.

We start by evaluating F(X), as defined in formula (5.100), in terms of x and 6. Applying
the same procedure as in theorem 1, we obtain

F(%) =F(x)+ Y © ;!1)71 a;if{)

(5.219)

6=1
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Following the method used in theorem 5, we derive
> d\" e dF
= X (x — 1)" (6——) e dEk). (5.220)

Independently, one can show by induction that the following identity holds:

O"F (%)
6n

6=1

0"F (%)
6m

— (—1)" F (- 1S (n— 1)!} . (5.221)

2 X dx

6=1

The inductive step reduces to the recurrence relation for the functions S;’ (x) given in Eq. (5.108).

Substituting this form of agff() |s=1 into the series (5.219), we obtain:
. (x—1)2 = (1 —6)2dS2 (x)
F(x)=F Ind oo 222
(%) = F(x) +nd + ; R (5.222)

Using Eq. (5.222), we remove the Ind contribution from the expressions for the metric (5.150)
and for the tortoise coordinate ¢ (5.152), which leads to:

e = H@M) 1 Oap [le“x;l tTret
S (5260 = 8200 + 50 - n)] )
% —x+ (1 + 4(;)21?(;2)) In <—1 : %F(f{) - 1)
= 8(;)2 [Sg(x) = %2 —92-9 (Xf -~ In(x— 1)> F(x) — 91116}
+ 8(;)2 nf; a ;!(Dn [s;(x) +oo (X;1)2 (Xf -~ In (x - 1)) %] . (5.224)

In Egs. (5.223) and (5.224), the factor ¢/Aa has, to zeroth order in e, been replaced by
¢/ (Aa+ {=F(%)). We now introduce a new running Schwarzschild radius, depending on the

coordinate o~

Na(%) = Aa + &F(i). (5.225)

To first order in e, Aa coincides with Aa, which means that in all expressions for the metric and
dilaton we may replace Aa by Aa.

To analyze the final state of evaporation, we must first determine the behavior along the
hypersurface X = Xg for § < dg. On this hypersurface, A\a(Xg) is fixed. Since F(xg) ~ Indg,
Eq. (5.217) leads to A\a = O(+/¢), which, within first-order perturbation theory, effectively gives
Aa = 0. Taking this limit is analogous to the x — oo limit discussed in the previous subsection.
From the behavior of S>(x) given in Eq. (5.130), we obtain:

S”(x) = (n — 1)IS7(x) — 2z, + O((Ma)*). (5.226)
In the metric Eq. (5.223), the first-order correction then vanishes in the limit Aa — 0, because

the sum scales as O((Aa)?), while the d-independent part is of order O(A\a). We next consider
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the first-order term in ¢ in the dilaton Eq. (5.224) and again take the Aa — 0 limit. In this
regime, the )—dependent contribution becomes

B ()]

This term also disappears in the Aa — 0 limit, which can be seen by expanding in powers of
Ad and then sending Aa — 0. A crucial point is that Ind scales as 1/Aa, so that the product
AaInd remains finite. The d—independent terms vanish in essentially the same manner as in
the x — oo limit. Performing this limit yields the following final results:

\
FrFe? = 208 (5.228)
0

¢+ Aapln (A(’;E) = \6. (5.229)

Since Aap = Ma(xg) is of order O(v/e), Egs. (5.228) and (5.229) describe a quantum-
corrected Minkowski spacetime, as discussed in Sec. 5.2.2. This is encouraging, because we
expect the final state to be free of energy fluxes at infinity. The next task is to smoothly match
this solution to the vacuum solution along X = Xg. This matching has to be performed so that
no new coordinate discontinuities are introduced, which implies that the final solution has the
form (F*,F~, ay), where F* agree with the coordinate transformations of the evaporating black
hole, and ay is a new constant. Further details are provided in Sec. 3.4.1.

By analogy with the BPP and RST models of dilaton gravity discussed in Chap. 4, one
might anticipate the appearance of a shockwave at the end-point of the evaporation known
as a thunderpop. To determine whether such a feature arises in the DREH model, one must
smoothly join regions II and IIT (Fig. 3.3) across the 0~ = o hypersurface by integrating the
"——" component of Eq. (5.44):

A
672pa_§0> — 672p8_g0< = —FAa0¢71672p — 5(8_p> — 8_,0<)g071672p, (5230)
where \ag = % denotes the mass carried by the shockwave at the end of evaporation, the
symbol "<" refers to the portion of spacetime with ¢~ < o5, and ">" to the portion with
o0~ > 0. The derivatives in Eq. (5.230) are readily obtained from Egs. (5.150) and (5.152) in
the region o < o4. They are:

A Aa(x) € 2 3

O_pe=——131-— 1— 2 —x)F(x)— -+ — 5.231

remmm U Tl e (0P eg) ) e

A Aa(x) £

— 1— F . 5.232
IF- g [ 2(Na)? (X>} (5.282)
Using the expressions (5.70) and (5.71) for the static configuration analyzed in Sec. 5.2.2, we
compute the derivatives in the domain o~ > o5. These derivatives match Egs. (5.231-5.232)
upon replacing a with ay. This supports the conclusion that the final state is precisely the
static solution presented in Sec. 5.2.2. In direct analogy with Egs. (5.224-5.223), for X = Xp we
take the limit A\a@ — 0 to first order in perturbation theory. Under this limit, Eqgs. (5.231-5.232)
simplify to:

1
3_p< = —58_ InF~ —

A A g
o= (1222 2
1 A Aag
_pe=—=0_InF" — ——— 234
0-pe= 50 MF — T, (5.234)
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whereas in the region o~ > o we find:

)\ /\CLf
= _ 2
0 ¢ QF_( ; ) (5.235)
1 )\ /\(lf
_ps = —=0_InF~ — ——. 5.236
8 P> 2 n AF- @2 ( )

Substituting Eqs. (5.233-5.236) into Eq. (5.230) yields the following energy-balance relation:
Arad = ANa — af) — Aag, (5.237)

where, using Eq. (5.211), we identify Aa,qq = 22204% = — = F(%p). It is thus evident that
energy is conserved: the initial mass of the infalling matter, Aa, equals the sum of the radiated
energy Aa,qq, the mass of the residual spacetime Aay, and the energy carried by the thunderpop

)\ao.

Since no further coordinate transformation is permitted as the X = Xp hypersurface is
crossed, continuity of the metric and the dilaton field, enforced by Eqs. (5.228-5.229), implies
that the mass parameter of the final geometry must satisfy Aay = Aag. When this is combined
with the energy balance condition (5.237), it follows that there is no thunderpop at the end-
point of the evaporation process, i.e. Aag = 0. This result is valid within a perturbative analysis
to first order in €.

Another important issue to emphasize is that the asymptotically flat solution described in
Sec. 5.2.2 develops a curvature singularity already at first order in the perturbative expansion.
This behavior is similar to what occurs in the BPP and RST models (Sec. 4.3.3). As in those
cases, one must therefore impose reflective boundary conditions at the hypersurface where the
singularity appears.

In conclusion, the final geometry coincides with one of the static, quantum-corrected Minkowski
vacuum configurations from Sec. 5.2.2, specified by t.(6%) = 0. Thus, even though the asymp-
totically flat coordinates remain continuous across the X = Xg hypersurface and no thunderpop

arises at the end of evaporation, the quantum state still undergoes a transition from |0, o) to
10,5).

It should be emphasized that we do not know the exact structure of the £ correction to the
metric in the A\ag term in Eq. (5.228), because at this stage perturbation theory ceases to be
reliable and higher-order contributions may affect the first-order terms. In particular, there
may be an extra contribution beyond —;=-F(%Xg). The presence of such a term would generate
a non-vanishing thunderpop. To clarify this issue, one would require either a non-perturbative
solution that captures the end-point of evaporation, or a numerical analysis of the equations
of motion (5.44-5.46). However, this uncertainty does not affect the derivation of the energy
balance relation (5.237).
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Chapter 6

Dimensionally-reduced 5DCS gravity:
Riemannian sector

In this chapter, we study the Riemannian sector of the dimensionally-reduced theory of five-
dimensional Chern—Simons gravity (DR5DCS). Our analysis follows the same methodological
framework as that employed for the CGHS model in Chap. 4 and for the DREH model in
Chap. 5. Analogously to the DREH model, we demonstrate that the DR5DCS model does not
admit exactly solvable equations of motion once quantum corrections are included. Thus, we
resort to the perturbative treatment like in the analysis of the DREH model. The action in
the Riemannian sector is obtained in Sec. 2.2.2 and is explicitly presented in Eq. (2.25). For
convenience, we rewrite it here:

k 2
SDR5DCS-R :# / da?y/—ge™®? {R (14 3(A\)%e*)
6 1
+6 ((Vo)? + Ne) + Tt 31°(Vg)* (O¢ — (V¢)?) } -3 /dQ:v\/_—g (V)2
(6.1)

For simplicity, we introduce the constant prefactor of the action as a = % The first term in
Eq. (5.1) encodes the gravitational action, denoted by S;, whereas the second term accounts
for the matter sector, modeled here as a single scalar field, labeled S,,,. The key difference here
is the emergence of terms containing four derivatives of the dilaton field, which originate from
the Gauss—Bonnet contribution in the full five-dimensional theory.

The chapter is organized into three sections. In the first Sec. 6.1, we examine the classical
theory and demonstrate that the most general vacuum solution of the classical equations of
motion corresponds to the dimensionally reduced BTZ black hole. We then analyze the clas-
sical gravitational collapse and determine how the spacetime mass depends on the integration
constants appearing in the general solution. In the final subsection, we construct in detail the
Penrose diagram corresponding to this collapse scenario.

The following Sec. 6.2 introduces the quantum corrections via the Polyakov-Liouville action.
Since the resulting equations of motion cannot be solved exactly, we adopt the perturbative
approach outlined in Sec. 3.4.1, derive the general quantum-corrected solution, and examine
the static configurations that mimic the empty AdS spacetime. As in the BPP model, the
AdS vacuum ceases to be a fluxless solution once the quantum corrections are included, so we
obtain the quantum-corrected AdS spacetime. The final subsection then explores the eternal
black hole scenario.
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The final Sec. 6.3 addresses the evaporating black hole scenario. We construct the quantum-
corrected collapse model by matching the quantum-corrected AdS spacetime to the evaporating
black hole solution. Next, we determine the final state of the evaporation and analyze the
geometry of the final spacetime. We demonstrate that it is once again a quantum-corrected
AdS spacetime with a particular mass constant. Within first-order perturbation theory the
thunderpop does not appear; however, when the solution is computed to higher orders in h,
one should obtain a non-vanishing mass for the thunderpop.

6.1 Classical equations of motion and their solutions

In this section, we examine the equations of motion, derive and analyze their solutions, and
discuss selected thermodynamic properties within the Riemannian sector of the full theory of
dimensionally-reduced 5DCS theory. We begin by deriving the general vacuum solution. It is
found that the vacuum sector exhibits two distinct branches. We demonstrate that one branch
corresponds to the dimensionally-reduced BTZ black hole [78, 116], whereas the other branch
yields a family of solutions characterized by an arbitrary function. Consequently, the solution
within the first branch is analogous to the Birkhoff-type configuration discussed in Chap. 5, in
the sense that the most general solution in this branch is static. At the end of this section, we
formulate the classical gravitational collapse scenario.

We begin by varying the the gravitational part of action (6.1) with respect to the metric:

898, =a / de\/—_g63¢{3 [2+ 12 (0¢ —2(Ve)*)] V,.oV.hdg" + 312 (V) V.V, g

-3 [((W ) 4 +l (Vo) (0o — (Wﬂ 909"

2
+ (14 3(\)%€*) g"0R,, — 312 (V) g"0,40T%, } (6.2)

-~

A B

The only remaining terms to be varied in Eq. (6.2) are A and B in the last line. The term A
has the same form as in the CGHS case and is therefore obtained from Eq. (4.9) by performing
the replacement e =2 — e3¢ + 3(\l)%e~?, namely:

A=a / d*z/—g { — V.V, (e 4+ 3(\)%e?) + g0 (e73? + 3(N)%e?) } 5g".  (6.3)

To compute the term B in Eq. (6.2) we move to the locally-flat reference frame (LFRF) defined
in Eq. (4.7):

3al2

Bl =B [ 00 0,00 0, Gan) + 0, (G0n) — 01 g

LFRF

3al
= -5 | Pae(00)%, ¢[27ﬂ“npﬁ 77‘“677‘”}87 (09as)

= 3 [ oo, (¢ 0070,0) - 30,0, (¢ @01P0) |39, (64)

Once more, by applying the identification (4.7), we lift the term B from the locally flat reference
frame (6.4) back to a general Riemannian manifold. The resulting expression is:

B = —3al® / dzv/—g [V (e73(V$)>V,0) — 177,“,v (e 3¢(v¢)2w¢)}59w’. (6.5)
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After substituting both terms A and B from Egs. (6.3) and (6.5), respectively, and performing
algebraic manipulations, we obtain the following equation of motion for the metric field:

{1 + (A)*e* — 1 (0o + (V9)?) } V.oV, ¢ — {1 + (Al)%ﬂ V.V,

2
+ % V.0V, (Vo) +V, 6V, (w)ﬂ + [Ew) —2(Ve)? + N2 + %2} G (6.6)
A3

+2[(V0)! 4 (D0 - (Vo) W0 - 19,07 (Vo | -

where T}, = \/_—_lg% is the energy-momentum tensor of matter fields. Next, we vary the

action (6.1) with respect to the dilaton field:

598, = —3a / dzw\/—_ge?’d’{ [R (14 (N)*€*?) + 6(V)* + 220%™ + 1%} 5o
+315(Ve)* (D¢ — (Vo)*) 66 — I*(Ve)*D(d9)
— 241 (36— (V9)*)] 6 ((Ve)?) } (6.7)

Using 0 ((V)?) = 2¢"*V, ¢V ,(0¢) and 0(d¢) = ¢"*'V,V ,(d¢), and performing an integration
by parts, Eq. (6.7) can, after some algebraic manipulation, be simplified to:

3(Ve)? —20¢ + 1| (2(Ve)* — 0¢) O¢ + (V. V.0 + 4V ,.0V,0) V“V”gb]
(6.8)
— 31V, 0VH* ((V9)?) = Ne* + l% + %R [1 + (A2 — F(W)?] :

After changing to the reduced field x, defined in Eq. (2.46) the metric Equation of motion (6.6)
becomes:
2

)
(x* + 1)V, V,x + POxV,xV,x — 5 (V,.xV, (Vx)® 4+ V,xV,, (Vx)z) (6.9)

2 X 2 2 2 I? a 2 1
_g/ﬂ, (X +1)DX—Z—2(X +1—l (VX) ) —EV Xva(VX> :| ——mTulM

It turns out that Eq. (6.9) can be simplified even further, using the following identity:

1
(Vx)?V,V,x + O0xV,xV,x — 3 (V,xV, (Vx)* + V,xV, (Vx)?)

— [(Vx)0x - v.xve (V92 g, 6
[ o ! } (6.10)

where the two identities involving the Levi-Civita tensor (A.16) and (A.17), have been exten-
sively used. The resulting expressions for the equations of motion of both the metric and the
dilaton field take the following form:

1
(x2 +1- F(vx)2> [Vﬂvyx . (Dx - %) } = — T, (6.11)
2
(X2 +1-1 <VX)2) (R + z%) + 4% —axOx = 22 (V,V,xV'Vi'x — (Ox)?),  (6.12)

where we have used the identity (6.10) to simplify the metric equation.
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6.1.1 General vacuum solution

In this section, we address the equations of motion (6.11-6.12) in the absence of matter fields,
i.e., in the regime where the energy-momentum tensor 7}, vanishes. The metric Eq. (6.11)
factorizes into the product of two independent terms, thereby giving rise to two distinct branches
of solutions. We begin by examining the branch defined by:

VVoX = g (Dx l’;) (6.13)

Taking the trace of this equation yields /[?CJx = 2x. Combining this result with the dilaton
Eq. (6.12) leads to the following system of differential equations in the conformal gauge (3.2):

1

Or (e704x) =0 = Oix= iF%QP (6.14)

POx=2x = 0 (F'Fe?+x%) =0, (6.15)
2

R+ = =0. (6.16)

l2

From Eq. (6.14), it follows directly that the derivatives of the dilaton field take the static
ansatz form Eq. (3.13) with D = 1. Eq. (6.15) implies that the quantity A is indeed static
A = —(x* — u), where p denotes an arbitrary integration constant. The final Eq. (6.16) is
fulfilled automatically. Consequently, the general solution in the first branch can be written as:

l 2dX2

x2 —

\/_tanh{% (/d;ﬁ /dx >], 0 <x < /I, (6.17)
(/4[] w2

where the second equation follows directly from the definition of the tortoise coordinate (3.18).
There are two coordinate charts that overlap across the x = |/ hypersurface. We conclude
that the general vacuum solution within the first branch is the two-dimensional BTZ black hole
solution [78]. It is defined by two arbitrary function F* and one constant j, in other words
RI(F*,F~, ). It represents a static solution and is expressed in the form described in Sec. 3.1.

ds? = —(x* — p)dt? +

The second branch reduces to only one equation, namely:
*(Vx)? =x*+ 1. (6.18)

This equation directly solves the metric equations of motion. However, with some algebraic
transformation, one can verify that it also satisfies the dilaton Eq. (6.12). Therefore, the general
vacuum solution within the second brunch is given by:

ds? = 42 8*’“9‘

* ot da , (6.19)
where the dilaton field x = x(z*,27) is an arbitrary function. This arbitrariness can be
attributed to the residual freedom in the five-dimensional gauge transformations. We therefore
infer that, in this branch, the solution does not have to be static, and the dilaton field remains
an unconstrained function.
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Upon applying the static ansatz from Sec. 3.1, Eq. (6.18) reduces to x>+ 1+ AD? = 0. Since
this is the sole requirement, the most general static vacuum solution in the second branch,
expressed in the form Eqgs. (3.18-3.19), is given by:

12dx?
2 2
ds® = A(x)dt” + 21

[/ F),

Thus, the most general static solution within this sector can be written as RII(F™, F~, A(x)),
where the functions F* are arbitrary and encode the coordinate transformations, and A = A(x)
is an arbitrary function of the dilaton field.

One can readily verify that both solutions RI (6.17) and RII (6.19) fulfill the five-dimensional
Chern-Simons equations of motion (2.30). The first branch represents a dimensionally reduced
BTZ black hole [116]. The event horizon is determined by xz = /ft. It is linked to the mass
of the black hole—on which we will elaborate later—as well as to the surface gravity and, in
turn, to the black hole’s temperature:

(6.20)

1 dA B
e dx |4

\/ﬁ
s L) (6.21)

6.1.2 General static equations of motion

Let us first examine the metric Eq. (6.11). By inserting the ansatz (3.8), (3.13) and employing
Egs. (3.31) and (3.32), we obtain:

2
(x +1 +AD2>A2D@ = — 2

FE2T 22
dx 3km? 5 (6.22)

d 12
2414+ AD?) [D— (AD) +2x | = — T 2
(x +1+ >( Ob{( ) + x) ezl (6.23)

where 7T is the trace of the energy-momentum tensor. Recasting these two equations with the
rank-two tensor ansatz (3.14) for the EMT, together with the identities (3.33) and (3.34), leads
to:

d 2 212
= (x2 +1+ AD2> = —313 AT, (6.24)
>+ 1+ AD? prdd +2x | = iATLL (6.25)
* dx *) 7 32 ’ '
T'=T7"*=0. (6.26)

Next, the dilaton field Eq. (6.12) reduces to:

d (_dA d (AD) dA d (AD?)
2 2 2 il i A
(x* + 14 AD?) [Ddx <Ddx) +2} + 4x* + 4xD—— - P& 0.  (6.27)

By subtracting Eqgs. (6.22) and (6.23), then differentiating the resulting expression and employ-
ing Eq. (6.27), we obtain the following condition for the EMT components:

d

d ( dT dA T+t
dx

AF2TLy) = A = (T 43T) — 4 2A—— = 0. (6.28)
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The final Eq. (6.28) expresses the conservation law for the Riemannian EMT of the matter
fields, namely V,T" = 0, as previously introduced in Eq. (3.68).

It is possible to eliminate D from Egs. (6.24-6.27) and derive one second-order differential
equation for the metric function A. However, this equation cannot, in general, be solved exactly
for arbitrary matter fields, even in the particular case where the EMT is traceless. For this
reason, we do not present it here. When the matter is comprised of the massless real scalar
fields, the EMT is traceless and satisfies Eq. (4.34). In contrast to the Secs. 4.1.4 and 5.1.2 where
the solution with charged scalar matter is presented in the BPP and DREH models respectively,
in case of the DR5DCS model there is no closed form for the charged scalar matter solution.

6.1.3 Conformal diagram of the maximally extended BTZ black hole

In this subsection, we construct the conformal diagram of the BTZ black hole, which corre-
sponds to the most general vacuum solution of the equations of motion in the DR5DCS model.
The metric in the static coordinates and the tortoise coordinate are given in Eq. (6.17). For
convenience, we reproduce it here:

oL EovEl (6.29)
I 2yp |x+ /1

We work in the Eddington-Finkelstein gauge, so the solution is characterized by (—1,1, ).
The first step toward obtaining the maximally extended geometry is to introduce Kruskal
coordinates (see App. C.3 for the Schwarzschild case). These coordinates are regular at the
horizons and are therefore defined using the surface gravity (6.21), as explained in App. D.5.
The Kruskal coordinates are then given by

A=—(x"—n),

=t Kl = p, (6.30)
where the choice of sign depends on the spacetime quadrant indicated in Fig. 4.1. We now di-
rectly perform the conformal coordinate transformation that compactifies the spacetime, yield-
ing the Penrose conformal diagram:

|ka

x" =arctan(kzt) A x =arctan(kz"). (6.31)

We start by identifying the event horizon in the diagram. As already noted, it is determined
by the condition A = 0, or equivalently xy = /u. Hence, we obtain:

A=0 = xg=p = op—-00 = a7=0 = x =0 (632

We now focus on isolating the first quadrant, where 2™ > 0 and z= < 0. As in the usual
case, this region describes the exterior of the black hole, or the outer universe. However, the
AdS asymptotics modify the standard structure of this spacetime patch. From Eq. (6.30) we
infer that spatial infinity x — oo is now associated with ¢ = 0, in contrast to the conventional
case where 0 — oo. This significantly alters the conformal diagram:

c=0 = raTr =-1 = tan(x")tan(x)=-1 = X+—X_:g. (6.33)

Consequently, instead of being represented by a single point on the conformal diagram,
spatial infinity i® becomes a time-like hypersurface. This is the key characteristic of an asymp-
totically AdS spacetime. Constant-time hypersurfaces appear as straight lines emanating from
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the bifurcation point (0,0), while lines of constant x correspond to hyperbolae in the Kruskal

coordinates:
Jr
T
t=const. = — =const. A x=const. = x'x" = const. (6.34)
o

With this, region I is completely specified. Region II, defined by z* > 0 and z= > 0,
contains the singularity at x = 0, and therefore corresponds to the black hole interior. From
Eq. (6.30) we also obtain o = 0. Hence, we have:

c=0 = raTr =1 = tan(x")tan(x)=1 = xT+x = g (6.35)

Because this region corresponds to A < 0 once the horizon has been crossed, time and space
interchange their roles. In this case, constant-time slices are described by hyperbolae, whereas
constant-x hypersurfaces are represented by straight lines emanating from the bifurcation point
in the Kruskal diagram.

To fully construct the maximally extended

solution, we must also analyze regions III and Black hole singularity
— ) ) A _ - x*
IV in Fig. 4.1. By following an analogous pro X _ﬁ
cedure, we recover the standard behavior. Re- ) T
2 2

gion I1I represents the second exterior universe,
while region IV corresponds to the white-hole
region. It is worth emphasizing that the curva-
ture invariants remain finite at the x = 0 sin- 5
gularity. This singularity is present only from
the perspective of the dilaton field, which must
obey x > 0. Therefore, without the dilaton ar-
gument, the BTZ black hole represents a spe-
cific patch of the AdSs.

~"/2
: o . |E| i
The full Penrose diagram is displayed in L

Fig. 6.1. In this figure, constant-time slices White hole singularity

are drawn in red, whereas hypersurfaces of con-

stant x are shown in blue. Spatial infinity and Figure 6.1: Penrose diagram for the BTZ black
the event horizons are indicated by green lines, hole.

and the singularity is represented by a wavy

black line. Thus, the entire causal structure is

readily visualized.

_7'[/2

One can immediately see that null rays reach the asymptotic boundary in a finite time. We
now demonstrate this explicitly:

1 1
de _ = At = In Xo ¥ VI

dx  x2—p 2/ | X0 — /1
where xq denotes the point from which the light ray is emitted. This behavior is a charac-
teristic property of AdS-asymptotic spacetimes. Consequently, one typically imposes reflective
boundary conditions at the asymptotic boundary for all fields, which effectively confines the
particles to a box. From the standpoint of Hawking radiation, however, this setup is problem-
atic, since the radiation should be able to escape to infinity. To resolve this, one introduces flat
bath regions and replaces the reflective boundary conditions with transparent ones, allowing
the Hawking quanta to propagate into the thermal bath regions. Additional discussion of this
construction is provided in Sec. 11.1.

ds®’ =0

, (6.36)
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6.1.4 Classical collapse scenario

Here, we investigate the classical collapse scenario. We strictly follow Sec. 3.4 where it was first
described. The matter fields are incorporated as an ingoing shockwave of massless particles
along the ™ = z§ hypersurface, with the EMT given in Eq. (3.99). This shockwave divides
the spacetime into two distinct regions, as illustrated in Fig. 3.2. Subsequently, one has to join
these regions smoothly by imposing the continuity conditions (3.102) and (3.104).

We start by rewriting the "++" equation of motion (6.11) in the form (3.103). It is given
by:

(2 +1—1%(Vx)?) 04 (e7%0,x) = o (zF —af)e . (6.37)

6km2F+
Next, we integrate Eq. (6.37) with respect to the ™ coordinate over the interval from xj — ¢
to ¥ + ¢, and then take the limit ¢ — 0. We assume that x, 9_x, p and 0_p are continuous
functions, whereas 0,x, d,p, 0.0_x, and 0,0_p are allowed to exhibit discontinuities across
the hypersurface 27 = z¢. Under these conditions, the integration yields:

> M

I
zt=xg

(x2 +1-— %lz (VX)Q) 04X

where ">" ("<") corresponds to the region of the spacetime where ™ > z§ (z+ < z7). Using
the static ansatz (3.8) and (3.13), Eq. (6.38) becomes:

= Ml
= (6.39)

1
>+ 14 =AD?* | AD
(X T > Skn?’

<

which coincides with the form given in Eq. (3.104). We now continuously connect two solutions
RI(F}, Fy, 1) and RI(Fy, Fyy, par). Upon inserting the expression (6.17) into Eq. (6.39), the
latter simplifies to:

2M1
por (prr + 2) — pur (pr + 2) = Yo (6.40)
Requiring the continuity of metric gives the jump in F~ coordinate transformation:
F+F—IE62p — F_I:I = ﬁ _ (6.41)
FtFre  F| X2 — pu at=zf

Finally, one has to verify whether the continuity condition for the dilaton field holds. Since
Eq. (6.40) requires ju; > pr, we must distinguish three separate cases: 0 < x < /fi1, /i1 <
x < /pi, and x > /ur. These intervals correspond to two coordinate charts that together
form the atlas of the BTZ solution (6.17) in both spacetime regions. Thus, we obtain:

;o 0<x </,

)
)>, Vin < x </, (6.42)
)

\/ﬁ_ tanh( o7 (08_—6
pit coth (ﬂ o4 —o~
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where 6% denote Eddington-Finkelstein-like coordinates in region II of the spacetime. One can
readily verify that Eqs. (6.41) and (6.42) are mutually consistent. Moreover, Eq. (6.42) serves
as the defining relation for the 6~ coordinate, while the other coordinate remains unchanged,
6T = oT. Therefore, we conclude that the solution in region II takes the form:

_ 2M1
RI <FI+,FI_ {1 + A= L osh? (\/2—'71 (JSL — 0_))} ,\/(MI +1)* + i 1) ;X </,

Hr

_ oM
RI (F;,F; {1 - %sin}ﬁ (% (of — a‘))} ,\/(m TP g - 1) x> /L
(6.43)

Eq. (6.43) describes how the spacetime is modified when an infalling shockwave with mass
M is introduced. To obtain a genuine gravitational collapse setup, region I must be described
by a massless AdS spacetime. There are two possible values of the parameter p that yield AdS:
u =0 and p = —1. The appropriate choice in this context is u = 0. This follows from the fact
that, for 4 in the range between —1 and 0, there are several naked singularities |78, 117|, which
are forbidden by the cosmic censorship conjecture [106]. Consequently, the classical collapse
scenario corresponds to the situation in which the initial spacetime is described by RI(—1,1,0).
Taking the limit g — 0 in the solution (6.17) one obtains:

Pdx* 11 dz* dz~
2 _ 2 142 —
ds® = —x°dt* + 2 ;—2—1(/F—|—/F—>, (644)

where we have used only the second chart, corresponding to x > ,/u, and set 1 = 0. One can
readily verify that this metric indeed describes AdS spacetime in Poincaré coordinates. Under

the coordinate transformation x = —1/z, the metric is immediately brought into the standard
Poincaré patch form, namely
—dt? + [2dz? 1 1 dzt dz~
ds? = ——————, ——=z=—— —_— — . 6.45
i z? ’ x 21 < P / F- ) (6.45)

Having established that ;1 = 0 corresponds to empty AdS spacetime, taking this limit in (6.43)
yields the following solution in region II of the spacetime:

+ N\ 2
oy — O 2M1
RI (—1,1—M(T> ’\/1+3k7r2 —1) . (6.46)

The 6% coordinates following the collapse are therefore:

6t =0, (6.47)
1+ ‘é—? (UBL — 0*) ‘

1—‘/—‘7(05{—0*) '

(6.48)

21
Then, the solution in region II of the spacetime is given by:
X — /1t
X+ /1

FTF e? = —x* 4+,

1
=—Ind+ ln‘

2/

T+x/1
e val (6.49)

1
In

2/
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where we have used the collapse-adapted coordinates (d,%) defined in Eq. (3.107). In these
coordinates the coordinate transformations take the form:

Ft=1 A F =1-pux (6.50)

Note that, on the shockwave hypersurface § = 1, equations reduce to the solution (6.44). The
horizon and the singularity remain xg = ,/u and xg = 0, respectively, or in terms of the ot

coordinates:

1 1 1+ Xg/;
)A(H = —— 11] 68/1‘0 = ln' +XS/ O%‘ (651)

2/ |1 —Xgy0

Observe that these two hypersurfaces intersect at infinity, that is o5, = +o00, which is consistent
with the absence of quantum corrections in the classical setting. Another important point is that
the two limits, x — 0 (corresponding to the singularity) and x — 400 (corresponding to spatial
infinity %), are described by the same formula in Eq. (6.51). The logarithmic term admits two
distinct branches. The singularity is characterized by the branch where xg < —1/,/j1, whereas
spatial infinity is associated with the interval —1/,/n < xg < 0.

Fig. 6.2 depicts the classical collapse setup
in the (d,%x) coordinates (3.107). The ingo-
ing shockwave at 6 = 1, shown in red, di-
vides the spacetime into two distinct regions,
labeled region I and region II. Through the re-
lation x = —1/z, spatial infinity is identified
with z = 0, while the spacetime boundary at
x = 0 is mapped to z — —oo. As a result,
the ingoing shockwave intersects the spacetime
boundary only at infinity, and it is exactly at
this location that the singularity forms. In
Fig. 6.2, this singularity is shown as the wavy
black line. The event horizon, dashed purple
line, links the singularity to spatial infinity at
future time infinity %, which is located at co-
ordinates (0, —1/,/g). The explicit forms of
these hypersurfaces are given in Eq. (6.51), and
the spacetime metric with the corresponding
tortoise coordinate is given in Eq. (6.49).

Figure 6.2: Classical gravitational collapse sce-
nario for the BTZ black hole in (J,%) coordi-
nates.

Next, we turn to the analysis of solutions of type RII. Since 0_x. = 0_x-, the function D
is continuous across the hypersurface = = x{, which in turn implies that A is also continuous.
We therefore conclude that, within this framework of gravitational collapse, solutions of type

RII cannot be continuously connected.

Finally, one needs to investigate what happens if the solution in one spacetime region is of
type RI, while the solution in the other region is of type RII. As before, the continuity condition
for the D function has to be applied. Because the RI solution satisfies D = 1, the remaining
portion of the spacetime corresponds to an AdS patch. Consequently, the problem reduces to
that of matching two RI-type solutions, with the caveat that one of them has y = —1, which,
as previously noted, is unphysical.
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Observe that Eq. (6.46) implies the proper relation between the mass of a BTZ black hole
and the parameter p is:
2M1
3km?
This outcome agrees with the result obtained in [118]. It can likewise be reproduced using the
ADM formalism [119], or by employing the holographic framework together with the boundary
stress-energy tensor [120].

p=1/1+ 1. (6.52)

6.1.5 Conformal diagram depicting the classical collapse scenario

In this section, we construct the conformal diagram for the classical gravitational collapse sce-
nario, illustrated in Fig. 6.2. Region I represents the massless BTZ black hole, whose metric and
tortoise coordinate are given in Eq. (6.44). We have seen that, by performing the substitution
x = —1/z, one obtains the Poincaré patch of the two-dimensional AdS spacetime, as defined in
Eq. (6.45). Because x > 0 implies z < 0, the spacetime of region I corresponds to a part of the
left Poincaré patch. We now define the conformal coordinates as:

xT = arctan (\g_[ﬁ (ot — JJ)) , A X =arctan (g (07 — O'+)> . (6.53)
Then, the spatial infinity i°, characterized by x — oo prior to the shockwave corresponds to
z = 0, or 0, = o_. In terms of the conformal coordinates (6.53), this condition becomes
xT = x~. Conversely, the spacetime boundary at x = 0 corresponds to the limit z — —oco. As
a result, it consists of two distinct hypersurfaces:

ot - -0 = x"=-——,
2 (6.54)
o — 0 — X ==

In the absence of the shockwave, we simply recover the left Poincaré patch of AdS spacetime.
Once the infalling matter is introduced, the region I terminates at the shockwave hypersurface,
which slices through the left Poincaré patch along o™ = o . In terms of the conformal coordi-
nates, this corresponds to x* = 0. Consequently, region II occupies the part of the spacetime
characterized by x* > 0.

In region II, spatial infinity is again located at z = 0. Due to the change in the asymptotic
coordinates, however, this hypersurface becomes curved. Its form is determined by Eq. (6.51),
which can be written as:

a1
X0/l = (;;‘/ﬂﬁ = tanh(y/pInde) =  x;, = arctan (tanh (tanx}) ), (6.55)
70

in the conformal coordinates (6.53). The other branch of Eq. (6.51) defines the singularity
hypersurface generated by the gravitational collapse. The singularity is given by:

2\

1

Xg\/1L = % = coth(y/pnlnds) = xg = arctan (Coth (tanxd) ), (6.56)
S

in the conformal coordinates (6.53). Finally, the horizon becomes:
T

Suvi=-1 = x = (6.57)
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These three hypersurfaces (6.55), (6.56), and (6.57) intersect at future time infinity . The
coordinates of the future time infinity point ™ and the past time infinity point i~ are:

T GD) n re(5oD) 639

respectively, in the format (x~,x"). The conformal diagram is shown in Fig. 6.3.

Fig. 6.3 shows the Penrose diagram
for the classical gravitational collapse sce-
nario within the dimensionally-reduced five-
dimensional Chern-Simons gravity. Both re-
gion I, prior to the collapse, and region II,
following the collapse, are clearly displayed.
Region I corresponds to the part of the left
Poincaré patch of AdS spacetime discussed
above. It is separated from the other region by
the ingoing shockwave hypersurface, depicted
in red. The spacetime boundary at x = 0 is
shown as the black line within region I of the
diagram. It extends into region II of spacetime,
where it represents the black hole singularity
(illustrated by the wavy black line), which is
concealed behind the event horizon, drawn as
the dashed purple line. The spatial infinity 7°
appears as a smooth green line which extends
in both regions. The figure also displays both
future time infinity ¢ and past time infinity

7 .

Figure 6.3: Penrose diagram of the classical
gravitational collapse for the BTZ black hole.

6.2 Adding quantum corrections

In this section, we incorporate quantum corrections into the classical DR5DCS action (6.1).
These corrections are included via the Polyakov—Liouville action (3.72), in the same manner as
in the BPP and DREH models. As in the DREH model, equations cannot be solved exactly, so
we adopt the perturbative method presented in Sec. 3.3. Because no counterterms are added,
the dilaton Equation of motion (6.12) remains unchanged. In contrast, the metric equation of
motion (6.11) is modified by the EMT of the quantum fields (3.77). We now directly express
the metric equation in the conformal gauge (3.2):

(x2 +1-— 12(vx)2) 0 (e720.x) = ¢ { (0:p)” — Pp+ta(a®)| e, (6.59)

(x2 +1- F(vx)?) (3—? - DX) - —%R, (6.60)

where, in the second line, we have made use of the trace anomaly of the scalar-field EMT,
namely (AT)) = %R. Moreover, we introduce a natural perturbative parameter ¢ = Whﬂg
We then evaluate the quantum-corrected solution corresponding to the first branch (6.17). The
derivatives of the dilaton field and of the metric take the form:

x2—p X

O =" N 0= g

1
—50:In F*. (6.61)
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The first step in the perturbative treatment of these equations is to expand the fields to
first order in € using Eq. (3.108), i.e. x = x+¢£6 and p — p+ea. Since both d4(e7??d.x) and

— [x are already of first order in e, quantity x> + 1 — [?(Vx)? is evaluated at zeroth order.
The same reasoning applies to the EMT components. A straightforward calculation based on
Eq. (6.61) gives:
te(0*) f

i 1 ppe (6.62)

Upon substituting Eq. (6.62), the equations of motion (6.59) and (6.60) take the form (3.109),
which reads:

2
1PV =p+1, R=—g (0p)’ = Oip+1s(a™) =

-2 - 1 [te(o¥) H
0 (70,0 - 7F¢> = { | (6.63)
1
20 + 4l26_2p5’+3_9 + 4dxa = m (664>

The next step is to integrate Eq. (6.63) and derive the closed-form expressions for the derivatives
of 0, as outlined in Eq. (3.110). These expressions are given by:

1 GT 1 dz® ty (o)
0=_—F"|D+2 — 2p——F¥2”/—jE .
8i 9] { 1+ OA+F:'::| M+1 € Ft XQ—LL (665)

where the function D, is defined through:

le_ 1 1%
dcpt (3 )"

(6.66)

Next, we need to remove the function o from Eq. (6.65). This can be achieved by employing
Eq. (6.64). As a result, we obtain two first-order differential equations for : one involving 9,6
and the other involving 0_6. These equations can be solved, leading to:

1 G-  G7 X
=HF + = (x* - 2 D T A—— / dxD
b +2(x u){ + =+ 20+ 1}+2(u+1)+ xDx

F-  F*
1 do* detti(o x? — deT t-(o~
b e [ e [
p+1 F F= x> —pu w41 FF x?—pu
where HT represent another set of arbitrary functions. Furthermore, by using Eq. (6.65) we
have removed the remaining derivative term 0+, which reintroduces the function a. Requiring

that the two equations in Eq. (6.67) coincide then imposes the following consistency condition
on the functions H¥:

(6.67)

- +
H - [, gy L [d

1) t. (o) =C, (6.68)

w1 F+

where we have included an integration constant C'. It may be interpreted as the integration
constant of [ dxDx. Consequently, by eliminating the H¥ functions, we obtain:

1 G- Gt X R
0=—(x*— — 4+ — +2a+D = dxD 4 = 6.69
b 2(x t) {F ooy T2+ 11 2(M+1)+/ X 1X+2(M+1), (6.69)

where the integrals I, are defined as follows:

, da* dat ti(o®)
I:E_Q/ F:t (XQ—,M)/F—iXQ_M. (670)
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By following the method outlined in Sec. 3.4.1, a final integration remains to be carried
out. Isolating a from Eq. (6.65) and substituting it into Eq. (6.69) transforms Eq. (6.69) into
a first-order differential equation for 6. As before, there are two such equations, depending on
whether the derivative 0+ appears. Solving these equations introduces two additional arbitrary
functions, which are then determined by imposing mutual consistency of the two solutions. In
this way, one ultimately obtains the following expression for the final solution of 6:

0 1 Gt G~ dx X L +1-
do’ —— dz” == | — 2 | dxD
2 21(/ :IZ‘F+2—|—/ xF_2> /(XQ—AL)Q Lu—l—l—i_ /X 1X1+ P

(6.71)

where we have introduced another set of integrals:

de® 1 da® L
Ii:/ Fi X2—M/ Fi ti(U ) (672)

The final step consists in reverting to the quantum-corrected quantities (3.113). We begin
by examining the quantum-corrected metric:

G- GT
— 2p __ 2
FTF ep——(X _u){1+€(F_+F_++2a>}

:_X2+N_2€X9+8|: Q/dXD1X+(X2—M)D1:|+ﬁ(1/++1/)

p+1

I, +1),
(6.73)

—(X+€9)2+u+€{ﬂx

+1+2/de1X—|—(X2—,u)D1] +

9
w1

where Eq. (6.69) has been applied. We now determine the quantum-corrected tortoise coordi-
nate by making use of Eq. (6.71):

x+§ - “/(xﬁ{uf [uilw/dwlx}_ﬁ(hﬂ)
SlECE) ) e

From this equation, it is evident that G* indeed encode the quantum corrections to the coor-
dinate transformations. The only remaining task is to explicitly evaluate all integrals over x
that appear in Eqgs. (6.73) and (6.74). These are:

1
2\/ﬁ

i; § X ] . (6.75)

\/_
g (6.76)

1 1
D=5 [Ml

L—|—2/dXDlx+(XQ—;/J)Dl:— L In
u+1 o+ 12/

/ dx [ X +2/dD ] 1 1 X n
xDix| =
(x2—p)® [p+1 ! pA+14/px? —p x+\/_

Finally, as anticipated, the integration constant C' is understood as the quantum correction to
the constant p. In other words, we make the replacement p + eC' — p. This removes C' from
both of the final Egs. (6.73) and (6.74). Consequently, the general quantum-corrected solution

D (6.77)
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takes the form:

FrF e = x>+ —

X_\/_ ’
X—}-\/_ I], (6.78)

() o

We therefore find that the general quantum-corrected branch-one solution, which is continu-
ously connected to the dimensionally reduced BTZ black hole at the classical level, is defined by
(FT,F~,u,ty(o%),t_(07)). The integrals (6.70) and (6.72) can be evaluated once the quantum
state is chosen, because they depend on the functions ¢4 (0%). In particular, the quantum state
|0, z) is characterized by t(2¥) = 0 (see Sec. 3.3). We have adopted the shorthand notation
I =1I;+I_and I' =TI’ +I'". Note that these two integrals are not independent; they are
related through the equations of motion, so once the quantum state is fixed, only one of them
actually needs to be computed. A key property of the solution (6.78-6.79) is that, in contrast
to the DREH model (see Sec. 5.2), Eq. (6.79) is not transcendental, and thus x can be written
in terms of the coordinates using elementary functions.

u+1l2\/_
\/_-i- £ [ x 1

1
1
x+\/_ p+1 | x2—pud/n

In
2\/1

Note that we have not addressed the dilaton equation of motion (6.12) explicitly. This
equation is automatically fulfilled once the solution (6.78-6.79) is substituted, because it is
equivalent to the metric equation combined with the EMT conservation law, which is obeyed
by the quantum-corrected EMT (3.75).

For completeness one could also consider the quantum-corrected branch-two solution. Yet
this solution is not continuously connected to a well-behaved BTZ black hole and involves an
arbitrary function, which likely originates from unfixed five-dimensional gauge transformations.
Consequently, it does not constitute a physically meaningful solution. Therefore, we will not
examine it further here.

6.2.1 General static quantum-corrected solution

In this subsection, we employ the static ansatz from Sec. 3.1 for the quantum-corrected equa-
tions of motion (6.24-6.26). Upon substituting the explicit expressions for the components of
the EMT describing the quantum corrections (3.79), the metric equation of motion simplifies
to:

1
TH =T =0 — (o) =t (07) = 4_1257 (6.80)
d/, 2 1/ _dA d [ _dA
—— 1+AD?) =c|E24-(D—) —AD D— 81
2dX(X+ + ) c +4( dx) dx( dx) <68>
dA 1/ _dA\?
2 2 g AL — =L (p2t )
A<x +1+AD>(D dX+2x> 5 +4(DdX> (6.82)

where = is a constant related to the state of the quantum fields. To complete this system, we
must also include the dilaton equation of motion (6.27). Since both the left-hand side and the
right-hand side are of order ¢, we can directly insert the classical static solution (6.17). The
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system of Eqgs. (6.81) and (6.82) then takes the form:

2 =
dAD) o= (Efr 4 (6.83)
dx w1 \x2—pu
dA € E+pu
D*— = -2 1). 84
I X+/~L+1(X2_N+> (6.84)

Subtracting Eq. (6.84) from Eq. (6.83) gives the following solution for the function D:

D2 2 = = \dD =
_ 2R o (2 o proiio(Z41) Dy (6.89)
dx  p+1x2—p 1 dx 1

where we have employed Eq. (6.66) to rewrite the solution for D in terms of the function Dy,
presented in Eq. (6.75). Upon substituting this expression for D into Eq. (6.84) and performing
the integration, the metric function A takes the form:

= €
A:—X2—|—/,l,+€(;+1> {ﬁﬁ-Q/dX,DlX—'—(Xz—/L)Dl} —

Finally, we determine the tortoise coordinate using Eq. (3.18), which gives:

%:2}1 x+§ < :1)/(X2dxu>2 le+2/dxplx] (6.87)
_4u2(€/;+1>< ;\/fz _};\/fi)

The solutions (6.85), (6.86), and (6.87) are expressed through the integrals (6.66-6.77). By
substituting these expressions, we obtain the following final solution:

Del-—" <§+1){ Y oS V/2] B ]
2(p+1) \u 2 v
9 € = X X—\/_ e =
A=t u+1< N )2\/' by I T 6.35)
o 1 I X—\/ﬁ+ 5 (E+1) X 1 lnX—\/ﬁ '
I 2y |x+/p| p+1\p X2 —pdyp | x4+ /p
€S x—Vi| x—&
_4M2(M+1)( X+ /i _X+\/ﬁ>'

6.2.2 Solution without energy flux at the asymptotic infinity

In this section, we derive the quantum-corrected AdS vacuum solution. By definition, it is
a static configuration with no energy flux at asymptotic infinity. The corresponding vacuum
state is the Boulware state (3.96), which is implemented by choosing t. (%) = 0. Equivalently,
this means that the EMT of the quantum fields is normal-ordered with respect to the Ed-
dington—Finkelstein coordinates. The general static solution (6.88) depends on the constant =,
which is fixed by the choice of vacuum through Eq. (6.80). Setting = = 0 selects the Boulware
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state. In this case, the solution simplifies to:

D_1_ € 1 X—\/_ X
T 2(p+1) 2\/_ x+\/_ ’
e x X — /I
A=—x4pu— 1 : 6.89
S 0Tl PN (6.89)
o 1 X —\/p € X 1 X — /1t

= In
PN

+ In .
X+ i p+1x2—pd/p | x4+ /1
This solution can be obtained directly from the general solution of the quantum-corrected
equations of motion (6.78-6.79). It is specified by (F*,F~, 1, 0,0), which corresponds to the
vanishing integrals (6.70) and (6.72). Once these integrals are set to zero, the two solutions
coincide.

The important feature of the fluxless solution in the DREH model is that, in the limit of van-
ishing mass, it remains smoothly connected to the Minkowski vacuum solution (see Sec. 5.2.2).
This feature does not hold in the BPP model. As demonstrated in Sec. 4.3.1, the linear dilaton
vacuum in the BPP framework carries energy flux at both past and future null infinity. Solu-
tion (6.89) displays analogous behavior. Although the limit p — 0 is well defined, it does not
reproduce the AdS vacuum solution. Instead, in this limit the configuration approaches the
quantum-corrected AdS spacetime, given by:

1
D=1, A=-x*+ex+eC, —=—-=-———— (6.90)

where we have retained the quantum correction C to the p constant. It is worth emphasizing
that, even in the limit C' — 0, the solution does not reduce to pure AdS spacetime.

In Secs. 4.3.3 and 5.2.2 we show that the fluxless solutions are horizonless in both BPP
and DREH models. The same logic follows here as well. Trying to find the horizon reduces
to demanding that the norm of the Killing vector vanishes, i.e. A = 0. Solving this equation
in a perturbative expansion yields xy = /i + O(e). At first sight, this suggests the presence
of a quantum-corrected horizon. Nevertheless, this solution is not well defined within the
perturbative framework, because the quantum correction to A vanishes when evaluated on
the classical horizon. Consequently, there is actually no horizon within the first-order of the
perturbation theory.

Another issue that needs to be addressed is whether the solution (6.89) develops any sin-
gularities. In both the BPP and DREH models, the scalar curvature diverges on a certain
hypersurface, which must therefore be identified as the boundary of the spacetime. A straight-
forward calculation of the scalar curvature reveals that it does not receive any quantum cor-
rections within the first order in ¢, i.e.:

From this analysis, we infer that no curvature singularities arise at first order in perturbation
theory. Nonetheless, one must keep in mind that x > 0, so within the DR5DCS framework we
are still required to impose the reflective boundary conditions (4.117) on the hypersurface at
x = 0.
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6.2.3 Eternal black hole scenario

In this section, we present the eternal black hole scenario. It describes a black hole in equilibrium
with its environment. Consequently, it corresponds to a static configuration and must be
specified by choosing a particular value of the constant = within the general static solution
(6.88). Because this is a black hole solution, it must possess a well-defined event horizon [106].
The event horizon is specified by the condition A = 0, so the classical location of the horizon
is xg = /it As long as the solution contains a term of the form In|x — /|, the quantum
correction diverges at the classical horizon, just as in the fluxless solution discussed in the
previous section. There is a unique value of = that eliminates the logarithmic contribution in
A, namely:

[1]

= —u. (6.92)

Substituting this value of = into the general solution (6.88), we obtain the following eternal
black hole solution:

D=1,
A=—x*+pu+ X — )

K M+1< Vi) (6.93)
o 1

- = In

PN

X —\/p €
X+¢ﬁ+4Mu+U(m

X —\/p _X—\/;_L)
X+ /| xX+\/u

We can now straightforwardly determine the event horizon by solving A = 0. One observes
that the integration constant in the Z-dependent term of Eq. (6.88) is fixed such that the
quantum-corrected horizon coincides with the classical one, xy = /. We then proceed to
evaluate the curvature. A direct calculation gives:

1d2A 2

RER PN

R — xg = 0. (694)

Thus, the singularity does not acquire any quantum corrections as well. The surface gravity is

given by: i
_VHEl o8
. l {1 2 1)\/_} : (6.95)

To confirm that the solution (6.93) indeed describes an eternal black hole, we must verify
that the quantum fields are prepared in the Hartle-Hawking state (3.97). This requirement
means that the EMT is normal-ordered in Kruskal coordinates, which are obtained by ex-
ponentiating the Eddington-Finkelstein coordinates (see App. D.5), using the surface gravity
(6.95). Employing the definition of = (6.80) together with the transformation law for the
quantum-corrected EMT (3.83), we find:

K =

1 dA
% ‘Dd—x

ZﬁE:ﬁi@i%:(%§J2P4@¢)—%Dﬁﬁ#@::—%i — Z=—(kl)>=—p (6.96)

Since this matches Eq. (6.92), the solution (6.93) indeed describes an eternal black hole. We
now examine the singular behavior of the tortoise coordinate. Using the surface gravity in

Eq. (6.95) leads to:
a:i{mx_¢ﬁ— . St/ (6.97)
2K X+ 2p+1)/px+ /i
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In the general static quantum-corrected solution (6.88), the =-dependent term in the tortoise
coordinate is chosen so that there is a single logarithmic pole exactly at the quantum-corrected
event horizon xyg = /p, where the quantum correction vanishes.

The same solution can be derived from the general quantum-corrected configuration (6.78-
6.79) by explicitly evaluating the integrals I and I'. In this setting, the solution is given by
(F*,F~, p, =, —4=). Care is required, since these integrals are defined only up to arbitrary
functions, which must be fixed by substituting the solution back into the original equations of
motion. An analogous analysis for the DREH model appears in Sec. 5.2.3.

6.3 Evaporating black hole scenario

The evaporating black hole scenario covers both the gravitational collapse forming the black
hole and its later Hawking-radiation-driven evaporation. We use the framework of Sec. 3.4,
adapted to an asymptotically AdS spacetime.

In Sec. 6.1.4, we studied purely classical gravitational collapse, and in Sec. 6.1.5 we con-
structed its conformal diagram. We now extend this to the quantum-corrected case. Including
the back-reaction of quantum fields on the classical geometry yields an evaporating black hole.
As in the BPP model—and unlike the DREH model—the initial spacetime cannot be the AdS
vacuum. We therefore use the quantum-corrected AdS spacetime defined in Eq. (6.90). For an
evaporating black hole, the relevant vacuum is the Unruh state (3.98), defined by t4(o*) = 0.
Although the initial spacetime has zero energy flux at infinity, a nonzero flux appears at fu-
ture null infinity after the black hole forms, due to the change in asymptotic coordinates (see
Sec. 3.4).

The quantum-corrected collapse scenario is
shown in Fig. 6.4. Before black hole formation, i
we use the Eddington—Finkelstein gauge, i.e.,
the o* coordinates of solution (6.90), for which
the solution is (—1,1,eCy,0,0). In region II,
where an evaporating black hole is present, I
we use Eddington-Finkelstein coordinates 67,
and the solution is (—1,F~, 1, 0,t_(67)). We
must therefore determine ¢4 (6%) via the trans- I
formation law (3.83). Since the coordinate
transformation (3.6) is written in terms of
the functions F*, defined in Eq. (6.50), this
amounts to computing the Schwarzian deriva-
tive. The final result is expressed in terms of EI
the coordinate Xx:

Figure 6.4: Penrose diagram of the quantum-
t (6t)=0, t(67)= —ﬁ. (6.98) corrected gravitational collapse for the BTZ
black hole.

When the back-reaction is included, the classical spacetime depicted in Fig. 6.3 acquires a
third region as illustrated in Fig. 6.4. This additional region represents the static remanent
spacetime created as a consequence of the black hole evaporation. It is characterized by the
end-state geometry. With all necessary ingredients specified, the next task is to determine 6,

128



CHAPTER 6. RIEMANNIAN SECTOR OF THE DR5DCS GRAVITY

whose general expression is given in Eq. (6.71). This solution, however, is only fixed up to the
integral T in Eq. (6.72). The problem therefore reduces to computing these integrals for the
particular choice (6.98). Because t; = 0, the integral I, vanishes, leaving us solely with the

integral 1_:
do™ 1 do~
I= _(67). .
| o [T (6.99)

We begin by computing the inner integral. Upon applying the substitution in (6.50), the
resulting integral evaluates to:

/Tk_t@»yzﬁcl‘ifij: FFE),

6.100
A (6.100)

where we have defined an additional function F(x). Unlike in the DREH model, X can be
expressed in terms of the elementary functions of x and . As a result, the integral I simplifies
to:

1 X — 1 X — 1 1
2X In Vi + In® Vi +—= —(u+1)Dy(x)Ind,  (6.101)
X —pdy/p | xX+/p X+ /| 4xF—p

where the function D; is defined in Eq. (6.75). Plugging this expression into the solution for
in Eq. (6.71) yields:
'L - 1

1 /d G—++/dG_ T N
2—_pu 2 7 Fe T F2) T hur 1) |4 x—i-\/_

1
—Di(x) (m(s 4 c%) .

The metric correction v can be obtained directly from the Equation of motion (6.64). The
resulting expression is:

—
I

(6.102)

+ — 2 _ —
(x*—p) {2&+G——I—G—] —2x0 = ! {X P Vi —X:|— Ind—C. (6.103)

F+ ' F 2u+1) | 2y |x+ R

Egs. (6.102) and (6.103) describe the quantum modifications of the tortoise coordinate and of
the metric solutions, respectively. Hence, the final form of the solution can be written as:

n |2V —f}%( a 1n5+c>, (6.104)
X+\/_ 2 p+1

—y ? ! ] + Dy (1n5+ 0%1(2.105)

pA1

2
FHF e = —x* 4+ 1 — |
S —
x—\/_ £ {
n
Yxrval T At ) 4

Egs. (6.104) and (6.105) describe a family of evaporating black hole solutions specified by
a constant C' and by the coordinate transformation F~. The transformation F* cannot vary
across the ingoing shockwave hypersurface. The values of C' and F~ are uniquely determined
once the continuity conditions (3.102) and (3.104) are enforced.
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6.3.1 Evaporating black hole solution

In this subsection, we identify the specific solution among (6.104-6.105) that remains continu-
ously connected to the quantum-corrected AdS vacuum solution across the ingoing shockwave
hypersurface. In region I, the solution is provided by Eq. (6.90). For clarity, we rewrite it here:

e =x*—ex—eCy, ———=———=—-Ind+%, (6.106)
X

where we have retained the constant Cj, which is linked to the mass of the spacetime in region
I. We keep this constant as a diagnostic tool to monitor the energy balance in the model.
Nonetheless, from a physical standpoint we must set Cy = 0, because the initial spacetime is
required to be massless. Let us now determine the metric and the dilaton field along the ingoing
shockwave, that is, on the § = 1 hypersurface. They are given by:

o2p _ 1 £Co %
) 3 9
o=1 X

1
S [1 ~ Sk @&2} . (6.107)

The coordinate transformation F~ can now be straightforwardly determined by imposing
continuity of the metric across the § = 1 hypersurface. In this limit, Eq. (6.104) reduces to:

- x—/p| x
Fe? =x* - —eC + — [X K = —} . 6.108
s RS Wl PR (6.108)
After inserting Eq. (6.107), we arrive at the explicit expression for F~ = F~(x):
€LLCQA4+ e [1—pux? In 1+X\/_
X
3 p+1 1 4/u 1 =%/

Next, we enforce the "++" equation condition (3.104), which in the DR5DCS model takes
the form:

Fo=1-(u+e(C—Cp))%* — ek — ] . (6.109)

= M

- , (6.110)

I
zt=x]

Kx +1- 2z (Vx) >3+X+68+p]

<

where > and < refer to the sides of region II and region I relative to the 6 = 1 hypersur-
face. Upon substituting solution (6.106) in region I and solutions (6.104-6.105) in region II,
Eq. (6.110) simplifies to:

IMI Cy
2) + 2 NC—Cy) = . — —
p(p+2) +2e ((n+1)C = Co) T C T

(6.111)

where we have employed the classical relation (6.52) connecting the mass to the parameter p.
Now that both F~ and C' are fixed, we proceed to evaluate the 6~ coordinate. A straightforward
integration gives:

og —6~ 1 ln‘l—i-fc\/ﬁ_ £ {1

21+>A<:\/ﬁ+ %2 L6 %2
20 2yp |1—%ym| Alp+1) [4p l—xy/p|  1—px?] 21— px?

+ % [ﬂ ~ 2D (‘3 : 2;171 HtX\? ]<6 112)
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Hence, the solution describing an evaporating black hole can be written as:

FHR—e? — _x2 1 +L{ o +Cy— = N S V/ B } 6.113
k| 0 4\//7 X+\/— (6.113)
X — /1 €

\/_ 1 — n X

X—i—\/_
1+&\/ﬁ+ %2 ]+5 %2

1 | I+ x/p 3 1 2
n — —1In
20 |1=xy/p|  4(p+1) [4p L—x/m| 11— px? 21 — px?

5 [o-som () el

2

1
In
2./

=—Ind+

2Ml eCo 0

The solution takes the form (—1,F*, pEs g 4l2>,

Eq. (6.109). One can readily verify that Eq. (6.114) remains valid on the § = 1 hypersurface.
Substituting the expression for x from Eq. (6.107) and expanding the left-hand side in powers
of €, we find that it coincides with the right-hand side, viewed as a function of x.

where F~ is defined in

6.3.2 Evaporation adapted form of the solution

In this subsection, we follow the approach of Sec. 5.3.3, where the solution in the DREH model
was recast into a form that is manifestly well defined on the classical horizon. The metric in
Eq. (6.113) is already well defined at the horizon. The tortoise coordinate (6.114), however, does
not display the well behavior there. It should exhibit a pole along a well defined hypersurface,
but in its current form of the solution, one cannot readily find that hypersurface. Our goal in
this section is to resolve this issue. For convenience, we set Cy = 0. We begin by evaluating
the derivatives of the dilaton field, which are:

O P €
S — - A1
04X 5 |:X i ,u—{—lx}’ (6.115)
1 2_ -
Ox=——" [xz—[w c (X My |2V —f)], (6.116)
2F pr i\ 4y |x+ul 2

where we have defined the reduced parameter zi as follows:
€
S —— | pIné : A1
fi M+M+1(MH +Co> (6.117)

Next, we define a new constant y = x/y/fi. Our goal is to determine a function J(y) such
that J(y)/vi = % Differentiating this relation with respect to 0¥ and inserting expression
(6.115), we obtain the following first-order differential equation for J:

e 1d_x7+;
2+ i ] a2t D)y

The general form of the solution to this equation of motion is given by:

2(p+ 1)/ (

£

yi—1-— J =1 (6.118)

J(y) = 1—e W) 4 Se 10, (6.119)
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where S denotes an arbitrary constant, and the function f(y) is defined as:

£ 1 Yy —V+
1y) = IE= - In ‘ . (6.120)
N+1\/_ Wy 20+ )Ry —y- |y —vy-
where y are solutions of the following quadratic equation:
Volo—— Sy — yi—fl4— (6.121)
J— J—— _— :l: = . .
2+ 1) G+ Dy

We have expanded the roots of the given quadratic equation to first order in €. For the
consistency check, we expand the function J (6.119) to first order in y:

f(y)=m{m’yﬂ‘ 2<M+1)\ry —1}
J(y)zw( y>>+31_ -
_%m i:‘ u+1\/ﬁ %Lln y+1‘ y1—1}+S[1_4(u+€1)ﬁm‘§:”
%):2\1@“:\\2_4@111) Lum X+§ ! ]+2(M1n5+00)131(x)
o {1 - 4u(u€+ 1) J ? ] (o

We therefore find that the functional J correctly reproduces the left-hand side of the solution
(6.114) for the dilaton field in the case S = 0. Next, we impose C = 0 and likewise recast the
right-hand side of that equation:

%J (%) —1Ind + }j( le) = p(l+ex). (6.123)

Thus, the appropriate pole in the dilaton solution is determined by the pole of the J
function, namely y =y, =1+ expanded to first order in €. We now examine the

(u+1)f’

behavior of the solution in the vicinity of the classical horizon, that is, for y = 1 + W?]
and _xf =1+ er 1oV Ed. (6.123) can be recast in the following form:
L 2t vE 1
ge_Qf(Y) = YV — (H) ) A e X\{ﬁ i 5 (6.124)
H H y—y- e T-

where the implication follows after raising the equation to the power —M. This relation
is valid for all values of y and X. We now examine the behavior in the vicinity of the classical
horizon. Because both sides of the equation are already of order ¢, we can safely take the limit
€ — 0 in the remaining parts of the equation. This leads to:

2(ut1) Vi
€

v—1 9 —1
oo (1 ——mms Ll (6.125)
n—1 w+1 n—1

Here, the final result arises from taking the limit ¢ — 0 on the left-hand side of the equation.
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6.3.3 The end-state of black hole evolution

In the previous subsections evaporating black hole has been found, which resides in region II of
the spacetime illustrated in Fig. 6.4. The final state of black hole evaporation characterizes both
the quantum matter fields in region III and the ultimate geometry of region III. To investigate
this end-state, we must first establish that region III indeed exists. As discussed in Sec. 3.4.1,
evaporation terminates when the singularity intersects the apparent horizon. Consequently, we
must first identify the hypersurfaces corresponding to the apparent horizon and the singularity.
The apparent horizon is specified by the condition d,e73? = 0. Employing Eq. (6.115), we
obtain:

9 € €
x?—p———(pnd+Cy) —
: u+1<u 0) ptl

£ CO 1

K20 — :M[1+_(1n5+_+_)].
Al p+1 TN/

(6.126)

For § ~ 1, the apparent horizon lies close to the classical horizon. As § decreases, however, In §
becomes more negative, which in turn reduces the radius of the apparent horizon. Consequently,
at late times (corresponding to smaller values of §), it approaches the classical singularity. This
is the desired behavior from the standpoint of black hole evaporation, as it indicates that the
black hole shrinks over time. Because the apparent horizon initially coincides with the classical
horizon at the onset of evaporation, it is more conveniently described in the y coordinate:

yan = \/1 + m (6.127)

We observe that, in this y coordinate, the apparent horizon remains at a fixed value. As
demonstrated in the preceding subsection, the y coordinate is well defined throughout the
evaporation process, so we may extend our analysis to any time.

Next, we express the apparent horizon in terms of the X coordinate. For this purpose, we
employ Eq. (6.125), noting that both y and —1/(%+/1z) lie close to the classical horizon. After
some algebraic manipulation, we obtain:

1 € € 2 /0
=ty (145 ) 6.128

where we have used the fact that n = 2 for yag.

To identify the singularity line, we first calculate the scalar curvature. A detailed analysis
reveals that the scalar curvature receives no quantum corrections, so we have R = —2/I%
Consequently, the singularity remains located at xg = 0, or, equivalently, at yg = 0. Inserting
ys = 0 into Eq. (6.124) gives:

2(ut1) /i
c -1
o A N L) vy
Vs = %o+ = - e (6.129)
(145 mes) 1

where y, is defined in Eq. (6.121). In the limit ¢ — 0, the singular line reduces to the classical
one given in Eq. (6.56). This provides a straightforward consistency test of our perturbative
method. An analogous statement holds for the quantum-corrected spatial infinity hypersurface
i°, which is given by:

2(u+1) Vi
c -1
o - y+<1—|—lﬁln§io .
\//_L 0 = Xio\/ﬁ + ﬁX?O = 2(n+ D)/l (6130>
(1 + 35 lnéio) R |
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The end-point of the evaporation
The cosmic censorship conjecture [106] rules out the occurrence of naked singularities. In
the present context, the singularity becomes naked once it intersects the apparent horizon

hypersurface. The intersection point is referred to as the end-point of the evaporation. By
setting Eq. (6.126) equal to Eq. (6.129), we obtain:

Indg = -——- - 20— (6.131)

Next, we determine the remaining coordinate. Substituting In dg directly into (6.128) gives:

— 1 1 € £ e+l 1
5]-3:6 s VB VAN )A(E:—— |:1 e ¢ \/‘7:| . 6.132
VEL 2R A1)y (6132)
Therefore, the evaporation end-point shows the same type of singular behavior in the limit
e — 0 as in both the BPP model (4.124) and the DREH model (5.205-5.206). The event
horizon is determined by the condition Xy = Xg. Employing Eq. (6.125), we can express the
y-coordinate of the event horizon in terms of ¢ as follows:

g 5E
Yo = 1+m (14—%) . (6.133)

The horizon may also be expressed as a dependence of the dilaton field on the § coordinate:

X%:u{l—l—ﬁ(l 5H+T(H6E))} (6.134)

At the beginning of the evaporation the event horizon appears near the classical horizon,
because in this regime one has Jg < Hil < 1. In this case, it is simply displaced from
the classical horizon by 4;4_1). As ¢ evolves towards the end-point of the evaporation, xy
tends to zero. We thus deduce that, at the evaporation end-point, all three hypersurfaces—the
apparent horizon (6.126), the event horizon (6.134), and the singularity xg = 0 intersect at the
end-point of the evaporation. We now proceed to evaluate the evaporation time, whose leading

contribution is:

72713kl c? 2ML

h * 3km2c?’
where we have returned all physical constants. It follows that, in large mass limit, the evapora-
tion time in the DR5DCS model scales as v/M. Observe that all hypersurfaces were evaluated
in the limit Cy = 0, because Eq. (6.123) is valid only in this case. We therefore conclude
that the behavior of all relevant hypersurfaces coincides with that found in the DREH model.
Further discussion can be found in Sec. 5.3.

Aty = (6.135)

The radiated energy

The subsequent step is to evaluate the total energy which has been evaporated from the black
hole via Hawking radiation, following the procedure outlined in Sec. 3.4.1. Nonetheless, expres-
sion (3.115) is not applicable for an asymptotically AdS spacetime, since the metric diverges
near the asymptotic boundary. Consequently, the conventional definition of energy also be-
comes divergent. We are therefore required to renormalize the energy expression in light of this
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behavior. The dilaton field scales as x = 1/e with € — 0. In this limit, the metric assumes the

following form:

1 dot 21 dr?

= —— 6.136
e dx F- €2’ ( )

where we have defined the parameter 7 along the hypersurface at spatial infinity, as specified

in Eq. (6.130). The total energy is therefore:

Erag = / dr(ATY)

7O
dot\? do—\? 0 do™ do~ 0
ne AT(f) i DY ue
<&)< +ﬁ+(dT>#Hﬁﬁ%(dT)(M>ﬁﬂﬁﬂ
X

ds? = —e*’dotdo ~ —

B 14
:m/ a
o F~

dx hp R dX 3km? ® 3kn?  of — o6
=2 AT — = _ = E
l/o (AT = —5i / F- I A Y
3k7r 1+ Xp\/1t 1+ XE\/_

. (6.137)

= ra ra 2 - 1
;EViin ‘1_5%\/;7 prad(Hrad +2) = —ey/uln |7 T

where we have introduced a p-parameter associated with the radiated energy. In the second
line, we use the fact that the only nonvanishing component of the quantum-corrected EMT is

the "4++" component. There, we substitute its explicit expression, (AT ﬁg) = — 45, and observe

that the integral simplifies to the definition of the 6~ coordinate. The third line provides the
first-order solution to the integral.

6.3.4 The end-state geometry

As outlined in Sec. 3.4.1, the final step of formulating the quantum-corrected gravitational
collapse scenario is to specify the geometry of region III of the spacetime shown in Fig. 6.4.
In what follows, we retain the constant Cj, as our goal is to examine how the energy balance
is modified throughout the evaporation process. We start by expressing the evaporating black
hole solution (6.113-6.114) in terms of the dilaton field and the % coordinate:

eCy e [xX*+p, |x—Vi| x
u+1_ﬂ+1[%@ nx+¢ﬂ__y
x=Vi| e {ilnz X—\/ﬁ‘+ 1 ]
x+Vi| 4p+1) 40 |x+ Vi 2 -
Co 1
+e ( i 2\//71
where we have introduced a running p-parameter:

O v =i} (0140

Next, we evaluate this parameter on the hypersurface X = Xg. Observing that the e-
dependent contribution is proportional to the ¢~ coordinate, and employing Eq. (6.123), we

obtain:
e ()] o b s o o)
— (Co + /1) , (6.141)

FtF e = —x* + i+ (6.138)

= —In
2V

o 1
l

X Vi

) (%), (6.139)
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where we have used f(0) = %(W)Q, which implies J(0) = a0 = O(e). Conse-
quently, J(0) can be discarded as it only contributes at order O(¢). In the second line we
substitute the expression for dg from Eq. (6.131). It follows that fig is a first-order quantity
in the perturbation theory. Hence, within the first-order contributions of Eqgs. (6.138-6.139)
evaluated on the hypersurface X = Xg—which separates regions II and III in Fig. 6.4—we may
safely take the limit jig — 0. Implementing this limit gives:

C
FtF e* = —x® + ex + fig + c 0,
ptl 6.142
o 1 € ﬂE"irZ—fCri (6.142)
T x 22 33

Since no further coordinate transformation such as the x = Xg hypersurface is traversed, the
geometry in region III is described by the solution (6.142). We can directly observe that this
corresponds to the quantum-corrected AdS vacuum solution (6.90) for a particular choice of
the constant C}:

C € €
=0 = — s - Cf:— 'LL.
w1 p+1 p+1

(6.143)

€Cf:ﬂE+

Consequently, in direct analogy with the BPP model (see Sec. 4.3.4), the resulting geometry is
independent of the particular choice of the initial geometry. We emphasize that we have not
taken the limit g — 0 in the terms containing the constant Cy. This is because Cj contributes
to the constant C' in region II (6.111), and therefore must remain fixed.

Finally, we need to determine whether a thunderpop emerging from the end-point of the
evaporation. To this end, we consider the “——" Equation from Egs. (6.59). Integrating it
across the dividing hypersurface X = xg yields:

>
AM ‘ , (6.144)

|:<X +1 2l (VX) )8_X—|—z—:8_p} <:W -

where ">" designates region III, while "<" designates region II. The shockwave mass is repre-
sented by AM. Inserting the solutions (6.113-6.114) and (6.142) gives:

— Vi

X

—fg (fig + 2) + 2¢(Cr — Cp) + e/ fig In | ——— 6.145
E ( E ) ( f 0) E <+ \/,U_E ( )

€ . 2 0 — 2AMI

4 (<2 + fip + 2) [X fe g %= Vi ] _ 2801

foe + 1 A/ fig X+ Vg 3km
By taking the limit i — 0 in the x-dependent terms, this equation simplifies to:
L 2AMI

—fig (g +2) +2e(Cy — Cp) = Yy (6.146)

A direct calculation, carried out strictly to first order in the perturbative parameter, yields the
following result:

I[:LE (:&E + 2) = M(/JJ + 2) + 6\/_1I1 = ,u M+ 2 ,urad(,ur‘ad + 2)7 (6147>

1+XE\/_‘

where we have employed the expression (6.137) for the radiated energy. Consequently, we verify
that the black hole has lost nearly all of its mass by the time the evaporation process reaches
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its end-point. Substituting this relation into Eq. (6.146) yields the following energy balance
equation:

2AMI
3km?
The mass of the initial shockwave, M ~ p(p + 2), together with the mass constant of the
pre-collapse geometry, 2¢Cy, is equal to the sum of the radiated energy, Eiaq ~ firad(firaqa + 2),
the mass constant of the final geometry, 2¢Cy, and the small amount of negative energy, AM,
carried away by the outgoing shockwave (thunderpop) that appears at the end-point of the
evaporation. Therefore, we infer that energy is conserved in the dimensionally reduced model
of 5D Chern—Simons gravity.

(1 +2) = fraa(pinad +2) + 25(C — Co) — (6.148)

Substituting the expression for Cy from Eq. (6.143) into the energy balance Eq. (6.148)
yields the following formula for the energy of the thunderpop:

3]{771'2 28,[100 ~9
AM == (u+1 + 2. (6.149)

The first term is proportional to the mass constant of the initial spacetime, which we set to
be Cy = 0 for physical reasons. Since fig is a quantity of O(e) order, the second term in
Eq. (6.149) is not reliable within the first-order perturbative expansion. This implies that
there is no thunderpop within the first order, the same result as in the DREH model (5.237).
However, we expect that Eq. (6.146) should be of non-perturbative origin, Since Eqs. (6.111)
and (6.143) imply that the mass constant of the spacetime is inherited after each discontinuity
is crossed, it should also be of non-perturbative origin. This two together give a non-vanishing
thunderpop energy but only in higher orders of the perturbation theory.

In summary, the resulting geometry matches one of the static, quantum-corrected AdS
vacuum solutions (6.90), characterized by t4(6%) = 0. Therefore, although there is no dis-
continuity in the coordinate transformations across X = Xg, the quantum state nonetheless
transitions from [0, ) to |0,5).
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Chapter 7

Full dimensionally reduced theory of
5DCS gravity

In this chapter, we study the full dimensionally-reduced theory of five-dimensional Chern—Simons
gravity (DR5DCS). The action is obtained in Sec. 2.3 and written explicitly in Eq. (2.47). For
convenience, we rewrite it here:

km? 3 2
sones =gy v (10 5 00t ) [ eaio s
4 6 6

1
2 « 2 2 « af K
—|—l—2—f-lx—30va¢ ‘f‘&(l‘i‘g(l—@ —0)) |:;o<¢ — & ¢a 5:| (71>

6
-5 {vmﬁvma ~ Vad"Vse - e“ﬁKavgcb?} } + Stnat

where ¢* and 6 denote fields originating from the five-dimensional spin-connection, x = e~
is the reduced dilaton field, €*” is the Levi-Civita tensor, g,, is the metric, and K, is the
two-dimensional contorsion. Furthermore, ®* = ¢,¢*. It is immediately apparent that the
field 6 plays the role of a Lagrange multiplier, thereby imposing a constraint on the system
of equations. Consequently, when 6 # 0, an additional equation arises, which substantially
restricts the phase space of admissible solutions. This property is particularly advantageous
when attempting to solve the equations of motion.

The chapter is divided into four sections. In Sec. 7.1, we derive the equations of motion and
impose the symmetric ansatz introduced in Sec. 3.1. We then solve the vacuum equations and
demonstrate that their most general solution is the BTZ black hole with non-zero 6 torsion.
Consequently, this solution is directly inherited from the parent 5DCS theory.

The following Sec. 7.2 focuses on general solutions in the presence of non-vanishing matter
fields. The matter sector is strictly two-dimensional, meaning that the only sources in the theory
are the matter energy-momentum tensor and the contorsion current, obtained by varying the
matter action with respect to the metric and the contorsion, respectively. In this part, the
f-field constraint is heavily used to solve equations of motion for the additional fields, including
the two-dimensional contorsion, and to derive the resulting source equations in terms of the
metric function A, the dilaton field, and their derivatives. A variety of distinct cases arise in
the course of solving the equations, and these are summarized in Tab. 7.1.

The penultimate Sec. 7.3 explores explicit solutions once the form of matter minimally
coupled to gravity is specified in the 6 # 0 sector of the theory; for # = 0 the model reduces
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to its Riemannian sector, which was analyzed in the preceding chapter. Several types of field
theories are considered. We first introduce matter as a real scalar field and obtain cosmological
solutions. Next, we examine the general solutions of the equations of motion coupled to pure
electrodynamics. In this setting, we show that no solutions with 6 # 0 exist; however, there
is a well-defined charged black hole solution when the theory is restricted to the Riemannian
sector. The subsequent subsection studies the coupling to a spinor field, where we identify a
fermionic star soliton solution together with a well-defined phase transition mechanism. We
then analyze gravity coupled to scalar electrodynamics, for which the general solution is again
of cosmological type. The section concludes with the case where the matter content is given by
an ideal fluid.

In the final Sec. 7.4 we incorporate quantum corrections. There, we demonstrate that the
6 # 0 case requires a very specific solution characterized by two non-extremal singular horizons
at which both torsion and curvature diverge. This behavior results from the condensation of
quanta, since the EMT associated with the quantum corrections also diverges at those loca-
tions. The singularity is hidden behind both horizons, and the resulting geometry is therefore
reminiscent of the rotating BTZ black hole of [78|.

7.1 Equation of motion and the symmetric ansatz

In this section we derive the equations of motion for the complete dimensionally-reduced 5DCS
theory defined by the action (7.1). Since we do not impose vanishing torsion from the outset,
the full set of independent fields is {g,., K*, ¢, ¢*,0}. We start by varying the action with
respect to the metric. The corresponding field equation is:

1 1
4+ 1)V, V,x — 7Vad Gudy + 5 (0, V., ®* + ¢, V,@%) — V,V, (x6%)
1 1 1
— 2504,8 (VaX + j@ba) K5¢u¢u - |:<VMX + 7@5#) qu)2 + (VVX + TQSV) VHCI)Q:|

1
+ (Vax + 7¢a> AU€P5V6¢)\ |:5)\a (guagup + gan,up) + Eop <€uo¢5u)\ + 51/015;;)\)}

21
1, 1 1 o X0
=5 Vi | Vixt 200 | + Vo [ Vix+ 20 ) | + g D(x@)—l—2

1 1 1
+ Gy [2 (V‘“X + 7¢>"‘) Va <<I>2 - §x2> + d?V, (vax + 7&)]

2 R ) 2 Lo 2| _ 1
— Guv |:(X + 1)|:|X— l—z(X +1-— P ) + ﬂﬁb Vaq) :| = —WTM,,, (72)

+ 2x (Vux + %Qﬁu) (VZ,X + %(Z),,) + iep"v,@g (cﬁusya + (bl,aua) o

where we have already eliminated the original dilaton ¢ in favor of the reduced dilaton field x
defined in Eq. (2.46). Notice that only a single term involves the two-dimensional contorsion.
Varying the action with respect to the contorsion then gives:

1 1
2 2 2 2 v
(X +1-6°-9 ) (VMX + 7%) —xV,0° = i eIk, (7.3)
where we have introduced the contorsion current T} = ——\/1_79 —5§§5t. In an analogous manner,

variation with respect to the scalar field associated with the five-dimensional torsion function,

139



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

0, yields:
2 2 1
xf |R + 2eP9,Ks + 5 &ga%aKg = ez lo) (7.4)
with Tip) = —\/%79556—“5‘“. It is worth emphasizing that in the limit of vanishing contorsion this

equation turns into a constraint which, for # # 0, fixes the scalar curvature to the constant
AdS value. This is why we interpret the field 6 as playing the role of a Lagrange multiplier in
the action. Finally, varying the action (7.1) with respect to the vector field ¢* and the dilaton
field ¢ gives:

v o o X o 1 1 2 2 2 v 1 o)

e eV — B — 7e, } (v,,x+ 7¢”) - 2—l<x +1-602— 3 >5WK = T,

(7.5)
2 4x? 4
<x2 T1o6? @2) [R 4 2:999, K + l—z} + % + TX (Vad® — £2%6,Kp)
11
v v af 2\ __ )

-2 (v#gw " =V, 'V, 0" — K, VP ) =3 ;T( ). (7.6)
where the matter sources for ¢* and ¢ are defined as TF(LQS) = —ﬁ%ﬁ“ and T(®) = —\/%795%‘;“,

respectively.

All equations of motion (7.2-7.6) are explicitly written so that, upon imposing ¢, = —IV ¢,
K, = 0 and # = 0, they reduce to the Riemannian sector of the theory (6.11-6.12). Using
Egs. (7.3-7.6), the metric Eq. (7.2) can be further recast in the following form:

1 2
(x2 +1—6*— <I>2> {qub,, + Voo, — - (6, Vux+ ¢,V ,x) — Eaﬁﬂd)y + (Pucve + dvepns)K?

1

1 X [ _
—20,u {Vaﬁba - ;¢QVQX - Eq)Q + 7} } = WTW’ (7.7)

where we have introduced a reduced EMT, which incorporates contributions from additional
sources beyond the standard EMT, and is defined as

_ 1 1 1
T = T = 2lx (Putvo + Puuo) T + 9 (Gpo€up + Guoup) VT — gWgaB (VQTE( o Z_X¢aTé<>
1
~ 5y (6. T + 6, T7) . (7.8)

In this representation, the equation makes it manifest that, even in the presence of non-zero
torsion, the enhanced symmetry of the 5DCS theory ensures the appearance of the simple
prefactor x> + 1 — #* — 2, in complete analogy with the Riemannian sector (6.11).

Because the full theory’s equations of motion are extremely complicated, we restrict our
analysis to solutions that admit at least one Killing vector. When this vector is time-like,
we focus on static, black-hole-type configurations. Conversely, if it is space-like, the resulting
solutions describe cosmological spacetimes. Consequently, we proceed directly to implementing
the symmetric ansatz introduced in Sec. 3.1. Employing Egs. (3.12), (3.13), and (3.19), we
obtain the following ansatz for ¢,, K,, V,x, and the metric:

1
bu = @' ()& + - (0w, K, =K'(x)&, + KH(x)eunt”, Vx= 7Px)ewmt”, & = Ax).
(7.9)
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Using Eq. (7.9) equations of motion (7.3-7.7) can be rewritten in the following form:

A2(X2 41— 92 . @2) {DdC{LXL o i <¢|l2 _|_¢L (¢L ‘I‘D)) +l (QSHKL + QSLK”)
do' 1 212 _
= [DE 9" (204 +D) +1 (9K + a%KL)} } — S FET, (710)

(X2 1o ¢2> [D% (A64) + 1A (7 — 6 (6 + D)) — 2

2
1oL Lyl _
+IA (¢"K+ — ¢'K )} = 6/WT, (7.11)
A<x +1-— )¢ l gﬁwgu K (7.12)
2 2 1 d92 ! K
AKX +1-6*— )(¢ + D) —X'D&] = o3¢ (7.13)
d %_ I 2 Lyl gty | ? (0)
Xe[ = (Ddx 2IAK > +2+XZA (o7K"'—¢'K )} = 6k7T2T , (7.14)
¢ [D <2A£ + (20" + D) %) —2x +2IA ('Kt — (¢ + D) K )}
dx dx
N L ¢n”
—l(x +1-60*— )K DA (7.15)
{2A¢” ng‘l (¢||2+¢¢ (¢L+D)) %} _2X<¢J_+D)+2ZA¢ ((bIIKJ_ (¢J_+D)KH)
2 I ! 5W§MT1£¢)
—l(x +1-— )K T —r— (7.16)

4 (Ast
(x2 11— <I>2> [D d (D% _ QZAK”) n 2} A - RG]

dx dx dx
d®? / _dA 2 1
—D— [ D— —2AK" | — 4ixA(¢"K+ — ¢+ K" 7@, (717
dx ( dx ) xA(¢ ¢ )= T 3km2x ( )

The first pair of Eqgs. (7.10-7.11) describe, respectively, the "++" component and the trace
of the metric equation of motion (7.7). The following two Eqs. (7.12-7.13) give the parallel
and normal components of the contorsion Eq. (7.3). The equation of motion for the 6 field
(7.4) simplifies to Eq. (7.14) once the symmetric ansatz is imposed. Eqs. (7.15-7.16) represent
the normal and parallel components of the Eq. (7.5) for the vector field ¢*. Finally, the last
Eq. (7.17) is equivalent to Eq. (7.6) for the dilaton field.

Within this chapter, we restrict ourselves to theories whose matter content is strictly two-
dimensional, which implies

T =T =70 = (7.18)

Thus, the only non-vanishing sources are the EMT, T, # 0, and the contorsion current,
T 5{ # 0. Since Egs. (7.14-7.17) contain no sources, they act as constraints inherited from
the five-dimensional theory and, as such, are analyzed later. We first turn to the Eqs. (7.10-
7.11), rewriting them in terms of the symmetric ansatz components of the EMT. Employing

141



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

Egs. (3.33) and (3.34), they take the form:

2 —92_d %_1 12 L(4L 1oL Lyl
xX*+1-16 D= (07490 (0 + D)) +1(¢'K +¢K)

2 I
— # (7" + 1) + 6% [Ddi }1{ (6'T¢ + gbLT&)] (7.19)
<X2 +1-0" - ‘1’2> [D%l - ifb” (20 +D) +1(s"K" + ¢LKL)}
I? l aT: 1
— %Tlu e [pd_;: -3 ((bHTIQ i (bJ_TIJ{_):| 7 (7.20)

<x2 +1—6— <I>2> [Di (Aoh) + % (6" — ¢ (¢ + D)) —2x+IA (¢'K" — quK')]

I2A l d(ATY) A
T|H| o TJ_J_ D K - ||TJ_ o J_TH 21
~ 6kn? ( )+ 6km? dx + X (¢ K¢ K) (7.21)
Using Eqs. (7.13-7.12) together with Eqgs. (7.15-7.16), Eq. (7.19) reduces to
l2
P+1-60%— 9% )¢"2AK" = — T 7.22
(X * >¢ 3k? (7.22)
If one multiplies Eq. (7.19) by A and subtracts it from Eq. (7.21), one finds:
dA I l dA
P+1-60°—9*) | Dot — —2x —2lA¢p K" | = ——— AT+ + —D—Ty. (7.23
<X+ T et T dx (7.23)
Conversely, adding instead of subtracting yields:
| A
<x2 +1—6>— cp?) {2/\ (D% - —gb (o + D)) + Dqﬁld— —2x+ 2lA¢”Ki}
dA dTy 2
= 2NT" +D | =Ty +2A—= ) — A" Ty | . 24
e { TP e PG ) A Tk (7.24)
The relations (7.13-7.12) admit no substantial further simplification and read:
[
2 2 2\ I
X 4+1—6*— (¢l+D)—de—92: ' (7.26)
dx — 6km2 ¥ '
For later convenience, we now define the following auxiliary source-dependent functions:
[ dA
TN 1L I
T = 62 (QZAT —Tx dx)
- [ dA dT!
. AT L 72 L 9 K 7.97
Ghr? ( TR TR ) (727)
- [ N l
T||J_ — 2ZAT\U_ TH/J_ — Tll/J_
Ghm? ’ Ghm? ’
and, analogously, we introduce auxiliary functions for the fields:
Z=x*+1-0*- 3% (7.28)
dA
= — —2[AK". 7.2
S = = (7.29)
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The complete symmetric system of equations of motion is represented by the equations
containing the sources: the EMT (7.22-7.24) and the contorsion current (7.25-7.26). In addition
to this set, four constraints (7.14-7.17) must be imposed. These constraints originate from the
dimensional reduction procedure. Further details can be found in Sec. 2.3.

7.1.1 General symmetric vacuum solutions

In this section we derive the most general solution of the vacuum equations of motion (7.10-7.17)
that admits at least one Killing vector. In the vacuum case, all source terms vanish, i.e.
T =Ty =T = T® = T@ = 0. As in the Riemannian sector discussed in Sec. 6.1.1,
the complete theory again splits into two distinct branches of solutions. We first analyze the

branch characterized by x? + 1 — 6% — ®2 £ (.

From Eq. (7.12), we infer ¢ = 0. Then, using Eq. (7.15) we obtain K+ = 0. Next, combining
Eq. (7.10) with Eq. (7.11) and inserting the resulting expression into Eq. (7.16) leads to K' = 0.
Thus, the remaining nontrivial equations reduce to

dot 1
pd _ —¢* (¢ + D), (7.30)
dx X
dA
D¢¢— = 2x, (7.31)
d02
xD—— = (X2 +1-6>+ Aqsﬂ) (¢-+ D), (7.32)
X
d dA
0|\ D— D 2| =0. 7.33
i (P5) "9
We now change to the coordinate X as introduced in Eq. (3.20). Eq. (7.30) can be integrated
directly, yielding x = —(ﬁ. Substituting this relation into Eq. (7.31) and integrating gives
the metric function A = — (%% — i), where p is an integration constant. With this form of A,

Eq. (7.33) is automatically fulfilled. The remaining Eq. (7.32) can then be integrated to obtain

the 6 field:
U

¢T7
where 7 is another integration constant. A straightforward check confirms that Eq. (7.5) is
satisfied as well.

1
0> =1+ §¢u + (7.34)

Hence, the solution is specified by two arbitrary coordinate transformations F*, an arbitrary
function of the dilaton ¢*(x), and the constants pu and 1, which we collectively denote by
RCI(F*,F~, ¢™(x), u, m):

2
ds? = — (%2 — p)dt? + l d”

\/_tanh{ (/d;ﬁ /dx—__ﬂ, 0 <x <1,
Mcoth[m </ dzt /dx )} > Vi (7.35)
x¢(

=0 K'=0 K =0, x=—

2 _ L2 Ui
6 —1+3u¢ (X)+¢l(>’<)'

143

X =




CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

Choosing ¢ = —1 and § = 0, which corresponds to fixing n = 1+ /3, brings this solution back
to the generic branch-one solution in the Riemannian sector of the theory (6.17), as anticipated.

The other branch is defined by x* + 1 — 6% — ®? = 0. Consequently, Eqs. (7.10-7.12) are
satisfied identically. From Eq. (7.13) it follows that §? = 62 = const. After some straightforward
algebra, one finds that Eqgs. (7.15-7.16) reduce to the dilaton Eq. (7.17). Therefore, the system
effectively boils down to the following two equations:

fo {Dd% (Di—i - QZAK) +2+ zm (p7K" — ¢'K*H) | =0, (7.36)
D [2/\% + (20" + D) i—ﬂ —2x+2IA (¢'K+ = (¢ + D) K'") =0. (7.37)

Inspection of Eqgs. (7.36-7.37) shows that the case 6, = 0 is somewhat special, because only
a single differential equation, namely Eq. (7.37), remains. In this situation, the solution is
specified by two coordinate transformations F* and four arbitrary functions of the coordinate
%. The field K+ is then determined from Eq. (7.37), whereas ¢" is obtained from the constraint
x?+1=A(¢" — ¢*?). The coordinate X is fixed by evaluating the integral (3.18). We denote
this family of solutions by RCIIB(F*, F~A(%), ¢+ (%), K'(%),x(%)).

By imposing ¢l = K* = Kl = 0 and ¢* = —D, the single Eq. (7.37) is automatically
fulfilled, provided that the condition x? + 1 4+ AD? = 0 holds. Consequently, only one arbitrary

function, A(x), remains undetermined. Hence, this solution effectively coincides with the general
branch-two solution of the Riemannian sector equations of motion (6.20).

The case with 0y # 0 is genuinely Riemann—Cartan. Both differential equations are still
present, so the solution now depends on one fewer arbitrary function and on two additional
constants, §y and C. We denote this solution by RCIIA(FT, F~A(X), ¢ (%), x(X), 60, C). Tt is
explicitly given by

X1 =05 =A (6" —9"?), 0=0,

1dA O — Ap*
W_ - = ¥~ ¥
MK =5 _— (7.38)
_ €L . s
ING'KE = x4 ¢t lﬂ—ﬂ +xi, C-Ae .
2 dx X dx X

In this regime, the contorsion is completely determined by the metric, the dilaton field, and the
vector field ¢*. These fields themselves, however, remain arbitrary, subject only to the brunch
condition.

A straightforward substitution confirms that all three solution families, RCI (7.35), RCIIA
(7.38), and RCIIB, also satisfy the five-dimensional equations of motion (2.30). In addition,
the five-dimensional BTZ black hole with torsion (2.31-2.32) remains a valid solution of this
dimensionally-reduced 5DCS theory, within the first branch. The presence of some of the
arbitrary functions in the branch-two solutions is an artifact of the unfixed five-dimensional
gauge symmetries. To verify if this solutions are stable, one should see how they change when
small perturbations of the sources are introduces. A further comment on this issue is given in

Sec. 7.2.4.

7.1.2 Classical gravitational collapse

The objective of this subsection is to determine which geometries can arise from classical grav-
itational collapse in the presence of non-vanishing torsion. To address this, we first need to
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derive the junction condition across an infalling matter shockwave. Unlike the previous analy-
ses in Secs. 4.1.5, 5.1.3, and 6.1.4, where the matter shockwave was allowed to carry only mass,
we now have to consider additional possible charges associated with various fields that either
originate from 5D torsion or represent intrinsic 2D torsion.

We take the ingoing shockwave to lie at ™ = x{, implying that all sources are proportional

to a Dirac d-function supported at this specific spacetime point. In what follows, we derive more
general junction conditions by allowing the sources associated with the fields arising from 5D
torsion and the dilaton to be non-zero. Since the unique tangent vector along this hypersurface
must be of the form n* = (0,¢), the EMT and any vector field A* that is localized on the
shockwave are consequently constrained to take the form:

T;J,V = 5nun,j, AN = Anu — T++, A+ 7é 0, (739)
are the only non-vanishing components. In other words, we have:
Ty, TS, T, 7O TO o 5zt — zf). (7.40)

We require that the metric p and the dilaton field x remain continuous across the shockwave.
Since, at the shockwave, they are well-defined functions of 7, their derivatives with respect
to x~ cannot exhibit discontinuities and must therefore also be continuous. This, in turn,
ensures the continuity of F™, which is a component of the time-like Killing vector orthogonal
to the ingoing shockwave. Furthermore, for static solutions, the function D(x) must likewise
be continuous. On the other hand, Eq. (7.3) shows that the only field allowed to have a
discontinuity, due to the non-zero contorsion current on the shockwave hypersurface, is the ¢
field. Consequently, we do not impose continuity on #, even though it is a scalar field. We
justify this by noting that it is actually a component of the five-dimensional torsion.

We begin by integrating Eq. (7.3), which was obtained by varying the action with respect
to the contorsion, from z§ — € to xg + ¢, with € > 0, and then taking the limit ¢ — 0. Because
¢, and 0, x possess only a finite number of discontinuities, we find:

> 1 ) :E8L+e K N
= 62 ]él_{% N T’ da™, (7.41)
.Z’O -

x6?

< €

where the symbol ">" ("<") denotes the region of spacetime after (before) the collapse. The
"—" component of Eq. (7.3) is automatically satisfied. We now turn to Eq. (7.5), for which
both components must be analyzed. After carrying out the integration and carefully examining
the behavior of each term, we obtain two additional constraints:

1 >
(8){ + igﬁ) p_| =0, (7.42)
<
e 1 2 + 1 e (@) 3.+
. 1 —2p _ .
lg% " (8_X+ lqb_) Oy (e7¢, ) d SYTyY lg% " T dx™. (7.43)

Observe that Eq. (7.42) does not directly enforce continuity of ¢_. A straightforward evaluation
of the "+—" component of Eq. (7.7) gives:

> acg'—l—e

lim O_TF da™, (7.44)

6km? =0 ot
0

[xg +1—60*+4le g, (8_X + %qﬁ_)} D

< €
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which becomes identically satisfied once Eqs. (7.41) and (7.3) are taken into account. The
"——" component of the metric equation does not introduce any further conditions, so only the
"++" component remains. Integrating this component, we obtain:

(X2+1—92—<I>)

+hm / g +€ T 0.@% —4(10_x+¢_) 04 (e ¥ s)] e s
l

ac3'+e
= G /x da* [Tpre™ =0, (>T9)], (1.45

F—e

which, upon using Eq. (7.43), simplifies to:

> l Tg +€
= lim/ T, e 2 dat, (7.46)

< 6km?2 =0

<X2 + 1— 92 — 2l €2p¢+aX) €*2P¢+

+
Z‘O —€

where we have used e 2T f}i =0, since T' f is nonzero only precisely on the shockwave hyper-
surface. Next, we integrate the 6 equation, Eq. (7.4), obtaining:

> 1 ;BS'—I—e ()
= SIEe lg% dz™ T, (7.47)

< —€

xe 2K _

Finally, applying Eq. (7.6) for the dilaton field yields the remaining condition:

>

(x*+1-6>-*)K_+ 27X¢_ —4e Y_0 ¢, — 4O_ (0_xe "¢, }

<

+
1 Tite 1 2 2
lim/ T dat {—T(d’)e% — SK_TY - Xa_TJ@] . (7.48)
X

12k7? =0 [ X

We now restrict our analysis to situations in which the matter sector is strictly two-
dimensional, implying TJ(fS) =T@ =T = 0. From Eq. (7.47) it follows immediately that K_
must be continuous across the shockwave. Inspecting Eq. (7.43), we see right away that ¢_ and
¢+ cannot both be discontinuous: if they were, the integrand would no longer be well defined
as a distribution, since it would involve a product of two distributions. To study that kind of
behavior one would need to abandon the idealization of the infalling matter as an infinitely
thin shell. Because our goal is to formulate junction conditions precisely in the limit of an
infinitely thin shell, we must therefore restrict ourselves to cases in which ¢_ and ¢, are not
both discontinuous. This leads to three distinct possibilities:

e ¢_-discontinuous: In this case, Eq. (7.43) enforces the continuity of ¢,. Consequently, the
full set of junction conditions becomes:

Qbi = _(bf - 2[87)(, ¢J>r = ¢J<r7

) > 1 $i+€ K xiJre K
— + : + —
x6 = o lﬂ% Tide*,  lim . da™ [¢4 T + IxT 4] =0, (7.49)
—€ xo —€
1 X
i 1 .
=0_lno, 57 ¢+e
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e ¢_-continuous and ¢_ # —l0_x: Here, Eq. (7.43) again implies that ¢, must be continuous.
Then Eq. (7.48) yields K_ = 0, so the junction conditions are:

¢, = b
) > 1 wi—&—e - $i+€ K
x0°| = 2 lg% . Tdat, lli% /+ dz* [¢+T+ + le++} =0, (7.50)
< Ty —€ Ty —€
K_=0.
e ¢»_ = —l0_x: This is the most general physically relevant case, since the mass is no longer

tied to the discontinuity in the 6 field as it was in the previous two scenarios. Now ¢ is
allowed to be discontinuous, and we obtain the following junction conditions:

o = —10_x,
241 —0*—=20e ¢, 0 2y [T ! Ii mHeT 20 dg T
x° + e o 0x |e" o, T e e PdaT (751)
) > 1 xiJre K 9
_ - + — -
x0 _ = o2 ll_r:% " T dz™, K_=-0_In (e p@,x) .

Gravitational collapse into a BTZ black hole with torsion

We do not impose junction conditions on solutions of type RCITA and RCIIB, because they
involve numerous undetermined functions associated with unfixed gauge symmetries. For the
type RCI solutions given in Eq. (7.35), we find that the junction conditions (7.49) and (7.50) do
not describe a gravitational collapse, as anticipated. Only the junction conditions in Eq. (7.51)
yield a genuine gravitational collapse.

p_=—-10x =— ¢p*+D=0 — ¢t=-D=-1 (7.52)
The condition enforcing vanishing contorsion is now satisfied automatically, since it reduces to
K_ = —0_InD = 0. The mass relation then becomes:
> >
2IM
1—6? 2x°0°| = : 7.53
(1 + ) _ + 2x T o (7.53)

This expression immediately implies that #? must be continuous across the junction, which in
turn gives Tff = 0. Consequently, the mass is determined by:

2M1

s = (1= 6?)° — (1-6%), (7.54)

where we have again taken the initial spacetime to be the AdS vacuum with p = 0, as in the
Riemannian analysis of Sec. 6.1.4. It is now clear that this mass formula reduces to Eq. (6.52)
in the limit # — 0, in agreement with the fact that the theory then collapses to its purely
Riemannian sector. The requirement that the metric and the dilaton field be continuous yields
the same discontinuity in the function F~ as in the Riemannian case, given by Eq. (6.43) for an
arbitrary initial constant u. and by Eq. (6.46) for gravitational collapse from the AdS vacuum.

To conclude, we observe that gravitational collapse fixes the unphysical gauge freedom of
the function ¢, as one would anticipate. Moreover, this implies D = 1 and X = x, so that the
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dilaton once again serves as the coordinate in which the black-hole metric takes its standard
form, defined in Eq. (3.20). Finally, the 6 function becomes a fundamental constant of the
spacetime, which cannot be altered by gravitational collapse between vacuum configurations.
This matches the conclusion of [89]. Nevertheless, this does not imply that once specific matter
fields are included, € cannot change as a consequence of dynamical gravitational collapse. We
do not explore this route here.

7.2 General solutions with non-vanishing matter fields

In this section, we analyze the gravity equations of motion in the presence of matter. As
our focus excludes the vacuum solutions, at least one component of the EMT and/or the
contorsion current must be non-vanishing. The main aim is to find solutions for the additional
field content, i.e. the contorsion K*, vector field ¢* and 6 in terms of the dilaton field x and the
metric function A, and subsequently express the remaining equations in terms of the sources

and A.

One of the equations of motion (7.14) is inherently satisfied when 6 = 0, significantly altering
both the form of the equations of motion and their corresponding solutions. Moreover, since
the function Z appears as a prefactor in most equations, whether it vanishes or not gives rise to
additional distinct cases. Further special instances require individual consideration. Therefore,
we provide Tab. 7.1, which summarizes all these cases. The initial column of the table indicates
the non-zero source, whereas the subsequent three columns outline the conditions that specify
the solution. The axillary function J appearing in Tab. 7.1 varies from case to case, and for
that reason it is defined for each particular case, while P is an integration constant relevant
to some cases. Using the axillary functions of the sources (7.27), the conservation laws for the
EMT (3.66) and (3.67) can be rewritten in the following form:

dTJ—J_ dA yalll il 1 d il all dS
M=+ — <T 4T ) — AAKE (ATK) — TS, -
T4 — KT 4+ S

where within our model the constant in the second equation vanishes. The second condition is
automatically satisfied on Eqgs. (7.22) and (7.25). It is straight-forward to check that the first
conservation law is satisfied in each case separately.

It turns out that any free, minimally-coupled matter field theory possesses an identically
vanishing contorsion current. For scalar and vector fields this is straightforward. The subtlety
arises for spinor fields, where the contorsion appears explicitly in the action. Even so, when one
varies the action with respect to the contorsion, the ensuing contorsion current manifestly van-
ishes. A non-zero value for this current occurs only once non-minimal couplings are introduced.
Consequently, we focus in particular on setups where the energy-momentum tensor is the only
non-vanishing source. In such a situation we automatically obtain ¢' = K+ = 0, as well as
T"+ = 0. There are for configurations with non-vanishing 6 field. In all these configurations
the solution is determined by three integration constants n, P, and D, and is most conveniently
expressed in the z coordinate (3.21). On the other hand, if one allows the 6 field to vanish, the
theory collapses to the purely Riemannian sector analyzed in the preceding chapter.

The case when the parallel component of the contorsion current together with the EMT
does not vanish is of great importance when there is non-minimal coupling of the matter fields
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only to the curvature of the spacetime. In the two-dimensional case, terms linear in curvature
have the following form:

Sint X /&?abR“bF = — /dzm\/—g (R+ 2€O‘BVQK5) F, (7.56)

where F' denotes a scalar function related to the field content within the theory. The second
equality comes from expression (2.42). The second term in expression (7.56) is significant for
the purpose of our argument. Varying with respect to K, leads to the following expression for
the source of contorsion:

DdF
T¥ x eV, F = ——¢" 7.57
: i (757
implying that only a parallel component of the contorsion current exists. Even adding a
quadratic term in the Riemann-Cartan curvature, or any function of R, leads to an identi-

cal outcome. Since T = 0, once again ¢" = 0 and K+ = 0, as well as 7"+ = 0.

In this situation, the solutions reduce to those of the previous case when one takes the
limit in which the contorsion current vanishes. However, for 8 # 0 there are five distinct
solutions, in contrast to the earlier case. The presence of a non-zero parallel component of
the contorsion current yields a BTZ-like solution with non-vanishing EMT, together with an
arbitrary ¢ function and constants P and 7. In contrast with the preceding case, when 6 = 0
the non-vanishing 7}} leads to a much richer spectrum of solutions, which can display a non-zero
two-dimensional torsion, as shown in Tab. 7.1. Finally, only in this scenario can a vanishing Z
function be imposed. This provides an additional perspective on the stability of the vacuum
solutions RCITA (7.38) and RCIIB.

Finally, the most general case arises when the normal component of the contorsion current
does not vanish. This situation occurs only in the presence of a non-minimal coupling of the
matter action to the two-dimensional torsion. The solutions in the # # 0 sector are then
characterized by two constants, 7 and P, whereas the 6 = 0 sector resembles the previous case
and reduces to it in the limit where the normal component of the contorsion current goes to
ZEro.

In what follows, we do not organize this section according to which component of the con-
torsion current vanishes. Instead, we directly solve the equations and thereby explain why the
various cases appear. The discussion is structured around three main scenarios: two scenarios
with Z # 0, distinguished by whether 6 is present or absent, and a third scenario with Z = 0.
Moreover, when Z = 0, we further distinguish three cases according to which components of
the contorsion current are non-vanishing. Throughout all of these cases, we assume that both
the dilaton field and the metric are non-zero, i.e., x # 0 and A # 0.

7.2.1 Solutions when Z #0 and 0 #£ 0

We begin by analyzing the constraint equations. Since 6 # 0, condition (7.14) is satisfied, and
consequently the dilaton field Eq. (7.17) becomes considerably simpler, as the scalar curvature
term drops out. After additionally substituting Eqs. (7.15) and (7.16) into Eq. (7.17), we
obtain:

1
il (x* — @%) a5 = quﬁlDi (x2 = 0%) 4 = (x* - 0?) <X pdle >>

X dx

2
~D (di _ 2<I>2> (D% _ 2[AK”> .
dx

dx X

(7.58)
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Source Condition 1 Condition 2 Condition 3 Condition 4
A>0 x4+ Ap2 >0 /
X2+ Apt? >0 /
b#0N 270 A<O x?+ Apt? <0 /
) T AGT=0 ]
T =0 SPHANAO N T A0 o 2=
1
bt 40 S +2#0
6=0AZ#0 SZHANAO0 AN T =0 /
S?+4A =0 /
¢ =0 / /
A>0 x4+ Apt? >0
2 12
L x*+Ap—* >0
0£0ANZ40 S¢T 7 2% A<0 2+ AT < 0
2+ AgTZ=0
SoT =2x / /
11
) S24AN A0 A T A0 ;Mfg
GLAOANDAD | S2+AA£0 A T =0 Z72/3
6=0AZ#0 ?LIi/?)
S*+4A=0 7
D=0 / /
¢- =0 / /
Z2=0 / / /
S? +4A ¢ {0, P?}
P#0 S+ 4A = P?
P2 ALXE N Gt £0 ST+4N=0
2
0#0NZ#0 P=0 gziiﬁfg
STHIN£0 ]
2 2 1
R T | /
=0 / /
Tg #0 ¢ I1
S24AN A0 A T A0 ;Lfg
GLAOANDAD |S24dNAO A T =0 | 2723
_ Z=2/3
B=0AZ#0 L
S+ 4N =0 FIT =
D=0 / /
¢ =0 / /

Table 7.1: Classification of the solutions to the equations of motion
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Observe that Eq. (7.58) is identically fulfilled when ®? = x?, indicating that this special case
must be treated independently. Accordingly, the subsection is split into five parts, distinguished
by which components of the contorsion current vanish and by whether the condition ®? = x?

holds.

Completely vanishing contorsion current

Here we solve the equations of motion in the case where Ty = T = 0. Because Z # 0,
Eq. (7.25) enforces ¢ = 0, which in turn simplifies Eq. (7.15) to K* = 0. From Eq. (7.22) we
further obtain 7"+ = 0. Consequently, the system of equations simplifies to:

Zz [&% —2x — 2ZA¢LK”1 =T+ (7.59)
Z [2]\ (% — igbL (0" + D)) + qsii—/}_: — QX] =7 (7.60)
Z(¢pm+D) = xi—f, (7.61)
(o7 + D) [&i—i —2x — 21A¢LK1 =1ZK", (7.62)
% (% — QZAK) +2+ EZA&K” =0, (7.63)
{2/\ (% — )1(& (0" + D)) + qsli—i_: — 24 {wi—g —2x — AT K"| = 0. (7.64)

By imposing that the second bracket in Eq. (7.64) vanishes, the EMT is set to zero, implying
T"" = T+ = 0, and the resulting solution coincides exactly with Eq. (7.35). This case is not of
particular interest, since we are focusing on configurations where at least one EMT component
is non-zero. Consequently, the first bracket in Eq. (7.64) must vanish, which leads to

d 2

= (Ap™? +x%) = ; (A2 +x7) (o7 + D). (7.65)
Taken together with Eq. (7.60), this condition also eliminates the parallel component of the
EMT, i.e. T"" = 0, while the normal component remains non-zero. Depending on the signs of

A and A¢*? + x2, four distinct cases must be considered. In all of these cases, the coordinate
z, defined by Eq. (3.21), is employed.

e A > 0: Integrating Eq. (7.65) results into the following solution for ¢=:

ot = % tanz. (7.66)

Using this solution as well as the definition of the z coordinate (3.21), Eq. (7.61) can be
integrated resulting in a solution for the 6 field:

1 X \2 cOSZ
=1+ (=) 7.67
* 3 \cosz ’ (7.67)
where 7 is an integration constant. Next, direct integration of Eq. (7.63) results into:
dA
2AK" = — + 2v/Atanz — , (7.68)
dx CoS7Z
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where P is another integration constant. Using the solutions (7.66-7.68) makes Eq. (7.62)
integrable, giving the following solution for the dilaton field:

2 X \3 Dcosz
- =—+4mn, 7.69
3< ) \/K—gsinz 7 ( )

where D is the final integration constant. Placing solutions (7.66-7.69) in the last remaining
Eq. (7.59) gives a condition for the EMT:

COSZ

6km?D 1
11 _
e A <0 A x?+A¢p*? > 0: In this case, the solution to the Eq. (7.65) is given by the following
expression:

ot =
Integrating Eqgs. (7.61) and (7.63) yields:

\/}i_A tanh z. (7.71)

1 X 2 coshz
0> =1+ 72
+3 (COShZ) tn x (7.72)
2AANK" = ﬂ —2y/—Atanhz — P : (7.73)
dx coshz

respectively. The solution to Eq. (7.62) and the constraint on the perpendicular component
of the EMT are given by:

2 X \3 D coshz
—|—) = +n, 7.74
3 (COShZ) M—A—%sinhz K (7.74)
6km?D 1
11
T =— 2 (—A)?’/z. (7.75)
Similarly to the previous case, the solution depends on three constants n, P and D.
e A< 0 A x2+A¢p? <0: Eq. (7.65) gives the following solution:
J_ X
= coth z. 7.76
ot = ot (7.70
Egs. (7.61) and (7.63) reduce to:
1 X \2 sinh z
02 —1— - ( ) 7.77
3 \sinhz L X (7.77)
dA P
2INK" = — — 2¢/—Acothz — ——, (7.78)
dx sinh z

respectively. The answer to Eq. (7.62) along with the condition on the perpendicular com-
ponent of the EMT is expressed as:

2 X 3 Dsinhz
- = — 7.79
3 (Sinhz) \/—A—}-gcoshz ( )
6km?D 1
11
S e (7.80)

In a manner akin to the earlier situations, the solution relies on three constants: 7, P, and
D.
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e A <0 A x?+ A¢t? = 0 : The specific condition in this case automatically satisfies Eq. (7.65)
and implies:

X

L
==+ 7.81
o - (7.81)
It is straight-forward to integrate both Eqgs. (7.61) and (7.63). The solution is given by:
02 =1+ "e (7.82)
Il dA z
2IAK" = s 2V =N\ +2Pe™. (7.83)
X
In this instance, solving the integral of Eq. (7.62) results in:
2 2\ 3 n P Z z
3 (xe™)” = - [(i\/— -5 ) et 4 D} : (7.84)
while the constraint imposed on the EMT is given by:
6km*nP 1
11 _
T— == E o (CAE (7.85)

We conclude that, in this final case, the solution once again depend on three constants n, P
and D.

Non-vanishing parallel component of contorsion current

In this section, we assume that T3 # 0 while TF = 0. Due to analogous reasons presented in
the preceding section, it holds that ¢ = K+ = T+ = 0. Consequently, we have the following
system of equations remaining:

Z [qsi% —2x — 21A¢LK”} =T+ (7.86)
dot 1 dA - 2 .
Z {2/\ ( f_ ngﬁ (o + D)) + ¢l& — 24 =7 - ;AwTIQ, (7.87)
Z(¢"+D) - 2 _ (7.88)
dx = K '

(o7 + D) [&% —2x — 21A¢LK} = 1ZK", (7.89)
d dA I 2 Lyl

= (dx 2IAK ) +2+ ZIAGTK =0, (7.90)
[2/\ (djf }1{& (o + D)) + qﬁi dA ] [¢ % —2x — 2IA¢ K"| = 0. (7.91)

In contrast to the previous section, setting the second bracket in Eq. (7.91) to zero does not
lead to the EMT disappearing, as Tj; remains non-zero. Then Eqs. (7.89) and (7.86) reduce
to K' = 0 and T+ = 0, respectively. The metric function A is completely determined from
Eq. (7.90), that is:

A=—(—p), (7.92)

where p is an integration constant. Using this solution (7.92) together with Eq. (7.91) results
in the following:

X = —x¢* (). (7.93)
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Putting Eq. (7.92) and Eq. (7.93) into Eq. (7.87) results into a condition for the EMT, given
by:

. 9
" + ZAT) = 0. (7.94)
X
The last Eq. (7.88) can be directly integrated giving a solution for the 6 filed:
0 =1+ Lupt? o ! dXT” 7.95
=l+gu+ o0t K (7.95)

where 7 is the integration constant.
Choosing the first bracket in Eq. (7.91) to vanish we arrive at the same Eq. (7.65) as in the

case when the entire contorsion current vanishes, namely:

% (Ap™? +x7) = z (A2 +x7) (¢ + D). (7.96)

To proceed further, we must examine four separate cases due to the varying options for the
signs of A and x? 4+ Ag*2.

e A > 0 : Similarly to the previous section, Egs. (7.96), (7.87) and (7.90) reduce to the following:

ot = % tanz, (7.97)
T" = 2v/AT}! tan z, (7.98)

A
2AANK" = i— + 2V Atanz — (7.99)
X

cosz’

where P is the standard integration constant related to the parallel component of the con-
torsion. Eq. (7.88) can be directly integrated using Eq. (7.97) resulting in:

1/ x \2 cosz
=1+ (=) I 7.100
tals,) T @+, (7.100)
where 7 is another constant and I = — [ ‘z}*s/;T” q. (7.86) gives the solution for x in the

following form:

2 3 THV/A
(X ) _THVA cose ++, (7.101)

§ 2 \/K—gsinz

The final Eq. (7.89) gives another condition for the EMT:

COSZz

= 0. (7.102)

i (\/KTNLL> +2\/KTI'<‘\/K—§SinZ
Z

COSz COSz

e A <0 A x®+A¢t? >0 : Analogues to the previous case, integration of Eqs. (7.96), (7.87)
and (7.90) results into:

ot = \/’i_A tanh z, (7.103)

T" = —2y/—AT}} tanh z, (7.104)

2INK" = % —2v/—Atanhz — F (7.105)
dx cosh z
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The other three equations provide solutions for the € and x fields, along with an additional
constraint for the EMT:

1 b'e 2 coshz
02 —1+= ( ) 1), 7.106
+ 3 \coshz + (n+1) ( )
2 3 TH /A h
—( X ) - il Y § (7.107)
3 \coshz 2 ey — gsmhz
d . 2v/—=AT! V/—=A — £ sinh
= (VAT + K 257 ), (7.108)
dz coshz coshz
where the integral [ is given by:
dzv—A -~
I= T). 7.109
/ coshz ¥ ( )

e A <0 A x?+ A¢t? < 0: Solving Egs. (7.96), (7.87) and (7.90) yileds:

J_ X
= cothz, 7.110
T" = —2v/—AT}} cothz, (7.111)
A
2INK" = df —2v—~Acothz — ——. (7.112)
dx sinh z
Once again, the remaining equations reduce to the expected solutions:
1 X \2 sinhz
2 =1- - ( ) I 7.113
3 \sinhz (n+1), ( )
3 Ll :
g(.x > :T vV—A sinh z i+ 1), (7.114)
3 \sinhz 2 vV—A+ g coshz
d . 2v/—=ATi vV—A + £ cosh
< <\/—ATLL> _ Ao VEAT O (7.115)
dz sinh z sinh z
where the integral [ is given by:
dzv—A -
I = Ty 7.116
/ sinhz K ( )

e A <0 A x?+ A¢t? =0: According to the condition defining this case, Eq. (7.96) is solved,
resulting in:

X

i i\/__A. (7.117)
The solutions to Eqs. (7.87) and (7.90) have the standard form:
T" = T2v/—AT}), (7.118)
2AAAK" = 3—2 F 2V —A + 2Pe™ (7.119)
Integrating Eq. (7.88) yields:
02 =1+ eiz (n+1), (7.120)
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where I = [ dzy/—AT}e™. Eq. (7.86) reduces to a constraint for the T+, that is:
1 8
5\/—ATLL + P(n+1)=0, (7.121)

while the final Eq. (7.89) gives the following solution for x:

§P (XejFZ)3 =n+1) (j:\/— — gejFZ) et +nD — /dZ\/ —AT}) (i\/ —A— gejFZ) e¥,
(7.122)

We conclude that if a non-zero parallel component of the contorsion current is present, the
solutions depend on three integration constants 7, P, and D similar to those in the prior
section. Moreover, by taking the limit 7}t — 0, these solutions align with those derived earlier.

Non-vanishing normal component of contorsion current when ®? # x?> and ¢+ # 0

Here, we derive the most general solution to the equations of motion (7.10-7.17). In the previous
two sections, the condition ¢t # 0 was assumed, which does not automatically hold when
Tit # 0. This particular situation is analyzed independently in the following sections.

After multiplying Eq. (7.14) by x* — ®? and substituting Eq. (7.58) into this modified
equation, we reach an integrable form. Upon integration, the resulting expression is as follows:

dA 2 P
Tt oAl - 2K = /e -, (7.123)

where P is an arbitrary integration constant. We use a following convention:
X =@ =+ |x* - 97| (7.124)
Placing Eq. (7.123) in Eq. (7.58) we arrive at the following expression for K*:

2IN"K+ = P {% x2 — §2| — E (o™ + D) Vx> — c1>2|]
X X

(7.125)

1
— [21\ (dd% — }(qu (¢" +D)) + qbii—i_: — 2x] .

Substituting solutions for K' (7.123) and K+ (7.125) in Eqgs. (7.15) and (7.16) gives:

12K — quL% =57 — % (x* — %), (7.126)
X X

lZKJ_ — P(b“% /|X2 _ @2‘ (7127)
X

Eq. (7.22), together with Eq. (7.25), implies that the parallel component of the contorsion, as
well as the variable S, as defined in Eq. (7.29), are fully specified by the sources and the metric

function A, leading to:

THL dA TIIL
K

K” - - —
T dx
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Egs. (7.123) and (7.125) can be regarded as solutions for K" and K+, respectively, in terms
of the metric and ¢* vector field. Using these, contorsion is removed from the equations of
motion, leading to the following set of equations:

Z (8¢t —2x) = —T++, (7.129)
d 1 1 2 2 _ Al 2 1Al

ZP {di . (¢ +D)] X2 — @2 =T —AgT Ty, (7.130)

Z¢" =T, (7.131)
1L d‘92 yall

Z (¢t +D) - X = = Ty, (7.132)

X

Z (dA o d s d

oA (dX 3) = P¢ dx‘/|x P2| = (x* — @%), (7.133)

z(9 4, :2Pxi\/\x2—®2 sl (x> — ©%) (7.134)
dx dx dx ’ '

Sx +2A¢* = P/|x2 — 92 (7.135)

Eqgs. (7.129-7.132) are analogous to the initial Eqgs. (7.23-7.26); Eq. (7.135) is a reformulation
of expression (7.123). Moreover, Eq. (7.133) corresponds to Eq. (7.126), whereas Eq. (7.134) is
obtained by subtracting Eq. (7.126), multiplied by ¢+, from Eq. (7.127).

All fields can be expressed in terms of /|x? — ®2|, Z and sources. By concurrently solving
Egs. (7.129) and (7.135) with respect to x and ¢+, we obtain:

[ STLL
(S +4A) ¢ = /[x2 — 02| |2P — — ——— |, (7.136)
I Z.\/|x2 — 2|
[ QAT
(8> +4N) x = /[x2 = 9| | PS + ——— |, (7.137)
I Z\/|x% — 2|
while ¢ is determined from Eq. (7.131):
TL
I K
== 1
§ =18 (7.138)

Next, we examine expression (7.135) by taking its square. After multiplication by Z? and
substitution of Eqs. (7.129) and (7.131) we arrive at:

(8240 F P?) 22 (x2 = 02) = A (T2 — (82 +40) ), (7.139)

where we have used the convention defined in Eq. (7.124). Egs. (7.133) and (7.134) are trans-
formed into the following equivalent set of equations:

zZd 2 _ 2 2 d 2 2
R (8> +4A) =— (S +4A:FP)d}_< (x* — 9%, (7.140)
zZ27 s dA] - d s

with the help of expression (7.135). Observe that these two equations are identical when
8% + 4N = 0, which indicates that we need to revisit the original set of equations in this
scenario. Observing this new set of Eqs. (7.136-7.141), together with Eqs. (7.130) and (7.132),
we conclude that the solving procedure branches depending on whether S? + 4A € {0, =P?}
and whether constant P vanishes. Let us first examine the cases where P # 0.
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e P # 0 : Combining Egs. (7.130) and (7.132) leads to an integrable equation, the solution of
which is given by:

1 1 n+1
2 _ - 2 H2
0 =1+ (x* — @?) +—P—’X2_¢2’, (7.142)

where 7 is an integration constant, while integral / is defined as:
[=— / % (T“” + STIQ . (7.143)

Now, we have also expressed Z solely in terms of |x*> — ®?| and the sources. Here, we have
another branching of the solution depending on whether the quantity S + 4A F P? and/or
S? + 4A is non-zero.

* S2+4NFP2#£0 A 82 +4A #0: From Eq. (7.139) we get a solution for [x* — ®2|:

2 3 n+1
+o -2 =g+ = 7.144
3}X ‘ ‘7 P ’ ( )

where we have introduced a function J of the source fields, given by:

+A (Tm — (82 +4A) 7}2)
S2 4+ 4N F P2 ’

J =4 (7.145)

with additional sign choice denoted by +’. The remaining three Eqgs. (7.140), (7.141)
and (7.132) reduce to the constraints placed upon the sources, given by:

. . P d . .
i I L2 2 12
T+ 8T = 5 J—In ‘A (T (S 4 4A) T ) , (7.146)
dS .dA  _PATH d
PHAN 20— - S— = — In|S® +4A F P? 7.147
SHANF UG - S =F o RIS HaAF (7.147)
w1 PS i <ATI%2> S e A pPS T (7.148)
KT S2+4NF P2 S2 + 4A 27 82 + 4\ F P2 ‘
Lastly, the perpendicular component of contorsion is expressed as follows:
PT# d
K+ = K —In|S? 4+ 4A F P?|. 14
l $4jdin|8+ F P (7.149)
x 82 + 4\ = +P? : From Eq. (7.139) we have a condition for the sources:
T2 = £ P27, (7.150)

which implies that x* > ®2 meaning the plus sign is applicable in this case. Eq. (7.140)
is automatically solved. Eq. (7.132) gives fourth, and final, condition for the sources,
ie.
. d 5 . .
AT =2 (AT“) _ ST+ ST, (7.151)
X

Unfortunately, within this scenario, equation for J = Z4/|x?> — ®2| cannot be solved in
general. It is given by:

dj _ P dS 2 1 yallll yall
T (d)_( + 2) T+ (T + STK> . (7.152)
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x 82+ 4A = 0 : In this scenario, Eq. (7.141) still holds, implying that:
VK2 — @2 = Q = const. (7.153)
This outcome annuls the right-hand side of both Eqgs. (7.133) and (7.134), leading to:
S=-2% A=-%. (7.154)

Simultaneously solving Eqgs. (7.129), (7.131) and (7.135) yields a solution for the fields
x and ¢* in terms of the sources, as well as one condition for the EMT:

Qx [ P>T? PQ
= — —_— 1 - 1

x=7 Fiis F = (7.155)

L Q[ PT PQ
o= P ( TLl2 Tl - 4%2° (7.156)

PQ T+
= —?QT—i (7.157)
2 5 Xz,  n+l1

ng - —FT + 5 (7.158)

Since S and A have a form given by Eq. (7.153), the contorsion vanishes entirely, i.e.
K'=Kt=17"=0. (7.159)

The last remaining Eq. (7.132) reduces to another condition for the sources:
x [ P?Ti2 L 1
P2\ prie T A%

e P=0: Now, Eq. (7.130) gives a condition for the parallel component of the EMT:

% (xfu) _ %% <>‘<2T~§2> . (7.160)

Tl =

T" = }—2(A¢l:f;g (7.161)
In addition, from Eq. (7.125) we conclude that:
K+ = 0. (7.162)
We further consider two separate cases, depending on whether S? 4 4A vanishes or not.

x 8% +4A # 0 : Under the condition P — 0, the Eqgs. (7.136-7.138) remain valid, providing
corresponding solutions for ¢* and x. Meanwhile, Eqgs. (7.130), (7.132) and (7.141)
simplify to the same constraints on sources as given by Eqgs. (7.146-7.148) in the limit
P — 0. Consequently, Eq. (7.139) yields the solution for 6:

0> =1+x>— %+ |X2~7_ T (7.163)
where J is given by:
ATL12 B
J=4" |z (m - ATI%2>. (7.164)
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Using the function J, the integration of the final Eq. (7.140) becomes straightforward,
resulting in:

2 3 1 _d
+2 x> —®°|* =D — §/dx\7&1n | 8% + 44, (7.165)

where D is an integration constant. Furthermore, condition (7.147) allows us to deter-
mine S purely as a function of the metric. The solution is expressed as follows:

—2v/Atanz; A >0
S=<2vV—Acothz; A<0, S?4+4A >0, (7.166)
2v/—Atanhz; A <0, S*+4A <0

where we have used the z coordinate defined in Eq. (3.21).

* 8% 4 4A = 0 : The condition defining this case, can be rewritten in the following form:
S = +2vV—-A. (7.167)

From Eq. (7.161) we have: 3 .
T 4+ ST = 0. (7.168)

Eqgs. (7.129) together with Eq. (7.135) gives the fourth condition for the sources:
T =o. (7.169)

Eqgs. (7.133) and (7.134) are equivalent in this case. With the help of Eq. (7.134),
Eq. (7.132) becomes integrable, giving the following expression for x (and ¢+ through

Eq. (7.129)): o
SZ¢ e+ . i}
Zx = 5 = Ney <77 + /dzATKe$2 ) : (7.170)

where the + notation is defined by Eq. (7.167). Direct calculation yields:
VR
Vo

where another sign convection +’ is defined. The last Eq. (7.133) can be directly inte-
grated, resulting into:

0> =1+x>— o>+ (7.171)

3 1 ~
(x*-9%)? =D+ 1 /dZSTIQ (3—‘2 + 2) : (7.172)

Non-vanishing normal component of contorsion current when ®? = x? and ¢+ # 0

The defining condition gives a solution for ¢ in terms of ¢+ and x:

2 A 12
I iw/# (7.173)

In this case, Eq. (7.58) is solved. It is easy to see that the components of the contorsion satisfy
the following condition:
¢'K' = ¢pTK*. (7.174)
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This equation, together with Eq. (7.14) gives the solution for the contorsion K* in terms of ¢*

and x: ¢L o dS
h_ L7 (=
IK (dx + 2) , K- = o (dx —1—2) : (7.175)
where § is given by:
dA TIIJ_
S = pr 21N — T (7.176)
The full system of equations now simplifies to:
(1-6) (S¢* —2x) = —T*+, (7.177)
(1-67) {dd_ ! (0" + D)} (2A¢" +Sx) =T" - EA&TIQ, (7.178)
X X
2 12 .
(1-6?) \/% — £T, (7.179)
L de? I
(1—6%) (¢ +D) — X = Ty, (7.180)
(1-6% (g + 2) = 2xdi (2A¢™ + Sx), (7.181)
A
(d_ -5) = 2agt (dS ¥ 2) | (7.182)
d dx

where ¢' and K* have been entirely removed from the original equations by employing Eqgs. (7.173)
and (7.175), respectively. Expressing D from Eq. (7.180) and substituting it into the Eq. (7.178),
followed by integration, yields:

(1-06%) (2A¢" +Sx) =n+1, (7.183)
where 7 is an integration constant, and integral I is defined by:
I= /di (T“” + STIQ) . (7.184)
Solving Eqs. (7.177) and (7.183) in terms of ¢ and x yields:
(S+4A) Zopt =2(n+1) — ST+, (7.185)
(S+4A) Zx = S(n + 1) + 20T+, (7.186)

Once again, a special case emerges when S? + 4A = 0, which is analyzed separately.

e S?+4A #0 : Egs. (7.185) and (7.186) define a solution for Z¢t and Zx. Next, after
substituting this solution into Egs. (7.179) and (7.182) we arrive at two conditions for the
sources, given by:

(n+ 1) = (S? +4A) ATg? — AT+, (7.187)
) ds  _dA aod o
(n+1)|S* +4A + 2N =S 2AT = (8% +4A). (7.188)

Using Eqgs. (7.185), (7.186) as well as condition (7.188), Eq. (7.180) becomes the following

constraint for the sources:

AT+t N dA
dx dx

AT = 2 S) T+ ST — (i_‘? _|_2) (n+1). (7.189)
X
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The last remaining unknown function Z is determined by solving Eq. (7.181). The solution

is as follows:
2 I dx I d
("+ ) <+ (—‘?+2>. (7.190)
3 S(n+ 1)+ 20T+ \ dx

Note that 2 =1 — Z.

e 8?4+ 4A = 0 : This scenario resembles the related situation where x*> # ®2 and P # 0. We
begin by examining Eq. (7.182), which can be rewritten in the following way:

(2A¢" + Sx) (i—‘z + 2) = 0. (7.191)

The first bracket in Eq. (7.191) cannot be zero because this would lead to T = 0, con-
tradicting the primary assumption. Then, Eq. (7.191) gives the following solution for the
metric:

A=-% S=-2x (7.192)
Consequentially, Eq. (7.181) implies:

2A¢* + Sx = Q, (7.193)

where () # 0 is a constant. Then, simultaneously solving Eqs. (7.179) and (7.193) yields:

T2 1
X = Q TLLQ — &] (7194)
TJ‘2 1
o"=-Q Fii E] . (7.195)
From Eq. (7.177) we have the following solution for the 6-field:
02 =1+ %T“. (7.196)

Eqgs. (7.183) and (7.180) reduce to two constraints placed upon the EMT and contorsion
current, given by:

T =n+1, (7.197)
el XTIJ(_Z 1 d -l 1 d =212
L= |75 5| & (XT ) T ( 2Tk ) . (7.198)

Non-vanishing normal component of contorsion current when ¢+ =

If the normal component of the contorsion current is zero, the equations of motion necessitate
a non-zero ¢. Conversely, the presence of a non-vanishing Tt alters this condition. In the
last two sections, we considered ¢ to be non-zero, hence the scenario where ¢+ equals zero
requires a separate analysis. It is easy to express all fields in terms of Z, the EMT, and the
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contorsion current.

TJ_J_ TJ_
X = g, Qb” = gK, QSL = 0, (7199)
AAK' = j;—j AAKLE = % (7.200)
K K
~ 2 ~
TJ_J_ ATJ_2
2 K
02 = <§> R (7.201)

These expressions directly solve Eqgs. (7.22-7.25). Eqgs. (7.16) and (7.14) become conditions for
the sources given by:

o dTHE TR 7dA
2Ty = —(—==S8 7.202
K=" " 2A (di > : (7.202)
~ ds
T||H TJ_J_ 92
5 = (7.203)
where S defined by Eq. (7.29) is expressed in terms of the sources as well:
dA L
S=——-2I1A\—— 7.204
dx i’ ( )
the same as in the previous two sections. The remaining three equations read:
AL T | FLL ~
2 = ST —In | — | +T" 7.205
AT 28 d>‘<H<Z>+ , (7.205)
ds T\IIITJ_J_ d ATJ_Z
Z—+2]= — = 2
<d>‘<+> = +Sd)‘<<22>’ (7.206)
. . 3 . .
- dr++ 14 [T+ T+ d [ AT?
o7l — _ 4 S K 2
K7odx 6dx<Z>+de<Z2> (7.207)

Combining all three Eqs. (7.205-7.207) we obtain an integrable equation, the solution of which
is given by the following expression:

AT = Lpre (o & (7.208)

K 4 _P2 ) *
where P € RU {00} represents a constant of integration. Note that when P takes on an infinite
value, it corresponds to the scenario previously encountered where x?> = ®2. Substituting
Eq. (7.208) into Eq. (7.207) eliminates Z form the equation, giving another constraint on the
sources:

ST TR (7.209)

In conclusion, the integration of Eq. (7.206) allows us to directly determine the unknown
variable Z, which is represented by the subsequent expression:

11 2 Q2 N
5 (82 ) =D+ /dx P882 <i—i+2) T+ (7.210)

Note that the case corresponding to P — oo results in the vanishing parallel component of
contorsion. This can be easily seen by comparing Eqgs. (7.202) and (7.209).

163



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

7.2.2 Solutions when Z #0, § =0 and ¢+ # 0

In this section, we investigate the solutions to the equations of motion when ¢ = 0. This is a
rather special case, since Eq. (7.14) is trivially solved. We solve equations by expressing all fields
in terms of Z and the sources, and then we solve the equation for Z, defined in Eq. (7.28). The
multiplication of Eq. (7.15) by ¢t followed by subtraction of Eq. (7.16) results in the following
equation:

dx

Expression (7.211) represents a way to remove the orthogonal component of the contorsion
from other equations. The ¢' is easily obtained form Eq. (7.25):

oKL = ¢ {IK” + iln Z} . (7.211)

T
I K
= —. 7.212
o =5 (7.212)
Eq. (7.22), as in previous sections, represents a constraint for the sources, that is:
dA - -
— =S| Tgx =T"" 7.213

where we have used the definition for & (7.29) to eliminate K" in the last step. Multiplying
Eq. (7.16) by Z? and employing original Egs. (7.22) and (7.26), as well as Eqgs. (7.211) and
(7.212) we arrive at:

TR 23— 2NT{? (dA
il 4 12) _ K- (44
FHT+ — (ATK ) o (dx 3). (7.214)
Eq. (7.24) is transformed into the following form:
dZ - = 2% (dA . .
22 T (- 8) = iz T 20t (7.215)

upon utilizing Eqs. (7.26), (7.211), and (7.214). We rewrite Egs. (7.23) and (7.26) in full:

Z (8¢t —2x) = —T+, (7.216)
Z (¢* + D) = Ty. (7.217)

Employing the quartet of equations obtained earlier (7.214-7.217), we reformulate the final
Eq. (7.17) as:

FLL gp . ) i 1A gy 4 dyz L\
d +(j.i__<TJ_J_+T|||>+2ATIQ((1i_‘;:22A (dx )+dx n i(ATé—) . (7218)

2A
dx X Zot dx

Note that this equation is the conservation law for the EMT given by Eq. (3.66) rewritten using
redefined EMT components T}, These five Eqs. (7.214-7.218), together with the definition of
Z = x?>41—®2, form a complete set of equations that are analyzed in this section. Substituting
x from Eq. (7.216) into the definition for Z, we derive a quadratic equation for Z¢t:

(8% +4A) (2¢1)* + 28T (2¢1) + T2 —AAT? — 422 (2 —1) = 0. (7.219)

164



CHAPTER 7. FULL DR5DCS THEORY OF GRAVITY

Upon examining Eq. (7.219), it becomes clear that the scenario where S? + 4A = 0 requires
independent examination. The solutions for x and ¢+ are given by:

(MTH + V7T, S2 4+ 2\ £ 0,
Zx = 1. ATJ_ z2(Z _ 1 (7220)
Lpon (Mt 27 ), S? +4A =0,
L 4 TLL
(M — 1) T +2V7, S2 4+ 2A #£0,
SZ¢t = 5 L 22(Z — 7.221
¢ —o7+t 1—AT1<+~‘z (2-1) , STH2A=0 ( )
4 TLl2
where, we have defined two more axillary quantities:
1 - .
J=02M-1) {§MT“2 —ATF? - 2% (2 - 1)} : (7.222)
2A
==\ 22
S% +4A (7.:223)

This section is divided into three parts, akin to the previous section, contingent on which com-
ponents of the contorsion current are non-zero. Each part has three distinctive cases depending
on whether S? + 4A or J vanish.

Completely vanishing contorsion current

From Eq. (7.212), we deduce ¢" = 0 because TI% = 0. Subsequently, using Eqs. (7.211) and
(7.213), it follows that K+ = 0 and 7"t = 0, respectively. Additionally, since T} is zero,
Eq. (7.214), implies:
dd s koo (7.224)
dx ’

We now arrive at the following system of equations:

dz

225 =Tzt (7.225)

¢t +D =0, (7.226)
TLL A /-~ B

2Add}_( + i—)_( (TLL + T”“) =0, (7.227)

In this case T+ # 0, since otherwise it follows from Eq. (7.227) that T"" = 0, and the whole
EMT vanishes.

e S2+4A#0 A J #0: After making use of all the equations, Eq. (7.226) can be rewritten
as:

z3 (i—‘g + 2> = 7+ (7.228)
X

and we must now distinguish two separate subcases:

* 8’ +2=0:Since S = %, this condition implies that the metric exactly coincides with

that of the BTZ black hole:
A=—(*—p), (7.229)
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where p is a constant. From Eq. (7.228) we immediately obtain:
" =0, (7.230)

as a necessary condition for the EMT. The remaining two field equations can then be
straightforwardly integrated, giving:

~ D
Z =const. T+ ==, (7.231)
X
where D is another integration constant.
* 8"+ 2 #0: In this case, Z is determined by Eq. (7.228), namely:
FLLAI
3
£+2
Substituting this expression into Eq. (7.225) leads to the following constraint on the
EMT: ;
1d [ TLLigm ~ ~
s | =T [eM - T 2 7.233
3 dx ( 42 ) ( ) VI, ( )

where 7, after inserting Eq. (7.232), becomes a function solely of the EMT components.
The remaining Eq. (7.227) is already in the form of a covariant conservation law for the
EMT.

o S24+4A#0 A J = 0: Condition J = 0 reduces to:

ATH2 = 22(Z2 - 1) (S* +4A). (7.234)
Using Eq. (7.234), Eq. (7.227) takes the form:
d o
z3 (—S + 2> = 7t (7.235)
dx

and Eq. (7.226) can be recast as:
(32 -2)T" =0. (7.236)

Taken together with Eqs. (7.225) and (7.235), Eq. (7.236) implies that both the metric and
the EMT are completely fixed:

A=—(2—p), T" =0, AT =4u2* (2 - 1), (7.237)
with ¢ and Z constant.
o S? +4A =0 : This relation, together with % = §, immediately leads to:
A=-%2 S=-2x (7.238)
Under this condition, Eq. (7.226) simplifies to:
™" =0, (7.239)

while the remaining Eqs. (7.225) and (7.227) yield:

~ D
T+ = =, Z = const, (7.240)
X

where D is another constant.
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Non-vanishing parallel component of contorsion current

Given that T}% = 0, we immediately deduce ¢" = K+ = T+ = 0. The system of equations then
reduces to:

22 (ilz TITH + Z* (T"” + ST}Q) , (7.241)
X
(gzsL +D) =Ty, (7.242)
o <§1—A — 8) — T (7.243)
X
dTJ_J_ dA 11 I Il dS
N+ = (T4 +7") + ATy 2 = =0 (7.244)

e S2+4A#0 A J # 0 : Exploiting the full set of equations, Eq. (7.242) can be recast in the
form:

= [eM - )T+ 22T [STE - (M- 1) TH £2vT )| x

ATIQ Sil_g dA allll yall
= <2+2M_1 + (&—S> (7" + sTy)

The first factor in Eq. (7.245) cannot vanish, as it is proportional to ¢+ # 0. Consequently,
the solution splits into two distinct branches, depending on which of the remaining factors is
set to zero.

(7.245)

* x = const : This case arises when the middle bracket is set to zero. Then we obtain
Tt = Z¢*, which in turn implies D = 0, or equivalently x = const. Solving Eq. (7.244)
for 7" and employing Eq. (7.243) together with the defining condition of this class, one
verifies that Eq. (7.241) is fulfilled. In terms of x and Z, all fields can now be written
as:

(7.246)
X2
7L XXFS (7.247)
Z_(2+1)
T =42 % (7.248)

where we have adopted a new sign convention. Eq. (7.244) now acts as a constraint on
the sources, while the remaining Eq. (7.243) turns into an algebraic equation that fixes

Z:
dA 2 2 2 2 2
= 38 Z+4(X +1) [(x* +1) 8% + 4x°A]
2 dA 2
+4|8(x*+1) 5 3S) A Z2=0. (7.249)

* X # const. A T+ %0 : In this situation, the third bracket in Eq. (7.245) must vanish,
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which yields the following reduced system of equations:

(% - S) (1" + ST = —AWTK (2 + 2;\8/% 1) , (7.250)
- — (87 +4A) = (% - s> % (A7) (7.251)
23% (S? +4A) = —2% (A7+2), (7.252)
% In[2% (8% +4A)] = ;‘M—VZL % (7.253)

Since T++ £ 0, it follows that % # S. Eq. (7.252) can be solved for Z, while the other
three equations impose constraints on the sources.

* X # const. N T+ =0 In this final case, the last bracket in Eq. (7.245) vanishes Using

Eq. (7.88), one obtams = S. Inserting this result into Eq. (7.245) glves +2=0.
Taken together, these relatlons yield the following metric:

A=—(—p), §=-2%, (7.254)
where p is an integration constant. Integrating Eq. (7.241) under these conditions leads
to:

1 dx
o+ guott =n— [ =T, (7.255)
with 7 another integration constant. The dilaton then follows directly from Eq. (7.216):
X = —X¢T. (7.256)
Under these assumptions, Eq. (7.244) reduces to the following condition on the sources:
~ 2A -~
L — L (7.257)
X

o S2+4A#0 A J =0 : Substituting Eq. (7.241) into Eq. (7.244) transforms Eq. (7.244) as
follows:

dAl d
Z-2)-2Z Z* (8% +4A 7.25
{8(3 ) d}_{}dx[ (S*+4n)] =o0. (7.258)
Imposing that the derivative term in Eq. (7.258) vanishes and using Eq. (7.242) yields
2 d
(32 —2) { 2M — 1)+ ﬂ} — 0. (7.259)
S dx

This leads to a new branching of the solution space.

x Z\/82 + 4N = +/Q N Z # 2/3: In this branch, Z is completely fixed. Consequently,

Egs. (7.221) and (7.220) already provide the final forms of ¢ and x, and Eq. (7.258) is
automatically fulfilled. The remaining Eqs. (7.241) and (7.243), together with J = 0,
impose the following constraints on the sources:

T + STy =0, (7.260)
Il 1 TJ_J_ dA

T,
K= 282+4Ai /52+4A
ATH2 =Q (i, /@FLM — 1) : (7.262)
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respectively. Finally, Eq. (7.259) determines S in terms of the metric:

—2v/Atanz; A >0
S=<2vV—Acothz; A<0, S*4+4A>0. (7.263)
2v/—Atanhz; A <0, S24+4A <0

*x Z\V82+4A =/Q N Z =2/3 : In this case, Egs. (7.258) and (7.259) are again iden-
tically satisfied, and Z is fully fixed, which in turn determines x and ¢+. Under these
two conditions, S can be written entirely in terms of A as:

S? = % — 4A. (7.264)

The leftover equations, (7.241) and (7.243), together with J = 0, become:

ST" = 4ATy., (7.265)
. AT /dA
Ty = — — 2
ATH2 = —%, (7.267)

respectively.
*SBZ2-2)= Zi—;‘ : Inserting this relation into Eq. (7.88) and imposing J = 0 gives:

B STJ_J_
T = —— 2
K S?+4A (7.268)
Comparing with Eq. (7.221), we infer TIQ = Z¢*, which implies D = 0, i.e. x = const.
Combining J = 0 with Eq. (7.220), we find:

X2

Z=1+—. 7.269

by (7.269)
The remaining equations then impose the following conditions on the EMT and the
contorsion current:

2
o= X () X_) 2
u ( ik (7.270)
~ X2
20Ty = —xS (1 + W) : (7.271)
S XA x? dM  2S5M?
T = 5 <1+2M> {d)_( el (7.272)
2
A g2M 3 (7.273)

dx 2M + x2

e S? +4A = 0 : This is the final case for TI% = 0. We begin by examining Eq. (7.242), which
can be rewritten as:

(le B %) {ZATIQ pyam (i N %)} (T”“ + STI'Q) —0.  (7.274)

The first factor in Eq. (7.274) cannot vanish because it is proportional to ¢+, which leaves
two possible subclasses of solutions.
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* x = const : This subclass corresponds to imposing that the middle factor in Eq. (7.274)
is zero. Comparing with Eq. (7.221), one deduces T} = Z¢*, implying D = 0 and,
consequently, that x is constant. Eq. (7.244) then remains as the EMT conservation
law, whereas Eq. (7.241) is automatically satisfied for a constant dilaton. All fields are

determined in terms of Z. In this situation, the solution coincides with the one obtained
for S24+4A #0 A J # 0, further restricted by the condition S? + 4A = 0.

* x # const A T+ # 0 : In this case, Eq. (7.274) yields:

"+ ST =0, (7.275)
which, combined with Eq. (7.244), provides an EMT expressed via the metric:

~ D
T = ——. 7.276
- (7.276)
Together with Eq. (7.241), this leads to a solution for Z:
Z= 1 ¢t (7.277)

I

where the coordinate z is defined by Eq. (3.21). The last condition follows from

Eq. (7.243):
3 F3z
=N i €
Tk = 3D 4 ((—A)g> . (7.278)

Thus, this family of solutions is characterized by the two constants n and D.
* x # const A T =0 : From Eq. (7.243) we obtain the metric:

A=-x* S=-2% (7.279)
The remaining equations then become:
T" = 2%} (7.280)
ot =n— %TIQ, (7.281)
dz -
X = % [n - / TXTIQ] . (7.282)
X

Non-vanishing normal component of contorsion current

The system of equations defining this case is given by:

dZ Z3 (dA - .
0d& &7 (dA L (A I
e < = 8) + 20 (T +STK>, (7.283)
Z (¢t +D) =Ty, (7.284)
T 23 20T (dA
Ll o 2 (AL = K - _ 2
Kt ( K ) 2A (d)—( S) ) (7.285)
d7+t dA S0 Al - dS % (% - S) + %an d =1\ 2

together with the solutions for ¢ and x, given by Eqs. (7.221) and (7.220) respectively. The
method of solving of these equations mirrors that of the earlier section, with identical scenarios
arising.
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e S2+4A#0 A J #0: Once again starting from Eq. (7.284) we get:

= [eM - )T+ 22T [STE - (M- 1) TH £2VT )| %
[2 S dAM  2MTH

(7.287)

yalllll alll
M — 1 dx Z3 (T +STK>

The first bracket in Eq. (7.287) cannot be equal to zero, since it is proportional to ¢+ # 0.
The solution branches into two potential outcomes based on the selection of the vanishing
bracket.

* X = const : This scenario occurs when the middle bracket is set to zero. This indicates
that Ty = Z¢*, which consequently leads to D = 0, or x = const. Employing all other
eequations yields:

0 =0, x=const.

Z—(x2+1) T Ti
¢L=i\/ <A )+ + 5 9 =% (7.288)

1 /dA Tt
(1 — J_ 111 Il
IK = x (dX s), Kt =K (T +STK>

where Z is the solution of the following algebraic equation:

X A Z2
(7.289)

dA d (a2 Z—(x2+1) T
z? (d——38>+28(x2+1)22:2d— (ATi) :F4XAZ2\/ D) | T
X
Finally, conditions that the sources must satisfy are as follows:

- Z—(x2+1) TP . Z_(x2+1) T
11 K 7l K
[ =2Z 2XZFS\/ A + 5 | K =TZ A + Z2

AT+ dA FLL AST)  dM 2 d = \2  dA] =l
Mt D T MeM o) & [?E (+75) _&] (7 + T3
(7.290)

Notice that taking the limit Tz — 0 results into the equivalent solution of the previous
section.

* X # const. A T+ # 0 : Here, the third bracket in Eq. (7.287) must vanish, leading to
the following reduced set of equations:

23% (82 +4A) = 2% [SATH2 4 ATER (82 4 40)

d oo (e L W e
Ll (27 (8% +4A)] = MTLL 2oM 1)
B B d B SM B (7291)
Ll -~ 112 dx 3 12
AT TKfMd)_{<AT )s T Tovesy (22— 2a73?),
. 8 . SM
TJ_J_ TIIH TH — ZS 1 dx )
MTH (T4 ST) +2(2M—1)]
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This is the most general solution to the full set of equations of motion when ¢ = 0. Note
that 7+ # 0 implies that 92 £ S. The first equation can be interpreted as a solution
for Z, while the remaining three are then the conditions for the sources.

* X # const. A T+ = 0 : This case corresponds to setting the third bracket in Eq. (7.287)
as well. The remaining equations reduce to the following set:

Z3 _9NTE? (dA d - .
D ATJ_Z TJ_J_ —
2A (dx 8) dx ( K ) ’ 0
. S . - .

(82+40) T = 2 (27— 20T¢2) (T + ST (7.292)

dz 23 /dA - g AT + 22(2 - 1)
ZQ_ ~ - — :t? THH TH K

dx+2A(dX S) (7" +s K)J STran

where the first equation represents a solution for Z. The other axillary function S is
given by:
—2v/Atanz; A >0

S=<2vV—Acothz; A<0, S?4+4A>0. (7.293)
2v/—Atanhz; A <0, S24+4A <0

e S+ 4N #0 A J =0: Applying Eqgs. (7.283-7.285) to rewrite Eq. 7.287 yields:

N A d
ZHZ = 1)+ AT + ST T 2% (8% +4AN)] =0. 7.294
(2- 1)+ AT 4 GTHTY 122 (824 0)) = (7200
Imposing that the derivative term in Eq. (7.294) vanishes and using Eq. (7.284) leads to:
d
(32 —2) [s (M —1) + M} 0, (7.295)
X

which is identical to Eq. (7.259). Hence, we obtain an additional branch of solutions.

*x ZVS?2+4N=+Q N Z #2/3 : In this case, Z is fully fixed, so Eqs. (7.221) and
(7.220) already provide the final solutions for ¢+ and x. Eq. (7.294) is then automatically
fulfilled. The remaining Eqs. (7.283) and (7.285), together with J = 0, reduce to the
following constraints on the sources:

THII —FST& — O,
ZP 20T (dA s
2A

L d .
Ll 9 12\
T = g (A7) e

112 P12 (@2 .
AT+H2 = AT (S +4A)+Q< ‘/82+4A 1).

Here, the auxiliary function S is completely determined by the metric as:

—2v/Atanz; A >0
S=1<2vV—-Acothz; A<0, S*+4A>0 (7.297)
2v/—Atanhz, A <0, S2+4A <0

(7.296)

O

Note that in the limit 7 — 0, this solution reduces to the corresponding solution
obtained in the previous section.
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*x 282+ 4N = +/Q N Z =2/3: Under these conditions, Eqgs. (7.294) and (7.295) are

again trivially satisfied, which fully fixes Z and therefore also x and ¢*. Incorporating
these conditions, S can be expressed solely in terms of A as:

_ %

S? Y 4A. (7.298)

The remaining equations simplify to the following constraints that the sources must
obey:

- - - dA

L (Tuu T”) _ Q@ (dA _

) =g\ °)
e d s 3 _2AT#? [(dA
prign — 4 <AT”> _ o7 K (4R (7.299)
Koax UK 2A & %)
Q

Pll2  Agil2 (o2 %
AT = AT (S8 + 4A) X

In the limit TZ — 0, this branch likewise reduces to the corresponding solution of the
preceding section.

* S <Z2(Z —-1)+ ATI%2> + ATT) = 0: This case corresponds to choosing the first

bracket in Eq. (7.294) to vanish. Using J = 0, one readily finds that this condition
simplifies to:

STy = (2M — )T+, (7.300)

which further implies Ty = Z¢. From Eq. (7.284) we then infer that x = const.
Consequently, this corresponds to the special case of the general solution with constant
x discussed at the beginning of this section.

e S? +4A =0 : This is the final scenario when TI% # 0. We begin by examining Eq. (7.284),
which can be recast in the form:

(1 22 (Z - 1) +AT§2>

4 TLl2

- . 1 Z2(Z—1)+AT¥?
20Ty — ST+ (Z_ ( TL)J K)

(1 + 57¢) o

(7.301)
The first factor in Eq. (7.301) cannot vanish, since it is proportional to ¢+, leaving us with
two distinct possibilities:

* x = const : In this situation, the middle factor in Eq. (7.301) is set to zero. Comparing
with Eq. (7.221), one obtains Tji = Z¢*, implying that D = 0 and thus that x is
constant. Consequently, this case is just a particular instance of the first scenario
analyzed in this section.

* X # const A T # 0 : In this case Eq. (7.301) simplifies to:

™ + STy =0, (7.302)

which, in combination with Eqs. (7.283) and (7.286), yields the following expressions
for the EMT and the auxiliary function Z in terms of the metric:

TJ_J_ —

z= e (7.303)
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where z is the coordinate introduced in Eq. (3.21). The remaining constraint follows
from Eq. (7.285) and reads:

_ 3 d 6:|:3z eiZZ d _
=_1T2 — £ (AT 272 7.304
K™ 73D dz <(_A)§> DA2dz( K€ ) (7.304)

so this branch of solutions is characterized by two parameters, n and D. In the limit
Tit — 0 one recovers the corresponding solution from the previous section.

* x # const N T+ =0 : This is the last possibility considered here. The fields take the

form: _

ot =+ X = V_ATI%eze7
V—A n

Kt =0, 201AK" = i—A T 2V —A, (7.305)

X
+z 5
X = {D + /dZATIQQ:F2Z:| , =0,

n

while the sources are constrained by:
T4+ STY =0, TH =0
ANTP24+22(Z2-1)=0.

The auxiliary function Z is again:

(7.306)

7] +z
—¢€ ( )

Here D is an integration constant.

7.2.3 Solutions when Z #0, § =0 and ¢~ =0

The same way as in Sec. 7.2.1 all fields can be expressed in terms of the sources, that is:

TLL TL
X ==, P = 7K ot =0, (7.308)
TIIL TIIII TLL
AUNK' = - AR = T (7.300)
Tt Tt
K K

while the solution for 6 (7.201) becomes a condition given by:

1 - .
Z—le = AT+ 22 (Z2-1). (7.310)
The remaining equations have the same form as in Sec. 7.2.1, given by:
AT TR rdA
[ an
2T = = + i (dx S) (7.311)
Tl 1 g FLL ~
2 = ST —In [ — | +T" 7.312
otz 2 wo\E ) T (7:312)
ds FllFLL d [ ATL2
Z(—+2)= — K 31
(d)‘(+ ) =2 +Sd>‘< Z | (7.313)
- - 3 . .
- dr++ 14 [T+ T+ d [ ATR?
2Ty = e — =) 7.314
K~ T 6d>‘<<Z>+Zd>‘<<Z2> (7.314)
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As in previous sections, we investigate three distinct scenarios, depending on which components
of contorsion current vanish.

e T¥ =0 : In this case, as always, we have ¢' = K+ = T"+ = 0. From Eq. (7.26) we get D = 0,
which indicates x = const. Since Z = x* 4 1, from Eq. (7.23) we conclude that T is also
constant:

TH = -T"=2x(x*+1), (7.315)
where we have also used Eq. (7.24). The remaining equations are then solved by the following
metric: )

3x“+1
A=— — 7.316
L (7316)

where p is a constant. Finally, this metric implies a vanishing parallel component of the
contorsion.

e Tif =0 : In this scenario, TIQ is not equal to zero, but the condition of vanishing normal

component of the contorsion current still implies ¢ = K+ = 7"+ = 0. It resembles the
earlier case, with the sole difference being that the dilaton, and subsequently the EMT, is
not required to remain constant. The dilaton is found as a solution of 2x (x® + 1) = T as
a function x = f(T"1). Then, all other fields can be expressed in terms of f, that is:

2ff/ dT++
IK" = ST (7.317)
B dTvJ_J_
Tx = (f*+1) f = (7.318)
ds 3f2+1
== _2—f2 T (7.319)
T = 7 (7.320)

e Tt # 0 : This is the most general case. Using Eq. (7.310), normal component of contorsion
K77

current is removed from the system of equations. Also, 7" is eliminated using Eq. (7.313).
After this, we are left with three equations which cannot be further simplified at this point.

7.2.4 Solutions when Z =0

This is the final special scenario, corresponding to a vacuum solutions of type RCIIA (7.38)
and RCIIB. Egs. (7.22-7.26) reduce to a following set of conditions:

- - - - 2 -
TH =T =Tt =17" - ;A&TIQ =0, (7.321)
. dg?

Ty = X0 (7.322)
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These equations imply that 62 # const. since otherwise all sources vanish. Using the condition
Z =0, the remaining four Eqs. (7.14-7.17) are rewritten in the following form:

d [dA 2
— (= —2IAK" ) + 2+ ZIA (K" — ¢'"K+) =0 7.323
dx (dsc ) T2+ A (9 ¢'KT) =0, (7.323)
¢' A =0, (7.324)
de?
1
_ 32
o A=, (7.325)
de* [dA |
where A is a function of the fields and their derivatives given by:
dA dgt dA
= (¢t +D) | — — 2AK" IN—— + ot —
A= +D) | & T T R
—2x + 2IA¢"K™. (7.327)

Given that 6 is not a constant, Eq. (7.325) indicates A # 0, consequently leading to ¢ = 0. The
nullification of ¢ removes K+ from the equations entirely, thus making it an arbitrary function.
By applying Egs. (7.326) and (7.325) and substituting the resultant form into Eq. (7.323), we
derive an integrable equation, presented with the subsequent solution:

X2
A=— (P - u) , (7.328)

where p is the integration constant. The parallel component of contorsion is then given by:
dA
2IAK" = S TV A. (7.329)
X

The last remaining equation of the four is automatically satisfied by the condition Z = 0. The
solutions for x and 6 are as follows:

0> =1+ pot?, (7.330)
x = +¢\/A — p. (7.331)
Finally, integrating Eq. (7.322) results in the solution for ¢*:

3 dz
o =nF —
2u) V=R

Ty, (7.332)

We conclude that this special case is dependent on two constants p and 7, and an arbitrary
function K+ and can only manifest itself when Ty # 0 and T3 = 0. Thus, we can see that
the corresponding vacuum solutions are stable only when there is a non-vanishing parallel
component of the contorsion current.
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7.3 Adding matter minimally coupled to gravity

In this section, we examine how various Field Label Additional fields
matter fields couple to gravity. The fields R-scalars F /
are assumed to be minimally coupled, which C-scalars f f=Fe"
means that the quantities 7, = 0 and o = 0 U(1) gauge | A | F, =09,A, —9,A,
introduced in Eq. (3.51), and therefore the Spinors Y Y = (pe Xeiﬁ)T
matter Lagrangian takes the form Ly = Fluids ut P, Dy I

L <g“”, Wys Gr, @u@). The set ¢, denotes the
complete matter sector of the theory. The no-
tation used for each type of matter field follows
the conventions summarized in Tab. 7.2.

Table 7.2: Field content

We begin by examining configurations in which a single field is present. Next, we consider
the localization of the U(1) symmetry, which leads to scalar and spinor electrodynamics. We
then turn to ideal fluid hydrodynamics. In all of these cases, the contorsion current T} vanishes,
so the energy-momentum tensor (EMT) is the only remaining source. When 6 is set to zero,
the theory reduces to its purely Riemannian sector, as described in the previous section. Since
Riemannian solutions were the focus of the preceding chapter, we do not study them here and
instead confine our analyzes to configurations with a non-vanishing 6 field. Consequently, the
relevant solutions of the gravitational equations of motion are characterized by Ty = 0, 6 # 0,
and Z # 0 (corresponding to the first four entries in Tab. 7.1). After eliminating the additional
gravity-related fields, the full set of gravitational equations of motion simplifies to:

2
il 616?'2 D Ai/y T = it — g, A>0,
9 (7.333)
il _67{77;2 D( /i)g/y T =Tt =0, A<O.

Hence, the EMT is entirely determined in terms of the single metric function A. To obtain a
complete description, these equations must be supplemented by the equations of motion for the
matter fields. Another key point to emphasize is that K' # 0, because if it were zero, then D
would also be zero and the EMT would vanish.

7.3.1 Real scalar field theory
It turns out that the massless scalars directly imply the vanishing 6 field. For that reason
we investigate a more general theory with an arbitrary scalar potential. In other words, we

investigate the interacting scalar field theories within this subsection. Therefore, the action for
the real scalar field, minimally-coupled to gravity, is given by:

Spsp = — / Pz =g B (VF)* + V[F]] : (7.334)

where V[F] is the scalar potential. The variation with respect to the metric gives the following
energy-momentum tensor:

Ty, = 0,F0,F — B (VF)* + V[F]] G (7.335)
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which, after applying the Symmetric ansatz of Sec. 3.1, more precisely Eq. (3.14), reduces to:

1 (dF\* P2
2l t
PTH = (—d}_{) +VIF), (7.336)
1 (dF\* P
2l .
P = (dx) LVIF, (7.337)

where we have employed the X coordinate defined in Eq. (3.20). The equation of motion for
the scalar field is:

dv d dF
OF = — =V'[F — | A— PV'[F] = 0. 7.338
o= (A) e (7.338)
Using the conditions for sources (7.333) together with the expressions (7.336) and (7.337)
we arrive at the following two equations:

3kn2D 1 dF\? 6kxD 1
= ( ): T (7.339)

=T ) T U

It is obvious that V' = 0 implies D = 0, in other words, the complete vanishing of the EMT.
For that reason we must have a non-vanishing scalar potential. Using Eq. (7.339), Eq. (7.338)

is automatically satisfied. With the help of these equations, all relevant physical quantities are
expressed in terms of F' as follows:

3kr2D\% dt2 1
) - ZqFR?
( & ) Vi 2

dF
V2RV’

ds® = — , z==

(7.340)

d? 1 6km?|D|
=8VV|V|—7= | — =2
R | ‘dF2 ( _| |> , K \/_ 12

d 1
dF \ , /|V|
The last equation in Eq. (7.340) represents an expression for surface gravity if the horizon exists.
From the first expression, we conclude that, if the horizon exists, it is given by V[Fy]| = 0.
Now, we look into some specific choices of the scalar potential. Firstly, the free real scalar
field theory is analyzed, i.e. V[F] = im?F?. Since A > 0, we redefine coordinate (3.21) by

taking 7 = [z as the new time coordinate, and defining the spatial coordinate as r = 2mlt. The
solution is a de Sitter space-time:

| 3km2D
A= (2ml)?e*™™, F =+ 3(%)3 e . (7.341)

The curvature is R = 8m?, meaning that the de Sitter radius is 1/(2m). After placing
Eq. (7.341) into Eq. (7.333) we arrive at the following final solution for the free scalar field

H

theory:
3 DcosZT 3

d 2 — —d 2 4de 2 — Z < l

S T+ e r°, X = CoS 7 13 2m162m7—§sin§ +n ,

1 x \? cos T 1 T P emT
2 =1+ = —t K'=/1+ —"—tan—- — ——— | g2 7.342
3 (cos%) T o 8(mi)? cos T e, | )
Il 1 1 X T _omr Bkﬂ'QD —mT
¢ O gy tan e (mi)®
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Note that the parallel component of contorsion exhibits many poles in time, in particular
whenever 7,, = (2n+1)5[ the cos T vanishes leading to a divergence. All other functions exhibit
a well defined behavior at all finite values of 7. This situation can be interpreted as a sequence
of sudden singularities, in which the scale factor stays fixed while certain fields may blow up.
Specifically, in this setup the parallel component of the contorsion becomes divergent. Solutions
of this kind are well known and have been extensively analyzed in various gravitational theories
[92, 93].

7.3.2 Pure electrodynamics

The action for pure electrodynamics is formulated in terms of the U(1) gauge potential A =
A, dz* and depends solely on the field strength tensor 7 = d.A. Because the exterior derivative
is insensitive to torsion, the action keeps exactly the same form as in the Riemannian sector,
namely:

1
Sep = =7 / da®y/—g F, F*™. (7.343)

Varying this action with respect to the metric and the gauge field leads to the following EMT
and Maxwell equation:

1
T = FuoF," = 19w FapF™ A V" =0, (7.344)

In two spacetime dimensions, any rank-2 antisymmetric tensor must be proportional to the
Levi-Civita tensor. Consequently, Eq. (7.344) simplifies to

1
FMV — FE;LZ/ —_— T/“/ = _§‘F‘2g/'”’7 A\ 8u./_" = O (7345)

Hence, the scalar function F must be constant. Interpreting this constant as the electric charge,
we denote it by F = (). Implementing the symmetric ansatz of Sec. 3.1 yields

__Q2 _ peo 11 ||||_Q2
T;w = 7oA (g,ugu 5up5uo§ § ) - AT =—AT" = 9 (7346>
1d
Fow = 73z (M) (7.347)

where we have used expression (3.26) in the second line. On the other hand, the constraints
(7.333) enforce T"" = 0, which immediately leads to T++ = 0. We thus infer that no solution
exists for 8 # 0, and the theory collapses to its purely Riemannian branch. This mirrors
the situation for a scalar field: the massless case admits no solution, whereas introducing a
non-vanishing scalar potential allows one to recover a solution. By analogy, a massive vector
field might also support solutions; however, since a mass term explicitly breaks the U(1) gauge
symmetry, we do not pursue that possibility here.

Note that the field strength tensor in Eq. (7.347) is independent of the perpendicular com-
ponent of the electromagnetic field. Consequently, this component merely specifies a gauge
choice and therefore does not carry any physical degrees of freedom.
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Charged black hole in the Riemannian sector

When the theory is restricted to its Riemannian sector, one obtains a charged black hole
solution. Inserting the EMT components from Eq. (7.346) into the general static field Eqs. (6.24-
6.25) of the Riemannian theory yields

d (. )\° @

&(x +1+AD) = 33 (7.348)
A 22

<x2 +1+ ADQ) <D23—X + 2X> = é k?ﬂ. (7.349)

If we multiply the second equation by 2 and subtract it from the first, we obtain D = 1. The
metric function A is then determined by integrating the first equation, giving

Ao [ , Q2
= x4+ 1 (p+1)2+ s (7.350)

This form is chosen so that, in the limit () — 0, the solution reduces to the vacuum configuration
(6.17). To evaluate the tortoise coordinate (3.18), one should compute the integral — [ 9.
However, this integral cannot be represented in terms of elementary functions in a convenient
form, and we therefore do not determine the tortoise coordinate here.

To check whether the singularity shifts away from the hypersurface x = 0, we calculate the
scalar curvature:

L, d2A Q2 \? , QX2 \7:
I°R = i -2 — (6/{%2) ((,u+ 1)°+ 3k7T2X> < 0. (7.351)

Hence, the geometry is not a patch of AdS spacetime, but the curvature remains strictly nega-
tive, indicating that the singularity stays at xg = 0 once the black hole is charged.

To locate the horizon, we solve A = 0. This equation admits two real roots, one negative
and one positive. Because we restrict to x > 0, only the positive root is physically relevant,
so there is a single horizon. This is in contrast to the Reissner-Nordstrom charged black hole,
which possesses two horizons—an inner and an outer one [106]. Finally, we evaluate the surface

gravity: .
272 272 -3
! 1 [xH A ((u+ A ) ] : (7.352)

T2

dA
dx

K

g LT 12k Skr2 1

As equation A = 0 is a quartic equation for xg, a closed-form expression for the horizon location
does exist, but we do not present it here because it is an extremely cumbersome combination
of nested radicals.

7.3.3 Spinor field theory

In this subsection, we investigate how matter composed of Dirac spinor fields influences the
gravitational equations of motion. We employ the symmetric Dirac action presented in App. A
and defined in Eq. (A.24). For convenience we rewrite it here:

1. . _
S0 =~ [ Eov=g | 3T - 5V - VIl (7.353)
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where V [o] denotes the spinor potential, and we denote the bilinear invariant by o = Yn). For
a free massive spinor field one has V[¢1)] = mip, while the Lorentz-covariant derivatives take
the form:

V= (au T wu%> b, Vb =00 — &%wu. (7.354)

Further details regarding the spinor conventions are provided in App. A. Since w,, = A,+K,, the
action depends explicitly on the contorsion. Varying the action with respect to the contorsion
yields:

1-(0
T{ézﬁw{?‘g,v“}w —  T¢=0 (7.355)

where the anticommutator manifestly vanishes because v* € {0y, 05}. Consequently, the con-
torsion current is zero even in the presence of minimally coupled Dirac spinors, in agreement
with the statement made at the beginning of this section. Variation with respect to the metric
and the Dirac field then produces the following EMT of the Dirac field and the usual Dirac
equation of motion:

T =4 [P35+ 505,00 = (98) 2 = (900) .

('y“% —V'[o] )w = 0.

Note that the EMT displays the same qualitative behavior as the contorsion current (7.355).
In particular, all spin-connection contributions collect into anticommutator terms that identi-
cally vanish. Consequently, it depends only on ordinary partial derivatives. We now implement
the symmetric spinor ansatz from Eq. (3.17). As a first step, we recast the energy-momentum
tensor:

(7.356)

1 d od od
Tuy l\/_ ( aQ —X di) €“p6yg§f)§f’ 2l\/_ < Q &y X2 dﬁ) (5up§u + €up§u) £,
(7.357)

Next, the Dirac equation in Eq. (7.356) simplifies, upon separating its real and imaginary parts,
to the following four equations:

d

—n (go(_A)i) - K= T B a) (7.358)
% In (X(_A)%> . éK - ly_[_i] % sin(8 — ), (7.359)
dae IV [J]XCOS L

= seos(da), (7.360)
% _ v’ [U] ® COS(ﬂ _ a). (7_361)

dx v—A X

It is immediately evident that, in the massless case V' = 0, the derivatives of both phases
« and f vanish. As a consequence, the entire EMT in Eq. (7.357) is zero. Hence, no solution
with 6 # 0 exists, and the theory collapses to its purely Riemannian sector. We therefore reach
the same conclusion as in the real scalar field case: a non-vanishing spinor potential is required
in order to obtain a solution with 6 # 0. Expressing this system in terms of the coordinate z
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from Eq. (3.21), we obtain:

do ,

o =1V'[o ]; cos(f — ), (7.362)
dp :

o - =—-lV'lo ]X cos(f — a), (7.363)

& <¢) Wl (5)2 - 1] sin(f — ), (7.364)

d
—n (QOX\/—A) +IV=AK' = —1V'[o] (f + 5) sin(f — a), (7.365)
Z X @
where the last two relations follow from subtracting and adding Eqs. (7.358) and (7.359),
respectively. The first three equations constitute a closed subsystem for «, 3, and the ratio J;i,

with V'[o] left arbitrary. Nonetheless, this subsystem can be integrated to express the phases
in terms of f, yielding:

-5 (53)

1 w © X)}
a + [ = — arcsin + + Y0,
8= {2 1102 ( Yo

where w and ~ are integration constants. Substituting this solution into Eq. (7.365) and
eliminating the phase dependence via Eq. (7.364), we arrive at:

C‘f In [cpx\/_ (— . ;ﬂ FIWVEAK' =0 — %m (7v=R) + IV=AK" =0, (7.367)

(7.366)

where we used o = ) = —2px cos( — a) together with the solution (7.366).

We now proceed to impose the conditions (7.333). The constraint 7" = 0 is trivially
fulfilled, because the EMT (7.357) does not have a parallel component. Imposing 7"+ = 0
is equivalent to simultaneously enforcing Eqs. (7.360) and (7.361). The remaining condition,
associated with the perpendicular component of the EMT, simplifies to

3km*D  IV'|o] cos(f—a) — oV'o]=— 6km?D
ZA - \/—_A X - l2\/—_A’

where we have once again employed the definition of 0. Eq. (7.368) is interpreted as an equation
determining the function ¢ in terms of the metric function A once the spinor potential is
specified. Thus, expressing o as a function of A via Eq. (7.368) and substituting this relation
into Eq. (7.367) yields a first-order differential equation for A. Solving this equation fixes both
A and o. Subsequently, the remaining Eq. (7.364) becomes explicitly integrable. Its solution

can be written as
e 4+ f(wr+1)e > +1
= = [ V'[o]dz. 7.369

? X\/eQS + i(wQ +1)e"2s — 1’ ° / loldz ( )

(7.368)

The overall problem therefore reduces to solving Eq. (7.367), once the algebraic equation for o
in Eq. (7.368) has been resolved.

All of these equations hold for both A > 0 and A < 0 by analytic continuation. For a black
hole solution to exist, there must be an event horizon. Since it is defined by A = 0, such a
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horizon can arise only if the function oV”[o] has a pole in RU {£oc}. In that case, one can
analytically match the two coordinate patches corresponding to opposite signs of the metric
function A, thereby constructing a black hole geometry: the interior region is described on a
chart with A > 0, and the exterior region on a chart with A < 0, as usual. We now turn to a
discussion of particular choices for the spinor potential Vo].

e V[o] = 0: This choice corresponds to a theory of massless spinors. As discussed above, this
condition leads to a vanishing EMT, so within this framework there is no nontrivial solution.

e V]o] = mo: For massless spinors, we have V'[c] = m, a constant. Therefore, Eq. (7.368)
implies o/—A = const., and Eq. (7.367) reduces to K" = 0. Consequently, even the mas-
sive Dirac field admits no solution, since K" = 0 again causes the EMT to vanish on the

gravitational side of the field equations.

e V]o] = —bln|o|: For this potential we obtain V'[¢c] = —b/co. Substituting into Eq. (7.368)
yields a flat spacetime:
6km2D\”
omn (BTY -

When A < 0, three distinct cases arise. Without loss of generality, we present only the case
in which K" is given by Eq. (7.73). Integrating Eq. (7.367) then gives:

P
o= siZiz exp <_2\/—_A0 arctan(sinh z)> : (7.371)

while s, defined in Eq. (7.369), can be written in terms of the hypergeometric function as
follows:

4ilb (1 +isinh(z)\'"% ia ia . ia 1+ isinh(z)
- ol (5 P i i 524 7.372
i ao(z—m)( 2 > 2 2’ 2T 2T 2 + o0, (7:372)

_ _ P
where a = AT

e Vo] =mo — %0*: Taking the derivative yields V'[o] = m — go. For convenience, we now

restrict to the massless case. Solving Eq. (7.368) for o then gives

- ngQz
© Gkm?

c=Q(-A)"i, D (7.373)

The metric follows by directly integrating Eq. (7.367). We evaluate it in each of the four
distinct cases introduced in the previous section:

(

P P
Esini—i— (5 In [secz + tanz| —|—,u) cos’z, A >0,

P P
3 sinhz + (5 arctan(sinh z) + u) cosh’z, A <0, x>+ A¢p? >0,
VIAl = (7.374)

P P
~5 coshz + (u -5 \tanh%]) sinh’z, A <0, x4+ A6 <0,

2
j:gPﬁZ + pet?, A <0, x2+Ap™? =0,
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where 1 denotes an integration constant. We now determine the scalar curvature in each of
these regimes to examine whether the resulting spacetimes develop curvature singularities:

( 9 Psinz
1 —tan“z +

_— A >0,
2v/A cos? 7
9 Psinhz 9 19
l+tanh“z 4+ —————, A <0, x*+Ap" >0,
4 2v/—A cosh” z
= 2 Pcoshz (7.375)
l+coth’z4+ —————— A<0, x2+A¢p™2 <0,
2v/—Asinh?z ¢
P
2F e*, A <0, x2+ Ao =0.
" VA

Finally, we obtain the surface gravity for these geometries whenever a horizon is present. It
takes the form

P
. A<0, x>+ Aot >0,
1 cosh zy
— P
I . A<0, x>+ Aot <0, (7.376)
sinh zy

—2PeF A <0, x*+ Apt? =0.

We observe that the parameter P is directly tied to the surface gravity: once P is set to zero,
k vanishes as well.

We first consider the case A > 0. Setting P = 0, the solution simplifies to VA = pcos?Z,
and the metric takes the form

ds* = —dr? + pl? cos? %dr2, (7.377)

where we have introduced the rescaled time coordinate 7 = (z. The corresponding curvature
becomes divergent at 7 = (2n + 1)71, with n € Z. This describes a cosmological spacetime
oscillating through a succession of big bang and big crunch events.

For P # 0, this basic pattern persists: curvature singularities still occur at 7 = £(2n +1)Z1.
However, in this case the scale factor remains finite at those points, so these singularities
correspond to a sequence of sudden singularities [92, 93|. In addition, there now appears
another series of curvature singularities at the zeros of the scale factor, where A = 0, located
at 7 = 75 + 2nml, with 75 € (—%, %) [. Consequently, the P # 0 solution can be understood
as an oscillatory universe evolving between the big bang and the big crunch events with two
additional sudden curvature singularities occurring between each such pair of events.

We now turn to the cases with A < 0. The first question to address, when considering a
spacetime that possesses a time-like Killing vector, is whether a Killing horizon exists [106],
characterized by A = 0. Let us determine under which conditions this equation admits a
solution. We begin with the case x?> + A¢? > 0 and introduce the variable u = sinhz. With
this substitution, the equation becomes:

Flu) = barctan(u) = — 22— P = (ZL?QTU? - 0. (7.378)

1+ u?

Hence, f(u) is a monotonically increasing and its range is confined to the interval (=7, 7).
Consequently, there is always a unique solution precisely when:

u) m
L 7.379
‘P 4 (7.379)
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If no horizon is present, i.e. when ‘1%‘ > 7, then there is likewise no curvature singularity. In
this regime, the solution describes the ground state of a stable fermionic soliton star spacetime
that is globally regular. The gravitational attraction, mediated by the dilaton/metric, is
exactly counterbalanced by the repulsive spin—torsion coupling. As the system tends to
contract (which would drive A to zero), the spin-torsion interaction energy increases more
rapidly than the gravitational potential energy, thereby preventing the emergence of an event
horizon. The value |%} = 7 marks a critical mass and signals a phase transition. For ‘1%‘ <
7, the gravitational attraction dominates over the spin-torsion repulsion, and a horizon is
formed. This horizon simultaneously generates a curvature singularity at the same spacetime

location, rendering it a singular horizon.

If P does not vanish, then the surface gravity (7.376) is finite and non-zero, implying that
the horizon is non-extremal. Consequently, this stationary, naked, finite-temperature singular
horizon is viewed as an idealized but unstable classical background. In practice, the horizon
acts like a usual bifurcate Killing horizon, except that the curvature singularity lies precisely
on it. In analogy with the Reissner-Nordstrom solution, this horizon plays the role of the
inner Cauchy horizon, which is subject to blueshift instability and gives rise to classical mass
inflation.

Next, we analyze the solution corresponding to x> + A¢*? < 0. In the limit P — 0, this
reduces to a configuration that still possesses a horizon at zy = 0. Yet, for P = 0 the surface
gravity is zero, so the solution represents a completely stable extremal ground state. We then
study how the horizon position changes when P # 0. Defining u = tanh §, the condition

A = 0 becomes . . )
2 H
u)=-(u"——)+Inlu=—. 7.380
=5 (= ) +inlul =% (7.350)
Since |u| < 1, it follows that f(u) > 0, implying the existence of a two symmetric horizons
at +zy, whenever uP > 0. As before, these horizons are singular, just as in the previous
case, and the same line of reasoning applies. However, inspecting the curvature (7.375) now
reveals an additional singularity between the two singular horizons at zg = 0, which cannot
be removed by any means. The remaining case, x> + A¢*2 = 0, displays qualitatively the
same behavior as the one just discussed. The difference is that the limit P — 0 now yields
AdS spacetime, because the scalar curvature is a negative constant.

We argue that these configurations are still viable solutions of the coupled Dirac—-Chern—Simons
theory. The origin of the singular horizon in all these examples is directly tied to a blow up in
the fermionic density function ¢ at the horizon, since o is inversely proportional to the metric
function A. Consequently, the phase transition—most clearly visible in the first case—can
be understood as a condensation process of the fermion mass at the singular horizon. In
this sense, the mechanism behind the formation of the singular horizon is understood, and it
should no longer be regarded as a naked singularity. Instead, it signifies a spacetime locus at
which the fermionic star soliton solution condenses. Because an infinite amount of fermion
mass accumulates at this horizon, the geometry must react with a curvature singularity. One
may anticipate that incorporating quantum corrections would smooth out this singularity,
while preserving a maximum of the fermionic density function in the lower phase at the same
spacetime position. Another open question is whether taking into account the fermion mass
m in the spinor potential can in any way remove or regularizes this singular horizon.

To further clarify the nature of this fermionic star solution, we may fix the boundary of the
star and smoothly match it to the general vacuum solution of Sec. 7.1.1. In doing so, the
fermionic star soliton is interpreted as a compact object embedded in a larger spacetime. The
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open question is where exactly to place the star’s boundary: right at the singular horizon
where the fermions condense, or outside of it?

In contrast, the hard singularity that appears in the last two families of solutions is a direct
consequence of the coupling to torsion, as the torsion itself diverges at zg = 0, independently
of the choice of matter fields. We expect that, once the Polyakov—Liouville-type quantum
corrections (3.72) are taken into account, the singular behavior of the horizon will be resolved,
yet a maximum of the fermionic density function will remain there. In this interpretation, the
singular horizon acts as a massive barrier that prevents anything from reaching the genuine
singularity at zg = 0. Alternatively, one can regard this singularity as a strong-coupling region
between the torsion and the metric, where quantum gravity effects become essential, in close
analogy with the CGHS model discussed in Chap. 4. In that case, this region should be
removed from the classical spacetime description by imposing reflective boundary conditions
on the singular horizon hypersurface, thereby effectively turning it into a reflective spacetime
boundary.

7.3.4 Scalar electrodynamics

Here we study how a U(1)-localized complex scalar field theory modifies the gravitational
equations of motion. Accordingly, the matter action is

S = = [ €= (0. D 4V + (0P| (7.381)

where V' [|f|] denotes the potential of the scalar field, and the U(1)-covariant derivative is
defined in the usual way as D,f = V,f + iqA,f, with ¢ the electric charge carried by the
complex scalar field particles. We begin by examining the electromagnetic sector. Varying the
action with respect to the gauge field leads to

V, M =g <f*D"f - f(D“f)*) = J" (7.382)

from which we recover the standard U(1) current associated with the scalar field. Implementing
the symmetric ansatz of Sec. 3.1, this equation becomes

d? I 27172 4l o [dy I v

= (AA") + 2(ql)*F2A"| &, + 2qIF = glA* | £,,E" =0, (7.383)
where we use the notation introduced in Tab. 7.2 for the complex scalar field. As in Sec. 7.3.2,
the component of Eq. (7.383) normal to £, shows that A* serves as a gauge choice, since the
phase v of the complex scalar field remains arbitrary until the gauge is fixed. Consequently,
only the parallel component of this equation provides a nontrivial equation of motion. We now
vary the action with respect to the scalar field and obtain:

d [ dF 12
D,D'F =V'[F] = = (AF) + (q1)* AA"F + EV’ [F]=0. (7.384)
X X

We now turn to the gravitational sector of the theory. The EMT of the matter fields is
* * * o 1
Ty = Duf) Duf + (Do f)” Dyuf _guu(<Daf> Df + VIF]+ §f2)7 (7.385)
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where we have employed the reduced form of the electromagnetic EMT obtained in Eq. (7.345).
Implementing the symmetric ansatz yields

2 2
l2ATW = |A ((%) + (ql)2F2.A”2> _PVIF] - % <d (;\;4)> e

9 Il 2
A ((g) + (ql)ZFZAQ) + PV[F] +% (%) ekl

Imposing the constraints (7.333) on the energy—momentum tensor (7.386) leads to the following
pair of equations:

(7.386)

A ((((11_5)2 N (ql)2F2A”2) _ l2v[F] +% (%) , (7387)
6km°D dF\? 22 4112 2 1 (d(aA") :
= ((d_x) + () F2A ) +EVIF]+ 5 (T) . (7.388)

Combining Egs. (7.387) and (7.388), one finds that the remaining two Egs. (7.383) and (7.384)

become identical. Consequently, the system of equations simplifies to:

dF\* _ 3k7°D 1 22 412
(g) TN JA (gl)"F~ AT, (7.389)
2
d(A Il 2
( (dfl )> = 6% — 2°V[F], (7.390)
X
3km*D d[A] _ 2 172 ||d(A'AH) 217 g A
AP2 dx A(ql)"F7A & — 'V [F]g (7.391)

This system of equations can in principle be solved numerically. Nonetheless, we confine
our subsequent analysis to the simplest, massless case with V[F] = 0. From Eq. (7.387) it
follows that A > 0, and Eq. (7.388) further requires D > 0. Consequently, we are looking
for cosmological solutions. FExpressing the system in terms of the z coordinate (3.21) and
introducing a new constant @) via 6km2D = Q?, we obtain:

d(AA")
dr

1/4 dA 8(gl)* o, i 3/4 dF\? 2 172 ne @
= QAY*, E_TFAAA/, A(E) + (ql)*F* (AA") _7\/&
(7.392)
This system is invariant under scale transformations, which implies that all relevant fields can
be expressed as power laws. A straightforward calculation leads to the solution:

A:(%)4Z8 A.A”:@zs F—\/g‘l.

/s = (7.393)

, —7
9v/2 ql

Since the gauge potential itself is not directly physical, we instead determine the electric field.
The resulting physical configuration of fields is

4
ds® = —dr® + (—Qq ) I A L

_ V3
312 q q

(7.394)
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where we have introduced the time coordinate 7 = [z. The remaining fields are specified in
Egs. (7.66-7.69) and are the same as in the case of the real scalar field (7.342). The cosmological
singularity occurs at 7 = 0, where the spatial section collapses to a point, and both the electric
field and the scalar field become divergent. Analogously to the case of a real scalar field, the
parallel component of the contorsion displays a sequence of sudden singularities [92, 93].

Note that this does not represent the general solution of system (7.392). The system can be
recast as a single first-order, second-kind Abel differential equation, which does not admit an
exact closed-form solution. The solution provided here corresponds to an exact singular fixed
point within the parameter space of solutions. Any other choice of initial conditions leads to
phase-space trajectories that spiral around or away from this exact analytical solution, their
behavior being fully determined by the aforementioned Abel differential equation.

7.3.5 Ideal fluid dynamics

In this subsection, we examine how the geometry responds to the matter content described by
the energy-momentum tensor of an ideal fluid, namely:

Ty = (p+ p)uyty + DGy (7.395)

Expressing this using the symmetric ansatz introduced in Sec. 3.1, we obtain:

T = |(p+ pu" + 5] &6 + 0+ p)u'ut (G +2060) € + | (0 + p)u? = & ce087€”.
(7.396)

To the Egs. (7.333), we must supplement a condition on the four—velocity, namely:
yut =-1 = Au?-u")=-1L (7.397)

We first impose the condition 7"+ = 0. This leads to the conclusion that either u' = 0 or
ut = 0, since the choice p + p = 0 would cause the entire EMT to vanish identically.

e v = 0: In this case, the condition 7"+ = 0 is automatically fulfilled. From Eq. (7.397) we
obtain the normal component of the four-velocity:

ut =+ (7.398)

VA
which requires A > 0. Thus, we are dealing with the cosmological solution. The vanishing

of the parallel component of the EMT imposes p = 0, while its normal component yields the
density as a function of the metric function A:

6km2D
2V

e u' = 0: In an analogous way, the condition 7"+ = 0 is again satisfied, and Eq. (7.397) now
provides the parallel component of the four-velocity:

1
=N\’
which enforces A < 0. Consequently, we are considering the static star solution, once the
stellar boundary is specified and the metric is matched across this boundary to one of the

(7.399)

u' =+ (7.400)
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general vacuum solutions of Sec. 7.1.1. Unlike the previous case, the constraint 7" = 0
implies p = 0, and from the normal component of the EMT we obtain the pressure as a
function of A:

_ Gkn*D
p_ lz\/—_A’

Note that in both branches the metric function A remains arbitrary. This reflects the gauge
freedom inherited from the underlying five-dimensional Chern—Simons theory. Consequently,
any choice of metric solves the full set of equations of motion. One might say that an additional
thermodynamic relation p = p(p) is missing. However, the equations of motion already enforce
that either the pressure or the density must vanish, so there is no room to introduce an extra
independent equation into the system.

p=0. (7.401)

Conversely, one would typically prefer a setup where the spacetime metric is dynamically
determined. This is only possible once an additional field is incorporated into the matter sector.
For instance, including an electromagnetic field merely shifts the EMT by TﬁD = —%2 Guv (see
Sec. 7.3.2). In this case, the equations reduce to:

p = —Q2 AN p= —6k;7r2D — —Q2 u'=0
2 PVA 2 | (7.402)
2D 2 2 :

p: l2\/—_A+ 27 27

At this stage it becomes consistent to impose an additional thermodynamic relation p = p(p).
Yet p and p are already fully determined in terms of the metric, so enforcing this relation
restricts the solution to flat Minkowski spacetime, where both the pressure and the density of
the ideal fluid turn out to be constant. If we then continuously match the ut = 0 solution to
a generic vacuum configuration from Sec. 7.1.1, the result is a perfectly homogeneous torsion
star, with both the two-dimensional torsion and the #-component of the five-dimensional torsion
remaining non-zero in a BTZ background endowed with # torsion.

Including a massless real scalar field leads to the same outcome: the equations of motion
still only admit flat Minkowski spacetime with torsion. However, once a non-trivial scalar
potential is introduced, the equations of motion become genuinely dynamical, and one obtains
a non-constant pressure, density, and metric.

Finally, it would be worthwhile to explore the role of the Polyakov—Liouville quantum cor-
rections (3.72) in this ideal-fluid thermodynamic framework. We anticipate that the quantum-
corrected solution will select a definite metric function A once the condition p = p(p) is imposed,
because the Polyakov—Liouville EMT (3.79) depends explicitly on derivatives of A.
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7.4 Adding quantum fluctuations

In this section, we incorporate Polyakov-Liouville quantum corrections. We focus exclusively
on the eternal black hole configuration with scalar matter. Because the Polyakov—Liouville
action (3.72) does not involve any contorsion terms, this setup still corresponds to the situation
in which the only non-vanishing source is the EMT, given in Eq. (3.79). The EMT must satisfy
the same constraints as in all the theories considered in the previous section, namely those in
Eq. (7.333). Hence, the following two equations must hold:
dx? 4 \dx
6km2D h 1 /dA)?
Y __ =42 (= , (7.404)
AN 247 4 \ dx
where ti(ai) = ;= is a constant that, as usual, characterizes the quantum vacuum state.
differentiation, Eq. (7.403) simplifies to the second equation, Eq. (7.404), whose solution in
terms of the z coordinate (3.21) takes the form

d?A 1 (dA\’
ASS (—) ==, (7.403)
For the Hartle-Hawking state (3.97), we have t.(0%) = —%, which implies = = —(xl)%. Upon

D 9 erl\?
2_5 (Z — Zo) - (F) s A< 0,
VIAl= - = (7.405)

D 2
% (%) —(z—20)*|, A>0,

with 7y an integration constant and ¢ = # From this expression, it is immediately evident

that two Killing horizons are present. They are determined by the condition A = 0, and thus

located at

ekl
74+ =79 :i: 6 (7406)

Since ¢ — 0, the separation between the two horizons is extremely small. Moreover, these
horizons are singular and non-extremal, because k # 0 and R — oo at the horizon locations.
Consequently, the solution is unstable. Nonetheless, we proceed to examine it in more detail.

Without loss of generality, we fix D > 0. Consequently, A > 0 between the two horizons,
i.e. for z € (z_,zy), while A < 0 for z < z_ or z > z,. A straightforward calculation of the
tortoise coordinate yields
7 — 7

= —1
Hln

o 1
)

: (7.407)
Z—7_
To obtain the maximally extended geometry (see App. C.3 for the Schwarzschild case), we
introduce Kruskal coordinates using the surface gravity:

|kat| = e, (7.408)

where the overall sign is chosen according to the quadrant of spacetime covered by the coor-
dinates. Further details are provided in App. D.5. We begin by examining the region z > z.,
which corresponds to the exterior of the black hole. In this domain, the Kruskal coordinates

are defined as
ket =" A Kz =—e " (7.409)
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In the limit z — z,, we find 0 — —o0, so that 7 — 0 and 2= — 0. Hence, this hypersurface
indeed corresponds to the horizon. Conversely, taking z — oo leads to o — 0, which implies
k?xTx~ = —1. This hypersurface is associated with spatial infinity i°. Therefore, the region
z > z, exhibits a Poincaré-patch-like structure, even though the underlying geometry is not
that of pure AdS spacetime.

To access the region located between the two horizons, ie., z_ < z < z,, one must first
cross the outer horizon at z = z,. Consequently, this intermediate region lies in the second
quadrant of Fig. 4.1. Within it, both 2" > 0 and 2= > 0 hold. Approaching the inner horizon
z = z_ drives ¢ — +o00, which in turn implies z* — oo and = — oo. The intersection of
the corresponding hypersurfaces defines the second bifurcation point. Since we have not yet
entered the z > z_ domain, we introduce a redefined tortoise coordinate in Eq. (7.407), now
adapted to a new set of Kruskal coordinates centered at this second bifurcation point (in direct
analogy with the Reissner—Nordstrom case [106, 121]):

e N P i (7.410)

7z — 7y

because the fourth quadrant relative to the second bifurcation point is equivalent to the second
quadrant of the first bifurcation point. In this coordinate system, the limit ¢/ — —oo—or,
equivalently, 2’ = 0 or 2/~ = 0 in Kruskal coordinates—identifies the inner horizon z = z_.
Passing through this horizon takes us into the black hole interior characterized by z < z_,
which, as seen from the second bifurcation point, lies in quadrant III. In the limit z — —oo, we
obtain ¢’ = 0, or in in terms of Kruskal coordinates k?z"2~ = —1, signaling the approach to the
second spatial infinity region. To construct the maximally extended solution, this procedure
is replicated in all remaining quadrants. This generates two further bifurcation points, and
iterating the construction indefinitely yields an infinite tower—like global structure, analogous
to that of the Reissner—Nordstrom spacetime [121] and closely resembling that of the rotating
three-dimensional BTZ black hole [78].

At first sight, there appears to be no singularity other than the singular horizons. This
is not correct, however. Because the theory contains several distinct fields, one must check
whether any of them become divergent, and in particular determine the hypersurface on which
the dilaton field vanishes. For A < 0 there are three possible cases. We focus our detailed
analysis on the regime x? + A¢ > 0. We start by studying the behavior of the dilaton field,
whose form is given in Eq. (7.74):

2( X )3:(Z_Z+)<25coshz +n (7.411)

3 \coshz Z—7_)— %sinhz

This quantity diverges when (z — z,)(z — z_) — <5 sinhz = 0. That equation admits at most

three roots. For P > 0, the denominator is negative as z — co and positive as z — —oo. When
P < 1/¢, there is always at least one solution with z > z,. Since we require x > 0, this forces us
to choose P < 0. Taking the limit z — oo in Eq. (7.411) yields 2 (Cog‘hz)3 — —2249 > 0, which
implies 1 > %. On the other hand, for z & 0, the expression (7.411) can be made arbitrarily
small while remaining positive, which leads to n > —O(e). Since we do not expect 7 to be of
order O(¢), we infer that n > 0. Consequently, x — oo along a particular hypersurface defined
by z = zg with zg < z_. Approaching this hypersurface from the other side gives x — —o0, so
it represents a genuine singularity. With the specific choices P < 0 and n > 0, this singular

hypersurface lies inside the black hole region, secluded by both horizons.
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The behavior of the function in Eq. (7.411)
as a function of the z coordinate for various
negative values of P (P < 0) is shown in
Fig. 7.1. As z — oo, the function asymptot-
ically approaches the value —%. Moreover,
the divergence at z = zg is clearly visible.
For all z > zg, the function remains positive
and is well-defined. A nonzero n merely shifts
the graph vertically along the y-axis. Conse-
quently, negative n are excluded, since they
would yield negative x. The function clearly
feels a bounce (local maximum) in the vicinity
of the horizon region, and this effect becomes
more pronounced for smaller values of P.

Using Eqgs. (7.71) and (7.72), we infer that
the remaining field invariants, #? and ®? =
A¢t?, diverge exclusively at z = zg. In con-
trast, Eq. (7.73) shows that the torsion invari-
ant T, T" = AK"* diverges at the singular hori-
zZons.

P=-05

Figure 7.1: Plot of function in Eq. (7.411) for
different values of P and ¢ = 0.05, n = 0,
D =1 and zy=1.
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Figure 7.2: Plot of the behavior of field content with respect to the z coordinate, when x? +

Agpt? > 0.
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The asymptotic and near-horizon behavior of all relevant fields is shown in Fig. 7.2. It is
evident that the curvature and torsion invariants blow up at both the inner and outer horizons,
whereas the fields themselves exhibit a sort of bounce in the vicinity of the horizons. The
singularity is located at approximately zg =~ —8&8. In contrast, at the singularity, the fields
diverge, while the curvature and torsion invariants remain finite. Asymptotically, the curvature
goes to zero, whereas the torsion invariant stays non-vanishing. The 6 field approaches a finite
value, while the remaining fields diverge, with the dilaton diverging as expected. The figure
corresponds to the following choice of constants: P = —1, D =1, n=1, zg = 1, € = 0.05,
kl=1,and [ = 1.

We now turn to the remaining configurations of the field content. For A¢*? +x2? < 0, there
is a genuine (hard) singularity at z = 0. At this point the torsion diverges, while the curvature
stays finite. At the same time, the dilaton field vanishes at z = 0, making this point the natural
candidate for the singularity. All other field invariants remain regular there. The behavior of
the dilaton should again be analyzed analogously to the discussion in the previous case. The
counterpart of Eq. (7.411) reads:

2 X \3 2esinhz
z = —1. 7.412
3 <sinhz> (z—24)(z —2_) + £ coshz ! ( )

For z > 0, P > 0, and n < 0, this function is manifestly positive, provided that P is not of the

same order as €. Its limit at spatial infinity is % (Si;‘hz)3 — % — 7, and the function exhibits a
small bounce in the vicinity of the horizon. The same qualitative behavior appears in all other
relevant functions. Consequently, this case is effectively analogous to the previous one: it shows
identical asymptotic and near-horizon features, with the only difference that the singularity is
now strictly localized at zg = 0. The final case, A¢p*- + x?> = 0, displays similar qualitative

properties to the first two and will therefore not be discussed in more detail here.

We thus infer that the apparent singularity on the horizons arises as an artifact of non-
vanishing torsion. Moreover, the EMT associated with the quantum corrections diverges along
the horizons, indicating that the quanta condense at these locations, in close analogy with the
behavior found for fermionic soliton stars in Sec. 7.3.3.

The extremal limit is obtained by taking x — 0. In this limit, the two horizons collapse
onto each other, forming a single horizon located at z = zy. This horizon remains singular,
because R — oo as A — 0. Nevertheless, an extremal singular horizon represents a well-defined
and stable configuration. The analysis of the field content proceeds in the same way as in the
non-extremal case, and we reach the same conclusion of the singularity located at z = zg behind
the horizon.

The Penrose diagrams for the non-extremal and extremal cases are presented in Figs. 7.3
and 7.4 respectively. As already mentioned, both diagrams display a characteristic tower-
like pattern. In the non-extremal configuration, one finds an infinite sequence of bifurcation
points labeled B,, and B],. The points B, are associated with the outer horizon, while the
B, correspond to the inner horizon. Each B, bifurcation point partitions the spacetime into
four distinct regions. Two of these regions represent the outer universes containing the spatial
infinity %, while the remaining two describe the inter-horizon domains where A > 0 and the
roles of space and time are interchanged. The B/, bifurcation points, in turn, separate spacetime
into two singular sectors and two inter-horizon regions. Unlike the usual case with space-like
singularities, these singularities are time-like. Because these singular sectors correspond to
A < 0, the usual distinction between space and time is preserved there. In the extremal case,
the inter-horizon regions disappear and the two distinct bifurcation points merge into one, so
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that crossing the horizon leads directly into the singular region. Spatial infinities, horizons, and
bifurcation points are drawn in green, whereas the singularities are indicated by wavy black
lines. Constant-time slices are shown in red, and hypersurfaces of constant z are drawn in blue.
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Figure 7.3: Penrose diagram depicting the Figure 7.4: Penrose diagram depicting the
causal structure of the non-extremal eternal causal structure of the extremal eternal black
black hole within the Full DR5DCS model. hole within the Full DR5DCS model.
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Chapter 8

Entanglement entropy in gravitational
systems

In the preceding chapters, we examined various two-dimensional gravity models with the goal
of describing both eternal and evaporating black hole scenarios and subsequently studying their
associated fine-grained thermodynamic properties. The coarse-grained aspects of black holes are
already well established and have been thoroughly explored ever since Hawking demonstrated
that black holes behave as thermal objects [13]. In contrast, the fine-grained properties appear
to imply non-unitary time evolution and an inevitable loss of information. The purpose of this
chapter is therefore to revisit the old notions of the fine-grained entropy in gravitational systems
and to review the more recent Maldacena—Lewkowycz prescription 33|, which yields the island-
rule formula (1.6). This framework refines the computation of fine-grained entropy in such a
way that unitarity is maintained, thereby preparing the ground for an explicit derivation of the
Page curve in concrete 2D dilaton gravity models, which will be analyzed in the subsequent
chapters.

In this chapter, we obtain explicit formulas for various notions of entropy that arise in
gravitational systems. As a preliminary step, we highlight the distinction between fine-grained
and coarse-grained entropy [8, 26]. These concepts are standard in statistical physics and
information theory and are not inherently specific to gravity. In the first Sec. 8.1 of this
chapter, we clarify their interpretation and importance in gravitational contexts.

In the subsequent Sec. 8.2, we evaluate the fine—grained entropy in several particular con-
figurations introduced earlier. We begin with the case of a uniformly accelerated observer in
the Minkowski vacuum. Such an observer detects a thermal spectrum of particles with a tem-
perature proportional to their proper acceleration, a phenomenon known as the Unruh effect
[122, 123, 124]. We then generalize this treatment to a broader class of observers, in both flat
and curved spacetime backgrounds [26], and finally examine the entropy in spacetimes that
contain a reflective boundary.

In Sec. 8.3, we turn to the analysis of coarse-grained entropy in gravitational settings. We
start by examining matter in a coherent state, along with the quantum—corrected entropy of a
black hole [26], working within the BPP model. Modeling the collapsing matter as a coherent
state is physically well motivated, since in many condensed matter systems the ground state
is accurately described by a coherent state. It is therefore natural to assume that the matter
responsible for forming the singularity is in its ground state. We end this section by formulating
a precise version of what we call the Hawking information loss paradox.
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In the final Sec. 8.4, starting from our main working assumption—the central dogma—which
states that a black hole behaves like an ordinary quantum system up to a certain boundary sur-
face, we sketch the derivation of the central formula on which this work is founded: the formula
for the fine-grained entropy in gravitational systems [1]. We close the chapter with several
comments on unresolved aspects of the black hole information paradox, focusing in particular
on the remaining difficulties associated with reconstructing the causal diamond (entanglement
wedge reconstruction), following the discussion in [1].

8.1 Coarse—grained and fine—grained entropy

As already emphasized, this section is not directly concerned with gravitational effects; rather,
it deals with general notions in physics. In broad terms, a fine-grained description of a system
offers a detailed microscopic account of all its degrees of freedom. In contrast, a coarse-grained
description is obtained by averaging or integrating over these microscopic variables, so that
only a smaller set of macroscopic or effective variables is kept. In what follows, we clarify this
distinction through a specific example built around the concept of entropy.

The primary quantity employed in thermodynamics is the von Neumann (Gibbs) entropy.
In classical mechanics, it is defined as a functional of the probability distribution over phase
space, p(p, q), that characterizes the occupied states:

Sralp] = —kB/ (H dpidqi> plnp, (8.1)

i=1

where kg is the Boltzmann constant and n denotes the dimension of configuration space. This
quantity is fine—grained, since it is constructed directly from the microscopic distribution func-
tion p. As a result, it contains the full microscopic information about the system. In particular,
it is well defined at every point in phase space. Furthermore, Liouville’s theorem implies that
%? = 0 along Hamiltonian trajectories, so the corresponding entropy is exactly conserved in
time. Hence, this entropy—commonly associated with the von Neumann (or Gibbs) entropy
in the classical limit—cannot serve as thermodynamic entropy, because it does not exhibit

temporal growth.

Gibbs proposed a systematic method for obtaining a coarse-grained quantity from the
fine—grained distribution p. The idea is to divide phase space into a set of cells and, within each
cell, to perform a local averaging of p. This averaging defines the coarse—grained distribution
p. In this way, the difference between “coarse—grained” and “fine—grained” descriptions becomes
clear: the former is a smoothed, cell-averaged version of the latter. On this basis, one can
introduce a coarse—grained entropy in direct analogy with the von Neumann entropy, but now
expressed in terms of the coarse—grained distribution p:

Scalp] = —k?B/ <H dpz‘d%') plnp, (8.2)

p(@) = p(C)pc(z), py(C) = /C p(x) (Hdpidqi) (8.3)

In this construction, the macroscopic properties are extracted from p and are fully encoded
in the coarse-grained distribution p. This coarse-graining step is exactly what the entropy is
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meant to capture. With this definition, the entropy built from p is compatible with, and in
fact obeys, the second law of thermodynamics. There is, however, another route to clarifying
the difference between these notions of entropy. For quantum systems, the fine—grained (von
Neumann) entropy is defined as

Sre = —kpTr{plnp} and (A), = Tr{pA}, VA, (8.4)

where p denotes the density matrix of the system. For a system in a pure state, this entropy
vanishes. Thus, it measures how far the state is from being pure, i.e., the amount of statistical
uncertainty (or missing information) about the system’s state. The crucial feature of the density
matrix — which contains the maximal microscopic information that can be obtained about the
system — is embodied in the second relation above: it shows that, given p, one can determine
the expectation value of any observable of the system.

In realistic scenarios, one usually does not access the full set of observables of a system.
Instead, attention is limited to those observables that are relevant at the macroscopic level,
hereafter referred to as coarse—grained quantities. We denote this chosen family of observables
by {A;}. Now consider the set of all density operators  that fulfill

Tr{ﬁ/i,.} - Tr{ﬁfli}, VA;, (8.5)

and evaluate the von Neumann entropy for each such p. Among these, select the density
operator that maximizes the entropy. This entropy—maximizing state, denoted by p, is defined
as the coarse—grained density matrix. The corresponding maximal entropy is then interpreted
as the thermodynamic entropy. This prescription reproduces the standard coarse—graining
construction familiar from classical statistical mechanics.

From these definitions, one immediately obtains that the fine—grained entropy never exceeds
the coarse—grained entropy, i.e., Spq < Scg. The reason is that we can always pick p = p, which
in general does not maximize the entropy, while the optimal p by definition does. Equivalently,
Sce can be viewed as quantifying the effective total number of degrees of freedom available to
the system, thereby furnishing an upper bound on the entanglement that the system can share
with an external system.

8.1.1 Fine-grained entropy in gravitation

Up to this point, we have discussed entropy in a broad, largely abstract framework. We now
focus on its concrete consequences for gravitational systems. Our primary goal is to clarify the
physical interpretation of von Neumann entropy in a gravitational context—most prominently
for quantum fields on curved spacetime backgrounds, such as those giving rise to Hawking ra-
diation—and to identify and describe the coarse—grained notion of entropy naturally associated
with a black hole.

When we ask for the entropy of the radiation outside the black hole, we are necessarily
working with a fine-grained entropy. This is because it pertains to only a subsystem of the
full quantum—gravitational configuration: effectively, the internal degrees of freedom of the
black hole have been traced out. To make this more explicit, consider a stationary observer
positioned asymptotically far from the black hole. From this observer’s viewpoint, there exists a
finite region of spacetime that is causally out of reach. This region is bounded by the black hole’s
apparent horizon, as no light rays can escape from within it. Consequently, there are degrees
of freedom located behind the event horizon that are inaccessible to the external observer.
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If the black hole arises from the gravitational collapse of matter initially prepared in a pure
quantum state, then the state of the combined system—comprising both the black hole and
its Hawking radiation—remains pure at all times and can be denoted by |¢). However, as
emphasized above, the stationary observer cannot probe all the degrees of freedom associated
with this global state. The density operator describing the complete system is p = [¢) (]
Since the Hawking radiation observable at infinity is quantum—mechanically entangled with
the degrees of freedom inside the black hole, the density matrix actually accessible to the
observer is obtained by tracing over the interior degrees of freedom lying behind the apparent
horizon:

ﬁout = Trm{|w> W\} (86>

The full information about the Hawking radiation measured by an observer at infinity is
encoded in this density matrix. From it, one can extract both the radiation temperature and
any correlations that may be present in the radiation. The next step is to compute the entropy
of the radiation. We define it as the von Neumann entropy expressed in terms of the density
matrix Poyys:

Sra = —kp Tr{pout In Pout }- (8.7)

In evaluating this trace, we explicitly assume that the relevant spacetime region lies within
the portion that contains the Hawking radiation. Consequently, to evaluate this quantity
one must first choose a spacelike hypersurface ¥ (i.e., a constant-time slice, t = const.). This
hypersurface specifies the moment at which the entropy is measured. In this manner, an explicit
time dependence is introduced directly into the expression for Spg. Next, we define the spatial
region A" containing the degrees of freedom accessible to the observer as the causal diamond
associated with some portion of the hypersurface ¥. The remainder of ¥ then determines one
or more causal diamonds whose degrees of freedom are inaccessible to the observer; we denote
this region by A. In the computation of Spg, we trace over the degrees of freedom belonging
to region A. Since the total quantum state on AU A’ is pure, the von Neumann entropy Sy n
for region A is equal to the corresponding Sy y for region A’ [8, 26].

For a black hole, the region A is taken to be the causal diamond associated with the portion
of the hypersurface ¥ that lies inside the apparent horizon. This prescription was long regarded
as the appropriate way to define fine-grained entropy in gravitational systems. Nevertheless, it
turns out to be incompatible with the unitarity of quantum mechanics, leading to a conceptual
inconsistency. This tension is resolved by introducing islands [1], which we describe in greater
detail in Sec. 8.4. Consequently, the entropy defined in this manner is now interpreted as the
von Neumann entropy rather than the genuine fine-grained entropy of a gravitational system. It
is still crucial, as it constitutes a part of the formula for the fine-grained entropy in gravitational
systems.

In Sec. 8.2, we compute the von Neumann entropy Syn(2) for several different choices of
the region A. We begin with the Unruh effect, where A is taken to be the entire left Rindler
wedge of Minkowski spacetime. We then extend this analysis to a general region in Minkowski
spacetime. After that, we further generalize the results to curved spacetimes. Finally, we
study the case in which the spacetime has a boundary with reflective boundary conditions,
corresponding to a dynamical evaporating black hole scenario.
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In Fig. 8.1, an arbitrary region A =
[z1, 23] x [x],25] is shown shaded in red.
The spacelike hypersurface X is represented by
the green line and passes through the points
(7, 25) and (x5, 27 ). Yet, regardless of which
hypersurface we choose, as long as it intersects
these two points, the von Neumann entropy
takes the same value. This follows from the
fact that the entropy depends solely on the
spacetime separation of these points, that is,
on the area of the corresponding causal dia-
mond [1]. Consequently, we regard the entropy

as a property of the'causa'l diamond rather Figure 8.1: Arbitrary region A that contains
than of the constant-time slice X. the inaccessible degrees of freedom.

In the preceding chapters, we examined various gravitational models where the matter was
always represented by massless scalar fields. Now we see why this was important, i.e., how
much it simplifies the calculation of entropy. Namely, the Klein—-Gordon equation ¢ = 0
reduces to 0,0_¢ = 0, as we saw in Sec. 3.3 when discussing the transformation properties of
the energy—-momentum tensor. The solution to this equation is as follows:

¢(a",27) = ¢y (a") + ¢-(a7). (8.8)

Consequently, the left—propagating modes are completely decoupled from the right—propagating
modes. This also allows us to compute the entropy independently, i.e., first determine the
entropy arising due to the right—propagating modes, and then add the contribution associated
with the left—propagating modes, therefore obtaining the total entropy. However, this is no
longer true when one investigates the gravitational collapse, because in that case there is a
boundary with reflective boundary conditions. In such a situation the modes cease to be
independent, and it becomes necessary to analyze separately what occurs in this case.

8.2 Von Neumann entropy in gravity

In this section, we compute the von Neumann entropy (8.7) for various configurations of the
region A that is inaccessible to an asymptotic observer. We begin with a review of the Unruh
effect, namely the phenomenon whereby a uniformly accelerated observer perceives a thermal
particle spectrum, even though an inertial Minkowski observer regards the state as vacuum.
The coordinates adapted to such uniformly accelerated observers are the Rindler coordinates.
Their derivation, along with the explicit relation to the worldlines of uniformly accelerated
observers, is provided in App. D.3. We then extend the method developed for the Rindler
observer to more general observers in curved spacetime.

Throughout the discussion, we first focus on right-moving modes. The contribution from
left-moving modes is later added in an analogous manner, since their respective contributions
to the entropy are independent. We denote by z* the coordinates in which the quantum
vacuum is defined, and by o% the coordinates natural to the observer. In this section, we
consistently employ the results summarized in App. D, which concern quantum field theory in
curved spacetime.
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8.2.1 Minkowski vacuum and a region of type: A = (—o0,0] x [0, +00)

The choice of the region A associated with
a uniformly accelerated observer is illustrated
in Fig. 8.2. In this context, we employ Un-
ruh’s method to compute the Bogoliubov coet-
ficients (see App. D.3 and [124]). The key point
we rely on is that the entropy is independent
of the particular choice of basis functions in
the Hilbert space. Consequently, we are free
to select modes in whichever coordinates are
most convenient. Since we are dealing with
a Rindler observer, we adopt Rindler coordi-
nates. The Rindler coordinates are given by
the following relation:

= —l In (ax_).

_ 1 _ _
o —aln(—am ) N O, ,

out — mn

For more details on the derivation of this trans-
formation see App. D.3.

Figure 8.3: Function 0~ = o~ (27) for the case
of a Rindler observer.

Figure 8.2: Region A that contains the inacces-
sible degrees of freedom in a case of the Rindler
observer.

The constant a denotes the acceleration of the
Rindler observer. We observe that the expres-
sions for the Rindler coordinates in different
wedges of the spacetime can be merged by in-
troducing the absolute value:

1
=——Inlax"|. 8.9
=l @)
Fig. 8.3 presents the graph illustrating the
behavior of this function. The in region is
depicted in green, whereas the out region is

shown in red.

We start by identifying the positive—frequency modes. For right-propagating waves in region

A’, we have:

do¥
= d—o,ut = —iwe
O out

w
out

016° = —iwg®

= oY O(—x~ e “out,

1

= 8.10
out \/m ( )

In the left Rindler wedge, corresponding to region A, the timelike Killing vector that we use
to define the modes points in the opposite direction. Consequently, the sign on the right—hand

side of the defining equation for the modes is reversed and there is no explicit “—

w

a_tgb‘” = —Zw¢w —

do;,

From Sec. 3.3, we recall that the normalization constant is

T — g,

1

VAarTw

—i— (see Eq. (3.86)). Hence, the

= ¢, = 0(z)e™in, (8.11)

field can be written as an expansion in these modes as follows:

¢— - /oo dw |:a0Ut (w)qbaouut + Qin (w)d)(;)n + aj)ut (w)gbbouﬁjt + aj,’-n (W)(ﬂ;}; .
0

(8.12)

200



CHAPTER 8. ENTANGLEMENT ENTROPY IN GRAVITY

The appropriate procedure at this point would be to work directly with the Minkowski modes
and compute the Bogoliubov coefficients, as outlined in App. D.2. Since this calculation is quite
involved, we instead employ the Unruh trick [124]. Our goal is to rewrite the Rindler modes
using the Minkowski light-cone coordinates z and then analytically continue these expressions
to the full spacetime. If this can be done, we obtain a family of mutually orthogonal modes
that are defined on all of Minkowski spacetime and written in Minkowski coordinates. In other
words, we construct a basis in Minkowski coordinates. This basis must also correspond to the
Minkowski vacuum, and therefore the resulting modes are precisely the Minkowski modes. We

start from the ¢¥,, mode and attempt to analytically extend it to the entire spacetime:

1 - 1 iw
w — —9 o —UWO o1 — 9 o o —\ o
out \/m ( z )6 Artw ( Z )( ax ) )
1 — 1 _iw
L{J — 9 — lein — 0 - - a
= St = ) (a7)
o= L) (0) F = ) (—e ) = e o) (—ar) ¥
4w 4w 4w
1 _iw 1 . _iw 1 rw _iw
Dour = \/me(_x_) (—CL.T_) "= \/m9<_x_) (ema«’ﬁ_) ¢ = 47TW€TQ(—:L’_) (ax_) @
— PP e e gt = 417rw [9(—:6’) + 9(:1:’)} (—ax’)% = 417rw (—ax’)% x ¢y, (8.13)
Tw 1 _iw 1 _iw
— G e oy = [0(—27) 4+ 0(z7)] (az™) = = (az7) " * < ¢f. (8.14)

Varw

We observe that, by adding the term proportional to ¢¢* to ¢, we obtain a mode that is
well defined everywhere in Minkowski spacetime. It remains to explain why, in the third line,
we chose the branch —1 = ™, while in the fourth line we used —1 = ¢*. The key point is
that we require the Minkowski modes to be globally well defined under analytic continuation

of ™ into the complex plane.

4w

To see this, let us consider the analyticity condition for the mode f¥ oc e=™*" in the limit

x~ — oo. In terms of real and imaginary parts, we have
fu.; o eine{x’}—&—wIm{x*}

which implies that we must have Im{z~} < 0 for the mode to remain bounded. In the third
line we analytically continue from 2~ to —z~ in the complex plane. Since Im{z~} < 0, these
two points must be connected through the lower half-plane, corresponding to a rotation by —
and thus a phase factor e=, which is the negative mathematical direction.

In the fourth line, we go back from —x~ to x~, again through the lower half-plane, which
now corresponds to a rotation by +7 and therefore contributes the phase €™, the positive
mathematical direction. This whole discussion is equivalent to imposing the condition that, for
the Minkowski modes to be analytic over the full complex plane, the branch cut of the power
function must lie in the upper half-plane. The next step is to normalize the modes ¢7,:

o' _ w W ) w — £k W *
w ! 2 !
( 1,2y 1,2) - Y1,2¥1,2 ( out,in’ out,in) +e @ ( in,out’ imout)

w

= [Ct] (14 ¢ ) ow = w). 19

Hence, the Minkowski modes (annihilation operators) can be written in terms of the Rindler
modes (annihilation operators) as follows:
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1 W W 1 W W
S — g)u e2a + (Z{J;(f_% , (W) = —/——— |:a0u w)eza — aT w e_ﬂ] ,
a=7 sinh == (96 ¢ J m@) 2sinh == ) n()
]. 7\' TW ]. TW W
w o Tw . Tw 1 rw
- - in€ o + ou e 2 2\W) = —F————= [ain w)e2a — Ao\ W)€ 2ai| .
Z \/2 smh% [ Dout } 2(w) /9 s—mh% (w) (W)

(8.16)

Therefore, the Bogoliubov coefficients are fully determined. The set of modes {¢¢, ¢4 |w €
R} forms a complete basis of the Hilbert space of fields in Minkowski spacetime. Consequently,
the annihilation operators appearing in Eq. (8.16) must annihilate the Minkowski vacuum.
This construction is commonly known as the Unruh trick. Its main objective is to represent
the Minkowski vacuum |0,/) as a superposition of Fock states supported in the left and right
Rindler wedges. In full generality, this expansion can be written in the following way:

o

Omy =D Y Apmem

N1, Mg, ..., Ng, OUL) @ | My, Mo, ...y Mg, 0N (8.17)
ni,...,ns=0mi,...,ms=0
where {|n,in/out) |n € {1,2,...,s}} denotes a basis of the single—particle state space in the

in/out sector, and A]'"2™s are the expansion coefficients to be determined. We fix the

dimension of this single—particle state space to be s, without assuming s to be finite. The
associated Fock basis, built from Slater permanents, is then

(ajn/out (w1)> <a’l'Ln/out (w5)>

nilns!...ng!

|ni, no, ..., ng, in/out) =

’Oin/out> b (818)

where {w, |n € {1,2,...,s}} are the single-particle energies associated with the eigenstates
{In) |n € {1,2,...,s}}. The Minkowski vacuum is defined as the state annihilated by all
Minkowski annihilation operators, i.e.

(Vk € {1,2,..,8}) ai(wy)|0r) =0, (8.19)
Solving the system of equations imposed by these two conditions, and using the standard action

of creation and annihilation operators on the Fock basis, one finds the following recursion
relations for the expansion coefficients:

(VE € {1,2, ..., s}) Amama-ms — ,/m’“ T A L, (8.21)

mima...m / mi..mp—1..ms
An1n2 nss mk An1 np—1l.ns (822>

Relation (8.21) follows from Eq. (8.19), while Eq. (8.22) is derived from Eq. (8.20). From these
equations we immediately deduce that ny = m; for all k, allowing us to write

A%”f nzns = Qlnyny..neOnymy Onama -+ Ongms (8'23>
_7'I'L/Jk
Aning..ng — € @ Opy np—1..ns» Vk. (824>
By repeatedly lowering the occupation number n; down to zero, one acquires ny factors of
e~ e . Reducing all occupation numbers to zero and denoting «agg. o = C, we obtain
oo
|0p) =C Z e”a Lk |y g L g, out) @ |ny, ng, ..., Mg, i0) (8.25)

n1,n2,...,ns=0
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Here it is clear that C' is a normalization constant. To determine it, we impose

1 = (0[0s) = |C (Ze ) <Ze> <Ze> (8.26)

n1=0 no=0 ns=0

Thus the normalized Minkowski vacuum can be written as

S

10) = H (1 — e—%:k> Z eTa La=1 Ok |y g out) @ |na, ..., ng, out) . (8.27)

k=1 n1,...,ns=0

This expression can be cast into a more compact form by rewriting the vacuum as an explicitly
expanded Fock-state exponential. After a straightforward computation, we arrive at

o = | T (1= 2”5’“)@@{26 aaoutw)@am(ww}roout>®\om>‘ (8.28)

k=1

The next task is to determine the density matrix as perceived by a uniformly accelerated
observer, assuming that an inertial observer in Minkowski spacetime measures no particle flux,
i.e., that the quantum state is the Minkowski vacuum given in Eq. (8.28). This density matrix
is constructed by taking the partial trace, as defined in Eq. (8.6), over the degrees of freedom
corresponding to the inaccessible region A:

Pout = Trin{|0as) (Onr[} (8.29)

o0

= Z (N1, .oy g, in|0pr| N1, ..y s, i1 Opg) (Opg|na, ..oy g, in|Ops |01, ooy Mg, 00

ni,ng,...,ns=0

By substituting Eq. (8.28) directly and carrying out the resulting algebra, we obtain:

Pout = [H <1 — e_%:k>] Z e~ Tier Tk |11, ..oy Mg, 0ut) Ny, ..., ng, out| . (8.30)
ni

k=1 s =0

Our first observation is that the resulting density matrix is diagonal. Furthermore, since
the energy of the state |ny,no, ..., ns, out) is given by > 7, ngwy, it follows that the emitted
radiation is described by a thermal state. The overall prefactor in Eq. (8.30) can therefore be
interpreted as the inverse partition function, and the associated temperature is readily obtained:

s

. 1 _ 1 a
pou =z = 2=l A T (8.31)
k=11 — a

Thus, we have explicitly recovered the Bose-FEinstein distribution for a one—dimensional ideal
gas [8]. As a consequence, we have demonstrated that a uniformly accelerated observer measures
a thermal flux of particles with a temperature proportional to the observer’s proper acceleration,
cf. Eq. (8.31). The remaining task in this section is to compute the von Neumann entropy of
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the radiation as perceived by the Rindler observer (we work in units where kg = 1):

Svn = = Tr{pout I pous } = —C* Z e~ o Thay ek | <C’26727ﬂ e ”k”’“)

ni,ng,...ns=0
[es)

2T 7 s
=—InC?*+ 702 Z e~ i1 T (nywy + nowg + ... + Nsws)

ni,ng,...,ns=0

oo o0 oo
_ 2mnjwy _ 2mngwy _ 2Tnsws
g e o MNiwi g e a g e a + ...
n1=0 no=0 ng=0

2mnwy

2
—Ine? 4 L2
a

2 s o a TWw 2 s
:—lnCQ_{__?TZZn:Oe 2W7LZWI€ :—Zh’l(l—e Qak)+_7rz QW::]C
TS o€ @ —1
L o0 Tw L > d
:——/ dw In (1—6’27> —|——/ —;iw (8.32)
27T 0 a 0 ea —1

L oo\ | © wdw orw 2 L [ wdw
= — —wln(l—e a) —+ —m<—€ ‘l> _— 4+ — T ra——
27 0 o 1l—e o a ajo e« —1

In the fifth line we replaced the discrete sum over modes by a continuous integral. Here, L
denotes the dimension of spacetime expressed in the 0~ coordinate, which is naturally adapted
to the Rindler observer. In the final line we performed an integration by parts. The bound-
ary term vanishes, and the two remaining contributions are identical. Proceeding with the
evaluation leads to:

2L wdw ZL( > /°° £d¢ aL 7w alL _wLT
2/ J, '

S = B D
YN, 62’*7“_1 a e€—1 27126 12

Thus, we have derived the entropy of a one-dimensional gas [8|, in agreement with the ex-
pected result. The only remaining step is to determine the length L. This quantity corresponds
to the length of the interval in the o, coordinate. However, this interval is unbounded, since
Ogut € (—00,00). Consequently, we must introduce an ultraviolet (UV) cut-off X . and an

infrared (IR) cut-off X [26]. We define these cut-offs in globally flat coordinates, i.e. in
terms of z~. Hence,

al a ﬂ/l Xn_’lax 1 X;ax
Syn = -1 [max{a } — min{o;, }] 12ﬁ(ln X = Eln %= - (8.34)

min

Besides characterizing the acceleration of the Rindler observer, the parameter a also specifies
the observer’s trajectory (see App. D.3). We see that the final expression does not depend on
the detailed shape of the trajectory, i.e. on the particular hypersurface that intersects the
endpoints of region A, but only on those endpoints themselves. In this framework, the UV cut-
off encodes arbitrarily small length scales around x~ = 0. For this reason, it is often referred
to as the short—distance parameter and denoted by 0.

To obtain the full entropy of the radiation detected by a Rindler observer, we must in-
clude both right-moving and left—-moving modes. Incorporating the left—moving sector simply
introduces the additional cut-offs X so that the total entropy is [26]:

max / min’

1 X;L(JLLEX;LLLJJ
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Here, we have defined the short-distance parameter 6 = v/070—, which is Lorentz invariant,
unlike the individual quantities 6%, which are the components of a vector. The divergence near
x~ = 0 stems from the entanglement between field modes localized infinitesimally to the left
of this point and those localized infinitesimally to the right. Consequently, the parameter ¢ is
always present, even when region A is of finite size. This is not problematic, since J is invariant
under all spacetime symmetries and therefore does not influence any physical observable or any
intermediate step in the calculation; it effectively plays the role of an integration constant. One
may also regularize the entropy to handle this divergence explicitly. Finally, the logarithmic
dependence of the entropy is anticipated, as it reflects the invariance of the entropy under
rescalings of the vacuum fluctuations of a massless scalar field.

Finally, it is necessary to analyze several properties of the transformation o~ = o~ (z7),
shown in Fig. 8.3, to enable its extension to more general forms of the inaccessible region A:

e The mappings o,,,(x~) and o, (2~) are bijective on their respective domains and therefore
each possesses a well-defined inverse.

e In both regions, the coordinate o~ ranges over the entire real axis, (—oo, 4+00).

e The time coordinate associated with o~ runs in opposite directions in regions A and A’. This
is a consequence of the differing monotonicity properties of the functions oy, and g..

e At the interface between A and A’, both functions approach the same limiting value (in this
example, +00). This allows one to define an analytic continuation across the boundary.

In the remainder of this section, we adopt the derivations given in [26].

8.2.2 Minkowski vacuum and a region of type: A = [z, 23] X [x], ;]

We now generalize the results obtained in
the previous section to an arbitrary finite re-
gion A. As shown earlier, the key step is to
introduce a suitable coordinate system that /////4,
meets the conditions specified at the end of "5'5}///6*.‘
the preceding section, thereby enabling a clear //
and unambiguous distinction between the re- 4
gions A and A’. In Fig. 8.4, a generic region
A is illustrated. The constant a that appears
here should not be interpreted as an accelera-
tion; it is introduced purely to maintain dimen-
sional consistency. This parameter determines
the precise shape of the trajectory within re-
gion A [125]. For a region A of this type, an
appropriate coordinate transformation is:

o 1 In a::;a:l_’ oo = 1 In xii Figure 8.4: Arbitrary region A that contains
a Ty —T a Ty z x- ) the inaccessible degrees of freedom.
8.36
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a

[in]

We immediately notice that the expressions in

Eq. (8.36) can be rewritten in terms of an ab-
9. (8:30) can be

solute value, yielding

1
o =—-In

I
!
I
I
I
: a
I
I
I
I

T —xy

, (8.37)

X1 X1+ x5

which is directly analogous to the Unruh case
shown in Eq. (8.9). The behavior of this func-
tion in the in region (green) and the out re-
gion (red) of the spacetime is illustrated in
Fig. 8.5. In particular, the function displays
Figure 8.5: Function 0~ = o~ (27) for the case behavior analogous to the coordinate transfor-
of an arbitrary region A. mation that yields Rindler coordinates.

From the construction above, it immediately follows that the functions o;, and o,,,, defined
in this way, are monotonic on their respective domains, although each exhibits a different
type of monotonicity. In addition, on their domains both functions take all real values in the
interval (—oo, +00). Hence, o;, and o,,, are both bijections. We therefore confirm that all four

conditions established in the previous chapter are fulfilled.

Let us now interpret the meaning of these newly defined coordinates. Introducing o* = 740
and rewriting the metric in terms of these variables, we find:

+) —dr?* + do*
74 (cosh (a7) + cosh (ac))?’

(8.38)

ds* = a*(zy —x7)(2] —x

To understand what the o = const. curves represent, we introduce the constant ¢ = €?*°, which

labels a specific trajectory, and determine the corresponding curve in the (¢,z) coordinates.
This yields:

(x el —295(10)_+S2 - xf>2 - (t I +;v<1c)_—1:)62 - xf>2 _ clay _(Zl—)%% — i)

(8.39)
It is clear that this equation describes a hyperbola, analogous to the case of Rindler coordinates,
presented in App. D.3. This is precisely the curve passing through the boundary points of the
region A, and at the same time it corresponds to a segment of the worldline of a Rindler
observer whose proper acceleration is proportional to the inverse of the area of the region A.
Thus, we see that we have indeed constructed a direct generalization of the Rindler coordinates
to a finite inaccessible region A.

We now follow a procedure fully analogous to that used for the Rindler observer. We first
introduce the in and out modes in a completely analogous fashion:

1

== 0" —w) = b(ay —a7)] 7,
417““’ o (8.40)
v ——— [0(z” —z3) + 0(x] —a)] e o,

out — /_471'(,0

The subsequent steps in the entropy computation are identical and thus lead to the same
intermediate expression as in Eq. (8.34), namely:
Ty — T 07

2 0 g%
0 Ty — Iy

a 1
Svn = 75 [om(@r +61) — o (ay = 6y)] = 75 |In (8.41)

12
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Here, we subtract in the opposite order because o;,(x~) is a monotonically decreasing function.
Note also that we have again introduced a short-distance cut—off. We now clarify the meaning
of the parameters §*. As anticipated, UV divergences arise at the boundaries of region A, where
short—wavelength modes become highly entangled. To regularize these divergences, we intro-
duce the short—distance cut—off 4. One may interpret this as follows: we consider all admissible
spacelike hypersurfaces and assign to each of them a layer of thickness ¢ at the boundary of
the inaccessible region A. In this sense,  specifies a particular foliation of spacetime.

In order to obtain the full expression for the entropy, we must also include the contribution
from the left—propagating modes, which yields

(zy —af)*(xg —27)°
S = —1 . 8.42
VN =gt 500565 (842)

This result admits an alternative interpretation: it can be written as the sum of two Rindler—like
contributions, each term associated with one of the boundaries of the region A. In this picture,
the squared spacetime separation effectively plays the role of the IR cutoff parameter introduced

in Eq. (8.35).

However, Eq. (8.42) does not capture the full entropy. In particular, there is an extra
contribution that must be included, originating from the exclusion of the w = 0 mode in the
previous analysis. This contribution cannot be ignored, because it corresponds to an infinite
set of quantum states. Inside region A this mode is constant, but outside A it can decay in
infinitely many distinct ways. Let us first clarify which modes were actually incorporated in the
derivation of Eq. (8.42). We have included those modes that are narrow compared to the size
of the interval [z],z5], i.e., modes with short wavelengths. Consequently, such modes cross
either the boundary at = = z7 or the boundary at = = ;. We therefore interpret Eq. (8.42)
as representing the sum of the contributions to the entropy arising from the entanglement
between states localized near one boundary of the interval and states localized near the opposite
boundary. The modes that were omitted are those that span the entire interval, namely the
long-wavelength modes. One can demonstrate that these long-wavelength modes are maximally
entangled with the spatially constant mode within the interval [26], so that the vacuum can be
written as

|0ps) = |short) ® |long) ® |uncorrelated) . (8.43)

Here, |short) denotes the short-wavelength modes, whose effect is already accounted for in
Eq. (8.42), while |uncorrelated) represents modes that are sharply localized, either fully inside
the interval or fully outside it. Finally, |long) corresponds to modes with wavelengths larger
than the width of the interval, whose contribution is still missing. We anticipate that the
long-wavelength sector can be expanded as:

max oo

[long) o H Z |ng, R) & |ng, L) & |ng,in) . (8.44)

k=0 ngk=0

Since all these modes have wavelengths larger than the size of the interval, we can regard the
k-th mode as having an effective width 2F(2; — x7), i.e. it extends over a region that is 2%
times wider than the interval itself; ny labels the occupation number of this mode. The states
|ng, R) describe the portion of the k-th mode that lies to the right of the interval, meaning
x~ > x,, while the states |ny, L) describe the portion of the k-th mode that lies to the left of
the interval, i.e., = < 7. The remaining states, denoted |ny, in), correspond to the part of the
k-th mode that is supported within the interval. This is precisely the contribution associated
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with the w = 0 mode. Because this component is maximally entangled with both |ny, R) and
|nk, L) (as follows from Eq. (8.44)), tracing out |ng,in) yields the same reduced state as tracing
out |ng, L) ® |ng,in) (or equivalently, |ng, R) ® |ng,in)). We are thus led to conclude that
the construction of the density matrix for the w = 0 mode is equivalent to tracing over either
the left-hand part or the right-hand part of the interval. Consequently, in this situation as
well, we may employ the same entropy formula as in the Rindler case, namely the one given in
Eq. (8.35).

In Fig. 8.6, a single long-wavelength mode
is depicted. The argument can be formulated
as follows: because the mode remains con-
stant over the interval [z],z5], compressing
this 1r}terva1 does not a'dter the' result in any N /\ /\ A
essential way. If we shrink the interval length \/ \/ T x7 \/ \Z
to zero, we clearly recover the Rindler case.
Consequently, the interval width can be in-
terpreted as the thickness of the hypersurface
at = = 0, which corresponds to introducing Figure 8.6: Representation of the behavior of
a short-distance cuto-ff parameter. Thus, we the single long—wavelength mode.
identify 6 = x5 — 7.

fo

It is now evident that the length of the interval acts as the UV cut-off. Naturally, an IR
cut-off is also required, just as in the Rindler setup in Eq. (8.35). In this case, the contribution
of the long—wavelength modes to the entropy takes the form

1 X;ax

S ng = — In ————. 8.45

V' N,long 12 n 1'2_ _ 1'1_ ( )
Including the left—-moving modes and combining this with the short—wavelength contribution
previously obtained in Eq. (8.42), we arrive at the following expression for the entropy associated
with a general inaccessible region A:

1. (2 —a]) (2 — 7)) 1 X+ X—
Syny = =1 —1 max’_max . 8.46
VN6 n 0109 + 12 . (x; —mf)(x; —x]) ( )

Here we introduce the shorthand notation &, = +/07d; and d, = /056, , which we once
more express in a Lorentz-invariant form. The Minkowski interval (x5 — x])(zy; — x7) is
itself Lorentz invariant, and therefore the complete expression for the von Neumann entropy
is Lorentz invariant as well. It is also crucial that § be independent of the spacetime point,
since we require the foliation to be uniform throughout spacetime. This condition will play
an important role in the extension to the curved spacetime discussed in the following section.
Finally, it should be emphasized that the contribution from the w = 0 mode is irrelevant for
the applications to black hole thermodynamics.

8.2.3 Generalization to the curved spacetime
In this subsection, we extend the results of the previous section to the case of curved spacetime,

focusing in particular on Eq. (8.42). Before doing so, we first generalize the discussion to an
arbitrary quantum state defined on Minkowski spacetime. This state need not coincide with
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the Minkowski vacuum; instead, it may be the vacuum associated with some other choice of
coordinates. The only essential requirement is that a globally inertial coordinate system exists,
i.e. the underlying spacetime is still Minkowski.

Assume now that an observer associated with the coordinates y* = y*(z%) detects no
particle flux and therefore perceives the vacuum. In this description the quantum state is not
the Minkowski vacuum |0, z), but rather |¢)) = |0,y). We can then repeat precisely the same
construction as in the Unruh case, but carried out in the y* coordinate system. Since the logic
is unchanged, we can immediately write that the von Neumann entropy associated with the
right—moving modes is:

L. (g —y1)
Syn = — In 22—~ 8.47
VN 12 i ’ ( )
192
which constitutes a straightforward generalization of Eq. (8.41). Here we have again discarded
the contribution from the zero mode. It should in principle be treated separately, but as it does
not play a role in our black—hole analysis, we omit it. What becomes apparent, however, is that
the short—distance cut—off now depends on the position in spacetime. Since at the end of the
previous section we argued that such position dependence is undesirable, we must express it in
terms of Minkowski coordinates. Interpreting it as a vector of length dimension, we obtain:
s Oyt S i dyt
M=_"" = 5 =-2-6 Ao =207 8.48
oxVv dx— dxt ( )
where the quantities §* are indeed constants throughout the entire spacetime. Consequently,
the straightforward generalization of Eq. (8.42) takes the form:
Sun = L W2 ) (s —wi)’
12y g ys vy 07070570y

(8.49)

Since 5f2 are now specified in globally inertial coordinates, the above expression is indeed
Lorentz invariant. In two dimensions we can always adopt the conformal gauge of Eq. (3.2).
The mapping between the y* and z* coordinates is itself conformal, so we obtain:

dzt da~ ,

ds® = —datda” = — o dytdyT = —PdytdyT = yTyT = (8.50)
y* dy

Using this relation, we arrive at the main result of this section:

Sy = L @2 w0y —ur)®

2 __ 2 + 7 —
12 dde—2p10—2p2 A dsT=—ePdyTdy”. (8.51)

This expression is significant because it also extends to curved spacetime. In that setting,
we may again define the vacuum with respect to some coordinates y*=. The only subtlety in
the previous reasoning concerns whether § can be treated as a constant and what that notion
means in curved spacetime. Although we lack globally inertial coordinates in curved spacetime,
we do possess locally inertial frames. The framework remains self-consistent provided that ¢ is
defined in locally flat coordinates at the relevant spacetime points, which we are always free to
do. Consequently, the von Neumann entropy is invariant under local Lorentz transformations.
In addition, we may still perform an arbitrary SL(2,C) transformation on the y* coordinates,
reflecting the symmetries of the quantum vacuum. Therefore the action of the SL(2,C) group
must leave the von Neumann entropy unchanged, and this requirement is indeed fulfilled.
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We must also introduce a further condition on p, namely that the conformal factor €2” remain
approximately constant throughout the layer of thickness §. This requirement guarantees that
the spacetime foliation is both well defined and physically meaningful within that region. We
now proceed to extend the Rindler expression in Eq. (8.35) to the case of curved spacetime.
The extension is straightforward:

1. Y+ Y- 1 Y+ Y- 1. Y+ Y-

Syy = — Ip —maxomax - |, max_max G o |y maxsmax 8.5
B TR 7 N R R T YN T 19 M g2e 20 (8.52)

Here, P denotes an arbitrary point that splits spacetime into left and right quadrants. In the
original Unruh derivation, this point corresponded to = = 0.

8.2.4 Spacetime with the reflective boundary conditions

So far, the left- and right-moving modes have been treated as independent, which is appropriate
when studying an eternal black hole, where spatial infinity " is the only spacetime boundary.
In contrast, for an evaporating black hole, the spacetime—besides having the spatial infinity
i’—also develops a boundary at a finite location. In this situation, one must impose reflective
boundary conditions at that finite boundary. Because of these conditions, the left- and right-
moving modes cease to be independent; they become correlated, and these correlations must
be incorporated when computing the von Neumann entropy. In this subsection, we analyze
several distinct setups. We begin with the case in which the boundary is specified by a simple
relation between the coordinates, and subsequently extend the discussion to a more general
configuration. Finally, we give a comment on possible interference of the wave packets along
the constant-time slice.

The spacetime manifold illustrated in
Fig. 8.7 is bounded on one side by an idealized,
perfectly reflecting mirror, defined by the con-
dition y* = y~, and on the other side by future
and past null infinity. As a first step, we in-
troduce the coordinate y™, which parametrizes
the left-moving modes on J~. Next, we de-
fine the coordinate y~ in such a way that the
relation y™ = y~ holds precisely on the mir-
ror itself. In Fig. 8.7 clearly displays how the
right-moving modes are reflected upon reach-
ing the spacetime boundary. We see that, af-
ter reflection, they behave identically to the
left—-moving modes in the interval y* € [y5, y; |
on J . Therefore, performing the partial trace
over the left— and right-moving modes in the
inaccessible region A is equivalent to taking the

R the' interval A = [y, y; ] Uy ¥3] Figure 8.7: Region A that contains the inac-
on J~, involving only the left-moving modes. (egsible degrees of freedom in a spacetime with

a boundary represented by an ideal mirror.

An ideal mirror
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In the general scenario shown in Fig. 8.7,
one must compute the trace over a region made
up of two disconnected intervals. The calcula-
tion involved in this case is substantially more
complicated, and a full analysis is deferred to
the subsequent subsection. Consider instead a
spacelike hypersurface > and a point P lying
on it, as depicted in Fig. 8.8. The causal dia-
mond located above the segment of the hyper-
surface stretching from point P to the mirror
defines the inaccessible region A. In this setup,
the two separate intervals effectively coalesce
into a single one: y* € [yp,yp]. This configu-
ration has already been thoroughly studied in
the previous subsection, allowing us to directly
write:

(yp — yp)?
02¢—2ep '
which represents the extension of the Unruh

result to the curved spacetime case given in
Eq. (8.52).

1
Syn = 5 In (8.53)

In the collapse models analyzed in this dis-
sertation, the boundary is not specified by such
a relation, but rather by one of the type

(8.54)

This does not pose any difficulty, because we
can apply the same mapping procedure, send-
ing the point P to a single interval on J~. We
then denote its image as the point P. The cor-
responding interval on J~ is given by y* €
ly5,yF). Furthermore, we observe that Sjg =

~

dp, which implies that 5;55;5 = 6%e~2°7 Conse-
quently, the generalized expression in the case
of a spacetime with reflective boundary con-
ditions and a boundary defined by Eq. (8.54)
takes the form:

1 (yp —yp)

SVN = E ln 526—20P

y" —y~ = const.

(8.55)

Figure 8.8: Region A that contains the inacces-
sible degrees of freedom in the spacetime with
a boundary.

Figure 8.9: Region A that contains the inac-
cessible degrees of freedom in spacetime with
a curved boundary.

It turns out that a small mistake was made in the course of this analysis. Consider two
wave packets localized within the interval y* € [y}, y7] and entangled with modes lying outside
this interval. What can occur is that these two wave packets interfere with each other on the
hypersurface ¥, and this interference can be destructive. Let us assume that this is exactly
what happens. Even though each wave packet is individually entangled with modes outside the
interval, their coherent superposition is not entangled with the modes in the A’ region on the
hypersurface ¥, as a consequence of the destructive interference.
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This means that we are effectively assuming a
stronger correlation than is actually present.
Fig. 8.10 depicts an example of such a sce-
nario. When considering modes whose wave-
lengths are much smaller than the width of
the interval, the resulting error is negligible.
As the wavelength of the mode grows, how-
ever, the corresponding error increases as well.
From dimensional analysis, one finds that this
error appears in the formula as a dimensionless
constant of order O(1). Therefore, it is inde-
pendent of the UV and IR cut—offs and can
be absorbed into the short—distance cut—off §.
Moreover, in the context of the island formula
(1.6), this constant drops out when determin-
ing the island, since that procedure involves
the extremization of the fine-grained entropy.

Figure 8.10: Penrose diagram which illustrate
the interference of the wave packets.

8.2.5 Case of the two disconnected regions

In this section, we compute the von Neu-
mann entropy for the case of two disjoint in-
tervals, specifically A = ([z, 23] x [27,25])U
([#3, 2] x [z, 27]) . This result is crucial for
the subsequent study of the island rule in
Eq. (1.6) and for deriving the expression of the
fine-grained entropy in gravitational systems.
In Fig. 8.11, we display the corresponding Pen-
rose diagram, where the disconnected region A
is highlighted in red and the constant-time slice

is shown in green.

A natural first step is to introduce new
coordinates obtained by adding the contribu-
tions from the two single-interval configura-
tions, and then analyze whether these coordi-
nates satisfy the desired properties.

ot
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Figure 8.12: Function 0~ = ¢~ (27) for a case
of a disconnected region A.
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Figure 8.11: Region A, which contains the in-
accessible degrees of freedom, in the case where
it consists of two disconnected intervals.

By directly summing the contributions in
Eq. (8.37) corresponding to the two regions
considered here, we obtain

1 T

o =——In|— —— =
a |xy; —xTx; —x

—T T — X3

(8.56)

We immediately observe that almost all the
necessary conditions are satisfied. The sub-
tlety is that, in this situation, the maps o Jout
are not bijective.
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Since there are two disconnected regions, in; and ing, in Fig. 8.11, the mapping o, (27) is
in fact a 1—2 mapping rather than a bijection. To address this issue, we introduce the functions
Tinas O Oout.1, a0d 0, 5, €ach defined on its respective domain as depicted in Fig. 8.12. In
this way, we obtain a bijective correspondence, guaranteeing a one-to-one mapping between the
relevant sets. As a result, we identify four distinct types of positive-frequency modes:

n,2)

= = [0 — ) — Oz —a7)] e,
o = i (0™ = 5) = a7 — 7)) s -
s = = [0 = 03) = a5 — )] e,

out2 = \/% [0(90_ —x; )+ 0(z] — x_)} € %ut,2

Upon performing the analytic continuation, the argument of the logarithm becomes positive
in both in regions and negative in both out regions. Hence, the same Bogoliubov coefficient
appears as the prefactor of both ¢n modes. We therefore infer that the in-modes are maximally
entangled with one another, allowing us to take suitable linear combinations of these solutions
and interpret the result as a new “in"-mode that is consistently defined across both regions. A
completely analogous construction applies to the out-modes:

(b;dn = ¢;Jn,1 + (szn,Q A qb;)ut = (b:ut,l + (bgut,? (858>

Effectively, the problem reduces to that of two regions, in and out. Consequently, as in all
previous cases, we can invoke the result from the Rindler setup in Eq. (8.34), namely:

Syn = =15 ez = 02) — o5 (ar +01) + 03, (wy = 07) — 05wy + 6]
1 1 Ty — X Ty — T3 Ty — Ty Ty — X7 Ty —T] Ty — X3 Ty — T3 Ty — Ty
=—1n
12 0y  xy —xmy 0  x] —x3 x5 —x, O x5 —xy 05
_ Ly (e e ey — 2 ) ey — 2y )2 ey —2p)? (8.50)
12 (w3 — 23 )* (x5 — 27)%01 05050,

The next step in the analysis is to include the left—-moving modes and then to extend the
result to curved spacetime. In direct analogy with the earlier sections, this part of the derivation
proceeds without difficulty. The final expression is:

SVN — 11 d%2d§3d%4d§4

n
6 0*d3,dizerre—rreP3e—pa’

with dfj = (xf — ZL‘;_)(ZEZ_

—z;). (8.60)
Here, d;; denote the Minkowski separations between the endpoints of the regions illustrated in
Fig. 8.11. As in the previous discussion, the w = 0 mode requires a separate treatment. We do
not address this issue here, since it is not directly relevant to the study of Hawking radiation
from black holes. If one of the endpoints lies at infinity, the corresponding d;; factors must be
replaced using appropriate IR cut—offs, and the formula continues to hold in those situations as
well. Eq. (8.60) thus provides the most general form of the Von Neumann entropy for quantum
fields on a fixed classical spacetime background needed to evaluate the fine-grained entropy in
gravitational systems, as specified in Eq. (1.6).
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It remains to examine the scenario in which
the spacetime manifold includes a spacetime
boundary obeying reflective boundary condi-
tions, while the opposite endpoint of the re-
gion A does not coincide with this boundary.
This configuration is relevant for an evaporat-
ing black hole. We have previously shown that
it corresponds to a setup with two disconnected
intervals on J~, namely A = [y, vy |U[yi", y3 .
This situation is depicted in Fig. 8.13; the in-
accessible region A is shaded in red, while the
constant-time slice is illustrated in green as
usual. We should also emphasize that there
is a residual error due to the destructive in-
terference of the wave packets; however, this
term can again be consistently absorbed into
the UV cut—off. It is a constant contribution
and therefore does not affect the extremization Figure 8.13: Region A that contains the inac-

procedure associated with the island formula cegqible degrees of freedom in the case of the

in Eq. (1.6). The formula follows directly from spacetime with reflective boundary conditions.
Eq. (8.59):

oo = L O~ Pt — o)t — af)a; — o)
2 5i(g — a])Aat — 3P e

(8.61)

To conclude this section, we emphasize that Egs. (8.60) and (8.61) constitute the central
results of this section. They are essential for evaluating the fine-grained entropy in gravitational
systems (1.6) when an island is present, and thereby for reproducing the Page curve.

8.3 Quantum states and the black hole entropy

So far, we have determined the semi-classical component of the island formula (1.6). Before
turning to a detailed explanation of this formula in Sec. 8.4, we now examine the area term in
the fine-grained entropy. In many situations, this term can be treated using the purely classical
Bekenstein—-Hawking expression (1.4). Nevertheless, in certain cases it must be supplemented
by a quantum correction.

This section is divided into three subsections. In the first, we introduce the notion of co-
herent states. This discussion is especially important, since coherent states provide a canonical
reference state for a broad class of physical systems found in nature. We then turn to the
coarse-grained entropy of the black hole, with the aim of determining the quantum correction
to the Bekenstein—-Hawking entropy formula. In these two subsections, we continue to follow
the framework of [26]. Finally, we investigate the entropy carried by Hawking radiation and
formulate the Hawking information paradox (in the sense of [1]), which constitutes the main
subject of the present study.
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8.3.1 Matter in coherent state

Up to this point, the quantum state of the scalar field has always been taken to be a vacuum
state in some choice of coordinates. The only operation we have performed is a change of
coordinates with respect to which this vacuum is defined. In contrast, for the quantum state
describing matter, one typically expects a coherent state. The aim of this subsection is to
demonstrate that the von Neumann entropy of a coherent state constructed on top of a given
vacuum is equal to the von Neumann entropy of that vacuum itself. To this end, we introduce
a simple model that captures the essential features of the situation.

Our model consists of two decoupled linear harmonic oscillators with annihilation operators
a; and a. This is equivalent to a bosonic system with two levels. We now perform the
most general Bogoliubov transformation that preserves the canonical commutation relations,
as outlined in App. D.2, and define the new annihilation operators by:

a(y) = \/%72 <a1 — 'ya£> A as(y) = \/%72 <a2 - vaf{) , (8.62)

where 7 € R with |y| < 1. By following the same steps used to construct the Minkowski
vacuum, we can also construct the corresponding vacuum in this setting and write it in terms
of the product vacuum of the two uncoupled oscillators:

10,) = /T — 72 e%% |0,) & [0,) = /1 — 7 Zy In, 1) ® |n,2). (8.63)

As in the Minkowski-vacuum case, we can obtain the reduced density matrix associated
with the first mode by tracing out the degrees of freedom of the second mode:

pl = Tra{]0,) (04} = Zf” [n,1) (n, 1]. (8.64)

We recognize this as a thermal density matrix, with an effective temperature defined through
e P = ~2 where w is the frequency of the first oscillator. We now construct the corresponding
coherent state, defined as a simultaneous eigenstate of the transformed annihilation operators:

ay () |% O, a2> = o |% Qg 042> A a2(7) |% Qag, 042> = Q2 |% ag, Oé2> . (8'65>

A general state in this basis can be expanded as:

|7) ai, 042 Z Anlng |n1, n2> (866)

ni,n2=0

with A,,,, unknown coefficients. Substituting this expansion into the eigenvalue equations
above and using the standard action of the annihilation operators on Fock states, we obtain
the following recursion relations for the coefficients:

o Qg aytan?

- —= A _ 1 <
\/n_l \/TL_Q m,ma—l \/nlan.

where C' is a normalization factor. We determine C' from the normalization condition:

An1n2 = An171,n2 A An1n2 = — An1n2 = Ca (867>

) [e’s) ‘041’2n1|062’2n2 9 |a1‘2+|a2|2
1= (v, 1, 0]y, a1,0) = |C]| Z — = |C|%e : (8.68)
11 1120 AR
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Consequently, the normalized coherent state takes the form:
Y, a1, ) = o3 (la1P+a2]?) paral () +azal (7) 10,) . (8.69)

Having constructed the coherent state, we now proceed to evaluate the entropy associated
with it. To this end, we first introduce shifted annihilation operators:

a(7) =ai(y) — a1 A as(y) = aa(y) — e = a1(y) |y, 1, az) = a2(y) |7, a1, az) = 0. (8.70)

In this way, we define the operators a; »(y), which annihilate the coherent state; in other words,
the coherent state plays the role of the vacuum for these operators. We now investigate whether
it is possible to similarly shift the original operators a;» to new operators a;o = a12 — b1,
such that they are related to a; 2(7y) by the same Bogoliubov transformation, namely:

an(y) = 1 <& ’ydf) N b — 705 by — b3
1) = —F/—=(u — —F = —F .
/T— A2 2 T— A2 /T— A2
Applying the same reasoning to the second mode yields an analogous relation. We thus obtain
a system of two linear equations for the two unknowns b; and by. Solving this system, we find:

= dl(’y) “+ o — (%1 (871)

o +ya3 az + ]

V1—72 V1—A2
Consequently, we have demonstrated that the same Bogoliubov relations connect a; » and a; 2(7y)
as those that connect a; 5 and @y 2(7y). We are therefore justified in writing:

by A by = (8.72)

s om0y =/ T= 205 |0 @ [00) A p] = (1= D 2™ [a,1) (0, 1], (8.73)
n=0

We note that the density matrices p] from Eq. (8.64) and p]  from Eq. (8.73) have exactly
the same structure. The only difference lies in the choice of basis used to represent them. This
clearly leaves both their eigenvalues and the associated entropies unchanged. Consequently, the
entropy of a coherent state coincides with that of the vacuum state upon which the coherent
state is built.

Considering each mode separately, we find that the Bogoliubov transformation is identical
to that obtained for the Minkowski vacuum, with the only caveat that now v = e™™. The
general Minkowski coherent state can be written as:

— al-af Wi OzQ'CLI,. -
@, 00) o< [ ] (e o} () eyl yoM,g>), (8.74)
J

where |0y, j) is the vacuum annihilated by a;(w;) and as(w;). This expression may equivalently
be recast as the tensor product:

1@, 00) o< @) |15 = €™, Qout i Xin ) - (8.75)
i

From this form, it is clear that our earlier result extends straightforwardly to both the Minkowski
vacuum and Minkowski coherent states. If we now take a vacuum defined with respect to co-
ordinates y* = y*(2%), obtained from Minkowski coordinates via a conformal transformation,
the previous conclusions continue to apply without alteration. The extension to curved space-
time is direct. Hence, we have established that the following statement holds: the formula for
the fine-grained entropy is the same when the quantum state of matter is a vacuum state (in
either flat or curved spacetime) and when it is a coherent state constructed on that vacuum.
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8.3.2 Black hole entropy

In this subsection, we derive the expression for the coarse-grained entropy of the black hole.
Our main aim is to obtain the quantum correction to the Bekenstein-Hawking entropy in the
setting of the classical CGHS model, as derived in Sec. 4.5. There, we found:

A 2 A
M= "2 A G=Z¢20 A T

Our goal now is to compute the quantum-corrected entropy in the BPP model and to again
express it in terms of the value of the dilaton at the horizon, ¢5. The sole modification appears
in the functional dependence M = M (¢g), since it is known that the temperature remains
unchanged once quantum fluctuations are taken into account.

Let us consider a black hole in equilibrium with surrounding radiation inside a finite cavity.
We now adiabatically send in a small amount of left-moving matter with energy AM. This
process corresponds to an evolution through a family of equilibrium states, so the relevant
quantum state is the Hartle-Hawking vacuum at all times. Eventually, this matter crosses
below the apparent horizon. When this occurs, the apparent horizon moves outward due to the
increase in the black hole mass, which in turn changes the black hole entropy by an amount
ASpy. Simultaneously, as the horizon expands, some of the radiation outside becomes enclosed
by the horizon, resulting in a change in the entropy of the exterior matter, AS,,.;. Hence, the
total change in entropy is given by:

AM
ASBH + ASmat - T (877)

For a black hole in thermal equilibrium, the relevant state is the Hartle-Hawking state, and
the metric components are given by Eq. (4.104), which we rewrite here:

GM
e = = Nt (z™ +A)+ T o (8.78)
The location of the apparent horizon is determined by d,e™?¢ = 0, implying z,; = —A.

Consequently, on the horizon we obtain Ae=2%# = @. Moreover, it is important to stress
that the collapse of the additional mass AM leads to a shift in the parameter A, so that z
moves to more negative values. As expected, this corresponds to a displacement of the horizon
that can be interpreted as an expansion of the black hole. Thus we find:

AM 2 o4

T = EAe . (8.79)
We must now determine how the entropy of matter outside the horizon changes. One way to
define this quantity is to use the von Neumann entropy Sy y of the quantum fields restricted
to the region exterior to the horizon. At first glance this may appear peculiar, since we are
computing a coarse-grained entropy while expressing the entropy of the external fields in terms
of their fine-grained entropy. Our rationale is that the matter fields outside the horizon are
highly entangled with those inside, such that the coarse-grained entropy of the exterior fields
is approximately equal to their fine-grained entropy.
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Fig. 8.14 shows the inaccessible region A in
the case of an eternal black hole. Since this
region is defined as lying outside the apparent
horizon, the setup is directly identified with
the curved-spacetime extension of the Rindler
result. Consequently, we employ the expres-
sion in Eq. (8.52) for the entropy of the matter
fields:

apparent
horizon

N 1. =Xt X
— - 1 max max . .
Sv N _6 P+ 5 n —52 (8 80)

The overall factor of N reflects the presence of
N matter fields in the BPP model. We now
focus on the IR-divergent contribution to this
expression, as it provides the following leading
behavior:

Figure 8.14: Region A that contains the inac-
cessible degrees of freedom in the eternal black
hole setting.

N N s
~—In(—X" X~ )=-22 =2N-=-TL .81
Sv N 19 n( ) 12 A max 6 ) (88 )

max max

where L denotes the linear dimension of the cavity, i.e., L = opa. We have recovered 2N
times the standard expression for the thermodynamic entropy of a one-dimensional gas. The
factor of two arises from the contributions of left- and right-moving modes, while the factor of
N reflects the presence of N distinct scalar field species within the BPP model. This supports
our claim that the choice of AS,,; is appropriate. In this expression, the only quantity that
varies is py, SO we obtain

N N
ASmat = EAIOH = EA(bH, (882)

where we have used the Kruskal condition ¢ = p. By combining the expressions in Egs. (8.79)
and (8.82), we arrive at the following quantum-corrected version of the Bekenstein-Hawking
entropy formula:

AM 2 N 2 N
ASBH = T — Asmat =A <5€2¢H — €¢H> — SBH = 5672¢H — €¢H (883)

The expression in Eq. (8.83) is determined only up to an additive integration constant,
which is not particularly significant for our purposes. It can be viewed as the area term %
that appears in the island formula (1.6), now including the quantum correction to the area
A. We next compute the precise ratio between this quantum correction and the classical

Bekenstein-Hawking entropy:

ASpy  NKG 5, NEA = 7GM

= — = 1
5O 1203 21° 2meM T A2
BH

(8.84)

where all relevant physical constants have been restored. Hence, this correction is of the order
h, and therefore can be consistently regarded as a genuine quantum correction.
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8.3.3 Hawking information loss paradox

We conclude this section by presenting a precise statement of the Hawking information loss
paradox [16]. This paradox is the main subject of the present work and was first introduced
and qualitatively discussed in the introductory chapter. In the 1970s, Stephen Hawking made
a landmark contribution to gravitational theory by showing that black holes behave as thermal
objects. In particular, they possess a well-defined temperature and are expected to emit ra-
diation. He further demonstrated that this radiation is purely thermal and lacks correlations.
The full result is derived within the framework of quantum field theory in curved spacetime,
using a method that is essentially the same as the one employed to obtain the Unruh effect in
Sec. 8.2.1.

If we assume that the black hole originates from the collapse of matter initially in a pure
state, more specifically in a coherent state, it is puzzling to find that, once the evaporation pro-
cess is complete, the final state is a thermal ensemble, i.e., a mixed state. The thermal properties
emerge because we effectively partition the vacuum, or the coherent state (see Sec. 4.3.1), into
two regions: the interior of the black hole and the exterior. As is well known, in quantum field
theory the vacuum is an entangled state. Thus, while the global vacuum is pure, its degrees
of freedom exhibit short-distance entanglement. Consequently, when we restrict our attention
to only one portion of spacetime, we obtain a mixed state. We have already encountered this
in Sec. 8.2, where we derived the expressions for the von Neumann entropy in a gravitational
context. The physical picture can be described as follows: the vacuum continually creates and
annihilates particle-antiparticle pairs, with each pair’s constituents being mutually entangled.
It may happen that one member of the pair is produced just inside the horizon and falls toward
the singularity, while the other is created just outside the horizon and escapes to asymptotic
infinity. The escaping particle is what we observe as Hawking radiation.

In Fig. 8.15, an example of such a process is
shown. The infalling matter that gives rise to
the singularity is indicated in green, the event
horizon is represented by a red line, and the
entangled particle pair is shown in blue. In
this scenario, the two particles together form
a pure (entangled) state. Yet, if we restrict
our attention to just one of them, say par-
ticle a, which belongs to the exterior region,
we find that it is described by a mixed state,
which effectively appears as a thermal state at
the Hawking temperature. We have already
seen an analogous situation for the Rindler ob-
server in App. D.3. The method is essentially
the same: first, one computes the Bogoliubov
coefficients and then performs a partial trace
over the degrees of freedom confined within the
black hole, yielding the reduced density matrix
that characterizes the degrees of freedom ac- Figure 8.15: Penrose diagram depicting an en-
cessible to an observer outside the black hole. tangled pair of particles.

singularity

horizon

This observation indicates that, at early times, the entropy carried by the radiation grows
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monotonically, in agreement with the usual expectations for the time evolution of entropy in
any quantum system. The difficulty appears once the entropy of the radiation exceeds the
Bekenstein—Hawking entropy, which characterizes the coarse-grained entropy of the black hole.
From that point on, the radiation can no longer remain entangled with the black hole’s internal
degrees of freedom, because the black hole now has a smaller thermodynamic entropy, and
thus fewer degrees of freedom, than the radiation. This is also evident from the fact that the
fine-grained entropy is always bounded above by the coarse-grained entropy. We are therefore
led to the following conclusion: if the black hole is assumed to form from a pure state, then
the combined state of the black hole plus Hawking radiation must remain pure at all times.
It follows that the entropy of the radiation must coincide with the fine-grained entropy of
the black hole, which in turn must be smaller than its coarse-grained entropy, namely the
Bekenstein-Hawking entropy.

However, what is found instead is that the entropy of the radiation reaches the Beken-
stein—Hawking entropy and then continues to grow beyond that point. This implies that the
state of the overall system can no longer be pure and must instead be described as a mixed
state. This has two consequences:

1. Violation of unitarity: We begin with a pure state and end with a mixed state. Hawking
interpreted this as an intrinsic feature of quantum gravity and therefore maintained that
a black hole cannot be treated as an ordinary quantum system, since time evolution in
quantum mechanics is required to be unitary.

2. Regardless of how intricate the initial state is that collapses to form the black hole, by
the time the evaporation process is complete, one is left only with a thermal ensemble
devoid of correlations. Such a state clearly cannot contain as much information as the
original pure state from which the black hole formed.

From this we are led to the conclusion that a black hole destroys information. This is known
as the Hawking information loss paradox. As already noted, Hawking himself did not regard
this as a paradox, but rather as a fundamental characteristic of quantum gravity [16]. If, on the
contrary, we insist on treating the black hole as a conventional quantum system, then at the
moment when the entropy of the radiation becomes equal to the Bekenstein-Hawking entropy,
the entropy of the radiation must start to decrease, eventually reaching zero at the end-point of
evaporation. At that stage only the radiation remains, and it must be in a pure state in order
to preserve unitarity.

To fix this non-unitary behavior, Don Page  S,.4
proposed a curve for the fine-grained entropy
of radiation that preserves unitarity [17, 18], Hawking curve
illustrated in Fig. 8.16. At early times, the en- LA EEEEEEEED
tropy follows Hawking’s prediction (red curve),

E Page curve
increasing until it reaches a maximum. After ! \
this Page time, the entropy decreases to zero i Q
by the end of evaporation, so the radiation re- |
turns to a pure state and unitarity is restored. 0 tp tona

The full Page curve is shown in green, with

the late-time asymptotic behavior indicated in  Figure 8.16: Page curve visualization.
blue.
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We close with several additional remarks:

e As the black hole evaporates, its mass steadily decreases. This effect is known as the backre-
action of Hawking radiation on the black hole, and we have already incorporated it into our
analysis. It does not, however, resolve the problem.

e Near the end of the black hole’s lifetime, its linear size becomes comparable to the Planck
length. At that stage, we expect significant quantum-gravitational effects to appear, and the
semiclassical framework we are using breaks down. This, too, fails to address the problem,
because at the Page time the black hole is still macroscopically large.

e Since the issue is tied to the very definition of fine-grained entropy—a macroscopic quan-
tity—small modifications to the Hamiltonian and/or to the quantum states in the vicinity
of the horizon cannot fix it. Consequently, the paradox persists to all orders in perturbation
theory, and any genuine resolution must be non-perturbative in the gravitational constant

G.

e One might have anticipated that an observable such as fine-grained entropy would not be
captured exactly by the semiclassical approximation. Indeed, it was long believed that, once
a complete theory of quantum gravity was available, the semiclassical result would receive
corrections. The current view, however, is the opposite: the semiclassical formula is now
regarded as giving the entropy of the exact quantum state of the radiation.

e To genuinely solve the problem, it is therefore necessary to modify the very definition of
fine-grained entropy. We examine this point in detail in the following section.

8.4 Fine-grained entropy formula in gravitational systems

The preceding two sections focused on the two individual contributions that appear in the island
formula (1.6). We began by examining the entropy of the quantum fields, followed by an analysis
of the area term. In this section, we bring these two ingredients together and demonstrate how
the new formula for the fine-grained entropy in gravitational systems [29, 34, 33| succeeds in
reproducing the Page curve. Consequently, this section is devoted to the main formula of this
work. Its importance is substantial, as it provides the mechanism by which the Page curve is
correctly obtained, which is the central goal of this study.

The section is divided into four subsections. We start by stating and discussing the main
working assumption, which we will refer to as the central dogma [1]. Next, we examine the
formula for the fine-grained entropy in detail. We explain how it allows us to reconstruct the
Page curve, first for the fine-grained entropy of the black hole and then for the fine-grained
entropy of the radiation. In the third subsection, we outline the derivation of the formula itself.
Finally, in the fourth subsection, we consider the questions related to the information paradox
that remain unresolved. Throughout, we follow the analysis presented in [1].

8.4.1 Central dogma

In the previous section, we introduced the notion of the information paradox. We now turn
to its resolution. Our central hypothesis is as follows: from the perspective of an external
observer, the black hole behaves as a conventional quantum system with % degrees of freedom
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that undergo unitary evolution. In what follows, we explore the implications of this assumption
and show how it leads to a modification of the fine-grained entropy formula in gravitational
settings, thereby obtaining the island rule in Eq. (1.6).

PN
< ~

=,
2% |

The black hole, along with the full space-
time region bounded by a certain hypersurface,
can be effectively described as the quantum
system proposed by the central dogma. The
exact position of this hypersurface is not yet

fixed, and we will refer to it as the cut-off sur- . _ ..
face. In Fig. 8.17, this is represented by a blue Figure 8.17: Visualization of the black hole as

dashed line an ordinary quantum system.

It is well established that entropy can be written as S = InW, where W denotes the
number of available microstates. This is the definition used in the microcanonical ensemble. In
quantum mechanics, W corresponds to the dimension of the Hilbert space of states. We first
emphasize that the Hilbert space associated with the system is taken to be finite-dimensional.
The difficulty then stems from the fact that these microscopic degrees of freedom are not
visible in the gravitational description, where a black hole is specified only by a limited set
of macroscopic parameters (mass, spin, charge, etc.). In addition, another subtlety must be
addressed. Assuming that time evolution is unitary, there must exist a Hamiltonian operator
that generates this unitary evolution. This Hamiltonian also does not appear explicitly in the
gravitational framework. Instead, what one finds in the gravitational theory is the Hamiltonian
constraint, which is a global condition imposed on the whole spacetime. According to the
central dogma, it should be possible to isolate only the part corresponding to the exterior
region, but a standard procedure for doing so has not yet been established.

We now add some clarifying comments about the cut-off surface. This surface acts as a
reflective boundary that encloses the system we identify as the black hole, which is assumed
to evolve unitarily. In an asymptotically flat spacetime, however, the precise location of this
hypersurface is unclear. We draw an imaginary surface well outside the event horizon (at least
several Schwarzschild radii away), and designates everything inside it as the black hole. The
corresponding quantum system is then coupled to the degrees of freedom lying outside this
region. The exterior of this boundary surface is treated as a quantum system propagating
on a fixed spacetime background, i.e., as semiclassical. In this outer region, we neglect large
metric fluctuations but still include weakly interacting gravitons. The full evolution of both
regions together should be unitary. This leads us to the following perspective: the gravitational
response is to be compared with that of a quantum system, defined on an imaginary cut-off
surface and coupled to degrees of freedom localized far from the black hole.

We now turn to analyzing how entropy is formulated for gravitational systems. As a starting
point, we examine the physical meaning of the coarse-grained entropy associated with the
combined system consisting of the black hole and its surrounding radiation. Hawking has
shown that this entropy is given by the generalized entropy, which takes the form

A
Sgen - E + Soutsidea (885)

where the first term is the Bekenstein—-Hawking entropy, and the second term represents the
contribution from the quantum fields outside the black hole horizon. This quantity obeys the
second law of thermodynamics, ASg, > 0, and can thus be interpreted as a coarse-grained
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entropy [13, 16]. Hawking derived this expression using the Euclidean gravitational path integral
[32]:

0
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(0) (0)
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(0)

In this expression, we perform an expansion around the saddle point of the integrand, deter-
mined by the classical equations of motion (denoted by the superscript (0)). As a result, the
term linear in the fluctuation vanishes, and the leading correction is quadratic. The partition
function therefore receives contributions both from the geometry and from the quantum mat-
ter fields. The gravitational contribution is obtained by evaluating the action on the classical
solution, whereas the quantum contribution is computed with the background geometry held
fixed (the semiclassical approximation). The geometry is required to be regular at the horizon.
This condition reflects the fact that a freely falling observer experiences no singular physical
effect when crossing the event horizon, as discussed in App. D.5. To extract the entropy and
energy from the partition function, we employ the usual thermodynamic relations:

S=(1-B0s)mZ A E=-03nZ. (8.87)

Using these mathematical expressions, Hawking arrived at the generalized-entropy formula
presented in Eq. (8.85). The first term represents the surface contribution, whereas the second
term describes the quantum contribution to the partition function. When evaluated at the
horizon, this formula gives the coarse-grained entropy of the combined system of the black
hole and its Hawking radiation. In this setup, S,uisiqe S€rves as the fine-grained entropy of the
radiation, which in turn implies a non-unitary time evolution. Our aim is to enforce unitary
evolution; therefore, this formula must be suitably modified. One can demonstrate that the new
formula can be derived in an equivalent way from the generalized-entropy expression. The only
change is that we now choose a different boundary surface on which to evaluate the generalized
entropy. Instead of the event horizon, we focus on the surface that extremizes the generalized-
entropy functional, namely the surface where the generalized entropy assumes its minimum.
We now explain more precisely what this entails. Consider a surface X that is genuinely two-
dimensional within spacetime, meaning that it is not a hypersurface but rather an embedded
spatial surface. In other words, it is localized in one spatial direction and in time. We define
this surface as the one that minimizes the generalized-entropy functional and refer to it as the
quantum extremal surface (QES). More specifically, it minimizes the entropy along the spatial
direction while maximizing it along the temporal direction. If multiple such surfaces exist, we
must choose the one that yields the global minimum. The procedure for determining it can
thus be summarized as follows: first, select a spacelike hypersurface given by a constant-time
slice (t = const.). On this hypersurface, find the surface that minimizes the generalized-entropy
functional. Then consider the full family of such spacelike hypersurfaces and pick the one for
which the associated minimizing surface produces the largest value of the generalized entropy.
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Accordingly, the expression for the fine-grained entropy in gravitational systems takes the

form ALX]
SFG = m}}n {e))gt |:W + Ssemi—cl (Ex):| } . (888)

In this formula, X denotes the surface of interest, and Xy is the segment of a spacelike hy-
persurface bounded on one side by X and on the other by the cut-off surface that defines the
quantum system under investigation. This setup identifies the causal diamond that encloses
the portion of spacetime where the degrees of freedom associated with the chosen quantum
system are localized. The von Neumann entropy of the quantum fields on Xy is denoted by
Ssemi—ci(Xx). We employ this notation to emphasize that all calculations are performed within
the semiclassical regime. This relation is central to our discussion and was originally obtained
by Maldacena and Lewkowycz [33]. In typical scenarios, the surface X lies inside the black
hole, i.e., behind the event horizon. The essential idea is as follows: we begin by selecting a
trial surface X located outside the black hole’s event horizon. We then smoothly deform and
extend this surface across the horizon into the interior region to identify the configuration that
yields the required minimal value.

Since the QES is located inside the black .
hole, the entropy must therefore depend on  horizon
features of the black hole’s interior. The sur-
prising aspect is that it does not depend on
the full interior, but only on a limited por-
tion of that region. The entire construction
follows from the Euclidean gravitational path
integral, through a technique analogous to the
one Hawking employed to obtain the expres-
sion for the generalized entropy in Eq. (8.85).
An outline of this derivation is provided in
Sec. 8.4.3. We must now refine what is meant
by a “quantum extremal surface” in reference
to the surface X. Geometrically, X is an ordi-
nary surface; it is termed quantum because it
encloses the region in which the quantum fields
reside. Fig. 8.18 depicts the deformation of X,
starting from the cut-off hypersurface, passing
through the event horizon (dashed purple line),
and continuing into the interior until the QES
is reached.

cut-off surface

Figure 8.18: Penrose diagram showing the
quantum extremal surface.

8.4.2 Reproducing the Page curve for the black hole sector

We now apply the fine-grained entropy formula for gravitational systems, viewing the black hole
as a quantum subsystem. At the moment of black hole formation, no Hawking quanta have
escaped. Consequently, for any surface X located inside the event horizon, no QES appears, and
the associated construction continues all the way out to the asymptotic boundary of spacetime.
In this regime, the surface contribution is absent, leaving only Ssemi—«(>x), which evaluates
to zero. In this way, one recovers Hawking’s original result.
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As time goes on, the first quanta escape
from the black-hole region, causing the fine-
grained entropy Sgg to increase, driven by the
growth of the second term in Eq. (8.88). At
time £, the entropy is still below the Beken-
stein-Hawking value Sgy. By time t5, how-
ever, the fine-grained entropy has risen above
Spr. This behavior matches Hawking’s orig-
inal semiclassical result: the entropy keeps
growing monotonically with time, increasing
steadily until the black hole has fully evapo-
rated. This situation is known as the vanishing
QES case and is illustrated in Fig. 8.19.

Shortly after Hawking radiation begins to
leave the black-hole region, an additional QES
appears. The position of this surface depends
on how much radiation has escaped and there-
fore varies explicitly with time. The formula
for the generalized entropy in Eq. (8.88) now
acquires a surface contribution. Furthermore,
this surface term dominates over the semiclas-
sical term, because at this early stage only a
small fraction of radiation has escaped and the
QES lies very close to the horizon. Conse-
quently, the contribution from this nontrivial
QES is much larger than that from the van-
ishing QES configuration, thus the global min-
imum in Eq. (8.88) is still given by the van-
ishing QES. This situation, referred to as the
nonzero QES case, is presented in Fig. 8.20.

From these observations, we infer that at
early times in the evaporation process, the
global minimum of the entropy is determined
by the trivial (vanishing) QES. As time in-
creases and the black hole evaporates, the hori-
zon area shrinks, which in turn reduces the
contribution from the nonzero QES. At some
point between ¢; and ¢, this decreasing con-
tribution falls below the increasing contribu-
tion associated with the vanishing QES, since
the non-vanishing QES is located closely to
the horizon. Since Sp¢ is computed using the
QES that yields the smallest value, the rele-
vant QES switches at that moment, and the
entropy begins to decrease. We interpret this
change as a phase transition. This behavior is
depicted in Fig. 8.21.

Figure 8.19: Penrose diagram depicting to the
zero QES phase.
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Figure 8.20: Penrose diagram depicting to the
non-zero QES phase.
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Figure 8.21: Penrose diagram depicting the
phase transition.
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At the phase transition, the previously dominant contribution coming from the vanishing
QES remains smaller than the Bekenstein—Hawking entropy Spy. As a result, the entanglement
entropy displays the characteristic behavior of the Page curve. This is because the entropy
associated with the non-vanishing QES follows the thermodynamic entropy of the black hole.
The key point is that this QES lies very close to the event horizon, which is precisely the surface
at which the thermodynamic entropy is evaluated. Since the entropy does not exceed Sgyz—the
QES being situated inside the horizon—the entropy at the intersection point cannot be above
the value Sgy. This moment corresponds to the Page time.

We therefore find that the Page curve is
correctly reproduced, assuming that a nonzero
QES does in fact lie inside the black hole hori-
zon. Omne must then establish the presence
of a surface with saddle-point characteristics:
namely, a surface such that small spatial dis-
placements away from a given point cause the
entropy to increase, while small temporal dis-
placements from that same point cause the en-
tropy to decrease. We do not present a rigorous
proof of this here. Instead, we offer an intu-
itive argument suggesting that such a surface
should exist, based on analyzing the behavior Figure 8.22: Penrose diagram which demon-
along the direction of left-moving waves. strates of the existence of a non-zero QES.

What is firmly established is that the surface term decreases as we approach the point
r = 0. The remaining issue is how the quantity Ssemic1(2x) behaves in this limit. Consider
the following process: the hypersurface X is first exactly placed at the event horizon and
then slowly, adiabatically, moved below the horizon, following the trajectory of the left-moving
modes, as depicted in Fig. 8.22. As X is shifted inward, the additional quanta that appear on
the hypersurface ¥y are entangled with those quanta that previously lay on ¥Xx in the region
between the horizon and the cut-off surface. Consequently, by carrying out this procedure we
are purifying the quantum state along Xy, since we are now including both members of each
entangled pair. This purification continues until we have captured all quanta that are entangled
with the degrees of freedom supported on the portion of X x located to the right of the horizon.
At that stage, the state along >y has become maximally purified.

Throughout this part of the evolution, the entropy Ssemi—a(2x) decreases, tracking the
gradual purification of the system’s state. Once we push X further inward, however, we start
to pick up quanta that are entangled with partners that have already escaped the black hole
region, i.e., that lie outside the cut-off surface. From this point on, the entropy Ssemi—c1(Xx)
begins to increase again. We therefore infer that, along this direction in configuration space,
Ssemi—c1(2x) possesses a local minimum. Because the surface term is strictly decreasing, this
also implies the existence of a local minimum for Spgg.

We thus arrive at the following picture of an evaporating black hole: two distinct QESs
emerge. One is the original Hawking saddle, situated at the asymptotic boundary of spacetime,
which gives an entropy contribution that grows monotonically with time. The second QES
lies just below the event horizon and contributes an entropy that decreases monotonically with
time. At each moment, the fine-grained entropy of the radiation is determined by taking the
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smaller of these two contributions, and in this way one recovers the characteristic Page curve
behavior.

8.4.3 Reproducing the Page curve for the Hawking radiation sector

In the previous section, we introduced a method for evaluating the fine-grained entropy of the
black hole subsystem and showed that it correctly reproduces the expected behavior of the
Page curve. We now turn to the fine-grained entropy of the radiation subsystem. In earlier
treatments, this entropy was expressed solely through the von Neumann entropy of the quantum
fields. Within that approach, the entropy increases monotonically throughout the evaporation
process and ultimately exceeds the Bekenstein-Hawking entropy of the black hole, thus violating
the unitarity. This discrepancy signals that the standard expression for the entropy of Hawking
radiation must be modified or supplemented by additional terms. As before, we aim to use
the fine-grained entropy formula for gravitational systems given in Eq. (1.6). Yet, this requires
justification, because the radiation resides in a region where the gravitational field is extremely
weak, and one would normally not expect a gravitational entropy formula to be applicable
there. The justification is that the quantum state of the radiation is still generated within the
underlying theory of gravity.

Until now, we have applied the formula to a specific gravitational system, such as a black
hole. However, the radiation region itself contains no black hole. Moreover, we have thus
far assumed the hypersurface ¥ x was simply connected. We now relax this and allow Xy
to have disconnected components. This increases the boundary area and thus the area term
in Eq. (1.6). To compensate, the generalized entropy must change by decreasing Ssemi-c1(Xx)-
This is achieved by including part of the black hole interior that contains the entangled partners
of quanta outside the cut-off surface, thereby purifying the state. This added portion is the
island region, and its boundary is the island or island boundary, so that ¥ x = X; U ¥,.q. In
this framework, the island coincides with the quantum extremal surface, and the fine-grained
entropy is given by the island-rule entropy formula:

) All
SFG = m[lrl {e)[(t |i4LCTY] + Ssemi,d (E] U Erad):| } . (889)

It is important to stress that this quan-
tity represents the fine-grained entropy of the
precise quantum state of the radiation. How-
ever, the precise quantum state itself remains
unknown; only its entropy can be determined
within the semiclassical approximation. This
setup is depicted schematically in Fig. 8.23.
The island I lies behind the black hole hori-
zon in the interior region, as previously dis-
cussed. The cut-off hypersurface is indicated
in red, and the separate region containing the
radiation degrees of freedom is shown in blue.
We therefore infer that the mechanism under-
lying Eq. (8.89) is precisely the same as for the
black hole subsystem. Consequently, the re-

sulting entropy evolution reproduces the Page Figure 8.23: Penrose diagram depicting the is-
curve, exactly as in the black hole case. land and the radiation hypersurfaces.
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As in the black hole case, at the beginning of the evaporation process there is no QES (is-
land). As a result, the entropy (8.89) is fully determined by its semiclassical term, which is ini-
tially zero because no radiation quanta have yet escaped the black hole. As time goes on, quanta
of radiation start to emerge from the black hole region, causing the quantity Ssemi—c1(Xrad) t0
increase. As before, this quantity extremizes the generalized entropy at each moment of the
evaporation, although it need not represent the global minimum at all times. This portion of
the discussion reproduces Hawking’s conclusion that the fine-grained entropy of the radiation
grows monotonically throughout the evaporation process.

As before, the island (a non-vanishing
QES) that extremizes the generalized entropy
emerges shortly after the evaporation process
begins and lies close to the horizon. Conse-
quently, the entropy obtained from this QES ¢,
is initially very large and therefore does not ¢,
correspond to the global minimum. As time
goes on, however, the horizon shrinks, which
in turn reduces this entropy contribution un-
til it eventually becomes the global minimum,
signaling a phase transition. From that point
onward, throughout the remaining evolution,
we evaluate Spg using the configuration that
includes the island. This yields an entropy that
decreases monotonically and ultimately goes to
zero at the end of the evaporation process. We
thus find that the Page curve is reproduced
once more, now for the case of Hawking radia- Figure 8.24: Penrose diagram depicting the
tion. This behavior is illustrated in Fig. 8.24. phase transition for the radiation entropy.
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If the black hole forms from a pure state, the fine-grained entropies of the black hole and
Hawking radiation subsystems match at all times. This occurs because, for the black hole
subsystem, the quantum extremal surface coincides with the island, so the area terms in the
entropy are identical in the two descriptions. On the Cauchy slice ¥; U X x U X4, the von
Neumann entropy in Eq. (8.88) for ¥ x must equal that in Eq. (8.89) for ¥X;UX, 4, since the total
state on the full Cauchy surface is pure. Hence Ssemi—c1(Xx) = Ssemi—c1(27 U Xraq). Because we
extremize the same functional in both descriptions, the entropies necessarily coincide. Thus, the
fine-grained entropies of the black hole and Hawking radiation subsystems are equal throughout
evaporation, reproducing the characteristic Page curve.

The key reason this construction successfully reproduces the Page curve for the Hawking
radiation subsystem is that the black hole interior is included when computing the fine-grained
entropy of the Hawking radiation. Furthermore, it is quite natural to recover the Page curve
once the interior is taken into account, since its inclusion purifies the quantum state of the
emitted radiation. At first, it may appear that we have simply added the interior in an ad
hoc manner, without any physical underpinning. However, as emphasized at the beginning of
this section, the fine-grained entropy formula for gravitational systems can be derived from the
Euclidean gravitational path integral. This derivation employs the replica wormholes technique,
which we describe in the following subsection.

228



CHAPTER 8. ENTANGLEMENT ENTROPY IN GRAVITY

8.4.4 Replica wormholes method

In this section, we sketch the derivation of the formula for the fine-grained entropy in gravita-
tional systems [33, 34, 38, 126, 127, 128]. We focus on the situation in which the black hole
has fully evaporated. The detailed physics in the immediate neighborhood of the evaporation
end-point is omitted, because in that regime strong quantum-gravitational effects play a crucial
role and the semiclassical approximation is no longer applicable.

From the perspective of entropy calcula-
tions, the relevant geometric setup is illus-
trated in Fig. 8.25. Our starting point is the
unnormalized pure state [¢), which charac-
terizes the collapsing matter that eventually
forms the singularity. The aim is to evolve this
state into some final radiation state |j) via the
gravitational path integral. In doing so, we ob-
tain the transition amplitude from the initial
state [¢) to the final state |7), namely (j|).
Fig. 8.25 provides a depiction of this transition
amplitude: the ocher line indicates the evolu-
tion from the interior state |¢)) to the exterior
radiation state |7).

Our central question is whether the post-
evaporation state p is pure or mixed. For this
purpose, we use the standard purity criterion
for a quantum state:

Tr{p*} = (Tr{p})*.

If this condition holds, the state is pure; if it
fails, the state is mixed. To check this, we
adopt a diagrammatic method. We first draw
a diagram representing the trace, i.e.,

Tr{p} = > (i) (vli).

(8.90)

(8.91)

Starting from the state |¢)), we construct
the density matrix p = |¢) (¢|. In Fig. 8.26,
we depict a diagram corresponding to the ma-
trix element of this density operator in the
Hilbert-space basis of the final radiation: p;; =
(1) (¢|7). In this diagram, there are two in-
terior regions associated with |¢), which are
identified with each other, and two exterior re-
gions containing the final radiation states |7)
and |j). This configuration can be interpreted
as the product of two diagrams of the type
shown in Fig. 8.25, differing only in the choice
of the exterior final states.

singularity /
\ $
s
TN k Q
Figure 8.25: The diagram representing the

transition amplitude: (j|v), taken from [1].

exterior

interior interior

Figure 8.26: The diagram representing the ma-
trix element: p;;, taken from [1].

Figure 8.27: The diagram representing: Tr{p},
taken from [1].
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To compute the trace in Eq. (8.91), we must
also identify the exterior regions and then sum
over all possible exterior states |i). This proce-
dure produces a closed loop in the diagram rep-
resenting the trace, as illustrated in Fig. 8.27.

To verify the relation in Eq. (8.90), it is
necessary to additionally express:

Te{p?} = Gilw) (¥l5) Gl (li) . (8.92)

,L"j

Figure 8.28: The diagram representing: Tr{5?}
- Hawking saddle point, taken from [1].

From the summation it is evident how the fi-
nal (exterior) states are identified; however, we
must also identify the interior regions so that
the sum runs over both ¢ and j. There are two
distinct ways to connect these interior parts
and obtain a closed loop.

In the first option, we connect the interior
of the matrix element (i|1)) with that of (j]v),
and then do the same for the remaining pair.
This construction yields a single large loop, as
depicted in Fig. 8.28. In the second option, we
instead connect the interiors of the two matrix
elements (i|1)) with each other, and similarly
connect the interiors of the two (j]¢) matrix

elements. In this configuration, the diagram _ _ -
clearly splits into two separate loops, as shown Figure 8.29: The diagram representing: Tr{/"}
in Fig. 8.29. - replica wormhole saddle point, taken from [1].

In quantum mechanics—and likewise in the present setting—it is a basic requirement that
one sums over all possible configurations. Here, this means summing over all allowed geometric
topologies, i.e., over all distinct ways of connecting the interior regions. The contribution
depicted in Fig. 8.28 cannot be decomposed into two independent loops and corresponds to
Hawking’s saddle point of the gravitational path integral. By contrast, the second diagram
in Fig. 8.29 manifestly splits into two loops, showing that it represents the product of two
diagrams associated with Tr{p}. This term is linked to the saddle-point configuration of replica
wormholes and implies that the final state p after evaporation is pure, since it obeys the purity
condition (8.90). Because the entropy of a pure state vanishes, the second diagram gives the
leading contribution in the saddle-point approximation to the Euclidean gravitational path
integral, namely:

Z= / Dy, D e 58t g o=Smw 4 o=Sms — | 4 o=SEH 1, (8.93)

We therefore infer that the dominant contribution guarantees unitarity. A potential concern
that remains is the persistence of Hawking’s saddle point. Its effect is exponentially suppressed,
so we expect it not to cause any substantial difficulty once the full quantum theory of gravity is
taken into account. With this understanding, we have demonstrated that the final state after
black hole evaporation is a pure state. Nonetheless, one must still determine the entropy of
either subsystem at each instant throughout the evaporation process. To obtain the fine-grained
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entropy formula for gravitational systems at every moment in time, we make use of the replica
trick:

Sre = (1 —nd,) Te{p"}| . (8.94)

n=1

Here, p denotes the density matrix associated with one of the two subsystems. When computing
Tr{p"}, the interiors admit many possible ways of being connected, which significantly com-
plicates the calculation. After evaluating Tr{p"} for arbitrary n € N, we analytically continue
to n € R and then take the limit lim. Out of all possible configurations, we must choose the

one yielding the smallest contributqgri. Under this analytic continuation, it turns out that this
prescription is exactly equivalent to identifying the quantum extremal surface, as discussed in
the previous subsections. A rigorous proof of this equivalence is not provided here; however, its
validity should be clear on intuitive grounds. We now conclude with several further remarks:

e In principle, reconstructing the exact quantum state of the emitted radiation requires per-
forming a path integral over the full space of geometries, including all nonperturbative effects.
Currently, no existing formulation of quantum gravity allows us to carry out this procedure
explicitly. Within our present framework, what is actually under control is the semiclassical
state. Using this semiclassical state, we compute the fine-grained entropy of the radiation.
Furthermore, it is known that the fine-grained entropy obtained from the semiclassical state
coincides with the value that would be derived from the exact quantum state. For sufficiently
simple observables, the semiclassical state provides an adequate description. For more in-
tricate observables, however, this approximation breaks down, and the full exact quantum
state of the system becomes necessary.

e Because the quantum state of the radiation encodes information about the black hole interior,
sufficiently elaborate measurements on the radiation’s degrees of freedom can modify the
spacetime geometry by generating wormholes that connect to the interior of the black hole
[127, 129, 130]. We elaborate on this point in the following subsection.

e We compute the quantity Spe using the Euclidean gravitational path integral. This object
is not a well-defined quantity. In particular, it is not clear which saddle points should be
included in the sum and which should be discarded. It is conceivable that some theories
might select Hawking’s saddle instead of the replica wormhole saddle. We expect any such
theories to be ultimately inconsistent. A further ambiguity arises in the choice of integration
contour for evaluating the gravitational path integral.

e A further conceptual challenge concerns how to choose the cut-off hypersurface that specifies
the boundary of the quantum subsystem associated with the black hole. It is unclear whether
the fine-grained entropy formula in gravitational settings remains valid when this boundary
surface is not taken to lie at infinity:.

8.4.5 Entanglement wedge reconstruction

At first glance, reconstructing the Page curve seems to resolve the black hole information
paradox. Nonetheless, this conclusion is not entirely warranted, and several key issues remain
open. Within the central dogma, we introduced the degrees of freedom used to describe the
black hole from the perspective of an observer outside it. The natural question is: which
region of the black hole interior do these degrees of freedom actually encode? To address this,
consider the formula for the fine-grained entropy in gravitational systems (1.6). It depends on
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the interior of the black hole only up to the quantum extremal surface. We are thus led to
the following statement: the degrees of freedom appearing in the central dogma describe the
geometry only up to the quantum extremal surface. Since the entropy is tied to the full causal
diamond, we can interpret it as characterizing that entire causal diamond.

This causal diamond is known as the entanglement wedge of the black hole [70, 71, 72],
because it contains precisely the degrees of freedom that describe the black hole. There are
three relevant regimes, which occur successively in time. The first regime corresponds to times
t < t, and describes the era before the phase transition, as shown in Fig. 8.30. In this regime,
there is no QES, and therefore the full interior is captured by the black hole degrees of freedom.
The second regime covers the interval ¢, <t < t,q4, Where .4 is the time at which evaporation
is complete; this is depicted in Fig. 8.31. Here, the phase transition has already occurred, so
a QES exists. Consequently, the black hole degrees of freedom are associated only with the
part of the interior up to the QES, while the rest of the interior belongs to the island, which
is part of the radiation region. Thus, after the Page time, some of the radiation’s degrees of
freedom are located inside the black hole interior. The third regime corresponds to times after
evaporation has ended, t > t.,q4, as illustrated in Fig. 8.32. The region inside the cut-off surface
is then simply flat space, while the entire region that lay below the event horizon is part of the
island, i.e. it is encoded in the radiation degrees of freedom.
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Figure 8.30: Penrose diagram Figure 8.31: Penrose diagram Figure 8.32: Penrose diagram
corresponding to the space- corresponding to the space- corresponding to the space-
time before the critical point, time at the critical point, i.e. time after the critical point,
Le. t <t ty <t < tena Le. t > tepg.

We therefore infer that once the Page time is surpassed, most of the microscopic degrees of
freedom that were initially confined within the event horizon are no longer stored in the re-
maining black hole, but instead are encoded in the outgoing Hawking radiation. By the time
the evaporation process is complete, all of the degrees of freedom that had resided inside the
horizon have been completely transferred to, and are fully captured by, the radiation.

Let us now examine the situation in which most of the degrees of freedom located in-
side the black hole horizon are carried by radiation. In this case, the action of semiclassical
operators supported in the region behind the horizon changes the entropy of the outgoing
radiation, in agreement with the standard formula for fine-grained entropy in gravitational sys-
tems. Throughout this discussion, we take this entropy to coincide with the entropy of the
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exact quantum state of the radiation. It then follows that semiclassical operators acting behind
the horizon of the black hole necessarily modify the exact quantum state of that radiation.
[131, 132, 133] General theorems in quantum information theory further imply that there exists
a reconstruction map, commonly known as the Petz map, which allows one to recover informa-
tion about this exact quantum state. [134, 135] For simple gravitational theories, this map can
be constructed explicitly using the gravitational path integral, employing the replica wormhole
technique. It should be stressed, however, that the quantum measurements required on the ra-
diation degrees of freedom are extraordinarily intricate: their complexity grows exponentially
with the Bekenstein—-Hawking entropy of the black hole. [136, 137| A fully general formulation
of this method, applicable to arbitrary situations and theories, has not yet been obtained.

When we speak of the degrees of freedom of a black hole, we typically refer to the quantum
fields that live in the region beneath the event horizon. These are clearly distinct from the
degrees of freedom invoked in the central dogma, where what matters are the black hole’s
degrees of freedom as seen by an asymptotic observer. We know that the degrees of freedom
defined by quantum fields inside the horizon can lie on either side of the quantum extremal
surface. By “black hole degrees of freedom” we mean specifically those that lie to the right
of the quantum extremal surface. Thus, these constitute only a subset of all the degrees of
freedom present inside the horizon.

Building on this observation, we have thus addressed another paradox originally posed by
Wheeler in 1964 [138]. He noted that there are classical geometries that from the outside look
like black holes, yet behind the horizon the entropy can be arbitrarily large—far exceeding one
quarter of the horizon area. He referred to such configurations as bags of gold. The resolution
of this puzzle is similar: if the entropy contained in the interior exceeds the area of the throat
(the horizon), then the causal diamond associated with the degrees of freedom of the black hole
captures only that part of the interior that excludes this arbitrarily large entropy.

Aglemenr wedge

neck surface

Fig. 8.33 displays an example of a bag-of-
gold geometry. We note that the spacetime of
the evaporating black hole analyzed in the pre-
vious section (and in the current one) evolves,
after the Page time, into a configuration that
is effectively equivalent to a bag-of-gold geom-
etry. The key point is that the degrees of free-
dom of the black hole are associated with only
a small fraction of the total degrees of freedom

located behind the black hole horizon. Figure 8.33: Visualization of the bag-of-gold
geometry.
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In this section, we bring our examination of entropy in gravitational systems to a close.
In the following chapters, we present a detailed and explicit reconstruction of the Page curve
within concrete, well-specified models of two-dimensional dilaton gravity. This objective is
achieved by applying the formula for fine-grained entropy in gravitational systems (1.6), whose
derivation and thorough analysis have been the central focus of the present chapter.
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Chapter 9

Page curve in the BPP model

In this chapter, we illustrate how the Page curve is reproduced within the BPP model of two-
dimensional dilaton gravity introduced in Sec. 4.3. As already shown in Chap. 4.3, the BPP
model is exactly solvable. This allows for an exact semi-classical evaluation of the Page curve
up to the end-point of the evaporation process, beyond which the corrections from the full
theory of quantum gravity will become relevant [1]. We now demonstrate how Eq. (1.6) is
applied to compute the Page curve for both eternal and evaporating black hole scenarios in the
BPP model. The chapter is organized into two sections.

In the first Sec. 9.1, we reproduce the Page curve for the eternal black hole studied in
Sec. 4.3.2. Our analysis follows the derivations in [41] and [57]. We begin with the no-island
configuration, in which we recover the standard Hawking result: the Page curve increases
monotonically with time [16]. We then apply the fine-grained entropy formula for gravitational
systems (1.6), which allows us to obtain the Page curve for this setup.

A crucial point is that, for an eternal black hole, we do not expect the entropy of radiation
to decrease at late times. Instead, it should asymptotically approach and then remain at the
value 2Sgy. This behavior is due to the fact that the black hole is in thermal equilibrium,
so the flux of Hawking radiation it emits is balanced by the flux it absorbs. Consequently,
the entropy grows monotonically until it reaches its maximum value, namely 2S5y, defined in
Eq. (1.4). The factor of two arises because an eternal black hole has two asymptotically flat
regions. Moreover, since Sgp is the coarse—grained black hole entropy, the fine-grained entropy
of the radiation cannot exceed this bound (see Sec. 8.1).

In the second part, i.e Sec. 9.2, we then reconstruct the Page curve for an evaporating black
hole in the BPP model introduced in Sec. 4.3.4, again following the derivation of [41]. As before,
we start by analyzing the setup without including an island, which reproduces the standard
Hawking result [16]. We then demonstrate how the inclusion of an island at late times in the
evaporation process (i.e., after the Page time) resolves the paradox. The Page curve is computed
in two coordinate systems: we first locate the island in asymptotically flat coordinates, and
subsequently repeat the analysis in Kruskal coordinates, obtaining, of course, identical results.
Unlike the eternal black hole case, the Page curve here decreases and eventually goes to zero
at the end-point of the evaporation.

234



CHAPTER 9. PAGE CURVE IN THE BPP MODFEL

9.1 Page curve in the eternal black hole scenario

In this section, we compute the fine-grained entropy of Hawking radiation for the eternal black
hole in the BPP model introduced in Sec. 4.3.2. The discussion is divided into two parts. First,
we study the configuration without an island and reproduce Hawking’s original result. Next,
we perform the full entropy calculation using the fine-grained entropy formula for gravitational
systems (1.6). In the late stages of evaporation, we demonstrate the emergence of an island
region outside the horizon that contributes to the constant term in the entanglement entropy.
This contribution causes the Page curve to saturate at 25y, thereby recovering the purity of
the initial quantum state at the end of evaporation. Throughout this section, we follow the
derivation presented in [57].

9.1.1 No-island configuration

In the absence of an island in the spacetime, the formula (1.6) simplifies to just the second
term, namely Ssemi—(2rqq). Because the region containing the degrees of freedom that are in-
accessible to the asymptotic observer is simply connected, and there is no spacetime boundary
on which reflective boundary conditions are imposed, the appropriate expression for the entan-
glement entropy of quantum fields in curved spacetime is given by Eq. (8.51). For convenience,
we rewrite it here:
N (g —ap)*(wg — ap)
Sre = —=In )
12 0te—2rre—2pL
where we have included an overall factor of N in Eq. (8.51) because the BPP model contains
N distinct scalar field species. In addition, the expression is written in Kruskal coordinates

(4.41), as we are focusing on the eternal black hole setup.

(9.1)

x

Fig. 9.1 depicts the region A that is in-
accessible to an asymptotic observer (as de-
fined in Fig. 8.1) for the case of an eternal
black hole. The two asymptotically flat regions
are denoted by R and L in both Fig. 9.1 and **
Eq. (9.1). In each of these regions, we intro-
duce a cut-off surface at ¢ = b. Since we are
interested in evaluating the entropy at a fixed
time ¢, we consider the hypersurface ¢t = const.
in the right wedge. The segment of this hyper- Figure 9.1: Penrose diagram illustrating the
surface that supports the radiation degrees of no-island setup for an eternal black hole in the
freedom, ¥,.4, extends from spatial infinity i° BPP model
to the cut-off surface.

—t = const '; t = const

In the left asymptotically flat region, radiation exits the black hole region along the z~—axis.
At the same time, the Killing vector reverses its direction, implying that the time coordinate
t in the right asymptotically flat region corresponds to the time coordinate —t in the left
asymptotically flat region. Because of these two effects, the boundary point of region A in the
left asymptotically flat region appears as the mirror reflection of the corresponding boundary
point in the right asymptotically flat region, as illustrated in Fig. 9.1.

Since Killing time is defined in Eddington—Finkelstein coordinates, we first need to rewrite
the Kruskal coordinates a:f /g 10 terms of the asymptotically flat coordinates o*, and therefore
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in terms of ¢ and b, using the transformation law (4.41). Doing so gives:

g =M g = oA gt = AT g = oM (9.2)

Y

We now proceed to evaluate the fine—grained entropy (9.1). As a first step, we compute the

differences (v% — 27) by substituting Eq. (9.2):

Aap—af) = M) 4 A=) — A (eM 4+ e*) = 2¢* cosh (M),

9.3

AMrg—ap) = —eMbmt) D) — A (e_’\t + e’\t) = —2¢* cosh (\t). ©-3)
The left-right symmetry requires p;, = pg. Consequently, for the metric (4.104) evaluated at
the boundaries of the region A (see Fig. 9.1) we find:

GM GM
Q) — ey )

TGM
A A '

e R = ¢72L = —)x%E:E}} + = —)\QxJLra:E +

(9.4)

Inserting Eqgs. (9.3) and (9.4) into the original expression for the entanglement entropy (9.1)

leads to:

S N In 4 cosh® (At)
re =5 N ey (11 2 )

(9.5)

Let us now analyze the behavior of this function at the beginning of the evaporation process.
Recall that Spg is defined only up to a renormalization constant (because of the divergence
Ind as § — 0). We can therefore choose this constant so that Spg =0 at t = 0. For t = 0 we
have cosh (At) = 1, and the expression simplifies to:

4
SFG = —1In

N

Expanding this expression around ¢ = 0, we obtain:

Spo = %(W- (9.7)

Thus, near t = 0 the entropy grows quadratically in time. We now turn to the late-time
behavior of Eq. (9.5):

1 0 1 N N
cosh (\t) = 3 (e’\t —i—/'{j R~ §€>\t —  Sro~ A= 2, (9.8)

We thus arrive at the main conclusion of this section: in the setup without an island, the
Page curve is not recovered. Instead, we reproduce the standard Hawking result [16], where
the entropy increases monotonically with time. This monotonic growth is incompatible with
unitarity, since beyond a certain time Sgg exceeds the bound set by the coarse—grained entropy
2S5py. The time at which this happens is the Page time, determined by:

N 2¢3 TGM 127 M
Sre = 25pu T LG A T T N

. (9.9)
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9.1.2 Island configuration

When the island is present, both the area contribution and the semi-classical entanglement
entropy term in expression (1.6) for the fine-grained entropy are non-zero. Furthermore, the
presence of the island implies that the region A in Fig. 9.2, which is inaccessible to the observer,
is composed of two disconnected components. Consequently, the semi-classical part of the fine-
grained entropy is given by Eq. (8.60), namely:

2 32 g2 2
S = Eln d12d23d14d34
semi—cl —
6 54d§4d%36*l’1 e~ P2e—P3e— P4 ’

(9.10)

where d; = (v — 27 )(¥; — 2} ) represents the Minkowski distance between the corresponding

points depicted in Fig. 9.2 in Kruskal coordinates. As before, we multiply expression (9.10) by
N because the BPP model contains N species of scalar fields. We assign the indices ¢ and j
such that the identification (1,2,3,4) «— (Ra, Rb, La, Lb) holds. As in the preceding section,
R labels the right wedge and L the left wedge of the spacetime. Meanwhile, a designates the
boundary of the island region, and b labels the cut-off hypersurface. All these hypersurfaces

are explicitly marked in Fig. 9.2.

Fig. 9.2 shows the region A that an asymp-
totic observer cannot access (as defined in
Fig. 8.1) for an eternal black hole in the pres-
ence of an island. The island, labeled by I,
is highlighted in blue. For an eternal black
hole, the non-zero QFES' is expected to appear
very close to the quantum-corrected horizon,
but still outside it. In the right asymptotically
flat region, the island’s coordinates are (t', —a).
We denote the spatial coordinate by —a be- Figure 9.2: Penrose diagram illustrating the is-
cause the island should be located near the land setup for an eternal black hole in the BPP
horizon, which is given by o — —o00 (4.39).  model

In direct analogy with the case without an island, we send the island’s boundary point
to the left asymptotically flat region by reflecting it across the time axis. In this way, its
coordinates become (—t', —a), which encodes the fact that the time-like Killing vector in the
left wedge is oriented in the opposite direction. Note that we have not identified the island’s
time coordinate with the time coordinate on the cut-off surface. This choice is motivated by
the requirement that the generalized entropy must be extremized with respect to both space
and time: the entropy must be maximized along the temporal direction and minimized along
the spatial direction.

The first step in evaluating the fine-grained entropy (9.10) is to express the Minkowski
distances in the Kruskal coordinates in terms of the Eddington—Finkelstein coordinates, using
Eq. (4.41). This yields

+_  A(t+D) - ___=A(t-b) +  M(—t+b) — __=A(—t=b)
ATy, =€ . AT, = —e . AT, = —¢€ ., AT, =e ,

)\(—t/—a) )x(—t/-‘ra) <911>

/
At —a) + - -
, Ay, = —e , Az, =e .

/
+ — _ =AM +a)
ATp, =€ ,  ATp, = —€
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Substituting Eq. (9.11), the Minkowski distances dfj can then be written in terms of ¢, ¢, a
and b as

Ndiy = (x)y — k) (TR, — Th,) = < (D) _ A(E —a)> ( Mot | A +a)> |
N, = (afy — ol g, — ) = (X0 M) (A0 —a>) |

N3y = (ahy, — af,) (@g, — xp,) = (M) 4 e (A0 - eA(t+b)) ’

il = (e, 1)o7~ 17,) = (ew i) (), 012
= (e — o), — ) = () + 0 (0 ),

Ndiy = (), — 2F,) (vp — 77,) = (e (D) | oAt +a)> ( ANb—t)  A(t _a)>

From these expressions we see that d3, = d3, and d3, = d?;. Moreover,
N2, = —4e* cosh?(\t), N d2, = —4e” M cosh?(At). (9.13)

In the early phase of evaporation, the configuration without an island gives the minimal value of
the fine-grained entropy (1.6), so we focus instead on the late-time regime, where the dominant
configuration is expected to include an island. Consider, in the late-time limit At > 1 and
At > 1, the following ratio:

d3sd3, _ g e-a) cosh? (At) cosh? (At')

~1, tt — oo 9.14
d3,d?, (eXt+0) 4 e—A(t’+a))2 (eXo-0) + eA(t/—a))Q (9-14)

Since the logarithm of the quantity in Eq. (9.14) appears in the semi-classical entropy (9.10),
this behavior implies that it can be ignored in the late-time limit. The other necessary ingredient
is the eternal black hole metric (4.104), which, using left-right symmetry, takes the form

o720 = g2 — 2N 4 ﬂ-Cj\M — 6_2'0”,
(9.15)
6_2p2 = 6_2p3 = 6_2)\a + —WG)\M = 6_2pa.

After substituting Eqs. (9.12) and (9.15), and using the late-time behavior of Eq. (9.14), the
semi-classical entropy of the quantum fields becomes

’ 2 ’ 2
A(t+b) _ At —a) _ A1) —A(t +a)
N (d N (6 e > ( 70 te )
Ssemi c — ln ( 5142 2Pu€2pb> - 6 In . (916)

) (A0)2 (¢2% + TG (o=2ha - 7

Now we extremize Eq. (9.16) with respect to the temporal coordinate. This can be done
without including the surface contribution in Eq. (1.6), since that term depends only on the
static black hole metric and is therefore time independent. Extremizing Eq. (9.16) gives the
relation between the time at the island boundary and the time at the cut-off surface:

Nat/d%2 . QN)\ )\b a

0y S, en:a’ssemi—c = 5 0
g ¢ T3 R, 38,

Jsinh(AMt—t))=0 = t =t.  (9.17)

It is important to note that this relation between ¢ and ¢’ is valid only in the asymptotic late-
time regime, A\t > 1 and A’ > 1. This justifies imposing the condition At > 1 simultaneously
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with At > 1. We can therefore rewrite Eq. (9.16) in the following static form:

A —Xa)2
Ssemifcl = E,Oa + E In <e < )

3 3 TGM
(AS)2, fe2 4 =GM

We choose the regularization of the UV cut-off so that the semi-classical entropy (9.18) is
given by:

(9.18)

Ssemi—c = g (pa — po) + g In (e —e ) — g In2— %)\b. (9.19)

Next, we examine the surface term in Eq. (1.6). It is not a priori obvious whether this

contribution should be identified solely with the classical Bekenstein-Hawking entropy (1.4),

or instead with its quantum-corrected counterpart (8.83) evaluated at the island boundary.

Following [57], we adopt the quantum-corrected expression. An additional factor of 2 is required,
as the geometry contains two asymptotically flat regions. The area term is therefore:

A[1] 2 ., N 4 [ . 7GM] N [ . aGM
Al _ o512 opa _ N = e e  TE N (e O L0 (92
0 {Ghe 6%}%—0 o [6 + 3 ]+6 n(e + 3 )—i—C (9.20)

In Sec. 8.3.2 we pointed out that the quantum-corrected area term (8.83) is fixed only up to
an additive constant C'. This contribution is absent when the island is moved all the way down
to the boundary of spacetime. However, this situation is not equivalent to imposing % =0in
the limit @ — oo, because in that case one recovers the Bekenstein-Hawking entropy (8.83), as
a — oo corresponds to the event horizon. A natural prescription for choosing the constant C'
is to require that at the moment of the black hole formation, i.e. in the combined limit a — oo
and M — 0, the expression (9.20) goes to zero. It is important to emphasize that the order in
which these limits are taken matters. With this prescription, the constant C' is given by

N . 7oGM
_ .
C=—gh—;

(9.21)

With this choice, the full expression for the generalized entropy, obtained by adding Eqs. (9.19)
and (9.20), takes the form:

Sgen =

4 [ o, 7mGM] N 2N N 2N 2N
— @ - = “ln(1—e M) - Zn2— )b 22
Gh{e +— } gt 3 n(l-e ) ;- In 3 +0O,  (9.22)

where we have adopted the Kruskal gauge p, = ¢, and inserted the metric solution (4.104). We
now extremize this expression along the spatial direction, that is, with respect to the parameter
a:

8\ 6—2/\a + 2N\ 1 2\a 12 Ab_Aa 12

=2 = . —Z =0, (9.2
OaSgen on 5 @ 1 0 < e NGhe e +NGFL 0. (9.23)

Thus, we arrive at a quadratic equation in e*. Its solutions are:

a4

= _hekb 1+4/1— NgGhe%b] : (9.24)

NG
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Eq. (9.24) yields two quantum extremal surfaces. To identify which of these corresponds
to the correct island boundary, we must determine which root gives the global minimum of
Eq. (9.22). We begin by examining the expression under the square root in Eq. (9.24):

—Nghe”b >0 = > _N;Jh.

1— (9.25)

Since both b and the black hole mass M are expected to be large, we consider the two limiting
regimes e > N8 and TGM 5 22 Implementing these approximations in (9.24) gives

NGRS

Aot
~

A et e (9.26)

We first analyze the effect of substituting the a_ root into the generalized entropy (9.22). In
this case we find

1 1 N
E_Le_%“ — E_Le”‘b —+o00, In (1 — 6_)‘((1+b)) —In (%B_ZAI) — —00, (9.27)

so that the generalized entropy diverges, Sy, — 00, in the limits under consideration. In
contrast, using the a, root we obtain

NGh\* NGh NGh
~2)a —2Xb _ o~ Aa+b) _ —2Xb _ —2Xb
e —>(12>e —0, In(l—e )—>1n<1 Tl >—> Th — 0.
(9.28)

Thus, the ay root leads to a finite, well-defined limit of the generalized entropy (9.22), and
therefore corresponds to the global minimum. Consequently, the fine-grained entropy is ob-
tained by inserting a from Eq. (9.24) into Eq. (9.22), which yields

4 | (NGR\? TGM| N 2N NGh 2N 2N
Spor= — || —= ) e 7| ) T e 2 T o O Np+ O
re Gh(12>e L 3T 3 12 € 3 T T
ArM N TGM N2Gh 2N 2N
— —— + —In(e¥ — N2 - N+ C
)\h+6n<€+)\) 8 ¢ g e
ArM N 7nGM
~——+ —1 =2 . 2
/\h 6 n )\ +C SBH (9 9)
It is evident that the global minimum corre- Src
sponds to the a root in Eq. (9.24). In the first
line of Eq. (9.29) we employed the approxima- 28
BH [-----------

tion 28~ < 1. Next, in the second line we
simplified the resulting expression. In the third
line we assumed a very large mass, namely Eﬂt T
TG > 2 and inserted the Eq. (9.21) for
the constant C'. As a result, we find that
the entropy we obtain is approximately equal 0 tp t
to 2Sgu, as expected. We therefore conclude

that, within this model, we have successfully Figure 9.3: Page curve for an eternal black hole

reproduced the Page curve, which is given by: in the BPP model

N
SFG = min{g)\t, QSBH} (930)
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9.2 Page curve in the evaporating black hole scenario

Here we study the entanglement entropy of the evaporating black hole solution in the BPP
model introduced in Sec. 4.3.4. The discussion is organized into four subsections. In the first,
we investigate the no-island configuration, which reproduces Hawking’s original result and leads
to information loss. We then consider the entanglement entropy in the presence of an island. In
this case we demonstrate that the island forms behind the horizon, as expected, and that the
Page curve is correctly obtained using the formula for the fine-grained entropy in gravitational
systems (1.6). The third subsection is devoted to analyzing the Page time. The full computation
is performed in asymptotically flat Eddington—Finkelstein coordinates, since these provide the
time measured by an asymptotic stationary observer. In the final subsection, we repeat the
calculation of the island location, now working in Kruskal coordinates (4.2). For most of this
chapter we closely follow the derivation presented in [41].

9.2.1 No-island configuration

Unlike an eternal black hole, an evaporating black hole possesses a well-defined spacetime
boundary on which reflective boundary conditions are imposed. Consequently, we must employ
the expression (8.55) for the entanglement entropy of the quantum fields, which explicitly
incorporates these reflective boundary conditions. In the no-island setup, the fine-grained
entropy (1.6) therefore simplifies to the semiclassical contribution given by Eq. (8.55), namely:

N (‘75 ;r)
52 —2ps(o)

Spa = (9.31)

Because we are considering an evaporating black hole, the relevant quantum state is the
Unruh vacuum (3.98). The EMT is normal ordered with respect to the asymptotically flat
coordinates defined before the collapse, namely the Eddington-Finkelstein coordinates o*.

Thus entropy (9.31) is expressed in terms of these coordinates.

Fig. 9.4 depicts the evaporating black hole
scenario. The constant-time slice supporting
the radiation degrees of freedom is indicated
in red. It stretches from spatial infinity :° and
intersects the cut-off surface (dashed blue line)
at a point with coordinates (¢,b). The point
S represents the projection of this intersection
onto past null infinity J~, while the point S
is obtained by reflecting (¢, b) across the space-
time boundary and then projecting onto the
J~ hypersurface. This explains the labels S
and S used in Eq. (9.31). The region inac-
cessible to an asymptotic observer is shaded
in red. The spacetime boundary is given by

S
Eq. (4.115), namely 2\o,, = In £ZZ= ”G . Hence, the El
reflective boundary conditions 1mply:
Jg = 05 + 200 = 05 + 200 (9.32) Figure 9.4: Penrose diagram illustrating the

no-island setup for an evaporating black hole
in the BPP model
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The notion of time is specified using the asymptotically flat coordinates of region II (see
Fig. 4.6), namely the 6% coordinates introduced in Eq. (4.59). Consequently, in order to
examine the time dependence of Eq. (9.31), we must rewrite it in terms of the 6% coordinates.
Implementing Eq. (9.32), the coordinate difference in Eq. (9.31) becomes

1 G 1 G
:cr;—ag—xlngﬁT:205—Xln€7rT, (9.33)

while the metric (4.119) can be written as

1
e = Npf(zg + A) =27 — MY — g =b+ o In (1+ )\Ae’\(t_b)),

dotdo™ 5 (a o _ enG .\ 7GM .
i — 205(®) = e=29s | _N2p¥(zg + A) — Tln (=Nafzg)+ —+C

A
1= [% In (1 + /\Ae)‘(t_b)) + %)\b — @ — C’*] g2\ 034
- 11 AAAD) : (9.34)

e~ 2rs(0)

By inserting Eqgs. (9.33) and (9.34) into the expression for the fine-grained entropy (9.31), we
obtain:

g _ N, 220+ In (1 + AAMED) — In ZC]? (1 4 AAA D)
PO 12 V02 [1 = (Z€In (1 + AAeAi-0)) 4 &G\ — 200 _ () g=23]”

(9.35)

At the beginning of the evaporation process, this function is effectively linear, but with a
highly nontrivial slope. We do not study this limiting behavior in detail. To regularize the
UV divergence in Eq. (9.35), we impose that the fine-grained entropy vanishes at t = 0. This
implies that Spg(t) is shifted to Spa(t) — Sra(0). Denoting the expression in Eq. (9.35) by S(t),
the renormalized entropy becomes Spg(t) = S(t) — S(0). To determine whether information is
lost, we must investigate the asymptotic behavior of Eq. (9.35) at late times, i.e., for At > 1.
In this regime, we immediately obtain In (1 + AAe**™Y) ~ In(AA) + A(t — b). Under this
approximation, Eq. (9.35) takes the following form:

N AAAED) [\ (¢ 4 b) + In (AA) — In &2€]°
Sra ~ —1In

1277 (X0)2 [1— (ZEIn(MA) + ZE(t 4 b) — TG — C*) e~V

~5(0).  (9.36)

From this expression we identify a logarithmic term proportional to In (At) as well as a term
growing linearly with ¢. At late times, the linear contribution clearly dominates the entropy

growth. Consequently, we obtain:

N
~ —\t. .
Sra T (9.37)

Therefore, in the no-island configuration, the information is lost and the Page curve cannot
be recovered. The behavior we find reproduces Hawking’s original result [16], as anticipated.
To achieve unitary evolution, one must include the island and evaluate the entropy using the
island rule.

9.2.2 Island configuration

We now consider the situation in which an island region is present in the spacetime. In this
case, both contributions in Eq. (1.6) are non-zero. As in the eternal black hole setup discussed
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in the previous subsection, reflective boundary conditions must be imposed at the spacetime
boundary. Although the inaccessible region A is simply connected, these reflective boundary
conditions imply that its projection onto the J~ hypersurface breaks up into two separate
regions. Consequently, for this configuration we must employ a considerably more complicated
formula for the semiclassical entropy in Eq. (1.6), namely the one given in Eq. (8.61):

o N (o — b — ot — o}t~ by
semi—cl 12 64(0_2'_ _ O'I——’_)Z(O?_ _ 0;)2672p5(0)672p1(0)

(9.38)

Here, the labels S and S denote, respectively, the projection of the intersection between the
constant-time slice and the cut-off hypersurface, and the projection of its reflection on the space-
time boundary onto past null infinity J~. Similarly, I and I represent the projections of the
island boundary location and of its reflection on the spacetime boundary onto the hypersurface
J~, respectively.

Fig. 9.5 depicts how the configuration in
Fig. 9.4 is modified once an island region is in-
cluded. The island, denoted by I, is indicated
in blue, while the inaccessible region A is high-
lighted in red. All relevant projections, namely
S, S, I, and I, are explicitly displayed. The
o* coordinates corresponding to these projec-
tions are determined using the definition of the I
spacetime boundary hypersurface (4.115), and
take the form

_ _ 1. enG
agzag +20 =0g +~In——,

A 4

n _ _ 1. enG (9-39)
o; =05 + 20, = 0; —|—XlnT.

Because our goal is to analyze the time de-
pendence of the fine-grained entropy, and the
time coordinate is defined in terms of the new
asymptotically flat coordinates of region II
given in Eq. (4.59), we must rewrite Eq. (9.38)

in this coordinate system.

Figure 9.5: Penrose diagram illustrating the is-
land setup for an evaporating black hole in the
BPP model

We denote the island position by (¢, a), whereas the coordinates on the cut—off surface are
specified in the usual way as (¢,b). In the large-mass limit, the horizon is located just below
the hypersurface = = —A (see Sec. 4.3.4), implying that 2, + A is positive. Consequently, for
the island coordinates, after using Eq. (4.59), we obtain:

\rf = A+ — ol A AMxy +A) = e A=) = _=MT 4 A, (9.40)
Meanwhile, the coordinates on the cut-off surface are expressed as:
)\ng — AMEb) eAa;r A )\(mg + A) — e At=b) Aoy +AA. (9.41>

By combining Eqs. (9.40) and (9.41) and employing the relations given in Eq. (9.39), the
coordinate differences that appear in the expression (9.38) for the semiclassical entropy take

243



CHAPTER 9. PAGE CURVE IN THE BPP MODFEL

the following form:

of —os =67 6L =t +a—(t+0),

U;F_U;ZUI_—UEZ—iln()\A—e t‘“)_|_;ln(/\A_i_e—/\(t—b))7
U;F—U;—FZU;F—UI—%ln#—t—ka—i—%ln()\A Mt/a))—%ln#,
ajgr—U;r:O;—ag—i\ln%_t_kb_k%ln()\A_i_ —A(t—b))_%ln$7 (9.42)
"g—"?:@—az—iln#—tﬂwiln(mﬂ ta))—%ln#,

In the early stages of the evaporation process, the configuration without an island yields
the minimum of the fine-grained entropy. We now focus on the late-time regime, where the
minimum is expected to switch to the spacetime configuration that includes an island. We start
by analyzing the following quantity in the regime where A\t > 1 and A\t > 1:

. o

{t/ +a+1ln ()\A—e”\(t/’a)> —1In ”G] [t+b+ $In (AA + e 2D) — L #]
- — 1.
{t—i—b—i—lln()\A—e (=a)) — +1n ”G] {t+a+1ln(AA+e—M b)) — iln#}

Thus, in analogy with the no-island configuration, the contribution (9.43) can be neglected in
the late-time limit of Eq. (9.38), yielding:

N N oF — o2(0F — oF)?
Ssemi—cl = _(p5(0)+p1(0-))_|__1n( I S) ( I S)

G D 51 (9.44)

In this late-time regime, the difference of the reflected coordinates in Eq. (9.44) may be further
approximated as:

1 1 1 ’ 1 '
+ + _ A(t—b “A(t' —a ~ —A(t—b At —a
O'I—US—X|:IH<1+E6 ( ))—ln<1—me ( ))}Nm@ (=) 4 =X )>.
(9.45)
We emphasize that the UV divergences must be regularized in exactly the same manner as in

the configuration without an island (or in the eternal black hole case). This affects the result
only by an additive constant. Consequently, the semiclassical entropy formula (9.44) becomes:

N ’A(t +b—t — a)| (eﬂ(t*b) + e*)\(t/fa)>

Ssemi—cl - % (pS(U) + pI(H)) + g In (/\(5)2(/\A>

— S, (9.46)

where we have subtracted the additive constant Sy. We now consider the surface term appearing
in Eq. (1.6). As in the eternal black hole scenario, it is again given by Eq. (8.83). Thus, we
obtain:
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% = %ew’ — %(bz +C
= % :—A%j(xl +A) — #m (=Najzy) + WciM + C*] — %@ +C
:é%}fﬂa—%gh(—ﬁm+AA@“W)+WiM+wﬁ]—%¢r+0
:éiﬂﬁkf%ﬁw+@—2§mum+”%M+cﬂ—%@+a (9.47)

where C' is an arbitrary integration constant. For further details, see Sec. 8.3.2. In the second
line we have inserted the metric (4.119). In the third line, we have used the island position
(9.40). Finally, in the last line we have taken the large-t’ limit. We now need to rewrite the
dilaton field ¢; in terms of the metric function p;. To do so, we use the fact that these two quan-
tities coincide in Kruskal coordinates, and then transform them to the Eddington—Finkelstein
coordinates of region II in Fig. 4.6. Concretely, we have

_dodo-
dat da-

This leads to the following form for the dilaton field:

?detde™ = e¥*dotdo = ¥ e2r1(0) — g=2a1o201(0) (9.48)

1 ' 1 o1
¢r = pr(o)— Aoy = py(o) — 5 In (—eQM + AAAN +“)> = pr(o) — §A(a—|—t ) — 5 In (AA), (9.49)

where, in the last step, we have again employed the large-t’ limit. Substituting this expression
into Eq. (9.47), we obtain

erG TGM

/ N
)\(a+t)+Tln()\A)+

+ C*] — Epf(a) +C.  (9.50)

Al 2

Al _ 2 enG
4G Gh

4

|i_€2)\a T

The generalized entropy is then defined as the sum of the semiclassical contribution (9.46) and
the area term (9.50). It is given by the following expression:

2 o emG . TGM . N
Sgen :E:L |:_€2)\ + T)‘(a’ +1 ) + T +C :| + gﬂs(a)
, ' 5l
N AE+b—t —a) (e”‘(t*b) +e M *“)> (9.51)
+—In +C — S,
6 (A0)2(ANA)3/4

Next, we extremize this expression with respect to both the temporal coordinate ¢’ and the
spatial coordinate a:

N N

1 1
0y Sygen =0 <= —A+—A\ - — i =0, 9.52
L 2 6 {)\(t +a—t—0) 1+4+e\ t+ba)] (9:52)
4\ N N 1 1
OaSgen =0 == ———e®" 4 X4+ —)\ / =0. (9.53
g Gh® * 24 * 6 [)\(t/ +a—1t—0b) * 1+ et t+ba)] (9.53)

After simplifying, this system of algebraic equations can be rewritten as:
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! 1 1 2 o
/ = - - a7 954
At ' +a—t—10) * 1 + eMt'—t+b—a) i enG© (5:54)
1 1 1
- 7 =7 9.55
At ' +a—t—0) 14 Mt —t+b—q) 4 (9.55)

Subtracting these two equations yields a quadratic equation for e*®:

e 4 ekaek(t/—t-i-b) —erG =0 — M= %ek(t/—t-i-b) [\/1 + demGe—2Mt' —t+b) _ 1| | (9.56)

Only one root is physically acceptable, as we must have e*® > 0. This solution is very similar
to the island location in the eternal black hole case, namely Eq. (9.24). However, here we still
need to determine ¢’ and a independently. To do so, we adopt the same approximation used for
the eternal black hole, that is: 4denGe 22—+ « 1. Under this approximation, the solution
(9.56) simplifies to:

A = enGe MY — 22— g GemAME et — G (9.57)

where we introduced the auxiliary variable x = A\(t' —a+b—t). Adding Egs. (9.54) and (9.55)

gives:
1 1
x=-—F—"—+2\b—a) = ——— 42X — In(enCG) +x, (9.58)
—yTer e

where, in the second equality, we have used the approximate expression (9.57). Solving this

equation for x leads to:

w1 ! (9.59)
© T4 (erGe=2Ab) '

Substituting this back into Eq. (9.57) yields:

g ETG erG _enG
T T (emGe=2%) — 4 (560)

where the last approximation follows from the condition emrGe™?** < 1, which renders the
second term negligible. Consequently, in the late stages of black hole evaporation, extremizing
the generalized entropy gives an island located at:

e = % A = At —b) + %ln (4em@). (9.61)

Within this approximation, we observe that ¢’ becomes very large. This validates our initial
assumption that we can take At’ > 1 whenever A\t > 1. The remaining step is to determine the
contribution of this island to the fine-grained entropy of the radiation, and to verify whether
it reproduces the Page curve. Substituting Eq. (9.61) directly into the expression for the
generalized entropy (9.51) gives:
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2 [enG TGM enG N. 3In (57TG6_2’V’)

S il VO ~Z —In2 In 4 —
Syen Gh{ A b) + T 2| g e+ O Sy
A(t—b)
S L M — e —
6 121 — [ZC1n (14 AAeM-0)) 4 ZEXp — TG _ O] ¢=20
N 2 |7GM enG erG erG

=S [T T +20 - T2 (a8) + T 2

2 (In (emG) — 2Xb)
00 21— [ZE 1 (D) + SOt +b) — 26U — O] =20

+C =S, (9.62)

Note that, within the large-mass approximation, the constant term in this expression approaches
the Bekenstein-Hawking entropy (1.4), provided the constants C' and Sy are chosen appropri-
ately. Consequently, at the saddle point determined by the island, the generalized entropy
becomes:

N N N
0 . 0
Sgen = SV, — M = Sre= mln{ﬁ)\t, S0~ ﬁms}. (9.63)
The first observation is that the island lies Sk6
precisely where anticipated: just beneath the P .
black hole’s horizon. We can specify its loca- 2 -
tion using Kruskal coordinates as . ERL I \': s ——At
At —\ i
erG 12 -
Nt (z; +A) = - (9.64) ;
This shows that the island mirrors the appar- ° e tona
ent horizon across the hypersurface z= = —A

Figure 9.6: Page curve for an evaporating
black hole in the BPP model

which almost exactly matches the horizon in
large-mass limit.

9.2.3 Page time and the validity of the Page curve

In this section, we examine the consistency of the solution obtained and determine several key
parameters of the evaporation process, in particular the Page time. The Page time is defined as
the moment when the phase transition in Eq. (9.63) takes place. Our first consistency check is to
verify that the evaporation indeed terminates at the evaporation end-point (4.141). This follows
immediately, since the fine-grained entropy (9.63) vanishes once we substitute Eq. (4.141). We
now compute the Page time:

N 160 M

N

T3 —sg)q_ﬂxt = =y
where we have used the classical expression for the Bekenstein-Hawking entropy of a black hole
in the CGHS model. From this we infer that the phase transition occurs at one third of the
total evaporation time, i.e. t, = teT“d This is much earlier than the moment when quantum
gravitational effects become significant, since the black hole remains macroscopically large at
that time. Therefore, the semiclassical approximation is reliable at the Page time. It remains

to evaluate the entropy at the Page time. We obtain:

(9.65)

N N 854 2
— Ay, = —A—— == . 9.66
Srap = 2 = 13 N}\ = Srayp 3SBH (9.66)
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This is the maximum value attained by the fine-grained entropy of the radiation during black
hole evaporation, and it is manifestly smaller than the Bekenstein—-Hawking entropy of the
black hole. We can thus conclude that unitarity is preserved. Consequently, the curve shown
in Fig. 9.6 is indeed the Page curve.

As we know, throughout the entire black hole evaporation process the island remains located
behind the event horizon. At some point, the trajectory traced by the island over time (9.64)
intersects the singularity. We must verify that this intersection happens only at the very end
of evaporation, because the Page curve description is valid only as long as such an intersection
does not occur. To this end, we need to solve the following system of equations:

G
Nl (i + ) = T, (9.67)
M
Nzt (v, + A) — # In (—)\Qx;;lx;)l) + WC; +C* =0, (9.68)

where the second equation specifies the singularity hypersurface (4.120). We previously solved
an analogous system when determining where the apparent horizon meets the singularity in
Sec. 4.3.4. The solution to the present system is as follows:

enG AA
Moot = ZIA [1 + 6_2+%} AN Moy +A) = P (9.69)
Consequently, the collision time is given by:
b 2
Wloor _ _ Leol  _ enG <1 oy M) 070
¢ o +A dpAEL T (9.70)

We now determine when this intersection takes place relative to the total evaporation time.
Using Eq. (4.124), the end-time can be written as:

(s _ TG (e% _ 1)2, (9.71)

Subtracting the time defined in Eq. (9.69) from that in Eq. (9.71) yields:
AAL = Mteng — teor) = In <6% — 1) —1In <e_2+% + 1>

AM AM
= 34_111 (1 _e*%> — (—2—|—§) —1In <1—e2*%> ~ 2. (9.72)

We observe that this time gap is AAt ~ 2, which is of order O(1). For a large initial mass
this contribution is negligible. Hence, the intersection effectively occurs just before the very
end of the black hole’s lifetime. At that stage, the black hole has shrunk to a size of order
the Planck length, so quantum gravitational effects become important and the semiclassical
approximation is no longer reliable. In a full theory of quantum gravity, one may therefore
expect that the island and the singularity never actually collide.

As we can see, this does not pose a problem either, and we conclude that our semiclas-
sical approximation remains valid until the very end of the black hole evaporation process.
Completely identical results are obtained in the RST model [40].
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9.2.4 DPosition of the island in terms of the Kruskal coordinates

In this subsection we repeat the computation of the island position using Kruskal coordinates.
To do this, we express the generalized entropy in terms of the Kruskal coordinates and then
extremize it, following the procedure in [41]. In these coordinates we no longer need to guess
where the island should lie, since the Kruskal coordinates #* are analytic throughout the whole
spacetime. We avoided this route at first because the asymptotic observer’s time is defined
via the 6% coordinates, which directly encode the time dependence of the entropy. For that
reason, the earlier method is more convenient for giving a physical interpretation of black hole
evaporation process.

We now go directly to the late-time limit of the evaporation. In this limit the quantity
(9.43) approaches unity. The remaining differences can then be easily evaluated:

1 1 1 7
a}r—agrleni—i A U}F—a;—fzx ni—i. (9.73)
s s

Substituting Eq. (9.73) and the metric (4.119) into Eq. (9.38), the semi-classical entropy be-
comes

+ —
T T —
In =+ In® 2L (= N2z oy ) es(@)

N v
Ssemifc =—1 = = — 5 s 9.74
"7 12 (o) [N (a7 +A) — =G (—N2afay) + TG 4 ] 70 (6-74)

while the surface contribution (8.83) is

Alll 2, N
16 Toent T Emte
2 erG TGM .
Gh[ )\le(xl—l—A)—Tl n(— )\lexf)—i-T—l—C}
N M
+ Eln{ Nat(z; +A) — #1 (=Nzfzy) + Wcj\ + C*} +C. (9.75)

Since we are interested only in the island position and not in the explicit closed form of
the fine—grained entropy, we group all terms independent of a:li into a single constant Cy. The
generalized entropy can then be written as

2 enG N xf 2 Tp
Sgen = A2 A)— —1In (=Nazfa7 —In | —Nzfz; In? —1 C
p Gh[ zf(z7 + A) 1 (- 371%)}"‘12“( ryxr In pe: n p + Co.
(9.76)
We now extremize this expression with respect to z7 and z;, obtaining
2 | enG 1 N |1 2 1
0iSpen =0 = — |=N(z; +A)- — —F—| =0, 9.77
2 G | N A T } 2| g 6-77)
L =
2 [ G 1 N |1 2 1
O Spen=0 = —|-Naf - ”——_} + ==+ —| =0. (9.78)
Gh | 4 x; 12 |2y %2y
Tg
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Multiplying the first of these by z} and the second by x; leads to
erG  enG

Naf(z) +4) = — (9.79)

4 In 2L

Ts

G G
Natay = 22 4 2 (9.80)

4 In 2L

Ts

Consider now the second term in Eq. (9.79):
enG erG enG
= = —0, At+0b)>1. 9.81
i ey —lnzg  Inzy —A(t+0) (t+0) (5:81)
Zs

In contrast, the second term in Eq. (9.80) does not vanish in this approximation. We now
assume that we are located, if not exactly on J*, then at least very close to it. This implies
r& — oo, while zg remains finite. Under these conditions, the island position is determined by
the same relation as in the preceding section:

Naf(zy +A) = # (9.82)
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Chapter 10

Page curve in the DREH model

In this chapter, we demonstrate how the Page curve is recovered within the DREH model of two-
dimensional dilaton gravity introduced in Chap. 5. The analysis parallels the derivation carried
out for the BPP model in Chap. 9. In contrast to the BPP model, the DREH model contains
the quantum-corrected Schwarzschild black hole solution, which has been experimentally tested.
It is therefore not only qualitatively, but also quantitatively more relevant. For example, in
Sec. 5.3, we show that the evaporation time obtained in this two-dimensional framework agrees
with the four-dimensional thermodynamic expectations.

The key distinction between the BPP and DREH models is that, once quantum corrections
are included, the DREH equations of motion are no longer analytically solvable and must be
treated perturbatively, as in Sec. 5.2. Since the perturbative expansion fails near the end-point
of evaporation, computing the Page curve there requires special care. Nevertheless, around this
stage the effects of the full quantum gravity theory become significant [1], so the breakdown of
perturbation theory is ultimately less concerning. In this chapter, we illustrate how Eq. (1.6)
can be used to determine the Page curve for both eternal and evaporating black holes within
the DREH model. The chapter is organized into three sections.

In the first Sec. 10.1, we analyze the eternal black hole solution in the DREH model,
introduced in Sec. 5.2.3. We demonstrate that if the area term in Eq. (1.6) is omitted, one
recovers only Hawking’s original conclusion of information loss [16]. In contrast, once the area
term is included, the correct Page curve emerges. The resulting Page curve is the quantum-
corrected counterpart of the one obtained in [59]. This section essentially reviews the findings

of [42].

The second Sec. 10.2 studies the Page curve in the setting of a classical collapse, presented
in Sec. 5.1.3. We show that the fine-grained entropy always remains below the thermodynamic
upper limit given by the Bekenstein—Hawking formula (1.4). Nevertheless, the entropy does
not decrease after the Page phase transition; instead, it asymptotically approaches and then
remains fixed at the value Sy as time tends to infinity. This behavior is anticipated, since
the post-shockwave region of spacetime still admits a timelike Killing vector; only the global
spacetime is truly non-stationary.

To explicitly break time-translation invariance, quantum corrections to the classical DREH
action must be taken into account. The corresponding evaporating black hole solution was
derived in [111] and is reviewed in Sec. 5.3. The Page curve associated with this solution is
discussed in the final Sec. 10.3 of the chapter. We show that, once quantum corrections are in-
cluded, there appears a decreasing contribution to the fine-grained entropy, thereby reproducing
the full Page curve. The analysis in these last two sections is based on [43].
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10.1 Page curve in the eternal black hole scenario

In this section, we examine how the fine-grained entropy of Hawking radiation evolves in time
in the eternal black hole setup, using the QES formula (1.6). The eternal black hole in the
DREH model is presented in Sec. 5.2.3. Our analysis parallels the procedure used for the BPP
model in Sec. 9.1. Accordingly, we study two distinct configurations: the no-island case, which
recovers the conventional Hawking information loss result [16], and the island case, which yields
the Page curve. Our derivation largely follows that of [42].

10.1.1 No-island configuration

Let us first consider the situation in which no island is present. In this case, we expect to
reproduce Hawking’s original result [16]. For an eternal black hole, the relevant quantum
state is the Hartle-Hawking state (3.97). Therefore, the semi-classical entanglement entropy
(1.6) must be expressed in the Kruskal coordinates. The corresponding expression is given in
Eq. (8.51), namely:
s LR ) g — )’
12 0de—2rre—2PL
As usual, the subscripts R/ L refer to the two wedges of the spacetime, depicted in Fig. 10.1. To
obtain the correct time dependence of the fine-grained entropy, we switch to (¢, 7,) coordinates,
or equivalently (¢, r), since r, = r.(r). The parameter § serves as a UV cutoff.

(10.1)

Coordinates on the cutoff surface can there-
fore be written as either (¢,b) or (¢,b.). The
t = const. slice is drawn in red. Because the
time-like Killing vector reverses direction when
one moves from right wedge to the left wedge,
the constant-time slice in the left wedge cor-
responds to the coordinate —t. Consequently,
the region that an asymptotic observer can-
not access is indicated by the shaded red area

—t = const t = const

in Fig. 10.1. The black hole singularity is de-
picted by the wavy black curve, and the event
horizon is shown as the green line.

Figure 10.1: Penrose diagram depicting the no-
island configuration for the eternal black hole
in the DREH model.

To recover the time dependence of the fine-grained entropy Srg along the cut-off surface, we
switch to asymptotically flat Eddington—Finkelstein coordinates that incorporate the quantum-

corrected surface gravity (5.89):

+ K(t+bs)

_ —k(t—bx)
Rp = €

, krp = —e ,

__—k(—t—b«
, kay = e ),

(10.2)

For more details see App. D.5. In the absence of an island, the fine-grained entropy (1.6)

simply reduces to the semi-classical contribution (10.1).

Employing the metric (5.87), for

which p = 2 InA — kr,, and inserting Eq. (10.2) into Eq. (10.1), we obtain:

1
—In

SFG - Ssemi—cl -

4A(b) cosh? (kt)
(6"

(10.3)
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We regularize the UV divergence by imposing that the fine-grained entropy vanishes at the
beginning of the evaporation, i.e. Spg(0) = 0. Under this condition, Eq. (10.3) simplifies to:

Sre = %m [cosh (m)} | (10.4)

We now distinguish two relevant regimes. At early times, near the beginning of evaporation,
the entropy behaves as:

Spa = %(mﬁ)Q. (10.5)

In contrast, at late times st > 1, we find the anticipated linear growth:
1 1
SFG ~ g/ft — 5 In 2, (106)

which agrees with the behavior found in other dilaton gravity models [40, 41, 57, 58|. Therefore,
the fine-grained entropy of the radiation increases monotonically, consistent with Hawking’s
original result. The crucial difference is that, unlike in the RST and BPP models, the DREH
model predicts that the surface gravity receives a quantum correction.

10.1.2 Island configuration

In the presence of an island, the region that remains inaccessible to an asymptotic observer
splits into two disconnected components, so we must employ formula (8.60):

2 2 2
o lln diydy3di,dsy
semi—cl 6 54d%4d%36_p1 e—P2e—P3c—P4 )

(10.7)

where the Minkowski distances d;; are defined as

d?j = (2 —a))(x; — ;). (10.8)

As in the BPP model, we choose the labels i and j so that (1,2,3,4) «— (Ra, Rb, La, Lb)
holds. Here, R denotes the right wedge and L the left wedge of the spacetime.

Meanwhile, a denotes the boundary of the
island region, and b indicates the cut-off hy-
persurface. All these hypersurfaces are explic-
itly shown in Fig. 10.2. The location of the
island is specified by (', a,) in the asymptoti-
cally flat region on the right. In the left region,
the corresponding point is obtained by reflec-
tion across the vertical axis. One can clearly
see that the emergence of the island region I,
highlighted in blue, inside the inaccessible re- Figure 10.2: Penrose diagram depicting the is-
gion A of Fig. 10.1 splits A into two smaller, land configuration for the eternal black hole in
disconnected subregions. the DREH model.

In the asymptotically flat coordinates, the positions of the regions A and I in Fig. 10.4 are as
follows:

+ _ _k(t+bs) P () + _ k(—t+bs) — _ —r(—t=bx)
KTy =€ . KT, = —€ . KX, =—e . KIp =e€ , (10.9)
+  _ _k(t'+ax) - k(' —ax) + _ _k(—t'+ax) — _ —k(—t'—ax) :
KT, =€ . KIp, = —€ , KIp,=—e , R, =e¢€ .
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We now turn to the late-time regime of the evaporation process. In the limit of large times,
one finds:

d2,d?, LGe2nlbe—an) cosh? (kt) cosh? (kt')
234 _ 16,
d3,4diy (en(t+be) 4 = +a:))? (gn(b=—t) 4 en(t'—ax))?

~1; t,t' - o00.  (10.10)

Here we have used Eq. (10.9). In this regime it is straightforward to verify that dio = daq,
p1 = pa, and py = p3. With these relations, Eq. (10.7) simplifies to:

1 diy 95 o
Ssemi—cl = gln ﬁe PLEP2 (10.11)

Substituting the metric (5.87) and the Minkowski distances (10.8) into Eq. (10.11) yields:

1 , Ay (ert+b) — 6n(t’+a*))2 (—ert=b) 4 e—n(t/—a*))Z

Ssemi—cl = 6 1 (H5)462K(b*+a*) (1012)

Since the surface term is independent of ¢’ we can immediately extremize with respect to t'. As
in the BPP model (see Sec. 9.1), at late times one finds ¢’ = t. Consequently, the semiclassical
entropy (10.12) reduces to:
1 2 Kb Ka 2
Sisomiel = 5(/)1 + ) + gln (e e ) —3 In (k0). (10.13)
We now proceed to analyze the surface term in the fine-grained entropy formula (1.6). It is
given by:

A[l _247r()\a)2 )

1Gy T 4Gh T
where we have used the reduced field x defined in Eq. (5.39). This expression coincides with the
Bekenstein—-Hawking entropy (1.4). The factor of two appears because the spacetime contains
two asymptotically flat regions. Note that, unlike in the BPP model, we do not use the
quantum-corrected area term (8.83). Instead, we employ the purely classical area obtained
via dimensional reduction, as the model is derived from the four-dimensional Einstein—Hilbert
action. Summing Eqgs. (10.13) and (10.14) then gives the generalized entropy in the form:
2r(Aa)? , 1

2 2
on it g (et )+ 30 (et — ) — 5 In (o). (10.15)

(10.14)

Sgen =

The last step in evaluating the fine-grained entropy is to extremize the generalized entropy
(10.15) with respect to the island location a,:

4t (Aa)? Ldp| | dx; 2 K
O, Sgen = -— — e =0, 10.16
g |: ah X7 + 3 dx ; da, 3 erlbs—as) — 1 ( )
which yields:
e dp € 2Kka
|:XI + ()\a)2 dX [:| (a) (a> ()\a)z e”(b*_a*) _ 17 ( O 7)

where we have used the definition of the tortoise coordinate Eq. (3.18). We anticipate that
the QES is located close to, but outside, the horizon. Hence, we parametrize its position as
x; = 1 + z, where z < 1, since xy = 1. Expanding the left-hand side of (10.17) in powers of
small x up to first order, we obtain:

e dp

LHS ~ — {XH + H} A’(OXH)D(XH) - |:XH +

_ ¢ _dp| HdA
(Ma)?dx]|  dx

z.
H
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The first term vanishes because A(xg) = 0 by the definition of the horizon. For the second term,
we use D42| = —2ka, which follows from the definition of the surface gravity in Eq. (5.89).
H

Next, we examine the right-hand side of Eq. (10.17). We expand e¢**% around the horizon and

find:

2kax __ X € 1 5 3 ~
e _eI(XI—l) |:1—|—W((1—X[—X1_1)IHX[+§X[—§)1 ~ ze, (1019)

where we have explicitly exploited the divergent behavior of the tortoise coordinate in Eq. (5.91).
Consequently, the right-hand side of Eq.(10.17) becomes:

2 2
RHS ~ ¢ ;;; e (14 e e ) ;;; e /ze (14 e /ze) . (10.20)
Combining Eqgs. (10.18) and (10.20), we arrive at the following solution for z:
2 1—2kbs
Lo _C € (10.21)

4 2
()\(I) |:1 + 5(% _ 612nb*):|
H

Very careful computation of the derivative of the metric in the Kruskal coordinates yields

%ﬁ = 1. Finally, using Egs. (4.110) and (5.91) and reinstating & = 2< we arrive at:
H

G \° hG
_ 1 - 1—2kbs 1 . 1 _ 1-2kbs ] 1 22
i * (127?()@)2) ‘ [ 67(Aa)? (1-e )] (10.22)

Note that the expression (10.22) for the island position matches precisely the leading-order
result of [59] in the e expansion. The key difference in our analysis is that we also incorporate
the back-reaction of the radiation, so that the inclusion of quantum effects still preserves the
appearance of an island in the vicinity of the quantum-corrected horizon. In addition, the
island location does not coincide with the result in [42], because here we employed a different
tortoise coordinate.

Next, we substitute the island position (10.22) into Eq. (10.15) to compute the late-time
fine-grained entropy. Since the island forms very close to the quantum-corrected horizon, we
first expand around the horizon position:

hG

o 1—2kb. 2
r O +O(h?) . (10.23)

SFG - Sgen(a)

The second term can be neglected, as it is of order O(h), while the fine-grained entropy scales
as Speg = (O(1) + hO(1))/h. Consequently, we obtain:

Spa = (10.24)

2r(Aa)? 1 2 et _y r(Aa)? 1 eirb
Gh 3 3 K6

- “q -
+ (PH + ,Ob) +51n Gh + 192 B (K5)4€—2pHe—29b

To leading order, the expression (10.24) matches precisely the classical Bekenstein-Hawking
entropy (1.4), implying Sge, = 2Spn, as anticipated. We return to the role of the quantum
correction term in the next subsection. The fine-grained entropy of the Hawking radiation is
therefore given by:

1
SFG = min {g/ﬁ)t, QSBH} (1025)
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To evaluate the Page time, we employ the classical value of the entropy, because the quan-
tum correction becomes negligible in the large-mass regime. The Page time ¢p is therefore
determined by:

1 _ 2nc*(Aa)? 967 MPG?
—kClp = ———— — P TG

. o (10.26)

10.1.3 Relation to the Wald entropy

To analyze the second term in Eq. (10.24), we employ the quantum-corrected thermodynamic
entropy, given by the Wald entropy formula. In this approach, the black hole entropy is inter-
preted as a conserved charge associated with the horizon and is expressed as

oL
SWald = —27’(’/ dA—€ vEpos (1027)
H aRW’PU e
where €, is the binormal satisfying ¢,,e"” = —2, dA is the infinitesimal area element on

the event horizon, and £ is the Lagrangian density specifying the theory. A straightforward
evaluation for the DREH theory (2.19) coupled to the Polyakov-Liouville quantum correction
term (3.72) gives ,

Sivaid = W(éah) - 1—12¢(a). (10.28)
We therefore need the exact solution for the auxiliary field. Substituting the solution for ¢
(3.76) together with the Hartle-Hawking state condition (3.97), t+(2%) = 0, and the explicit
expressions for the t1 functions (3.78), we obtain the following differential equation for f.:

1 1
SOLfs— 1(0uf) =0 (10.29)
Solving this equation yields:

+
fo(a®) = ol ? e

+dy, (10.30)

where c+ and d. are integration constants. We interpret the constants c. as marking positions
in spacetime. To ensure that v is invariant under local Lorentz transformations, we impose
dy +d_ = —2p.. Implementing this condition leads to
B (x7 4+ cp)*(xz™ +c)?
P(r)=—1In Ty , (10.31)
where ¢y must be chosen on the cut-off hypersurface which defines a region belonging to the
black hole (see Figs. 10.3 and 10.4). This implies x%c,c_ = —e**+. To evaluate Wald’s entropy,

we insert Eq. (10.31) at the horizon, where z}; = x;; = 0. Wald’s entropy then takes the form
of a quantum-corrected Bekenstein-Hawking formula:

B 71'()@)2 1 (62517*)2
Swald = Gh 12 i (Ko)te—2rme—2r0

(10.32)

Comparing this with Eq. (10.24), we see that, to first order in perturbation theory, it
coincides with precisely twice the Wald entropy (10.32). Hence, the Page curve is correctly re-
produced in the eternal black hole solution of the DREH model. The fine-grained entropy of the
radiation increases monotonically until it saturates at the coarse-grained Bekenstein—-Hawking
value, after which it stays fixed at 25gy. Furthermore, Hawking’s result for the generalized
entropy in the no-island scenario can likewise be recovered from the Wald formula (10.28).
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10.2 Page curve in the classical collapse scenario

In this section, we examine the Page curve for the classical gravitational collapse setup within
the DREH model, as introduced in Sec. 5.1.3. Although we cannot determine the final stage
of evaporation—since it lies at future time infinity in the classical limit—we can nonetheless
extract some information about the qualitative behavior of the Page curve at zeroth order in ¢.
At this order, however, one does not expect a decreasing contribution to the entropy, as such
behavior arises only once quantum corrections are taken into account. The time evolution of
the fine-grained entropy of Hawking radiation is governed by the QES formula (1.6). As usual,
we analyze two distinct configurations: the no-island configuration and the island configuration.

Fig. 10.3 shows the spacetime of an evapo- it 1]
rating black hole in the DREH model (5.150- thunderpop J+
5.153). This figure corresponds to Fig. 3.3, singularity
where the general collapse scenario is illus- -\
trated. The event horizon is indicated by a apparent __

dashed purple line, and the apparent horizon horizon

by a solid purple line. The shockwaves are horizon—_ |
drawn in blue, while the singularity and the
spacetime boundary are both shown in black.
Future and past null infinities are represented
by green lines and denoted by J+ and J~, re-
spectively. Likewise, future and past timelike
infinities and spatial infinity are marked by i*
and 4, respectively. The ¢ and % axes are ex-
plicitly displayed, corresponding to the coordi-
nates defined in Eq. (3.107). The coordinates
of the end-point of the evaporation (0g,Xg),
are shown along the respective axes.

infalling matter

i

Figure 10.3: Penrose diagram of the quantum-
corrected gravitational collapse scenario.

The spacetime is divided into three regions, separated by two shockwaves. Region I corre-
sponds to the initial Minkowski spacetime. Upon crossing the 6 = 1 hypersurface, one enters
region II, which contains the evaporating black hole. Finally, region III describes the end-state
geometry, namely the quantum-corrected Minkowski spacetime given by Eq. (5.84). The purely
classical collapse is recovered by pushing the 6 = dp hypersurface all the way to future null
infinity J+, thereby eliminating the third region. The discussion here is largely based on [43].

10.2.1 No-island configuration

We begin by considering the setup without an island. In this case, the fine-grained entropy (1.6)
simplifies to just the semiclassical entropy contribution. Because the vacuum is specified in the
asymptotically flat coordinates of region I of the spacetime (see Fig. 10.3), the entanglement
entropy must likewise be written in these coordinates. The evaporating black hole possesses a
spacetime boundary on which reflective boundary conditions are imposed. Consequently, the
appropriate expression for the entropy of the quantum matter fields is given by Eq. (8.55),
namely: ) o
Ssemifcl = l In (US OS‘)

12 4e2e—20s(0) (10.33)
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The label S denotes the boundary of the black hole region, while the label S refers to the
mirror image of this point across the spacetime boundary, as illustrated in Fig. 10.4. We
employ the (¢,7.) coordinate system. On the cut-off surface, the coordinates are given by
(t,b.), or equivalently (¢,b), where

b (9 - 1) _ (10.34)
a a a

Note that the time coordinate ¢ is defined with respect to the asymptotically flat coordinates of
region 11, given in Egs. (5.38) and (5.37), namely t = (ﬁ% The cut-off hypersurface is taken
to lie close to asymptotic infinity, which requires b, to be very large. Therefore, throughout the
rest of this work we use the following approximation:

b (\a)?

— > . (10.35)
a e

Note that we have relabeled the UV cut-off from the standard notation ¢ of Chap. 8, since ¢ is
a coordinate within this setting.

The classical collapse configuration is de-
picted in Fig. 10.4. The location of region A,
which contains the degrees of freedom inacces-
sible to an asymptotic observer in the no-island
classical scenario, is marked in red. The cut-
off hypersurface is drawn in purple, and a time
coordinate along this hypersurface, denoted by
7 and introduced in Eq. (10.37), parameter-
izes it. The radiation degrees of freedom oc-
cupy a causal diamond based on a constant-
time slice, indicated in blue. The coordinates
of all relevant points—(ds, Xs) and their im-
ages under reflection from the the spacetime
boundary, (05)—are shown on both the - and
X-axes.

The reflective boundary condition at x = 0
enforces O'g,_ = o0g. The onset of evaporation
is determined by the intersection of the hy-

_ ot _ 1
persurfaces 0" = oy and r. = b,, yielding Figure 10.4: Penrose diagram illustrating the

. + . . .
to = 05 — b.. The evaporation time is then y, iqland case within the classical collapse sce-
defined as 7 = t — to. Employing Eq. (5.40), pario.

the cut-off hypersurface in region II of the the
spacetime takes the form:

b. . N
— = —Indg + Xg + In(xg — 1). (10.36)
a

Note that the cut-off surface lies in the region exterior to the black hole event horizon, defined
by Eq. (5.41), which entails x¢ > 1. Using Egs. (5.37) and (5.38), one readily finds that the
evaporation time 7 is related to Xg by the following transcendental relation:

b,
%5+ In(fs— 1) = — — ;—a (10.37)
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Imposing the condition Spe(0) = 0 removes the UV divergences in the expression for the
entanglement entropy (10.33). Expressed in terms of Xg, the fine-grained entropy evaluated on
Hawking’s saddle is

1, d(b—a)xs (& —In (ks — 1))’
12 (ks — 1)

(10.38)

An explicit analytic form of the fine-grained entropy (10.38) as a function of the evaporation

time 7 cannot be obtained because one would have to solve the transcendental Eq. (10.37),

which links 7 to the coordinate xg. Nevertheless, one can extract the behavior of the fine-

grained entropy both at the beginning of evaporation and at late times. At the beginning of

the evaporation (7 — 0), Eq. (10.37) can be solved perturbatively:
~(0) b b—a

s T4 2ab T

(10.39)

Inserting the result (10.39) into Eq. (10.38) and expanding in powers of 7, one obtains the
following early-time expression for the fine-grained entropy:

aT

S (T) = -

(10.40)
This behavior differs from the eternal black hole case, where the dependence is quadratic (10.5).
At late times, the factor eXp{ (% — ﬁ) } becomes very small, allowing us to expand Xg in powers
of this quantity:

~(o0) 1 by 1 _ T

Xg ' =1+ee e 2, (10.41)

Substituting Eq. (10.41) into Eq. (10.38) yields the anticipated Hawking result of a linearly
increasing fine-grained entropy at late times [16]:

1, (b—a)™® 1 (b,
ey T Ly bmar 1 (b 10.42
n (1) =gt s 12 ( > (10.42)

Observe that, in the late-time regime, the leading contribution in Eq. (10.42) is of the form 57,
1

where k = 5- (see App. D.5) is the usual surface gravity of a Schwarzschild black hole. This is
consistent with the fine-grained entropy obtained in various 2D dilaton gravity models [40, 41].

We explicitly confirm this within the BPP model in Sec. 9.2.

10.2.2 Island case

Analogously to the BPP model, the projection splits the inaccessible region A into two non-
overlapping segments along past null infinity 7—. Consequently, the appropriate expression for
the semi-classical entropy in the presence of an island is given by Eq. (8.61), namely:

1. (0§ —07) (o —0f)(of —ad)*(of —o7)°
Ssemifcl =—1In

12 64(0? - U;)Q(Ug — g;r)Qe—?P(Us)e—?P(UI)

(10.43)

Here the reflected points obey o7 = o7 and of = og. To verify that Eq. (10.43) remains
valid when the island vanishes, we consider the limit Jf — Jjj\[/[, where M denotes the point at
which the island region meets the spacetime boundary. Since a UV cut-off is present, distances
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should not shrink to zero; instead, they should approach this UV cut-off. Implementing the
limit 07 — o};, we obtain:

€ = lim g, (0} — of) (o] — o}y). (10.44)
The island hypersurface is specified by the condition ¢t + ¢~ = const. Using the relation

oy = oy = 3(07 407 ), one can straightforwardly verify that Eq. (10.43) reduces to Eq. (10.33)

in the limit / — M. The same regularization as in Eq. (10.38) must be applied. The expression
(10.43) depends both on 7 and on the location of the island. The 7-dependence enters through
od =04 +7and o5 = aj — 2axs(7).

Fig. 10.5 illustrates this whole scenario. Island
The location of the region A, which contains Kundary

the inaccessible degrees of freedom when an is-
land region [ is present in the classical case,
is indicated in red. The cut-off hypersur- \
face, shown in purple, is parametrized by the IIl_— -
time coordinate 7 along it and originates at
the incoming shockwave. The island-boundary
hypersurface, also drawn in purple, passes
through region A. The Ar-axis is aligned with /
this hypersurface, with its zero point defined cut-off
at the ingoing shockwave. The radiation de-
grees of freedom occupy both a causal diamond
built over a constant-time slice and the island
region; these are depicted in blue. The coor-
dinates of all relevant points (ds, d7, Xg, X1),

along with those obtained via reflection from E

the spacetime boundary (dg, d7), are displayed

on both the §-axis and the %-axis. Figure 10.5: Penrose diagram illustrating the
island case within the classical collapse sce-
nario.

Next, we include the island’s area contribution. Because the DREH model is obtained
via dimensional reduction from the 4D Einstein—Hilbert action, this area term takes the usual
Bekenstein-Hawking form (1.4), namely

Al AnNa® (Aa)? ,

= 2 — ) 10.45
1G0T TAGh 1T 1 T (1045)
The generalized entropy is then given by
_, _(Aa)?
Sgen(T7 O‘}F?O-I ) - 128 X? (1046)
A A 2 _ _ _
L1y [Aer = @)3s (5 — 0 ks — 1) (0§ — 0})* (o5 — 07 o) — 07
12 b3(xs — 1) (od — o) (of —og)2e2lon) |

The dependence x; (o, 07 ) is fixed by Eq. (5.152), while p(c, 0} ) is determined by Eq. (5.150).
The parameter 7 enters only through xg = %g(7) via Eq. (10.36). According to the fine-grained
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entropy prescription (1.6), the expression (10.46) must be extremized with respect to the island
location (o}, 07 ). Implementing this extremization with the help of Eqs. (5.152) and (5.150)
leads to

~ 1 )A(S —In 55 1
l—x=¢|— 10.47
e [QXZ; T o, —nos)(no; — %s) +§q—ln(51]’ (1047)
~ 1 1 }A{[ —1 }A{S —1In 55 1
l—x=¢|—%—=— 10.48
Xr=e [2x§ %2 TR, ((m STy no —%9) " m—mmo )| (0
where we have introduced ¢ = 55. We first determine the island position along the initial

(Xa)?”
shockwave, that is, on the hypersurface 6; = 1. Setting §; = 1 and %; = x;, Eqs. (10.48-10.47)
simplify to

- 1 1 1H5S—}A(5'
l—-x=¢|l—+———"—"—F 10.49
I © |:2X% * X7 }A(S 11155 :| ’ ( )

In 9 X
2=¢|-1 A 10.50
I €|: +X[—1n55 XI—}A(S ( )

Eq. (10.49) is a cubic in x; and could be solved exactly, but it is sufficient to find a perturbative
solution up to second order in €. This yields

= 1—5(%—4) (14 29), (10.51)

Indsg—%xg

where we have defined ¢ = 245, By writing ds = s (X, ¢) and inserting the solution (10.51)
into the second Eq. (10.50), we obtain an equation for xg. Solving it gives

1 3 1
comt14elc—tYpz2(c3_LY 10.52
Xg +5(C 2)—I—e (C 5 C) (10.52)
Next, Eq. (10.36) becomes an equation for :
1 1
- ) 10.53
g )A(S—i_%*—f(s—ln(f(s—l) ( )

Employing the approximation (10.35), the second term in Eq. (10.53) can be neglected, leaving

(=1- (10.54)

DO |

Substituting Eq. (10.54) into Eqgs. (10.51) and (10.52), and using 32 = —Indg, we obtain the
final expression for the island position along the §; = 1 hypersurface, i.e. at the onset of
evaporation.

5 =1, (10.55)
x;=1— %(1 +38) = %, (10.56)
kg =1+ g(l —48), (10.57)
0 b.—a g 7. (0)

o _ g le= —me?. 10.
=2 s+ 58 = —Ind§ (10.58)
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We now turn to determining how the island hypersurface penetrates into region II of the
spacetime (see Fig. 10.5). From Eq. (10.58), we see that the island first appears (along the
dr = 1 hypersurface) only at late times, since 75/a > 1/£. Consequently, we are justified
in taking the limit |Indg| — oo in Egs. (10.47) and (10.48). In this late-time regime, these
equations reduce to:

1 1 1
l—x; =8 |— — 10.59
X c |:2X% }25—1H51+}A{]—1n(5[:| ’ ( )
TS P U S Ay U — (10.60)
T T T Tk \Zi—%s  x—Inog) '

Motivated by the expressions for the island position along the §; = 1 hypersurface in Eqgs. (10.55-
10.58), we introduce the ansatz

x;=1-¢ %,=1-& %g=1+pu, (10.61)

for the location of the island at arbitrary time 7 > 7. Here, &, é , and p are small functions
of d;, each expanded to second order in &. With this substitution, Eqs. (10.59-10.60) take the
form

|1 p+€
g:5_§—£+ ¢ (1+é)—L (10.63)
i é—|— o] 1—1In 6[ )
Equating Eqs. (10.62) and (10.63) yields
I
2 e e, Y T T mey 10.64

On the right-hand side of Eq. (10.64), the only contribution of order O(1) is £/(€ + p). We
therefore infer that this term must be of the form:

~

1
1 (10.65)
E+p 2
where 7 is a new quantity of order . Substituting Eq. (10.65) into Eq. (10.64) then gives
1, & pté
== . 10.66
1= T T, T A —mmop)? (10.66)

Using Egs. (10.65) and (10.66), we can straightforwardly solve for £ and € in terms of y and d;:

£ - Ap

e=Saa [Le i) (10.67)
(L ! 2 10.68
5_“{ " “(§+1—1n51+(1—1n51)2)]‘ (1068)

The next step is to determine 6; = 0;(u) using Eq. (5.152). Because this equation contains
logarithmic terms, d; can only be fixed to first order in €, even though the other quantities are
known to second order. Carrying this out, we obtain

6 ==2(14+€—§). (10.69)

My
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Inserting Eqs. (10.67) and (10.68) into Eq. (10.69) then leads to the expression

1 3 1 1 1
=52(2- - . 10.
o1 5(2 8)[1+4’“‘(4+1—1n6[+(1—1n5,)2>] (10.70)

Finally, we determine p as a function of the evaporation time 7 from Eq. (10.36), which yields

555(7’) ( 7~) ( € 55(7’))
= - l—=¢)(1—-= . 10.71
"5 U 2 265(m0) (1071)
Combining Egs. (10.67-10.71), we obtain the position of the island as a function of the time

elapsed since its formation, A7 = 7 — 79. This provides an effective parametrization of the
island hypersurface depicted in Fig. 10.5.

AT 2+£ AT
O = e 2 (1 — 4&) 1+25%e—% : (10.72)
(1+25)
1 e (1 7~) 1+5<1+4 3t ) ’3] (10.73)
Xp=1——-¢ 2 — =€ = — e |, .
AT
: A AN
é 25 AT
xp=1-—=(1+8) |1+ s€ 20 | (10.74)
AT
2 (1+27)
. € _ar 7. € _ar
XS:1+§€ 2a (1—55) |:1—§6 2a:| . (1075)

We infer that the island forms behind the horizon, as anticipated. The first consistency test
is to check whether Eqs. (10.72-10.75) reduce to the initial solution (10.55-10.57) in the limit
AT — 0. A straightforward evaluation of this limit confirms that they do. Furthermore, in the
opposite limit A7 — oo we obtain §; — 0 and X; — 1, implying that the island extends to
future time infinity. This is consistent with the absence of quantum corrections. In this limit
we also find X — 1. It is noteworthy that both the island and the cutoff surface almost reflect
the position of the horizon at Xz = 1.

We now proceed to compute the fine-grained entropy of the radiation, given by Eq. (10.46),
evaluated on the island hypersurface. A direct computation leads to:

g _ (Ma)* 1 ¢ +iln e b—a —|—lln —8a21n5(50)_ e 1-47 -ar
VT 12e 12 24(Ma)? 120 \2(Xa)® b 6 e 6(Aa)? (1 4 4r)?
(10.76)

Expression (10.76) consists of a constant contribution and an exponentially decaying contribu-
tion. The constant piece must be regularized because it depends on the UV cutoff €. Discarding

the UV-sensitive part of this constant term, the leading contribution is precisely the Beken-
2
stein-Hawking entropy (1.4), namely Sg)l){ = % Hence we can interpret the full constant
Ccorr

part as the quantum-corrected Bekenstein-Hawking entropy St%/. Then, fine-grained entropy
at late times is given by the following formula:

Ar 1. 7 1 € € —4ar
— i 1 . corr 2a sy 10.
Src = min { 21 602 12 30w VB T G (11 27)%° } o (10.77)

From Eq. (10.77) it follows that, at late times, the fine-grained entropy approaches a constant
value close to the black hole’s Bekenstein-Hawking entropy. Consequently, without including
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the back-reaction of quantum fields on the spacetime geometry, we do not obtain the correct
Page curve and instead recover the same behavior as for an eternal black hole [42]. This outcome
is natural, since the classical solution in region II is intrinsically static. Only by analyzing both
regions simultaneously does one see that the entire spacetime is actually non-static, due to
the discontinuity across the infalling shockwave hypersurface. Nevertheless, the extremization
procedure at least guarantees that the coarse-grained entropy bound is not exceeded.

In Fig. 10.6, the Page curve for the clas- Sk i
sical collapse setup, defined in Eq. (10.77), /
is shown. The blue curve denotes the fine- SeH

grained entropy evaluated on Hawking’s sad-
dle point, while the red curve indicates the en-
tropy obtained from the replica-wormhole sad-
dle point at late times. The purple curve il-
lustrates the late-time asymptotic behavior of !
the fine-grained entropy on Hawking’s saddle 0 = >
point. This figure clearly demonstrates how in-

corporating an island contrasts with the stan- Figure 10.6: Page curve for the classical col-
dard Hawking prediction. lapse scenario in the DREH model.

" Hawking
" Hawking late time
®  RW late time

To determine the time at which the phase transition takes place, namely the Page time, we
match the leading contributions in Eq. (10.77). This yields the Page time:

P = 240555 (10.78)

Expression (10.78) agrees with the result found for the eternal black hole (10.26). The relation
between the time variable used in the eternal black hole case and Eq. (10.78) is tp = $7p. This
factor-of-two difference arises because the eternal black hole possesses two asymptotically flat
regions, which makes the coarse-grained entropy twice as large.

10.3 Page curve for the quantum-corrected collapse sce-
nario

We now turn to the analysis of the Page curve for the quantum-corrected collapse setup intro-
duced in Sec. 5.3. In the previous section, we saw that, for a purely classical evaporating black
hole, the replica-wormhole saddle point fails to produce the decreasing part of the fine-grained
entropy required to obtain the Page curve. By employing the fine-grained entropy formula
(1.6), we demonstrate that this problem is resolved once quantum corrections are incorporated.
In this way, we recover the expected decreasing contribution from the replica-wormhole saddle
point. The structure of this section parallels that of the earlier ones: we begin by examining
the no-island configuration and then move on to the island configuration. The derivation is
based on [43].

10.3.1 No-island configuration

Here we examine how incorporating the back-reaction of quantum fields into the fine-grained
entropy affects its evaluation along Hawking’s saddle point. No significant deviations from the
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results of Sec. 10.2.1 are anticipated. We demonstrate that this procedure once more leads to
Hawking’s information loss paradox [16]. The fine-grained entropy (1.6) effectively reduces to
its semi-classical contribution, given by the same expression (8.55) as in the purely classical
analysis:
1 ol —ot)?
Ssemifcl =—In —( 5 S) .
12 4e2e—2rs(o)
As in Sec. 10.2.1, the cut-off surface (10.36) is specified by the condition r, = b,. Substituting
the expression (5.176) for the tortoise coordinate, we obtain the following relation defining the

cut-off hypersurface:

(10.79)

b, T .
W a G-

[(2%s + 3) Inkg + 5%g — 2Lg] , (10.80)

o | ©
o |

where, as before, the evaporation time is introduced via —Indgs = 5~ in complete analogy with
Eq. (10.37).

The appropriate Penrose diagram for it
the no-island configuration in the quantum-
corrected collapse scenario is presented in
Fig. 10.7. It contains the same key hypersur-
faces, points (dg, Xg, dg), and associated coor-
dinate axes 0 and X as in the classical collapse
case shown in Fig. 10.4. The essential distinc-
tion is the emergence of region III, which rep-
resents the remnant spacetime after the black
hole has completely evaporated. The evapora-
tion end-point (0g,Xp) is explicitly indicated.
The newly formed region lies beyond this point
and is characterized by 0 < dp and X < Xpg. As
before, the region A containing the inaccessible
degrees of freedom is highlighted in red, while
the cut-off hypersurface and the apparent hori-
zon are drawn in purple. The constant-time
slice associated with the radiation’s degrees
of freedom appears in blue. We continue to
assume the validity of approximation (10.35), Figure 10.7: Penrose diagram illustrating the
namely no-island case within the quantum-corrected

b.g > a. collapse scenario.

We now evaluate the fine-grained entropy along Hawking’s saddle point (10.79). Imposing
the regularization condition Sy (0) = 0 gives

1 a’ /T 2 FEFge?rs
Su(r) = —1 —(— A ) fs7sC ) 10.81
u(m) =y ln <b2 2a %) TF.FL (10.81)

Let us study the behavior of Eq. (10.81) at the beginning of the evaporation, i.e. for 7 —
0, in direct analogy with the classical analysis of Sec. 10.2.1. The first step is to solve the
transcendental Eq. (10.80) for Xg as a function of 7. At 7 = 0 we obtain Xg = xg = 2, implying

265



CHAPTER 10. PAGE CURVE IN THE DREH MODEL

that for small 7 we can write Xg = g + n, with 7 a small parameter. Expanding Eq. (10.36) in
this regime, we find

L(0) b b—a g ( a) 2a a?
= - — 1—=12In(1—~ —— - 10.82
% TG 2abT{ 8[ ") T TR (10.82)
Keeping only the leading term in the § — 0 expansion, this simplifies to
~(0) b b—a € a3
-2 _ 1———|. 10.
ST 0T 2ab | ( 663) (10.83)

In comparison with Eq. (10.39), we observe a small shift induced by quantum corrections. A
straightforward evaluation of the fine-grained entropy (10.81) then gives

ar £b?
Sy (1) = N (1 + Z?) : (10.84)

where, again, we have retained only the dominant contribution in the ¥ — 0 expansion. Com-
paring this with Eq. (10.40), we once more see that the effect of quantum corrections is a small
modification.

Next, we turn to the late-time analysis of formula (10.81). Since at late times one has
Xg = 1 + ép, we expand Eq. (10.80) around the point xg = 1:

be—a T 11\ 4 En (2(u-1)) -
o= (1 + gg) g <e 1) e=n (10.85)

The solution of Eq. (10.85) can be written as

< =14 Z (1 + 35%) , (10.86)

where 75 will be introduced below via Eq. (10.103). For convenience, we define A7 = 7 — 7.
Since the metric becomes asymptotically flat at late times, we may approximate FEFge?s ~
—1. In the regime xg ~ 1, the coordinate transformations simplify to

[e'e) 3~ a7
For g 15 = g%, (10.87)

Substituting Eqgs. (10.86) and (10.87) into Eq. (10.81), we obtain:

— 1 1 5

S (7) = 724;0 s ln% - (—§F+ > (10.88)
where F1 denotes the late-time value of the coordinate transformation, o™ — oo. Thus, for
the Hawking saddle point, the fine-grained entropy exhibits linear growth both at early and at
late times; only the slope of the linear dependence changes. Comparing with Eq. (10.42), we
find that the entropy shows the same qualitative behavior as in the classical case, but with the
surface gravity replaced by its quantum-corrected value, given later in Eq. (10.117).
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10.3.2 Island configuration

We now analyze the replica-wormhole saddle point in the quantum-corrected setup. We demon-
strate that, unlike in the classical island configuration discussed in Sec. 10.2.2, the contribution
to the entropy here decreases, thereby yielding the Page curve. In the quantum-corrected ge-
ometry, the same expressions (10.45) and (10.43) still apply to the corresponding terms in the
fine-grained entropy (1.6). Consequently, we can proceed directly with the extremization, which
leads to the following equations determining the island position:

~ € }A(S —In (55 1
X101+ S0ppr = =50 [(m 5 —Indg)(Ino; —%s) %7 —In 5,] / (10-89)
. g %5 — Indg 1
Xy ED_pr = — | 10.
x10-X; +E0_p1 = - [ ER Ry RTE i — 5}} (10.90)

As in the classical analysis, we first determine the location of the island along the infalling
shockwave and subsequently extend it into region II of the spacetime, where the evaporating
black hole resides.

The Penrose diagram for the quantum- Island
corrected island configuration is displayed in boundary
Fig. 10.8. The region A, which contains the
inaccessible degrees of freedom, is shown in iy
red, while the island region [ is indicated in |I| A
blue. The cut-off hypersurface, together with ]
the 7-axis that parametrizes it, is drawn in
purple. Likewise, the island-boundary hyper- -
surface and its parametrizing A7-axis are also /
depicted in purple. The radiation degrees of  cut-off
freedom occupy a causal diamond built over a
constant-time slice, indicated in blue as well.

The coordinates of all relevant points (dg, o7,

Xgs, X1, Xg, 0), along with those obtained by
reflecting them across the spacetime boundary

(05, d7), are marked on both the d-axis and

the x-axis. The corresponding classical con- E’
figuration is shown in Fig. 10.5. The key dif-
ference between the two diagrams is that only
the quantum-corrected one contains remnant
spacetime in region III.

Figure 10.8: Penrose diagram illustrating the
island case within the quantum-corrected col-
lapse scenario.

We now analyze how the island appears along the ; = 1 hypersurface, following the same
procedure as in Sec. 10.2.2. Along this hypersurface, we impose a continuity condition (see
[111]), which leads to

1
x10,x; + E0, pr = X’Qa , (10.91)
X10_x; + E0_p; = —;—;. (10.92)
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Using these continuity relations, Eqs. (10.89) and (10.90) take the form

- 1 lnég—f(S
1 — — e 10.
X; =& LI Zolnds } , (10.93)
Iné X
2 _z|-1 CHN - 10.94
XI €|: X[—1n55 XI—}A(S ( )

Observe that the second Eq. (10.94) coincides exactly with the classical Eq. (10.50), whereas
the first one (10.93) is simpler than its classical analogue (10.49), reducing to a straightforward
quadratic equation. As before, we introduce

In 55 — }ACS
=—" 10.95
}A(S In (55 ( )
Both equations can then be solved exactly in terms of (, yielding
1+&¢ 4e
= 1l—— 10.96
M (T+202| (10-96)
1+%<X1(1+ 1+%)
%s = %; — eV (10.97)
1+ o7&

Note that this solution is fully non-perturbative. To extract quantitative estimates, we expand
Egs. (10.96) and (10.97) in powers of € up to second order:

xp =14 &1 +8)(¢C—1), (10.98)
kg =148 << - g) . (10.99)

Next, we evaluate ( = &+ — L

s T el As in the classical analysis, we assume Indg > 1, so the
second term can be neglected. This gives ( = 1 — &(1 + €). Finally, we determine 7y from
Eq. (10.80). Plugging this expression for ¢ into Eqgs. (10.98) and (10.99), the island’s position

along the 6; = 1 hypersurface becomes

5 =1, (10.100)

%5 =1+ &(1 - 298), (10.102)
b, — 1T\ 4/ & .

= (g s

Comparing Eqgs. (10.100-10.103) with the classical expressions (10.55-10.58), we find that the
leading correction to the island position x; along the d; = 1 hypersurface now appears at order
O(&?%), in contrast to the classical case, where it is of order O(€). Furthermore, the formation
time of the island 7y agrees with the classical result up to terms of order O(1). Deviations at
higher orders are expected, as they arise from incorporating quantum corrections to the metric.

We now generalize the solution for the island position to arbitrary times 7 > 73. Since
b > a, we can safely disregard terms of order 1/Indg, as in the purely classical analysis.
With this approximation, Eqs. (10.89) and (10.90) take the form

€ 1 1
0 =0 = — — 10.104
XIOXI T e0epr = o) Lzs ) - lnél] ’ ( )
O_x; + &0 il R I (10.105)
X70_X E0_ = — . .
! ! P 2a }A{[ — }ACS }A{[ —1In 5]
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We adopt the following ansatz:
yi=1+4E %,=14¢ %=1+, (10.106)

where &, f and p are quantities of order O(£). Inserting this ansatz into the expressions
(5.157-5.158) for the derivatives of the dilaton field, together with Eqs. (5.182-5.183) for the
derivatives of the metric, we find

1 1
oxp=—|1—- ——— 10.107
+X7 %2 ( y§ — {;:) ) ( )
1 1-=
O xj=————[1- i, (10.108)
QGFI y% — &
1 yI
Dpp = : 10.109
1 2—-1 1y2—1
G P p—— A (10.110)
4ak; X7 ar yi

where y and a are defined via Eq. (5.156). Using Egs. (10.107) and (5.182), Eq. (10.104)
simplifies to y; = 1, i.e. € = 0. Note that we can determine the island position only up to
O(€), since the solution itself is of that order. Consequently, the left-hand side of Eq. (10.104)
vanishes. The quantity £ then follows straightforwardly from Eq. (5.181), giving

~ 1
5:1(1—51). (10.111)
From Eq. (5.184) we infer that )
F~ (%) = € — Z. (10.112)
Substituting Eq. (10.112) into Eq. (10.105) yields
S Sy (10.113)
SR
Solving Eq. (10.113) and using Eq. (10.111), we obtain:
1
=7 1+35). (10.114)
By inserting AT = 7 — 79 into Eq. (10.85), we derive the following relation for pu:
A ]_1 £ £ 4 £ n—
—2—; (1 — gé) e ilnT = E <ezm4 T 1) +&(p —1). (10.115)

Because the right-hand side of Eq. (10.115) contains logarithms, the equation is correct up to
O(1). Taking the limit & — 0 and solving for p gives

1 ,
=7 (1+3e*%>, (10.116)

where we have introduced a new constant a, which can be interpreted as quantum-corrected
surface gravity:

11 11 1 82
R= oo = o (1 _ gg) e~ i (10.117)
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Combining Eqs. (10.111), (10.114) and (10.116), we find the following expressions for the island
position:

b =e 2, (10.118)

&[:HZ(l—e—%), (10.119)
EAT

—1-°27 10.120

Xr % 2 ) ( 0 )

%g =1+ Z (1 + 36—%) . (10.121)

The island thus emerges behind the event horizon, as expected for an evaporating black hole.
Comparing Eqs. (5.189) and (10.119), we see that the island and the apparent horizon are sym-
metric with respect to the event horizon (5.208). Moreover, the island intersects the singularity
slightly before the end-point of the evaporation, just as in the BPP model (see Sec. 9.2.3). In
the limit A7 — 0, the relations (10.118-10.121) reduce to Egs. (10.101-10.103). Unlike in the
classical case, where x; tends to a constant value at late times (10.74), here x; decreases with
time, which is precisely what is required to reproduce the Page curve, since the island must
reach the singularity in a finite time.

We now evaluate the contribution of the replica-wormhole saddle to the fine-grained entropy.
We begin with the semi-classical entropy term in Eq. (1.6). Substituting the island location
(10.118-10.121) into Eq. (10.43), we obtain

2
1 (az(-med)

é: 1 AT
Ssemi—c — =—1 - = T2, 10.122
PRV 79 T T SFL (ke) 61+4r" ( )
where we used ~ R
FHR—e% :Z A Fp = —Zél A Ff=-1,
I
3
FTFe*| =—1 A Fy= 1501 A Fi=FL, (10.123)
s
2 286
Coord-part = (— In (595(5;) (1 — 1_8—1;5[> .

In Eq. (10.123), F} denotes a coordinate redefinition relative to the o+ coordinate, while F{ is
a coordinate transformation with respect to 6. Moreover, “Coord-part” refers to the portion
of Eq. (10.43) inside the logarithm that depends explicitly on the o coordinates. Since the
expression in Eq. (10.122) still involves the UV cut-off €, we must perform a regularization.
Next, we consider the area term appearing in Eq. (10.45). Plugging in Eq. (10.120) gives

Alpn 1 = AT\
% N (1 . 5—_7) . (10.124)
4Gy 12¢ 4 2a

To fix the regularization, we impose that the island hits the singularity near the end of evapora-
tion, ensuring that the fine-grained entropy vanishes at the evaporation end-point. Taking this
requirement together with the minimization prescription (1.6), we arrive at the final expression

270



CHAPTER 10. PAGE CURVE IN THE DREH MODEL

for the late-time limit of the fine-grained entropy of Hawking radiation:
g . [ AT N 11 T 1 ) —3cFL
=min{ —+-In—— —In( —>=
e 2a 6 20 12 \ 4(Aa)? )’

(Aa)? L _E EQ_i_ £ 1 e
12 4(\a)? 2a 12 6(Aa)214 52 '

2a

(10.125)

The Page time is then determined by equating the two branches inside Eq. (10.125). This
yields

4(\a)?
wrp = 200) (3 . 2\/§> . (10.126)
€
At 7 = 7p, the fine-grained entropy reaches its peak value,
gmae _ 4 glelas) (10.127)
PG T 3o BB -

Eq. (10.127) shows that at all times the fine-grained entropy of the Hawking radiation remains
below the coarse-grained (thermodynamic) bound set by the classical Bekenstein-Hawking
entropy (1.4), as expected.

The resulting Page curve for the quantum- SrG :
corrected collapse scenario is shown in Howking e time
Fig. 10.10. The blue line denotes the fine- 315;’\*/5 -------------------------------- 1 —
grained entropy evaluated on Hawking’s saddle ‘
point, whereas the red line depicts the entropy
along the replica-wormhole saddle point at late
times. The purple line illustrates the late-
time asymptotic behavior of the fine-grained SR
entropy on Hawking’s saddle point. ° W Tt T

— Figure 10.10: Page curve for the quantum-

Island corrected collapse scenario in the DREH

boundary model.

The evaporation process is depicted in
Fig. 10.9. The purple curve outside the hori-
zon denotes the cut-off hypersurface, param-
eterized by the evaporation time 7. The sec-
ond purple curve indicates the time-dependent
location of the island, parameterized by Ar.
Both 7 and A7 are initialized at zero along
the 0 = 1 hypersurface. The red curves repre-
sent the region A, which contains the degrees
of freedom that are inaccessible to the asymp-
totic observer.

Figure 10.9: The complete process of black
hole evaporation.

Let us now summarize the overall mechanism of black hole evaporation. As 7 increases, the
black hole begins to evaporate. Initially, the minimum of the fine-grained entropy (10.125) is
determined by Hawking’s saddle point, so the red curves terminate at the spacetime boundary
x = 0. When 7 reaches 7 = 7, an island first appears inside region II of the spacetime.
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This moment is characterized by A7 = 0 along the island-boundary curve. At this stage, the
fine-grained entropy is still dominated by the Hawking contribution, and thus the red curves
continue to end at the spacetime boundary. At 7 = 79 + 7p, or equivalently A7 = 7p, a phase
transition takes place. From that time on, the red curves terminate on the island boundary
instead. The evaporation proceeds until 7; = 79 + 7, that is, until the island meets the
singularity, meaning A7 ~ 75. The instant 7 = 74 coincides with the point at which the cut-
off surface enters region III of the spacetime, thereby leaving the domain in which black hole
radiation is present.

Note that we cannot precisely determine what occurs at the very end of the evaporation
process, because at this stage the remaining distance to the end-point becomes so small that it is
comparable to the Planck length. Consequently, quantum gravity effects become relevant, and
the semi-classical approximation is no longer valid. Moreover, in this regime the perturbative
treatment also breaks down (see Sec. 5.3). Nevertheless, we can still trust the reproduction of
the Page curve up to its last few points.
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Chapter 11

Page curve in the DR5DCS model

In this chapter we explore a range of thermodynamic properties arising in the dimensionally
reduced 5DCS model of two-dimensional dilaton gravity. The theory naturally separates into
two distinct sectors. The equations of motion for the Riemannian sector are solved in Chap. 6,
where both eternal and evaporating black hole scenarios are constructed. In what follows we
focus exclusively on the eternal black hole configuration and demonstrate that it correctly
reproduces the Page curve. The analysis parallels that carried out for the BPP and DREH
models.

For the theory with non-vanishing torsion, no island rule prescription is currently available
in the literature. Our objective, therefore, is to test whether the standard fine-grained en-
tropy formula for gravitational systems (1.6) can still yield the Page curve. By examining the
quantum-corrected black hole solution of Sec. 7.4, we find that it does so successfully. Neverthe-
less, the presence of torsion imposes a particular constraint on where the cut-off hypersurface
may be placed, in contrast to the Riemannian case, where the cut-off can be chosen arbitrarily
within the thermal bath regions.

This chapter is organized into four sections. Since we now consider spacetimes that are
asymptotically AdS, we must first relax the reflective boundary conditions typically imposed
at the AdS boundary. Implementing the new transparent conditions effectively introduces two
asymptotically flat regions, each attached to the black hole exterior at the asymptotic boundary.
How these thermal bath regions are incorporated in both the eternal and evaporating black hole
setups is the main subject of Sec. 11.1.

In Sec. 11.2 we then analyze the coarse-grained entropy of both the Riemannian black
hole and the black hole with torsion. Employing the Wald entropy formula, we derive the
thermodynamic entropy and thereby obtain the area term appearing in the island formula.
Furthermore, we explicitly verify that the first law of thermodynamics is satisfied for the general
vacuum solutions in both the torsionless and torsionful cases.

Next, in Sec. 11.3, we determine the Page curve for the eternal black hole in the Riemannian
sector constructed in Sec. 6.2.3. We use the standard approach: we first examine the no-island
configuration, which leads to the Hawking information-loss paradox, and then introduce an
island. The latter produces a well-defined Page curve and thus resolves the paradox.

Finally, Sec. 11.4 is devoted to applying the island rule to spacetimes with non-vanishing
torsion. We begin by studying the role of the 6 field through the computation of the Page
curve for the general vacuum solution of Sec. 7.1.1. We then proceed to the solution of the
gravitational field equations coupled to the Polyakov—Liouville quantum corrections to the
scalar field action introduced in Sec. 7.4.
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11.1 Coupling the black hole to the thermal bath

When the spacetime has AdS-like asymptotic behavior, the usual Page-curve calculation ceases
to be applicable. There are two main reasons for this. First, as already pointed out at the end of
Sec. 6.1.3, null rays can reach the asymptotic boundary in a finite value of the affine parameter.
Consequently, one imposes reflective boundary conditions at this boundary, effectively turning
the spacetime into a confining cavity for the fields living on it. In such a configuration, outgoing
light rays bounce off the asymptotic boundary and eventually fall back into the black hole. From
the standpoint of Hawking radiation, this implies that the radiation is inevitably reabsorbed
by the black hole.

To meaningfully discuss Hawking radiation, one must introduce a well-defined radiation
region R in which the radiation quanta are collected. In an asymptotically flat spacetime, this
region is located near the future null infinity 7, because outgoing quanta cannot actually arrive
at J 1 in finite time. As a result, the quanta accumulate within this intermediate region, where
one can perform well-defined measurements on them—such as computing the entanglement
entropy of Hawking radiation.

In contrast, if the spacetime is asymptot-

ically AdS, there is no infinitely large subre- N X+
gion R from which Hawking quanta can be * @/
extracted. To resolve this, one must replace
the usual reflective boundary conditions with
transparent ones. Then the Hawking quanta
simply pass through the AdS boundary and
emerge into a different spacetime region, which

is smoothly connected along the AdS asymp-

totic boundary to the exterior of the black hole.

This region is referred to as the thermal bath

region. It is there that the Hawking quanta are /ﬁ
accumulated. It is now clear that this region

must have asymptotically flat, Minkowski-like Figure 11.1: Penrose diagram depicting cou-
behavior, so that a portion of it, or possibly pling of the AdS asymptotic region to the ther-

the entire region, can effectively serve as the mal bath for an eternal BTZ black hole.
infinite radiation subregion R.

In Fig. 11.1, the Penrose diagram of the eternal BTZ black hole (shown previously in Fig. 6.1)
is extended by attaching a bath region that is smoothly joined to the AdS boundary. This region
is highlighted in yellow. The resulting diagram is very similar to the Penrose diagram of the
eternal Schwarzschild black hole in Fig. C.6.

Once the bath is included, there exists a clearly defined region of spacetime into which
the Hawking quanta can escape. This region is infinite, so after the quanta enter it, they
cannot reflect back and re-emerge into the asymptotic AdS region. Yet a further question
remains: where exactly is the cut-off hypersurface located? According to the central dogma
(see Sec. 8.4.1), the cut-off surface must lie in a portion of spacetime where gravity is weak.
For an asymptotically flat spacetime, this corresponds to a neighborhood of 7, because there
the effective gravitational coupling goes to zero and the metric approaches the flat Minkowski
form. In that region gravity is effectively switched off, and the outgoing Hawking modes can
be treated using standard quantum field theory on a fixed background.
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We now clarify in more detail why the radiation subregion R must lie in a weakly gravitating
domain. Suppose that we know the exact quantum state of the full system, consisting of both
the black hole and its radiation. The density matrix of the radiation is obtained by tracing
out the black hole degrees of freedom that reside below the cut-off hypersurface. To perform
this trace, the total Hilbert space must admit a well-defined factorization H = Hgray ® Hyad;
once this factorization is available and the full quantum state is known, the partial trace can be
computed simply. However, if the region of spacetime over which we trace is still gravitating,
this factorization is no longer well defined, and the partial trace cannot be computed.

The underlying reason is intimately connected to the diffeomorphism and local Lorentz con-
straints, which are an inherent feature of any gravitational theory. A proper Dirac quantization
of gravity has to incorporate the entire symmetry structure of the gravitational theory [81]. In
this framework, gravity is formulated via the localization of the group SO(1,3,R). Within the
Hamiltonian approach, gauging this symmetry gives rise to ten first-class constraints. Upon
quantization, these constraints become operators that must annihilate all physical states:

HIW) =0, H|0)=0, Ju|¥)=0. (11.1)

Any physical, gauge-invariant operator is required to commute with all these first-class con-
straints. A sharply localized bulk operator @(m) in a given subregion cannot satisfy this con-
dition, because the constraints act locally at every point in space. To render @(a:) genuinely
physical, one must gravitationally dress it, meaning that the gravitational field has to be line-
integrated from the point x to a boundary where the gauge parameters vanish. In practice,
this attaches a gravitational Wilson line extending from the operator’s position all the way
to an asymptotic boundary. Consequently, physical operators are intrinsically nonlocal, being
distributed across the whole spacetime, and this nonlocality prevents any factorization of the
physical Hilbert space into a component associated only with a subregion in which gravity
remains dynamical.

When gravity is switched off, or is sufficiently weak, these constraints effectively disappear
and the Hilbert space can be factorized into a part corresponding to the chosen subregion. In
asymptotically flat spacetimes, this situation arises near the J* hypersurface. By contrast, in
AdS-asymptotic spacetimes, this factorization never takes place, since gravity remains strong
all the way to the boundary and the metric diverges there. Introducing a thermal bath region
resolves this issue as well: because this region is modeled as flat Minkowski space, gravity is
entirely turned off there. Hence, the cut-off hypersurface must lie within the thermal bath
region. It is illustrated by the light blue line in Fig. 11.1.

From the perspective of the island formula (1.6), once an island is included, it appears as
though we are also performing a partial trace over the island region. Since this region lies close
to the horizon, it is clear from the above discussion that such a trace is not strictly well-defined.
Nevertheless, the emergence of the QES is merely a byproduct of the replica trick and encodes
the semi-classical computation of the trace of the full quantum state restricted to the radiation
subregion R. In the semi-classical picture the spacetime geometry is held fixed and does not
fluctuate, so the tracing operation acts only on the Hilbert space of the quantum fields, which
does admit a decomposition into distinct spacetime regions, as is standard in quantum field
theory on curved backgrounds. We are thus led to conclude that the island formula is reliable,
as it is applied within the domain of validity of the semiclassical approximation.

Up to this point, our analysis has focused solely on the eternal black hole scenario. However,
extension to the case of a classical gravitational collapse and an evaporating black hole scenario
is straightforward. In both setups, null rays still reach the asymptotic boundary in finite time.
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Consequently, the thermal bath region must again be included. In the collapse scenario, it
stretches from the point on the spatial infinity hypersurface i° from which the infalling matter
shockwave originates, up to future time infinity . In principle, one should analytically continue
this region to times before the collapse, but this extension does not affect the computation of
the Page curve, and we do not pursue it further.

it

e~y
[&=)
2

i ]
Figure 11.3: Penrose diagram depicting cou-
pling of the AdS asymptotic region to the ther-

mal bath for the evaporating black hole sce-
nario.

Figure 11.2: Penrose diagram depicting cou-
pling of the AdS asymptotic region to the ther-
mal bath for the classical gravitational collapse
scenario.

Let us begin by examining the classical gravitational collapse scenario. The coupling to the
thermal bath is shown in Fig. 11.2. As before, the bath region is highlighted in yellow and
the cut-off hypersurface is represented by a light blue line within this region. The diagram
is an extension of the diagram in Fig. 6.3, but now the confining coordinates x* defined in
Eq. (6.31) are constructed with respect to the coordinates 6. As a result, after the collapse
the spacetime boundaries are rendered as straight lines, in contrast to Fig. 6.3, where the
confining coordinates are defined relative to the 0% coordinates of the pre-collapse region.
Because there is no evaporation, region II of the spacetime is static, implying that future time
infinity lies at the intersection of the event horizon and the singularity. In the bath region, the
cut-off hypersurface ends precisely at this same point.

The evaporating black hole case is depicted in Fig. 11.3. Once more, we employ confining
coordinates built upon the 6% coordinates so that the boundaries of regions II and III appear
as straight lines, in contrast to Fig. 6.4. The key distinction from the previous setup is the
appearance of a black hole remnant in region III of the spacetime after the thunderpop. The
thermal bath region—again shown in yellow—mnow borders both the black hole region II and
the remnant region III. The cut-off hypersurface, drawn in light blue, now terminates at the
future time infinity of the remnant black hole region.
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11.1.1 Junction condition at the asymptotic boundary

Thus far, we have explained why including the thermal bath region is essential for studying
Hawking radiation in an asymptotically AdS spacetime. We have not yet, however, specified
how this region is to be attached at the AdS boundary. The procedure can be straightforwardly
generalized to any AdS-like geometry in which spatial infinity is a time-like hypersurface and
outgoing Hawking quanta reach this boundary in a finite time. This feature is tied to the fact
that the metric diverges at infinity. Near spatial infinity in an AdS-asymptotic spacetime, the

metric takes the form )
ds* = ——dotdo™, €= 0. (11.2)
€

Because the metric in Eq. (11.2) diverges at the AdS boundary, it cannot be smoothly
matched to the Minkowski metric directly on that hypersurface. Instead, we terminate the
AdS region at a small but finite distance z = € from the boundary, and impose the junction
conditions with flat Minkowski spacetime on this hypersurface. In Figs. 11.1, 11.2 and 11.3,
this matching surface is depicted by a purple line. To implement this construction, we must
first analytically continue the o coordinates into the thermal bath region as well. We begin by
addressing this step in the context of a classical BTZ black hole. The tortoise coordinate is
defined in Eq. (6.29), which we reproduce here for convenience:

o 1

-1 [rvE
l _Qﬂl Syl (11.3)

As already explained in Sec. 6.1.3, the horizon is located at oy — —oo, whereas spatial infinity
is at ;0 = 0, which follows straightforwardly from taking the limit x — oo in Eq. (11.3). To
extend the geometry into the bath region, we simply allow the o coordinate to take positive
values. In this parametrization, the limit ¢ — oo corresponds to x — —1/,/i. Since the
quantum state is defined with respect to Kruskal coordinates, which in region I are given by

ket =€ A kaT = —e ", (11.4)

o= 400 = 1" =00 A 2 —0o0 = X+:g A X’:—g. (11.5)

Hence, we indeed recover the right Rindler wedge of Minkowski spacetime, as intended. Having
now specified the full coordinate patch, we can straightforwardly analytically continue both the
metric and the dilaton field across the hypersurface x = 1/e. In particular, the metric function
A in quadrant I takes the form

A=< 1 (11.6)

—, o> —¢€

To obtain the exact Minkowski metric, we simply rescale the coordinates so that the factor 1/e
is absorbed. However, when computing the von Neumann entropy of any region lying inside
the thermal bath, the metric must be written in coordinates suitable for defining the quantum
state—Kruskal coordinates in the case of the eternal black hole. Rewriting the metric in this
way reintroduces the divergent 1/e contribution, but this small parameter can be absorbed into
the UV cut-off. Consequently, the entropy remains finite and well defined in the limit ¢ — 0.

277



CHAPTER 11. PAGE CURVE IN THE DR5DCS MODEL

Once quantum corrections are taken into account, they can shift the asymptotic boundary
to a slightly negative value of the o coordinate, denoted by ¢ = ;0. At this point the metric
becomes divergent, so we impose the junction conditions at ¢ = 0,0 — € instead. If additional
fields are present, as in the full DR5DCS theory, one must inspect their equations of motion to
determine how to analytically continue them into the bath region. However, since these fields
do not contribute to the von Neumann entropy, the precise details of their analytic continuation
are not especially important for investigating the fine-grained entropy.

For the evaporating black hole, the 6% coordinates are analytically continued in the same
way as the o0& coordinates in the eternal black hole case. From the definition of the asymptotic
boundary of the evaporating black hole, it is again located at a finite value of the ¢ coordinate,
and the metric still displays the same 1/e*type divergence. Consequently, the same procedure
can be used in this scenario as well.

11.2 Coarse-grained entropy via Wald formula

As a prerequisite to computing the Page curve, we must first obtain the effective area term. In
the model under consideration, this term is given by the analogue of the Bekenstein-Hawking
entropy evaluated on the island hypersurface. Consequently, our initial step is to compute the
coarse-grained entropy in the DR5DCS model. For this purpose, we use the Wald formula
(10.28), which in two-dimensional spacetime simplifies to:

21 oL 4 0L
SwWald = T dA——¢cuwcpe == Swad = —

e I (11.7)
0 ORumm I OR|,,

This form is applicable provided that the Lagrangian has no explicit dependence on the spin
connection and that it enters only through covariant derivatives of the fields [139]. We now
evaluate the Wald entropy corresponding to the Riemannian action (6.1). A straightforward

calculation gives:
4km3
Sp = —x (x*+3) | . (11.8)
h H

Recalling that the Hawking temperature is expressed in terms of the surface gravity appearing
in Eq. (6.21) as:

hk hy/1t
T=— = T=—"— 11.

2T 2ml (11.9)
and using that the horizon is located at xg = |/u yields the following thermodynamic relation:

3km?

TdSg = ]

(n+1)dp = TdSg=dM, (11.10)

where the mass M is defined in Eq. (6.52). This verifies that the first law of thermodynamics
is satisfied.

We now turn to the full DR5DCS theory. Since all the conditions required to apply the
Wald entropy formula (11.11) are fulfilled for the general action in Eq. (7.1), we can evaluate
it and get:

4kn3
- h

S x|x*+3(1—®*—6%) | . (11.11)

H
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We first compute the Wald entropy corresponding to the general vacuum configuration (7.35)
of the full DREDCS theory. Using A = —%* + p, the horizon is located at X = ,/u, which
implies x = —gbL\/ﬁ. Plugging the explicit solution for 6 into Eq. (11.11) yields:

12km3
- (11.12)

which is valid for an arbitrary function ¢(%). This immediately clarifies the role of the con-
stant 7. However, as explained in Sec. 7.1.2, the physically relevant solutions arising from
gravitational collapse fix the gauge freedom in ¢ by imposing ¢~ = —1, which in turn enforces
6? = const. Since # must be continuous, it is naturally interpreted as a fundamental constant
of the theory. In this case, we have:

S

n:%(ﬂ+3)_92 — 524]‘? \/ﬁ{ﬂ+3(1—02)]. (11.13)

To verify that the first law is satisfied by the vacuum solutions of the full theory, we differentiate
Eq. (11.13) with respect to u and find:

3km?
[
where we have used the mass relation in Eq. (7.54). The black-hole temperature is given by

Eq. (11.9). We emphasize that the same conclusion—that 6 must be regarded as a fundamental
constant—is also reached in [89).

TdS =

(u+1-6*)dpy = TdS=dM, (11.14)

Finally, let us evaluate the entropy for a solution with a non-vanishing EMT. Eq. (11.11)
simplifies to:

(
Dsin?z
cos’z | — +mncosz| A >0,
vV—A— gsinz 1 "
Dsinh?z
cosh® z + ncosh z] A<0, X2+ Ap™2 >0
12k‘ 3 — o B . ) ) )
g _ h7r V—A — 5 sinhz . (11.15)
D cosh®z 9 19
sinh?z \/—_A+£coshz_nsmhz , A<0, x*+A¢p— >0,
2 H
P
% {:I:\/—_Aeﬂz + Eeiz + Deigz} , A <0, x>+ Ap™? =0,
( H

where we have retained the general form of the expressions without imposing the horizon
condition, since in the island setup they are instead evaluated at the island boundary. For
the coarse-grained entropy we evaluate at the horizon, where A = 0. In this case the previous
expressions reduce to:

(cos2z<g sinz + ) A
Ncosz | > 0,
P H
2 2D . 2 12
12k cosh” z —Fsmhz+ncoshz , A<0, x>+ Ao >0,
S=— i (11.16)
h 2D
sinh? z (? cosh z — nsinh z) , A <0, x>+ A¢p? <0,
H
2D
n [eﬂ + —eigz] , A <0, x24+ A2 =0.
( 2 P H
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As a final illustration, let us evaluate these formulas for the case of the BTZ metric, char-
acterized by A = —x + . We first determine the horizon position in terms of the z coordinate:

dz

e

— X=./pcoshz, z<0 = zy=0. (11.17)

1
v—=A
Substituting this result into Eq. (11.16) we obtain:

(

7, A >0,
L A <0, x4+ Apt? >0,
T
S=——7—10, A <0, X2+ Ap? <0, (11.18)
7]( 2D> 2 12
—1+— ), A<O, x*+Ap—"=0.
|2 P

Lastly, for the quantum-corrected geometry with a non-vanishing 6 field, derived in Sec. 7.4,
the entropy is evaluated at the outer horizon, located at z =z, ..

11.3 Eternal black hole scenario in the Riemannian sector

In this section, we derive the Page curve for an eternal black hole in the Riemannian sector of
dimensionally reduced five-dimensional Chern—Simons gravity. The setup for the eternal black
hole is introduced in Sec. 6.2.3. Our analysis closely parallels the calculations performed in
Secs. 9.1 and 10.1 for the BPP and DREH models. Since the general procedure is already well
established there, we refrain from repeating the same level of detail. To obtain the Page curve,
we employ the island formula (1.6). As usual, we first evaluate the entropy in the absence
of an island, which leads to the information-loss paradox, and then resolve this paradox by
incorporating the island.

11.3.1 No-Island configuration

The eternal black hole scenario corresponds to the Hartle-Hawking quantum state (3.97), so
the EMT is normal-ordered with respect to Kruskal coordinates, and the appropriate expression
for the semiclassical entropy in the absence of an island is given in Eq. (8.51). For convenience,

we reproduce it here:

1 vt — )z, — x;)?

Ssemi,d:—ln( R 7) (e =) : (11.19)

12 0te—2rre—2PL
As usual, the subscripts R/L denote the two thermal bath regions on the right and left sides
of the spacetime, illustrated in Fig. 11.4. To correctly capture the time dependence of the
fine-grained entropy, we move to the (¢,0) coordinate system, since time is defined in terms
of the o coordinate. The quantity 0 represents the UV cut-off. Compared with Fig. 11.2, we

observe that both spatial infinity i° and the singularity are now curved.
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From Eq. (6.97), we see that the o coordi-
nate does not go to zero as x — 0 or x — 00.
Instead, we obtain

€ 9

00 = ——————~, 0= ————<
T dk(p+ 1) 8T dk(p+ 1)

. (11.20 —t = const . t = const
(11.20) o O\

Consequently, the spatial infinity hypersurface
i® in region I is slightly bent inward, and an
analogous statement holds for the singularity
hypersurface in region II. The cut-off hypersur-
face is depicted in light blue within the thermal
bath regions, which are shaded in yellow. The
constant-time slices supporting the radiation
degrees of freedom are drawn in red in both

wedges.

Figure 11.4: Penrose diagram depicting the no-
island configuration for the eternal black hole
in the DR5DCS model.

The t = const. slice on the right-hand side corresponds to the —t = const. slice on the left,
since time runs in the opposite direction in the left wedge. Employing the Kruskal coordinates
defined via the quantum-corrected surface gravity in Eq. (6.95), and rewriting them in terms of
the time coordinate, one recovers the standard expression for the entanglement entropy (11.19)
in the no-island configuration:

Spe = %m {cosh(mt)], k= @ l1 - m} . (11.21)

Here, the UV divergence has been regularized such that Srg(0) = 0. Evaluating the early- and
late-time limits of Eq. (11.21) gives:

1 1 1
Srq = g(ﬁt)z, kt<1l A Spgw 3t = gln2, Kt > 1. (11.22)
Thus, the fine-grained entropy of the radiation grows monotonically, in agreement with Hawk-
ing’s original result [16]. As anticipated, the fine-grained entropy evaluated along Hawking’s
saddle point exhibits the same behavior as in the BPP and DREH models.

11.3.2 Island configuration

In the presence of an island, the expression for the entanglement entropy of quantum fields
becomes more involved, since the region inaccessible to the asymptotic observer is now split
into two disconnected components. The appropriate formula is written in Eq. (8.60); for clarity

we reproduce it here:
2 12 g2 2
S lln dipd33disdyy
semi—ct —
6 (54d%4d%3€_p1 e P2 P3e—P4 ’

(11.23)
where d;; represent the usual Minkowski separation between the spacetime points defined in

Eq. (10.8). The indices i and j are assigned such that (1,2,3,4) «<— (Ra, Rb, La, Lb). Here,
R refers to the right thermal bath region, and L refers to the left thermal bath region.
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The eternal black hole scenario with an is-
land region is shown in Fig. 11.5. The cut-
off hypersurface, depicted in light blue, is
parametrized by (t,b,). It is located within
the thermal bath regions, which are shaded in ~*=mst \ ;""St
yellow. The constant-time slices, ¢ = const.,
in both thermal bath regions are drawn in red.
The island region [ lies close to the horizon, as
is typical for an eternal black hole. It is colored
blue, and its boundary is specified by (¢, a.).
The way in which the island region splits the
previously inaccessible region is now manifest.
The singularity and the AdS boundary remain
slightly curved, since they are still determined
by Eq. (11.20).

Figure 11.5: Penrose diagram depicting the is-
land configuration for the eternal black hole in
the DR5DCS model.

Since we anticipate that including the island resolves the information-loss paradox by con-
tributing a constant term to the fine-grained entropy only at late times, we immediately take
the late-time limit. The subsequent calculation of the entanglement entropy of quantum fields
in Eq. (11.23) is identical to the analysis in Sec. 10.1. In this limit, one first shows that the
factor d3;d?,/(d3,d3;) ~ 1, so it can be dropped from Eq. (11.23). We then extremize this
entanglement entropy with respect to the island time coordinate #', since in a static spacetime
the area term is time-independent. After carrying out these steps, the semi-classical entropy
(11.23) simplifies to Eq. (10.13), which we reproduce here:

Suemi-at = 5(pu+ )+ 2 In (¢ — ) — > (). (11.24)
We now turn to the area term in the island formula (1.6). This is the model-dependent part of
the construction, since the semi-classical entropy consistently takes the universal form discussed
above. The area term is given by the Bekenstein-Hawking entropy appropriate to the specific
model. In the previous section we obtained this entropy using the Wald entropy formula.
Consequently, the area term is provided by Eq. (11.8), multiplied by a factor of two to account
for the two thermal bath regions, and evaluated on the island boundary hypersurface. The

generalized entropy is then obtained by adding this area term to the semi-classical entropy
(11.24), and takes the form:

8k
h

1 2 2
Sgen = a(a®+3) + §(Pa + ) + 3 In (e — ") — 3 In (k9). (11.25)

Extremizing the generalized entropy (11.25) with respect to the island location leads to:

2
(a2 +1+ 5—de ) da =n
dx |,

o = T (11.26)

with € = # Here, the subscript K in px emphasizes that the metric is evaluated in Kruskal

coordinates. As in the DREH model, when solving Eq. (11.26) one must proceed carefully, since
the island is expected to lie very close to the event horizon. Thus, we adopt a perturbative
ansatz of the form a = /i + 2z with z < /. We begin with the left-hand side (LHS):

da A oppgo A (g 8| ) 2 (g2 4 dex) dA
I ) z dx ) dx

da, 1 dx

(11.27)

a
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The computation of the right-hand side relies on the well-defined pole of the tortoise coordinate
in Eq. (6.97). One finds:

do X
e2ra — e2R9H 4 9o lim €27 — = —2klz lim
X—XH X x—=xg X + Xy

— Xy [1 £ X—XH:| 1 2 (11.28)

Tt Ixtxa] A 2y
The first term vanishes because oy — —oo. With this, the right-hand side of Eq. (11.26) is
straightforward to evaluate and becomes:

RHS = 2cre" | ﬁ (1 + e /Q\jﬁ) . (11.29)

Equating the LHS from Eq. (11.27) with the RHS from Eq. 11.29 and solving for z yields:

1 526_2Kb*

z = R
2V [u+1+5<cﬂ§’—f ! e—%b*ﬂ

~

(11.30)

An explicit evaluation of the derivative of the metric in Kruskal coordinates gives p} = 1/(2kl).
Consequently, the island position is

_ Le—%b* & (] 2nb
A TRV [ RSN )]'

Comparing this with the island position for the eternal black hole case given in Eq. (10.22), we
observe that Eq. (11.31) has precisely the same functional structure.

(11.31)

Next, we proceed to compute the fine-grained entropy along the replica-wormholes saddle.
Plugging the island position (11.31) into the generalized entropy formula (11.25) yields a con-
tribution to the generalized entropy evaluated at the horizon plus a term of order ¢, exactly as
in the DREH model (see Sec. 10.1). Since the generalized entropy contains a leading term of
order 1/¢, the O(e) contribution can be safely neglected. Consequently, the generalized entropy

simplifies to
4]€7T3 1 64nb*
SFG =2 7 \/ﬁ (/L + 3) + E In (/{5)46_21)H6_2:‘7b . (1132)

To leading order, the result in Eq. (11.32) exactly reproduces the classical Bekenstein-Hawking
entropy (11.8) for the DR5DCS setup, so that Sy, = 2Spy, as anticipated. The Wald entropy
for the full gravity-plus—Hawking-radiation system gives the coarse-grained entropy via the
Wald formula. Once quantum corrections are incorporated, an extra curvature term appears in
the action of the form o [ d*z/=g¥R. As shown in Sec. 10.1.3, the corresponding contribution
to the Wald entropy coincides exactly with the quantum correction in Eq. (11.32). Hence,
Eq. (11.32) can be interpreted as a quantum-corrected Bekenstein—Hawking entropy, in direct
analogy with the DREH model. The fine-grained entropy of Hawking radiation is thus

1
SFG = min{glit,2SBH}. (1133)

Finally we evaluate the Page time. We use the classical entropy, since the quantum correc-
tion is suppressed in the large-mass regime. The Page time tp is then defined by
1 4km3c3 _ 12kmPe?

gHCtp = Ve(p+3) = tp= T(u +3), (11.34)

where we have reinstated all physical constants. In the large-mass limit, one has pu+ 3 o< vV M,
implying that the Page time scales as Tp o< v M in the DR5DCS model.
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11.4 Page curve when non-vanishing torsion is present

In this section, we aim to gain insight into the behavior of the Page curve once torsion is
taken into account. Although the appropriate generalization of the island formula for theories
with non-vanishing torsion is not known, we will assume that the semi-classical contribution
is unchanged, and that the area term is still determined by the Wald entropy formula derived
in Sec. 11.2, evaluated on the island hypersurface. To this end, we first compute the Page
curve for the general vacuum solution without including the back-reaction of quantum fields on
the geometry, as obtained in Sec. 7.1.1. We then incorporate back-reaction and thus use the
solution with singular horizons discussed in Sec. 7.4. Since we restrict our analysis to eternal
black hole setups, the EMT is normal-ordered in Kruskal coordinates, and the semi-classical
entropy of quantum fields on the fixed background is given by the same formulas as in the
previous section—namely, Eq. (11.21) for the no-island configuration and Eq. (11.23) for the
island configuration. For convenience, we reproduce these expressions here:

1
3 In {cosh (Iit):| : Hawking saddle,
Ssemi—cl =

(11.35)

1 2 2
g(pa + pp) + 3 In (e — e"*) — 3 In (kd), late-time RW saddle,

where the only model-dependent parameter is the surface gravity «. This is because the Kruskal
coordinates are always related to the Killing time and the tortoise coordinate in the same
manner, as detailed in App. D.5.

11.4.1 The general static vacuum solution case

The general vacuum solution with a nonzero 6 field is given in Eq. (6.20). It contains an
arbitrary function ¢t associated with residual gauge freedom. In Sec. 7.1.2 we demonstrate
that, once gravitational collapse is taken into account, this function is fixed to ¢+ = —1, which is
therefore the physical value adopted here. As shown in Sec. 7.4, this solution is not continuously
connected to the Polyakov-Liouville quantum-corrected solution including back-reaction. The
aim of this section is to determine how the inclusion of the § # 0 term in the area contribution
modifies the Page-curve computation. The coarse-grained entropy for this solution is given in
Eq. (11.13). Replacing the event horizon with a generic island location leads to

Alll  8kn?

4G h
where the factor of 2 arises from the two thermal bath regions. The generalized entropy then
becomes

a{a2+3(1 —92)}, (11.36)

8km3 1 2 2
Sgen = Tﬂa {cf +3(1-6% } + g(pa + ) + 3 In (e — ") — 3 In (k0). (11.37)

The only modification with respect to Eq. (11.25) is the appearance of the constant 6 term.
Consequently, the computation proceeds exactly as in the previous section, except that the
factor p + 1 is replaced by p + 1 — 6%, Hence, the fine-grained entropy still saturates at late
times at twice the coarse-grained entropy of the complete gravitational theory coupled to the
matter fields. The island position is determined by

2
€ —2kb € —2kb
a= + e "1 — 1—e )|, 11.38
Vi 2(u+1-02° 2(u+1—02)\/ﬁ( ) (11.38)
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and the Page time reads:
12km31c?
tp = ———— (u+3(1-6%). (11.39)

We immediately observe a potential problem, since this Page time can become negative.
However, this issue is directly tied to the possibility of negative entropy:

S>0 = 92<1+%u = >0, (11.40)
where in the last step we have inserted the explicit solution for #. We thus conclude that
this Page-curve analysis is consistent only when 7 > 0, and this same condition is intimately
related to the non-negativity of the coarse-grained entropy. Therefore, it should be imposed
independently of any Page-curve considerations. Although we cannot definitively assert that
the island formula remains valid in a theory with nonzero torsion, if it does, then we have
succeeded in reproducing the Page curve for this vacuum solution in the absence of matter
back-reaction.

11.4.2 Eternal black hole scenario with non-zero torsion

In this section, we evaluate the fine-grained entropy of the eternal black hole solution including
the matter back-reaction introduced in Sec. 7.4. The EMT must be normal-ordered in Kruskal
coordinates, so we focus on the non-extremal configuration, since the extremal one is associated
with the Boulware vacuum, where the EMT is normal-ordered in the o® coordinates tied to
the Killing time.

The Penrose diagram corresponding to the
no-island setup is shown in Fig. 11.6. The key
distinction from previous Page-curve computa-

tions is the presence of two horizons. This situ- X~
ation is analogous to the Reissner-Nordstrom
or rotating BTZ black hole. These horizons

are drawn in green, along with the spatial in-

finities of the AdS-asymptotic regions. The
thermal bath regions are attached to the AdS- —t=const 4 /,
asymptotic regions along the purple hypersur- ~—
faces and are shaded in yellow. The constant-
time slices supporting the radiation degrees of

freedom are indicated in red; they start at the

spatial infinity of the bath regions and termi- 3
nate at the cut-off hypersurfaces, which are
shown in light blue.

This entire pattern repeats infinitely many

times, just as in the original Penrose diagram
of Fig. 7.3. Nonetheless, for the purpose of
computing the Page curve it suffices to focus
on the portion of the diagram associated with
a single bifurcation point, since Hawking ra-
diation cannot propagate between different bi-
furcation points.

t = const

Figure 11.6: Penrose diagram depicting the no-
island case for the eternal black hole in the Full
DR5DCS model with matter back-reaction.

285



CHAPTER 11. PAGE CURVE IN THE DR5DCS MODEL

Even in this regime, Eq. (11.35) remains valid and therefore yields the correct expression
for the Hawking saddle contribution to the fine-grained entropy:

Spe = %m [cosh (m)}. (11.41)

We can therefore proceed directly to analyzing the location of the island.

The Penrose diagram corresponding to the
island configuration is displayed in Fig. 11.7.
All the relevant hypersurfaces previously de-
picted in Fig. 11.6 are also represented here. X
In addition, the island region is highlighted in
blue. The island boundary in the right AdS-
asymptotic region is labeled by (¢, a,), whereas
in the left AdS-asymptotic region it is labeled y
by (—=t',a.), reflecting the fact that the time- -t =const /{
like Killing vector reverses direction in the left S‘{
wedge of the spacetime.

We anticipate that the island lies close to,
but outside, the outer event horizon, as illus-
trated in Fig. 11.7. By evaluating the coarse-
grained entropy in Eq. (11.15) at the island,
we obtain the area contribution in Eq. (1.6).
We must examine the behavior in all four pos-
sible cases for the field content of the theory.
In each case, we denote the area term as:

3
All] = — 24km F(a), (11.42) Figure 11.7: Penrose diagram depicting the is-
4G h land case for the eternal black hole in the Full

where a specifies the island location. The gen- DR5DCS model with matter back-reaction.
eralized entropy formula then takes the form:

24k 3 1 2 2
Sgen = — hﬂ F(a) + g(pa + ) + 3 In (e“b* — e““*) ~3 In (K9). (11.43)
Extremizing Eq. (11.43) with respect to the island position a, leads to:
dpk da 2eR
_F [ [ 11.44
{ (a) +e— j do. = et a — 1 (11.44)

Since the island is expected to lie close to the outer horizon, we adopt the ansatz a =z, +
and expand the left-hand side of Eq. (11.44). Using the relations:

da a— 74 dpk
[ =v-A Hr = = — 11.45
da, © a—z.' dz|, Kl ( )
the solution of Eq. (11.44) for & becomes:
2e Kkl 1
= — —er 11.46
e ) L F(zy) + %] 7 ( )
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where we have taken F’(a) to be regular in a neighborhood of the outer horizon. In the limit
of very large b,, this expression no longer depends on the function F', and the QES sits at the

inner horizon, since:
2ekl 2ekl

T=-— == 4=y =i (11.47)

Note that, in addition to this QES, both horizons also satisfy Eq. (11.44). For the outer

horizon, this is immediate, since both sides of the equation vanish there. For the inner hori-

zon, on the other hand, the function I’ remains well defined everywhere. At the same time,

the derivative of the metric in Kruskal coordinates associated with the first bifurcation point
diverges at the inner horizon, implying

ddﬂ\/—/\ = —2k. (11.48)
Z

Since the left-hand side of Eq. (11.44) is equal to this same quantity, we deduce that the inner
horizon is also a solution of the equation.

Each of these quantum extremal surfaces yields the expected behavior of the fine-grained
entropy, since they are all situated near the horizons, which are separated by a distance of
order O(g). Consequently, the Page curve is correctly reproduced. Nonetheless, one must pay
attention to the precise position of these QESs. The surface at the outer horizon is the most
physically reasonable, as it is the outermost of the three. Still, we generally do not expect the
QES to lie exactly on the outer horizon, but rather slightly outside of it. The only candidate
that can realize this feature is the one shifted away from the outer horizon by the amount
specified in Eq. (11.46). Its exact location is given by

2e Kl . n 1
—_————— _e —
erbs —1 | D Fl(zy) + %

Kl

a=1z, (11.49)

In most physically relevant regimes, the parameter F’(z,) is positive. This would place the
island below the inner horizon, which is typically not acceptable physically. However, because
gravity is turned off in the thermal bath regions, we are free to move the cut-off surface all the
way to the boundary of the thermal bath. As this boundary is shifted inward from the AdS
boundary, it corresponds to a negative value of the o coordinate. As a result, b, becomes a
small negative number, so that the island is pushed outward into the black hole exterior region,
as illustrated in Fig. 11.7.

Finally, we stress that this behavior may simply reflect the use of an incorrect island-rule
formula in the presence of torsion, since the general prescription for theories with non-vanishing
torsion is not yet established. Despite this caveat, the goal of this section was to test whether
one can still obtain the Page curve in a theory with non-zero torsion by applying the standard
island rule, taking the area term from the Wald entropy formula. Our conclusion is affirmative.
However, we also find that turning on torsion imposes a restrictive condition: the cut-off
hypersurfaces must lie close to the interface between the bath region and the asymptotically
AdS black hole exterior. This is in contrast to the Riemannian case analyzed in Sec. 11.3, where
the cut-off hypersurface can be placed at an arbitrary position within the bath.
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Conclusion

In this dissertation, we employ two-dimensional dilaton gravity as our main framework for
probing quantum gravity effects within a semiclassical approximation. In this approach, the
matter fields are quantized while the spacetime background is treated classically. The central
question we aim to address is: Can a black hole be regarded as an ordinary quantum system?
If so, its time evolution must be unitary. One strategy to investigate this is to compute the
entanglement entropy of the Hawking radiation and examine whether it reproduces the Page
curve. Although this can be attempted in the context of an eternal black hole, a more significant
result is to obtain the Page curve for a genuinely evaporating black hole. To describe such an
evaporating black hole, it is not sufficient to quantize only the matter fields; one must also
incorporate the back-reaction of the quantum fields on the classical geometry. Consequently,
our first task is to formulate a consistent evaporating black hole scenario.

In Chap. 3, we developed a general formalism that accommodates both eternal and evapo-
rating black hole configurations within two-dimensional dilaton gravity. The central element of
this construction is a symmetric ansatz for arbitrary scalar, vector, tensor, or spinor fields in
a 2D spacetime that admits a Killing vector. When the Killing vector is time-like we analyze
black-hole-type solutions; when it is a space-like we instead study cosmological solutions. This
ansatz exploits a distinctive feature of two-dimensional spacetimes: the Hodge dual of 1-form
is still an 1-form, a property that holds only in two dimensions. Hence, given a Killing vector
field, that vector and its Hodge dual together span the full space of 1-forms. This observation
enables us to express any physical observable in terms of a single coordinate orthogonal to the
Killing direction, rendering it independent of the coordinate associated with the Killing vector.

In this framework, the equations of motion simplify to a one-dimensional system, which is
easier to solve. Yet this is not the only advantage of this construction. We demonstrated that
the most general solution in any 2D theory—specified by the metric function A, the derivative
of the dilaton field D, and the tortoise coordinate 7—and even when coupled to matter, can be
fully characterized by (F™,F~,C, f). The functions F* encode the coordinate transformations
that map arbitrary coordinates to Eddington—Finkelstein-like coordinates adapted to the Killing
vector; equivalently, they may be seen as the components of the Killing vector in the original
coordinate system. The remaining two structures, C' and f, represent respectively a set of
constants corresponding to the conserved charges of the theory, and a set of arbitrary functions
corresponding to residual gauge freedoms, typically originating from the dimensional reduction

procedure by which the given 2D dilaton gravity theory is obtained.

We then showed that by employing static vacuum solutions written in this form, one can
construct non-stationary spacetimes describing classical gravitational collapse. Concretely, the
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Killing vector becomes discontinuous across the ingoing matter shockwave, so that each region
of spacetime on either side of the shockwave is individually stationary, while the full spacetime
lacks a single global Killing vector. This patchwise construction yields a genuine collapse
geometry, and we demonstrated that, within this setup, one recovers the correct expression for
the mass of the spacetime by starting from a massless background solution before introducing
the ingoing shockwave.

It is then clear that if one includes quantum corrections and selects a quantum state
such that the resulting geometry is stationary—for instance, the Hartle-Hawking or Boul-
ware state—the same formalism still applies. In that case, the quantum expectation value of
the EMT must satisfy the static ansatz, and the problem again reduces to one dimension. By
contrast, for an evaporating black hole, one has to take into account the quantum back-reaction
of the matter fields on the geometry. The corresponding solution is genuinely non-stationary,
and at first sight this appears to invalidate our static ansatz. However, this is not the case
if, from that point onward, one treats the problem perturbatively in the natural expansion
parameter h.

Because the quantum-corrected energy-momentum tensor is proportional to A at first order
in perturbation theory, one evaluates it on the zeroth-order background solution. That zeroth-
order solution coincides with the classical gravitational collapse obtained from the static ansatz.
After obtaining the first-order correction, one could, at least in principle, continue to compute
higher-order terms iteratively. Nevertheless, we demonstrate in explicit models that the first-
order correction already suffices to construct a consistent quantum-corrected evaporating black
hole geometry and, in turn, to determine its Page curve.

It is crucial to identify a well-defined pole in the tortoise coordinate in both eternal and evap-
orating black hole setups. All hypersurfaces of interest are located near the classical horizon,
which corresponds to a clear pole of the classical tortoise coordinate. One therefore naturally
adopts the dilaton as a radial coordinate, so that the tortoise coordinate relation becomes the
only way to switch between the radial coordinate and Eddington—Finkelstein—type coordinates.
In generic dilaton gravity theories there is a single pole in the tortoise coordinate, shifted
slightly away from the pole in the classical solution. This is straightforward in the eternal
black hole case, but for an evaporating black hole one must first introduce coordinates adapted
to the evaporation process and then re-express the position of the pole in terms of these new
coordinates.

In the following three chapters, we apply this framework in three models of 2D dilaton
gravity. First, as a comparison sector, we reproduce a well known result for both the eternal
and the evaporating black holes within the BPP model, and show that the symmetric ansatz
together with the first-order perturbative expansion is enough to reproduce the correct evolution
of the spacetime, from the initial spacetime, through the evaporating black hole region and
finally to the black hole remanent spacetime which is what is left after the black hole fully
evaporates. The most problematic step in this process is to find the end-point of evaporation,
as it is well known that it is not analytical in A, since it is proportional to ~ exp (—%) However,
we showed that a good choice of coordinates mends this issue. We call these (9, X) coordinates
the evaporation-adapted coordinates. Now that the end-point is found, continuously matching
the solution across the X = xg hypersurface is a straightforward process. Thus, we can also
conclude the final state of black hole evolution as well as the end-state geometry.

We then applied the same framework to the DREH model and to the Riemannian sector
of the DR5DCS model, successfully formulating both the eternal and evaporating black hole
scenarios. Next, in Chaps. 10 and 11, we take this analysis further and demonstrate that the
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framework accurately reproduces the Page curve in both the DREH model and the Riemannian
sector of the DR5DCS model. For the eternal black hole, the computation turns out to be
straightforward once the appropriate pole of the tortoise coordinate is identified. In contrast,
for the evaporating black hole solution, one must first determine the location of the island
boundary across the ingoing shockwave and then extend that solution into the region where
the evaporating black hole resides. Because the island also forms near the classical horizon,
having a well-defined pole for the tortoise coordinate is crucial. We showed that the same
qualitative behavior arises in the DREH model: the island hypersurface perfectly mirrors the
apparent horizon across the quantum-corrected horizon, which is specified by the endpoint of
evaporation, X = Xg.

The second line of research in this dissertation focuses on how torsion affects the thermo-
dynamic properties of gravitational systems. From the standpoint of coarse-grained entropy,
numerous questions remain unresolved about the role of torsion in black hole thermodynamics.
In certain models, torsion leads to a well-defined conserved quantity, often called torsion hair,
whereas in others it effectively becomes a fundamental constant of spacetime. In the latter
case, the first law of thermodynamics does not treat torsion as a thermodynamic variable, but
rather as a fixed parameter. This already makes the study of torsion in classical gravity an
important and active field of research.

Nonetheless, this is not the direction pursued in the present work. Here, torsion is of interest
because its impact on the island formula (1.6), and hence on the Page curve, is presently
unknown. The objective of this thesis is therefore to obtain well-defined solutions with torsion,
so that in future studies one can analyze the fine-grained entropy in a gravitational system that
includes torsion. A suitable framework featuring a well-known BTZ-like black hole solution with
non-zero torsion is a five-dimensional Chern-Simons theory. However, for studying fine-grained
entropy, it is crucial to have a well-defined solution with non-zero torsion in two-dimensional
spacetime. To this end, we preformed a dimensional reduction of the 5DCS theory over a
three-sphere, yielding an effective 2D theory. The resulting model is a two-dimensional dilaton
gravity theory that not only contains extra fields originating from the five-dimensional torsion,
but also admits solutions with non-vanishing torsion in 2D.

To obtain these solutions, we examined various ways of coupling matter to gravity within the
DR5DCS framework, choosing to treat matter as minimally coupled to the gravitational field.
In this setup, we demonstrated that a real scalar field theory with a standard mass term yields
a cosmological solution describing a spacetime that oscillates between big bang and big crunch
events, with additional sudden curvature singularities appearing in between. Furthermore, we
showed that when a local U(1) symmetry is introduced—thereby generating an interaction
between a massless complex scalar field and the electromagnetic field—the resulting geometry
is again cosmological. Although the broader objective is to study the fine-grained entropy of
cosmological spacetimes, this is not our present focus.

We found that pure electrodynamics alone does not support solutions with non-zero tor-
sion. However, once the theory is restricted to its Riemannian sector, a charged black hole
solution with a single horizon appears. This configuration is relevant for computing the Page
curve and for analyzing how electric charge influences the fine-grained entropy in this model.
Nevertheless, within this line of work our main interest lies in solutions featuring non-vanishing
torsion. We also analyzed ideal fluid hydrodynamics and showed that, in this case, the metric
function A remains undetermined, indicating a residual gauge symmetry. Yet, when an addi-
tional field—such as the electromagnetic field or a massless scalar field—is included, the metric
is forced to be flat. Consequently, we arrive at a Minkowski vacuum solution endowed with
non-zero torsion.
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Finally, the most intriguing configurations appear when gravity is coupled to Dirac spinors.
In this framework, a fermionic soliton-star solution arises. It exhibits a clearly defined phase
transition. In the upper phase, the fermion density profile is distributed across the whole
spacetime, the curvature remains finite, and no horizons are present. Thus, this describes a
completely regular fermionic star. Moreover, one can impose appropriate junction conditions
so that the star becomes a compact object smoothly matched to a generic BTZ-like vacuum
solution, thereby behaving as a genuine star. Once the critical threshold is exceeded, however,
the fermionic matter collapses and localizes at a specific point in spacetime. At that location,
the fermion density diverges and in turn generates a curvature singularity, while at the same
time a Killing horizon forms precisely there. This singular horizon is non-extremal, as it pos-
sesses a non-zero surface gravity, and is therefore unstable. Nonetheless, we anticipate that
including quantum corrections will remove or dress this singularity, while the fermions remain
condensed in the lower phase at this same location.

Future work

In the first research program, a concrete method was developed for computing both eternal and
evaporating black hole solutions, and this method was implemented in a physically relevant,
dimensionally reduced model of Einstein—Hilbert gravity. Using this framework, the Page
curve was obtained for both eternal and evaporating Schwarzschild black holes, which might
suggest that this line of investigation is essentially complete. Nevertheless, there remain many
important models for which the Page curve has not yet been derived, particularly in the context
of evaporating black holes. Such models include, but are not limited to, Reissner—Nordstrom,
Kerr—-Newman, BTZ, and others.

A further direction is to use the new method to compute the Page curve via non-physical,
ghost-like fields in a hybrid state—for example, a Hartle-Hawking state for physical fields
combined with a Boulware state for non-physical ones. In this setup, the entanglement en-
tropy shows Page-curve behavior without an island. These extra fields can render the effec-
tive central charge negative and remove the space-time singularity, which appears to drive
the Page-curve-like evolution. It would be interesting to connect this approach to the stan-
dard Lewkowycz—Maldacena derivation of the island formula: Can these non-physical fields be
interpreted within the gravitational path integral, and how do the resulting Page curves quan-
titatively compare? One may also further generalize the hybrid quantum state to entangled
quantum states.

The second research program has a natural extension. Up to now, only the minimally-
coupled matter theories have been analyzed, even though the general equations for non-minimally
coupled fields are already available. Therefore, it is important to investigate the behavior of
torsion in this broader framework as well. Existing results already suggest the presence of
highly nontrivial phase transitions in the minimally coupled case, so one anticipates even richer
dynamics when matter is coupled non-minimally.

Another possible line of inquiry is to incorporate quantum corrections and examine whether
they can resolve the singular horizons that arise in fermionic star solutions. Finally, to construct
more physically relevant models of 2D dilaton gravity with torsion, one should perform a
dimensional reduction of the 4D Einstein—Cartan theory, employing the most general spherically
symmetric ansatz for both the vielbein and the spin connection. Ultimately, the main goal of
this research program is to determine how the island formula is modified in the presence of
non-vanishing torsion.
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The ultimate aim of including torsion is to explore how it affects fine-grained quantities of
the gravitational theories. This issue has already been partially addressed in Sec. 11.4. There,
we demonstrated that torsion imposes strong constraints on the boundary of the black hole
region, using the standard island prescription with the area term provided by the Wald entropy
formula. This represents only an initial step toward identifying the appropriate modification
of the island rule in the presence of torsion, and it should be investigated more thoroughly in

future studies.
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Appendix A

Riemann-Cartan geometry and spinors

The key distinction between Riemannian and Riemann-Cartan geometries lies in the presence of
a non-vanishing torsion in the latter case. Then, the geometry is determined by two fundamental
fields: vielbeins e® and spin-connection w®. Vielbeins e® = e?,dz” represent a specific basis
in a 1-form space. They also satisfy the condition of orthogonality, so that the metric has a
following form:

9= nNape" ® e’ (A1)

In this basis, the components of the metric are 7, that is, a flat Minkowski metric. For this
reason, the frame defined by e® is called local Lorentz frame, and the Latin indices a,b,c, ...
(0, 1,2, ...) are called the local Lorentz indices. On the other hand, global space-time indices
are denoted by Greek letters p, v, p,... (0,1,2,...). We adopt the (—,+) signature, and adhere
to the convention £ = +1 for the Levi-Civita tensor. The vector field space is spanned by
inverse vielbein e, = e,*0,, so that the relations of biorthogonality are satisfied:

e el =0%, e =9 (A.2)

The construction of a Riemannian space equipped with the Levi-Civita connection does not
allow for the non-vanishing torsion. Riemann-Cartan spaces are equipped with spin-connection
which allows for non-zero torsion. For the purpose of defining parallel transport of different
objects on a manifold, a Riemann-Cartan covariant derivative is defined by:

1 -
D=d+ §wabzab =V, da", (A.3)

where d represents the exterior derivative, and 3, denotes the local Lorentz generators within a
specific representation of the Lorentz group, under which the corresponding object transforms.
For example, in a case of a vector field, generators are given by:

(Zab) s = 6,°Mba — 0 “Tad- (A.4)

Using Eq. (A.4) the action of the Riemann-Cartan covariant derivative on a vector field A =
A%e,is given by: .

DA® = V, A%z = (9,A" + w*,,A") da*. (A.5)

On the other hand, the Riemann-Cartan connection coefficients f’{ju are defined as usual:
VA = 0,A" +T%,A°, (A.6)
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Demanding that these two Eqs. (A.5) and (A.6) are consistent yields the metricity condition:

Ve, = 0ue, + w“bueb,, — f{iue“p = 0. (A.7)

After preforming antisymmetrization with respect to 1 and v indices and solving for wabu results
into:

w®, =A%, + K, (A.8)
where K“b# is contorsion, while Aab# is called Ricci coefficient of rotation. They are given by:
1
Ky = D) (Tupu —Topp + Tpvu) ) (A.9)
1
Aabc - 5 (Cabc — Ceab T Cbca) ) (Al())

BTk _Tw a9 et — 9 et S b ‘ '
where T%,, = I', — T and ¢*,, = 0y, — J,e?,. Since 1%, is the antisymmetric part of the
connection coefficients, ['}, are expressed as:

e, =1 +K,, (A.11)

where I'7, are the Christoffel symbols. Then the decomposition of the Riemann-Cartan covari-
ant derivative into the Riemannian part and the remainder is as follows:

VoA, =V,A, - KA, (A.12)

where V,, is the covariant derivative with respect to the Christoffel symbols. The torsion and
the curvature are defined as covariant derivatives of the spin-connection and the vielbein in the
following manner:

R® = dw® + w®, A w?, (A.13)
T = de” +w? A e’ (A.14)

Then it is easy to show that the components of torsion 7%, , are indeed the antisymmetric part

of the connection coefficients f‘,‘jp. The two-dimensional space-time has higher symmetry, which
results in the simplified expressions for the spin-connection, contorsion, and curvature:

ab __ _ab ab __ _ab ab __ _ab
w®, =e%w,, K%, =e"K,, A%, =e"A

p 1
. 1 ..
Rabm/ = —§€ab€wR, R =2e"0w,, R=2"0,A,,
T, =" K, (A.15)

where R is the Riemannian part of the scalar curvature. The following two identities involving
the Levi-Civita tensor always hold in a two-dimensional spacetime:

EafEns = —Yar9ss + Gas sy (A.16)
JaBE~S + 98~Esa + 9spEay = 0. (A17>

With this newly defined notation, we can now move on to rewriting the Dirac equation for
a massive spinor field in curved space-time. The minimal coupling to the geometry gives the
following;:

(V“W - m) =0, (A.18)
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where @# represents the covariant derivative within the spinor representation and v* = ety
are the coordinate-dependent y-matrices due to their requirement to satisfy the Clifford algebra
associated with the metric g,,. Notice that the covariant derivative in Eq. (A.18) lacks an
imaginary unit prefix. This is because the signature is (—,+) instead of the usual (+,—)
typically used in the context of the Dirac equation. Additionally, we define local y-matrices v*
that adhere to the Clifford algebra corresponding to the metric 7,,, specifically:

{7%2"} = 2. (A.19)
Next, we make the following choice:
0

P=ior A Al=oy (A.20)

where 04 5 are Pauli matrices. Now the generators of the Lorentz group in two dimensions can

be expressed as:

1 03

Yub = = s 0] = — e A21
b 4h'm 5 Cab (A.21)

The Lorentz conjugate is given by the following:
¥ = ipiA0. (A.22)
Lorentz covariant derivatives for the spinor field and its conjugate are:
~ 0'3 ~ — - —0-3
Vit = (u+wa )b, Vit = 0 = 92w (A.23)
Finally, the symmetrized action for the massive Dirac fermion is expressed as:
5 l- e le - -
SD = - d T\ —4g E@D’V VM@/J - §Vu¢7 ¢ - m’@m/} . (A24>

For the metric written in a conformal gauge ds? = —e?dz*dxz~, the appropriate choice of
vielbeins is given by:

et.=e, =0, (A.25
et =e_=¢, (A.26)
and the inverse vielbeins are:
-+ _
e, =e. =0, (A.27
+ _
e =e. =e? (A.28)

The Ricci rotation coefficients can be represented using the metric as follows:
A = 1 af (9 a9 A.29
uw = 55 ( aguﬁ —€ B ueaa) ( . )

Substituting metric in a conformal gauge results in:

A+ = (9+p VAN A_ = —3_p (ASO)
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Appendix B

Transcendental equation solution

Here we solve the transcendental Eq. (5.102), that is:
Sk —1) = de¥(x — 1), (B.1)

when 6 < 1, x > 0 and x > 0. Notice that when § = 1, we have a simple solution X = x. This
is the only solution, since both functions are monotonically increasing, which implies that they
intersect at most once. This is true simply because when o™ = o, the metric becomes that of
the Minkowski space-time (see Sec. 5.1.3). This fact will be extensively used as well as the fact
that § < 1 when o > o . Two cases will be studied, since the function on the right-hand side
of Eq. (B.1) behaves differently depending on whether x > 1 or x < 1.

It is important to further discuss the condition x > 0. Fig. 3.2 shows space-time. In part I
of space-time the boundary is defined by x = 0. The formation of the singularity happens when
the collapsing matter’s world-line o™ = o hits the boundary of space-time. This corresponds
to X = 0, which implies that x > 0.

Theorem 1. The solution to Eq. (B.1) X = X(x,0), when 6 <1, x>0 and x > 1 is given by
the following functional series:
= (1-4)" 1\" 1
—Z( ) (1— —) P, 1 (-) (B.2)
— n! X X
where P, (z) are polynomials of the n-th degree, defined by the following recurrence relation,
o d
P.(z) = |[n(x+1)+x e P._1(x), (B.3)

and the initial condition Py(x) = 1.

Proof. We expand the function x = X(x, ) in a Taylor series around § = 1:
S Lo
B n! 8(5”

where we have used the fact that %(x,1) = x. The differential of the function x = x(z,0) is
given by:

(5 —1)", (B.4)

ax = S g5 5—dx (B.5)

xeX
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The n-th derivative can be written in the following form:

X . (e d nl %

X

Demanding that 6 = 1 is equivalent to replacing X = x on the right hand side of Eq. (B.6). We
define the array of polynomials P, (i) by:

P, (1) — (—1)r e (fi)nl < (B.7)

X x dx X

Using mathematical induction, it is easy to show that the Rodrigues formula (Eq. (B.7)) really
defines polynomials of degree n — 1. With the help of Eq. (B.7) it is straight forward to derive
a recurrence relation for the P, (1/x) polynomials, which is given by:

fB)bEe) )

From this relation, the recurrence relation (B.3) is directly derived by the substitution = = 1/x.
Replacing n = 1 in Eq. (B.7), the initial condition reads Py(z) = 1. O

To properly use Eq. (B.2), it is important to show that this series is uniformly convergent.
If so, then the solution of Eq. (B.1) when x > 1 is given by Eq. (B.2).

Theorem 2. The series ) -, (1;‘?)" fn(x) is uniformly convergent when x > 1. The functional

array fn(x) is defined by the following equation:

fulz) = (1 - é)nPn_1 G) . (B.9)

Proof. To prove this theorem, we need to prove the following lemma first.

Lemma 1. The functions f,(x) are monotonically increasing functions of x when x > 1.

Proof. We will calculate the derivative of the function f,(z), and show that it is positive when
x > 1. Using Eq. (B.8) the derivative of the polynomial P, _;(z) can be eliminated, resulting

L () e

Since x > 1, f/(x) > 0 is equivalent to proving that

e (D)= (1) (D) o

We write the polynomials in terms of their coefficients as P,,(z) = > "7 _, alP 2k, Bq. (B.11) now
takes the following form:

n—1

© _ (0 (k) (k=1) _ (k)
na, 1 —a +Z[na +a a o

n—1 n n
k=1
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We will show that coefficient of every order in Eq. (B.12) is greater than 0. To do this we need

the recurrence relation between the coefficients a%k), which is easily derived using recurrence
relation (B.3). The result is given by:

k=0:a = naff_)l, (B.13)
k=1:a® =na", +na”,, (B.14)
l<k<n:a®=na™”, +m+k-1a"", (B.15)
k=n:a™ =(2n - 1)a,(1"__11). (B.16)

Together with the initial condition aéo) =1, Egs. (B.13) through (B.16) give ol =nl, o = nnl
and Y = (2n — 1)!! respectively. Now, we return to proving the inequality (B.12). From
Eq. (B.13) it follows that the £ = 0 term in the (B.12) vanishes. The first-order term vanishes

because a\) = nnl. Now, the inequality (B.12) nay be recast as:

(Vk €{2,3,...,n—1}) 7mq(f_)1 +alF=Y — ¢ > 0. (B.17)

n

With the help of the relation (B.15), the inequality (B.17) can be rewritten in the following
form:
(n+k—2)a*? > (k- 1)a" . (B.18)

n

Shifting £ — 1 to k, and n — 1 to n, we arrive at the following expression:
(Vk € {1,2,...,n —1}) (n + k)a* Y > kal®. (B.19)

Now, we apply mathematical induction to prove this inequality. First, we prove the relation
for n = 3 (the base case of the induction). The coefficients of the polynomial P3(z) = 152% +
252% + 18z + 6 clearly satisfy relations (B.19). We need to prove that the relation holds for
n + 1 if relation (B.19) is satisfied for n (induction hypothesis):

(Vk € {1,2,..,n}) (n+k+ Dal " > kal™ . (B.20)
Using relation (B.15), the inequality (B.20) can be rewritten as:

(Vk e {2,...n}) (n+1) [(n+ k)ak—b — k;aglk)}

n

+(n+k+1)[(n+k—1a%? —(k-1)alf] > 0.

n

(B.21)

Following from the hypothesis, both terms are greater then 0. Only two cases remain to be
proven: k =1 and k = n. In the case of k = 1, the relation is given by (n + Q)as)ll > aS}rl.
Using the closed forms for these two coefficients, (n + 2)(n + 1)! > (n + 1)(n + 1)!, which is
clearly satisfied. In the case of k = n, we are allowed to use formula (B.21), which takes the

following form:
(n+ Dn [2a"7Y —alM] + ©2n + 1) [(2n — 1)al"™? — (n = 1)al*"Y] > 0. (B.22)
The second term is greater then zero (from the hypothesis). Using relation (B.15) we get

2001 > 200’ = 2n(2n — 3)11 > (20 — 1! = a? (B.23)

n

With this, the mathematical induction is finished and we have proven inequality (B.19), and
subsequently the inequality (B.17).
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The last remaining part of inequality (B.12) that needs to be proven is the relation (Vn >
Dal"™ > a{Y. Using the relation (B.15) (and the result a” = (2n — 1)!l) repeatedly, it is

easy to arrive at the following expression for the closed form of alr .

n—1

o) 28(n — k)(n = 1)!(2(n — k) — 3)!
(n—k—1)! '

(B.24)

The zeroth term in this sum is equal to n(2n — 3)!!, and every other term is greater then

(2n — 3)!1, which means that: a\'" Vs (2n —1)(2n — 3)!! = al”. This is what we needed to
prove.

With this, we have proven inequality (B.12) and subsequently inequality (B.11), thus proving
the lemma. O

To prove theorem 2, the Weierstrass criterion will be used. Lemma 1 implies that
(Vo > )fa(e) < lim fo(@) = a2y = (0= 1)) (B.25)

Vn > 1 The inequality (B.25) implies the following inequality for the coefficients of the series

oy S ful):

< @ (B.26)

e

(1-8)"

Wn}DWx}D‘

The next step is to prove that the series >~ converges. By the comparison test, this is
true for |1 — §] < 1, which is satisfied. Then, according to the Weierstrass criterion, the series

0o 1-6
Zn:l ( :

(x) converges uniformly. O

This result is important because the infinite sum may exchange places with integrals and
limits with respect to z, which will be used in the main text. Now we move on to the case
when z < 1.

Theorem 3. The solution to Eq. (B.1) x = X(x,0), when 6 <1, x>0 and 0 < x < 1 is given
by the following functional series:

e}

o" B .,
—E:gﬁhqﬂkmxmﬂ—x), (B.27)

n=1

where P, (x) are the polynomials defined in theorem 1.

Proof. 1f 0 < x < 1, then 0 < ¢*(1 —x) < 1, which means that we can choose 5~: 6e*(1 —x) as
a small parameter, and expand the solution as a Taylor series with respect to ¢ around § = 0,

5" d’“
B.2
The equation we are solving, in terms of X = %(8), is given by:
(1 — %(8)) = 4. (B.29)
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With the help of the Eq. (B.29) the n-th derivative of the function %(9) is given by

d"x et d\" e e x 1
— =" —=— =——P, (2 B.
as ~ Y ( % d&) % ! (X) (B:30)

where Eq. (B.7) has been used. Using the fact that x = 1 when 6 = 0 we arrive at the following
expression:

d"x

— = —einPn, 1). B.31
= (1) (B31)
Changing this result in formula (B.28) we find 6 = de*(1 — x) and we have derived formula
(B.27). O

To be able to use this result (B.27), once again we need to prove that the series appearing
in Eq. (B.27) is uniformly convergent.

Theorem 4. The series Y oo 51P,_1(1)e" @~V (1—2)" is uniformly convergent when 0 < z < 1.

Proof. Since 0 < x < 1, we have €™ (1 — z)"” < 1, which means

o" n(r— n o" —-n

—Pui(l)e @1 —2)"| < —Pai()e™, (B.32)
V0O < z < 1 and Vn > 1. The next step is to prove that the series > oo &P, 1(1)e™" is
convergent. To be able to do this, we need a closed form for P,_;(1), which will be derived in
the following lemma, without proof.

Lemma 2. The polynomials defined in theorem 1 have the following property: P,(1) = (n +
)", ¥n > 0.

Now we can use the comparison test to check if the series >.°°  ®°P,_;(1)e " is convergent.

Using lemma 2 we get

n=1 nl

ntl n,—(n

h(n + 1) e (n+1) ) (
o - 1
n!

1 n—1
+—) — 4, (B.33)

nn—le—n e n n—»00

which means that the series is convergent when § < 1. This requirement is satisfied by the theo-
rem statement. Then, according to the Weierstrass criterion, the series Y - r; P, 1(1)e==1 (1~
x)™ converges uniformly. O

Sometimes functions of X will appear in our calculations (for example, InX). Similar expres-
sions to those of theorems 1 and 3 are needed for these functions.

Theorem 5. The differentiable function F(x(x,d)), where X is a solution of the Fq. (B.1),
when 6 <1, x>0 and x > 1, is given by the following functional series:

Rt ;!5)” (1 B }()npn_l (i) , (B.34)

n=1

where Fy,(x) is an array of functions, defined by the following recurrence relation,

d
and the initial condition Fo(z) = —xQW.
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Proof. The proof is analogous to that of theorem 1. We start by writing the Taylor series of
the function F(x,d) around the point 6 = 1:

F(X) =F(x)+ Y %an;;ff‘)

(6 —1)™ (B.36)

5=1
The n-th derivative is now given by the following expression:

IFR) e d\" e *dF(R)
o ¢ L) (x dx) X dx

(B.37)

The same way as in the theorem 1 we define an array of functions:

F, (1) — (1) e (e—:%)n_l e dFx). (B.38)

x dx

It is now obvious that the recurrence relation for the functions F,, would be the same as for
the polynomials defined in the theorem 1. The only difference would be the initial condition,
which is now given by Fy(1/x) = di—ix). Applying the substitution x +— 1/x, we arrive at the
expression given in the statement of the theorem. O

Once again, the question of uniform convergence must be asked. This time, it depends on
the form of the function F(X). The first requirement is that F does not diverge when x — oo,
since the radius of convergence would depend on x, and the discussion of uniform convergence
would become meaningless. From the proof of theorem 2 we can see that the necessary condition

() e ()

The function In x is the only one directly involved in the calculation. Since this is the case, we
will take extra care of this function.

(Vx = 1)(Ing)(Vn = ny) < nl (B.39)

Corollary 1. The function Inx(x,0) when § < 1, X > 0 and x > 1, is given by the following

functional series:
. (1= \" 1
Inx=Inx — E . 1-— - Qn-1 <) (B.40)

n=1

where Q,(z) are polynomials of degree n + 1, defined by the following recurrence relation:

Qn(z) = {n(m +1) +2° d ] Qn_1(2), (B.41)

dz
and the initial condition Qo(x) = x.

Proof. This corollary is a direct consequence of theorem 5. The initial condition is obvious
since —z%(In(1/x))" = x. We only need to prove that Q, are polynomials of degree n + 1,
which follows directly from the recurrence relation (B.41) since it increases the degree of the
polynomial by one, and the degree of the zeroth polynomial is 1. This concludes the proof. [J

Theorem 6. The series Y (1::!5)” fn(x) is uniformly convergent when x > 1. The functional

array fn(x) is defined by the following equation:

fulz) =2 (1 - i)nﬂ Q1 (1) : (B.42)

X
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Proof. This proof will not be as detailed as the previous proofs since it is based on the same
ideas. By mathematical induction, it is easy to prove that the functions f,(x) are monotonically
increasing, the same way as in lemma 1. This fact implies that the functions f,(z) take their
maximum value when z — 0o. Then, the recurrence relations (B.41) tell us that the maximal
value is (n — 1)!. The rest of the proof is exactly the same as in theorem 2. O

Now we examine the z < 1 case.

Theorem 7. The function InX(x,0), when d <1, % >0 and 0 < x < 1 is given by the following
functional series:

Ing=-)_ %Qn_l(l)e"("_l)(l —x)", (B.43)

n=1

where Q,(z) are the polynomials defined in corollary 1.

Proof. The proof of this theorem is essentially the same as the proof of theorem 3. The only
difference is the appearance of the polynomials Q,, instead of the polynomials P,,. n

Finally, we need to prove the uniform convergence of the series appearing in Eq. (B.43).

Theorem 8. When 0 < z < 1, the functional series > e 22Q,_1(1)e"@= D (1—2)" is uniformly
convergent.

Proof. As in theorem 4, we can write:
0" n(z—1) n 9" —n
an_l(l)e (1 — 33) < an_1(1)€ . (B44)

Now we need the closed form of Q,_1(1), which will be given by the following lemma without
proof.

Lemma 3. Thekpolynomzals defined in corollary 1 have the following property: (Vn > 1) Q,—1(1)
n—1

(n—1!> 0

Using lemma 3, the following inequality holds:

k

Qui(1) = (n — 1) Z Z— (n — 1)le. (B.45)

k=1
Using Eq. (B.45), the inequality (B.44) becomes:

5TL
— B.4
<< (5.46)

671
Hanl(l)en(xfl)(l — )"

The next step would be to prove the convergence of the series Y - ‘%L. This series is convergent
by the comparison test when ¢ < 1, which is satisfied. O]

313



Appendix C

Review of the Schwarzschild solution

In this Appendix, we revisit the standard four-dimensional Schwarzschild solution. This solution
is the most general spherically symmetric and static solution to the vacuum FEinstein field
equations. In the vacuum case, Einstein’s equations simplify to the requirement that the Ricci
curvature tensor vanishes:

Ry =0, (C.1)

The fact that the Schwarzschild metric is the unique static, spherically symmetric vacuum
solution is a key consequence of Birkhoff’s theorem. A precise formulation of the theorem
states: any spherically symmetric solution of Einstein’s field equations must be static and
asymptotically flat. The converse statement, known as Israel’s theorem, is also valid. Because
the Schwarzschild solution is the only static and asymptotically flat solution of this kind, the
spacetime outside any spherically symmetric object, such as a star or a black hole, is necessarily
described by a region of the maximally extended Schwarzschild geometry.

A straightforward extension of this result exists for the Einstein—-Maxwell theory: one simply
replaces the Schwarzschild solution with the Reissner—Nordstréom solution. In contrast, no such
generalization is known for stationary but non-static spacetimes, such as the most general
Kerr—Newman black hole solution, which describes a rotating charged black hole. The presence
of rotation violates the static condition of the spacetime, even though a time-like Killing vector
(corresponding to time-translation invariance) is still present. A spacetime is called static if, in
addition to admitting a timelike Killing vector, it is also invariant under time reversal. Rotating
black holes do not possess this time-reversal symmetry.

The chapter is organized in four sections. In Sec. C.1, we obtain the most general static,
spherically symmetric solution of Einstein’s field equations. The subsequent Sec. C.2 shows
that the Schwarzschild solution exhibits a singularity by explicitly evaluating the Kretschmann
scalar. Sec. C.3 then examines the analytic continuation to the maximally extended Schwarzschild
solution. Finally, Sec. C.4 introduces a concept of the conformal Penrose diagram and derives
it explicitly for the Schwarzschild solution. The chapter closely follows the treatment given in
Chapter 4 of Carroll’s book [106].

C.1 The Schwarzschild spacetime metric

In this section, we solve the vacuum Einstein field equations. The most general spherically
symmetric metric can be written in the form

ds? = geada® + 2g4,dadr + gppdr® +r? (d6? + sin® 6d¢?) . (C.2)
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Because of spherical symmetry, the metric components g4, g, and g,, depend only on the
radial and temporal coordinates. One can demonstrate that this metric can be brought into
diagonal form by introducing a new time coordinate whose differential is given by

dt = I(a,r) (gaada + go-dr), (C.3)

where [ is chosen so that this expression is an exact differential. In terms of this new coordinate,
the metric takes the form:

2 de* Jar 2 0 .2(302 1L win2 2
ds® = IE + {9 — dr® + 7% (d6” + sin® 6d¢?) . (C.4)
gCLCL aa
Since we started from the most general spherically symmetric line element, we can infer
that imposing a diagonal form for the metric does not restrict the generality of the resulting
solution. Therefore, we choose the ansatz:

ds? = =N qe? + 20N dr? + 12 (d6? + sin® 0d¢?) . (C.5)
We now proceed to calculate the Christoffel symbols, which are defined as
1
Fzy = 56/»\ augu)\ + augu)\ - a/\g;w . (06)

Substituting the ansatz (C.5) into this expression and exploiting the fact that the metric is
diagonal, we find the following non-vanishing Christoffel symbols:

Iy, =X P0.a, Tt =e? 098 T =00 T =08

1 1

Fgg = —re_2ﬁ7 F;¢ = —r sin2 96_2’8, ng = ;, FZL) = ;; (C7>

I‘Zd) = —sinfcosb, F3¢ =cotf, Ti =0, T =08
To obtain the solutions of the equations of motion, we must next compute the components of
the Ricci tensor. In particular, we use:

Ry =R, = 9,10, —9,I% +T% I T¢I (C.8)

ap™ pv vas up

Inserting the Christoffel symbols (C.7) together with the ansatz (C.5) into Eq. (C.8), we obtain:
2
Ry = — {@25 + (8,55)2 — @a@tﬁ] + [8304 + (Groz)2 — 0,00, + ;@a} e2a=h) (C.9)

Ry = — [afa +(0,0)* = 0,00, — %aﬂ] + [@% +(08)" — &a@tﬂ] PP (C.10)

Rog =1+ [r&n B—a)— 1] 672'8, (C.11)
Rsp = {1 + [r@r (B—a)— 1} 6_26} sin” 0, (C.12)
Rt = %atﬁ- (C.13)

These are precisely the non-zero components of the Ricci tensor. The equations of motion

require the Ricci tensor to vanish. From Eq. (C.13), we immediately deduce that 8 = 5(r)

only. Consequently, Egs. (C.9) and (C.10) simplify to:
2a+ (8,a)” — 9,00, + 20,0 = o}

B = —8,5. C.14
0o+ (8ra)2 — 0,003 — %&ﬁ =0 “ b ( )

315



APPENDIX C. REVIEW OF THE SCHWARZSCHILD SOLUTION

Inserting this relation into Eq. (C.11) yields the solution for the function f3:

dg 9 1
w——1=—-¢¥ — HF=—_ C.15
dr 1— g ( )
where C' is an integration constant. A direct substitution into Eq. (C.10) confirms that this
equation is satisfied for any constant C'. The remaining task is to determine a(r,t). Using

O0,a = —0,.3, we conclude:
dt
dt
By carrying out this coordinate transformation, we have fully removed the time dependence
from the metric. Consequently, we have indeed arrived at a stationary solution, as anticipated.
It is evident that the constant C' must be connected to the mass of the spacetime, or equivalently
to the compact, spherically symmetric object for which this is the exterior solution. To find
the explicit form of this relation, one has to evaluate the non-relativistic limit of Einstein’s field
equations, a calculation we will not perform here. In that limit, the non-relativistic gravitational
potential can be associated with the quantity ¢(r) = —%hoo, where the metric is written as
Guv = Nuw + hy, corresponding to a perturbative expansion around flat Minkowski spacetime
Nu- Since, in the non-relativistic regime, the potential is known to satisfy

¢ GM

2
Thus, the spacetime geometry surrounding a static, spherically symmetric mass distribution is
described by the following metric:

alt,r)=—-pr)+ fit) = 2t q? = ¢=25q¢2 where : =ef®), (C.16)

P(r) = _Gg — —%hoo(T) = C =2GM. (C.17)

2GM dr?
ds? = — (1 26 ) de* + 1% + 7% (d6* + sin” 6 d¢?) (C.18)

r
r

which is precisely the Schwarzschild spacetime.

C.2 The singularity

One of the key notions in black hole physics is that of a singularity. Inspecting the metric
(C.18), we immediately observe that it becomes divergent at r = 0 and r = 2GM. Our
aim is to determine whether these divergences correspond to genuine singularities or are simply
artifacts of the chosen coordinate system, i.e. coordinate singularities. To address this, we must
examine quantities that remain invariant under diffeomorphisms (coordinate transformations).
Two such invariants are already known:

R=¢"“Ru=0 A R"R, =0. (C.19)

Neither of these invariants diverges at » = 0 nor at r = 2G M. There is, however, another
invariant we must still evaluate: the Kretschmann scalar R*"*”R,,,,,. To compute this quantity,
we first need the components of the Riemann curvature tensor, which in turn require knowledge
of the Christoffel symbols. Using the formulas in Eq. (C.7), we find for the Christoffel symbols:

2GMY\ GM
I = (1 - ) —, [y =2GM —r, he = (2GM —r)sin® 6,

r r2’
) 1 GM 1 GM
i R o i/ (€.20)
1 1
Ffe = o Ff¢ = o F2>¢> = —sinfcosd, Fg’d) = cot 0.
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All other Christoffel symbols vanish. The next step is to calculate the components of the
Riemann curvature tensor. Starting from the definition

R? o = 0oL, — 01, + 10,10, — T T, (C.21)
we find the non-vanishing components:
RY = RY,,, = (1 B QCjnM) G;_];/[ R = (1 B 2€M> 2(55\4
Rl sor = R i = _1—;2&%_24 R =1 —1M 22‘;\4 (C.22)
R! o0 = R o9 = —GTM» R¢9¢9 = 2€M,
R 416 = R 4rg = G w2 0, R’ 400 = 260 e,

To ensure the internal consistency of our results, we must verify that the Ricci tensor indeed
vanishes. A straightforward calculation shows that R,, = 0. We can therefore proceed to
compute the Kretschmann scalar:

A8(GM)?

Hvpo _
R Ry = =5

(C.23)

We see that this quantity becomes infinite at » = 0. Because it is invariant under coordinate
transformations, it will diverge in every coordinate system, and we therefore identify r = 0 as
a genuine (physical) singularity. In the following sections, we will explicitly demonstrate how
the apparent singularity at » = 2GM can be removed by performing an appropriate change of
coordinates. Furthermore, in the limit »r — oo, the metric reduces to the Minkowski metric,
indicating that the spacetime is asymptotically flat.

Given the Christoffel symbols and the Riemann curvature tensor components, one could
in principle determine the geodesics and study geodesic deviation. We will not carry out this
analysis here, as it is not essential for discussing black hole thermodynamics. We therefore
summarize: The Schwarzschild metric represents an asymptotically flat spacetime containing a
singularity at » = 0. The parameter r; = 2GM is referred to as the Schwarzschild radius.

C.3 The maximally extended Schwarzschild solution

In this section, we outline a systematic method for constructing the maximally extended space-
time, using the Schwarzschild solution as a representative case. In this setting, the full causal
structure of the spacetime is made explicitly transparent. This requirement means that we
must find a coordinate system in which massless particles always move at an angle of 45° at
every point in spacetime. Equivalently, the light cones must look the same as in Minkowski
space. The situation becomes much more involved, however, once we additionally demand that
the metric remain regular over the entire spacetime, with the sole exception of the singularity
at r = 0.

We begin by examining the causal structure. Light rays travel along null hypersurfaces. To
focus on radial light rays, we fix the angular coordinates 6 and ¢ to arbitrary constant values.
Under this restriction, we find:
dt 1
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The signs + distinguish ingoing from outgoing light rays. Integrating this equation yields their
paths:

t=+ [T‘ +2GM In ( — 1> + const. (C.25)

r
2GM
In Fig. C.1, the plots of the functions in-
troduced in Eq. (C.25) are shown. The fig-
ure makes it evident that, as one approaches
the hypersurface r = 2G'M, the corresponding
light cones become increasingly narrow and, in 2MG r
the limit » — 2G M, they degenerate and effec-
tively close at » = 2G'M. The cones depict the
causal relation between future and past. As we
get closer to r = 2G M, the amount of infor-
mation we can extract steadily decreases, and
precisely at » = 2GM it becomes impossible
to distinguish between future and past.

Figure C.1: Closing of light cones in (¢,7) co-
ordinates.

Because the spacetime we are studying is static, it necessarily possesses a time-like Killing
vector field & = 0;. In order to examine the causal structure, the temporal coordinate must
remain unchanged. This implies that the spatial coordinate must be redefined so that the light
cones appear tilted at an angle of 45° everywhere in spacetime. To implement this, we first
rewrite metric (C.18) by introducing the tortoise coordinate as follows:

2GM
ds* = (1 X ) (=dt® + dr?) +r*dQ?, (C.26)

r

By comparing this metric with the Schwarzschild form Eq. (C.18), we identify the tortoise
coordinate r,:

dr. d
dT :1% . r*:r—i—QGMln‘
T —_ ==

r

2GM

- 1‘. (C.27)

Note that this coordinate (including the absolute value) is well defined both in the region
r > 2GM and in the region r < 2GM. Thus, the manifold splits into two coordinate patches:
one covering r > 2G' M and the other covering » < 2GM. From this we obtain, for null curves,

dt
i 0 = t=r,+const, (C.28)
T

ds> =0

which shows that the light cones have exactly the same structure as in Minkowski spacetime.
However, the condition that the metric be regular everywhere except at r = 0 is still not
satisfied. The problematic hypersurface at r = 2G M remains; under the tortoise coordinate
transformation it is merely pushed to r, — —oo. To go further, we introduce the Edding-
ton—Finkelstein coordinates, which are adapted to the outgoing and ingoing null geodesics in
the (¢, r,) system. These are defined by:

2GM
r

ot =t+r, — ds*=-— (1 — ) dotdo™ +r* (df® + sin® 0d¢?) . (C.29)

We first transform to the (67, 7) coordinate system, in which the metric takes the form

2GM
ds? = — (1 — (i ) do™? 4 2do™dr + r?(d6? + sin® 0d¢?). (C.30)
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In these coordinates, the light cones are determined by the following relations:

dot dot 2
ds? =0 = —=0 A = : C.31
° dr dr 1-— QGTM ( )
The first equation describes incoming light
rays (shown in blue in Fig. C.2), whereas the ot Black hole horizon

second equation describes outgoing light rays

(shown in red). Observe that by introducing /
these coordinates, we have eliminated the issue
of requiring two separate charts that appeared
> (7
% r

when we used the coordinate 7. From the fig-
. 0

ure, one can see that a freely falling observer \&
can still send information about their position

as long as they have not crossed r = 2GM.
Once r < 2GM, however, every timelike (and
even null) trajectory is inevitably directed to- Figure C.2: nght cones in (0""’ 7’) coordinates.
ward the singularity at r = 0.

2MG

We therefore find that once particles cross into the region r < 2G M, they can no longer alter
their trajectory and come back. Their subsequent evolution is completely fixed. The spatial
coordinate r effectively takes on the role of a time-like direction. All particles are unavoidably
driven toward the singularity. Note also that for » < 2G M it is not even possible to remain at
a constant value of r. Because of this, the surface r = 2G M is referred to as the future event
horizon. Since not even light can escape from the region enclosed by this horizon, we have no
access to what happens inside. Black holes owe their very name to this feature. The singularity
at r = 0 is known as the black hole singularity. We now switch to the (67, 7) coordinate system,
in terms of which the metric takes the form:

2GM
ds? = — (1 — ) do™? — 2do~dr + r*(d6? + sin? 6d¢?), (C.32)
r
while the light cones satisfy:
do~ do~ 2
ds? = — = —_— = .
55=0 = P 0 o - 2GTM (C.33)
In the (07, r) coordinates, the first equa-
tion describes outgoing light rays, while the a. White hole horizon

second one describes incoming rays. We ob-
serve that, in this setup, a freely falling ob-
server can still transmit information about
their position even when they are in the re-

gion r < 2GM. However, they are unable to 0 }// Qm >
send information toward the singularity. Thus, 7 ZMGQ\ Q\Q\
the singularity constitutes the past endpoint /

of all particles that have been in the region

r < 2GM. For r > 2G' M, the observer is free
to move in both directions along the r-axis, Figure C.3: Light cones in (67, r) coordinates.

just as in the earlier coordinate choice.

For the reasons given above, the surface r = 2GM 1is called the past event horizon in
this context, while the singularity at » = 0 is referred to as the white hole singularity. This
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configuration does not correspond to any physical phenomenon occurring in nature; it simply
reflects a different possible choice of coordinates.

Up to this point, we have attached both a white-hole region and a black-hole region to the
asymptotically flat exterior specified by » > 2G M. Nevertheless, this spacetime is still not
the maximally extended Schwarzschild solution. A solution is maximally extended when every
geodesic can be prolonged until it reaches the largest allowed value of its affine parameter, or
else ends at the singularity. In the (¢,7) coordinate patch, this condition is not met. The time
coordinate ¢ ranges over the entire real line, —oco < t < oo, while the radial coordinate r is
confined to 2GM < r < oo. One finds that there is, in fact, an additional asymptotically flat
region.

In the (0, 07) coordinates we still face an issue. This arises because the tortoise coordinate
r, behaves differently in the regions r > 2GM and r < 2GM, causing o™ and o~ to cover the
full range of values in both regions. What we want instead are coordinates z* = x%(0*) for
which the metric is smooth everywhere except at the singularity » = 0, and which each run
from —oo to oo throughout the entire spacetime. To this end, let us introduce a transformation
of the form:

e?éi*MdaJ“da_, r>2GM,
dztda™ = (C.34)

—exudotdo™, r < 2GM.

In App. D.5 we justify this particular choice of coordinate transformation. After carrying out
the computation, we find that in both regions the metric takes the same form:

_2GM

r

ds? =

e mndrtde” + r® (d6° + sin® 6dg”) . (C.35)

We see that this metric is indeed regular everywhere except at r = 0. It has the same expression
for r < 2GM and r > 2G M, and the light cones coincide with those in Minkowski space. What
remains is to check that the coordinates 2% actually range over the entire interval (—oo, 0o). If
this condition is satisfied, we will have obtained the maximally extended Schwarzschild solution.

e First, consider the case r > 2GM. We have two possible choices:

_ + - _
detdz™ = (e_&iMda_> <e&da+> — 42M — el A 4:CC¥M = —e " 1om,
(C.36)
_ + - _
detdz™ = (—6_42‘7Md0_> (—eﬁdf“) — 42M = —eﬁ A —42]\4 = e dam
(C.37)

The first option corresponds to 7 € (0,00) and = € (—00,0) (quadrant I), while the second
option corresponds to T € (—00,0) and 2~ € (0, 00) (quadrant II).

e Next, we turn to the case r < 2G M. Once more, there are two possible choices:

_ + - _
dx+dgj_ = (-e_élcéiMdg_> (eﬁt\/ldg—i_) — z = 642;1 z = 6_4%7]\/1
4GM 4GM ’
(C.38)
_ + - _
detdz™ = (e_éféiMda_> <—e%da+> — 42M = —eﬁ A 42M = —e dGW
(C.39)

The first option corresponds to ™ € (0,00) and 2~ € (0,00) (quadrant IIT), whereas the
second one corresponds to 7 € (—o00,0) and z~ € (—o0,0) (quadrant IV).
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We observe that, through this transforma- x0
tion, the coordinates ¥ now span the entire X~ X
two-dimensional plane. The coordinates intro- E
duced in this section are known as Kruskal
coordinates. They are the coordinate sys- m m
tem that describes the maximally extended
Schwarzschild solution. Fig. C.4 illustrates X
how the coordinates x* partition the two-
dimensional plane into four distinct quadrants. vV

Figure C.4: Regions of spacetime diagrams.

To make the structure of spacetime more trans-
parent, we plot the curves of constant ¢ and
constant r on the Kruskal diagram shown in
Fig. C.5. These curves satisfy

Black hole singularity

@® o0 = const
@t = const 0

event horizon - — lan}l — C()IlSt .
¢ ./]71 4GM

and

(21)? — (2°)* = f(r) = const.,

in regions I and III. In contrast, in regions II
and IV they obey

(2°) — (2")? = f'(r) = const.

White hole singularity

Thus, curves of fixed r appear as hyperbolas,
Figure C.5: Kruskal diagram. whereas curves of fixed ¢ are straight lines that
intersect at the origin of the coordinate system.

In summary, this spacetime is composed of two asymptotically flat regions, I and III, and
two regions containing singularities: region II, associated with the black hole singularity, and
region IV, associated with the white hole singularity. The singularity lines at » = 0 correspond
to the outermost hyperbolae in regions I and III, and are described by

(2°)? — (1) = 4GM)?* <+—= 2t = (4GM)?, (C.40)

whereas the event horizons are given by the hypersurfaces x* = 0 and £~ = 0. Recall that the
original (¢,r) coordinates only covered quadrants I and II of the spacetime shown in Fig. C.4.

C.4 Conformal diagram

Conformal or Penrose diagrams represent spacetime diagrams constructed by means of a coor-
dinate transformation that satisfies the following two conditions:
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1. The causal structure of spacetime is visible in the diagram. This means that the light
cones are oriented at an angle of 45°.

2. Spacetime is compactified, so that infinity becomes a finite boundary on the diagram.
The complete structure of spacetime is thus represented.

To fulfill the second requirement, one typically introduces coordinate transformations that
involve inverse trigonometric functions. We now proceed to construct the conformal diagram
of the static Schwarzschild black hole. We start from the metric of the maximally extended
Schwarzschild spacetime, written in terms of the Kruskal coordinates 2% obtained in the pre-
vious section. We then compactify these coordinates as follows:

X arctan (-2 A A arctan( - (C.41)
Aoy - M\ daowm acym MMM\ aowm ) ‘

Since the original coordinates z* range over (—o00,00), the transformed coordinates X* take

values in (—27GM,2rGM). Thus, the second condition is indeed met. Rewriting the metric
in terms of X*, we find:

+ —
26M e~ 2CN 5 iX dX2 — + 77 (d6? +sin® 0 d¢?) . (C.42)
" COsS (4G’M) cos (4GM)

From this expression it is evident that the causal structure is preserved, so both required
conditions are satisfied. We now locate the singularity line on the diagram. The singularity
condition reads

vtz = (4GM)* <= tan X tan A =1 (C.43)
B AGM AGM ) '

Applying the addition formula for the tangent function yields

tan(XJr i X_) = tan<4GM> - tan<4GM> (C.44)

AGM C1- tan( tan( oo

4GM) 4GM)

Because this expression diverges, and tan y diverges when y = &7, we infer that the singularities
of the black hole and white hole are located at

Xt + X~ =+27GM. (C.45)

For the hypersurfaces r = const. and ¢ = const., we obtain the following relations:

Xt X~
r =const. <= xTx~ = const. —> tan < ) tan (—) = const.,

4GM 4G M
X+ X- (046)
x+ — tan (m) — tan (m)
t=const. <— — =const. — — = const.
T tan (4GM) + tan <4GM)

It is clear that future null infinity in the right asymptotically flat region, J, is reached in
the limit 27 — oo, which corresponds to X+ = 2xGM. Similarly, past null infinity 7~ arises
when x=— — —o0, i.e. when X~ = —27GM. The point where these two null hypersurfaces
intersect is denoted by i and represents spatial infinity; in the (X, X~) plane this is the point
(2nGM, —27GM).
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Future timelike infinity ¢* is found at the intersection of the black hole singularity line with
J T, namely at (2rGM,0). Conversely, past timelike infinity i~ is located where the white hole
singularity line meets [J ~, that is, at (0, —27GM ). All these identifications follow directly from
the expressions for constant r and constant ¢ hypersurfaces (C.46).

Up to this point, we have focused exclusively on the right asymptotically flat region. In the
left asymptotically flat region, the entire configuration is obtained by reflecting this structure
across the line X* + X~ = 0. The past and future event horizons are given by ™ = 0 and
x~ = 0, which, in the conformal diagram, correspond to the null hypersurfaces X+ = 0 and
X~ =0. The resulting conformal diagram is depicted in Fig. C.6.

T/ .,

VAVAVAYAVAVAVAVAVAAVAVAVAVAYAY, VAVAVAVAV: Vi VAVAVAVAVAY.VAVAVL) ®r = const

@t = const

J* J*

J- J-

AAANAANAIAA AlaAANANANA T
VVVVVVVVVVVVV VVVVVVVVVVVVV — 2

Figure C.6: Conformal diagram of the maximally extended Schwarzschild solution.

On this conformal diagram, just as on the Kruskal diagram, one can clearly see that once the
future event horizon is crossed, reaching the singularity becomes unavoidable. By maximally
extending the Schwarzschild solution, we obtain a region representing the black hole, another
representing the white hole, our own asymptotically flat universe, and a second asymptotically
flat universe linked to ours by a wormhole that passes through the point (0,0) on the con-
formal diagram. We also know, however, that such a configuration does not occur in nature.
This naturally raises the question: What is the conformal diagram of a realistic gravitational
collapse?

If objects in the universe do not evolve, then nothing interesting happens, and spacetime
appears as Minkowski space. However, this is not the case. Consider a star. Throughout its
lifetime, it burns nuclear fuel and in this way generates nuclear pressure. This pressure is in
equilibrium with the gravitational pressure for most of the star’s life. However, toward the
end of its lifetime, the star exhausts its nuclear fuel, and the gravitational pressure becomes
increasingly stronger. As gravitational attraction intensifies, gravitational collapse occurs. This
event involves a reduction of the star’s radius due to its own gravity. It is accompanied by an
explosion in which the outer layers of the star’s mass are expelled. If the mass exceeds a
certain limit, gravitational contraction proceeds below the Schwarzschild radius. As a result, a
singularity forms and the star becomes a black hole.
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All that we have described can be repre-
sented on the portion of the conformal dia-
gram of the maximally extended Schwarzschild
solution corresponding to the right asymptot-
ically flat region and the region where the
black hole singularity exists. In Fig. C.7,
the diagram describing gravitational collapse
is shown. The region shaded in green repre-
sents the domain in which matter undergoes
collapse. The Schwarzschild solution is valid
in the region outside the domain where mat-
ter exists. This diagram contains an addi-
tional part that we do not expect based on the
Schwarzschild conformal diagram. It is the re-
gion that appears after the singularity disap-
pears, and is due to the phenomenon of Hawk-
ing radiation.

singularity

horizon

Figure C.7: Conformal diagram depicting a
Schwarzschild black hole formed via the grav-
itational collapse of a star.

Thus, Fig. C.7 represents the Penrose diagram of the gravitational collapse of a star into a
black hole, followed by the evaporation of the black hole. It turns out that, due to quantum
corrections, black holes radiate, so that after a very long period of time the black hole emits all
of its mass. The singularity disappears, leaving behind a black hole remanent spacetime, which
in most cases corresponds to the quantum-corrected flat Minkowski space.
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Appendix D

Quantum fields in curved spacetime

Hawking radiation is a phenomenon that states that black holes act as thermal objects at
specific Hawking temperatures and consequently emit radiation. This radiation is defined with
respect to an asymptotic observer. Since a black hole cannot classically emit matter, Hawking
radiation necessarily arises from quantum effects. Nonetheless, its derivation does not require a
complete theory of quantum gravity. It suffices to quantize the matter fields on a fixed classical
spacetime background. If one aims to study an evaporating black hole, however, the quantum
back-reaction of these matter fields on the classical geometry must be included, typically via
the one-loop effective action.

For this reason, a basic understanding of quantum field theory (QFT) in curved spacetime
is essential. As our discussion mainly involves scalar matter fields, we formulate QFT in curved
spacetime in terms of scalar fields. In this appendix, with the exception of Sec. D.5, we largely
follow Chapter 9 of Carroll’s text [106].

The appendix is organized as follows. Sec. D.1 outlines how standard canonical quantization
is modified when the background spacetime is curved. Sec. D.2 then shows how conventional
quantum-mechanical Bogoliubov transformations relate vacuum states defined in different coor-
dinate systems, with the Unruh effect serving as the main example in Sec. D.3. The remaining
sections are more technical. Sec. D.4 introduces the concepts of event horizons and Killing
horizons, which are further developed in Sec. D.5, where we analyze the regularity of the met-
ric at the horizon and define the surface gravity. The final Sec. D.6 is devoted to a qualitative
explanation of the phenomenon of Hawking radiation.

D.1 Canonical quantization in curved spacetime

To proceed with quantization, one must define the field momentum in curved spacetime and,
correspondingly, formulate the Hamiltonian formalism in curved spacetime. The scalar field
Lagrangian, derived via minimal coupling, is expressed as:

1 ., m? 1
L= V/=g |=59"VuoV6 — " = SERG? | (D.1)
where we have additionally introduced a term that couples the curvature to the scalar field.
The interaction constant £ may assume several distinct values. Minimal coupling corresponds

to the choice £ = 0. For conformal coupling, one instead has £ = 4(’;—’_21). This particular value
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describes the situation in which both the metric and a massless scalar field remain invariant
under conformal transformations. In physical reality, however, there is no requirement that
either of these two special cases must hold. Here, n denotes the total number of spacetime
dimensions under consideration. Note that in two dimensions the usual action is conformally
invariant. We now proceed to generalize the Hamiltonian formalism to curved spacetime. The
field momentum and the Euler-Lagrange equations take the following generalized form:

_oL g oL oL _
S O(Ved)  MO(Vue) 06

A straightforward computation based on Egs. (D.1) and (D.2) leads to the following equations
of motion:

(D.2)

™

(O-m*—¢R) ¢ =0. (D.3)

The same result could also have been obtained using the standard quantum field theory
approach, namely by deriving and solving the Euler-Lagrange equations directly, without in-
voking the minimal substitution principle. To proceed, we must first introduce an inner product
on the space of functionals defined over the curved manifold. We select an arbitrary spacelike
hypersurface ¥ with induced metric 7,; and unit normal vector n*. We then generalize the
flat-spacetime scalar product as follows:

(61, ) = —i /E N (aolw; _ ¢;vu¢1) (D.4)

This scalar product is independent of the particular choice of spacelike hypersurface 3,
which is essential for it to be well defined. The subsequent step is to solve the equations of
motion. As in ordinary quantum mechanics, this means identifying a complete set of functions
that constitute a basis for the Hilbert space on the curved manifold. By analogy with flat
spacetime, we would like to decompose the field into positive- and negative-frequency modes.
However, this may not be feasible in general because it is not always possible to separate time
and space variables. If a timelike Killing vector exists, the spacetime is stationary and there is
a conserved energy, which allows us to assign definite energies to the modes. Yet such a Killing
vector need not exist in every case. What we can always construct, however, is a complete
orthogonal set of solutions satisfying:

(Vi,j €N) (fis f3) =05 N (f7, f7) = =0y (D.5)

For the moment, the index ¢ is taken to be discrete; the extension to a continuous index is
straightforward. With this basis, the field can be expanded as follows:

o= Z <aifi + ajf:) (D.6)

At this stage, a; and aj are simply complex coefficients. We now proceed to canonically quantize
the scalar field. The method parallels the flat-spacetime case, with one modification in the com-
mutator between the field and its conjugate momentum. We impose equal-time commutation
relations of the form:

[d)(t,f),d)(t,f’)] —0, [W(t, f),w(t,f)] —0, [¢(t,f),w(t,:i;‘)
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Upon quantization, the coefficients a; and a} are promoted to annihilation and creation opera-
tors, respectively. Enforcing the canonical commutation relations and using the orthogonality
of the mode functions yields the familiar algebra for these operators:

R J

(Vi,j € N) Ja;,a]=0 A [aT aT-] =0 A [ai,aT] = 1. (D.8)

Finally, we define the vacuum state corresponding to this particular set of modes in direct
analogy with the flat-spacetime case, and from it construct the associated Fock space basis:

a)" (b))
>—< M 07) - (D.9)

(VZEN) a; ’Of) =0 — |n1,n2,...

Gravity is described by a theory that is invariant under diffeomorphisms, meaning it does
not depend on the particular choice of coordinates. To define the basis {f; | i € N}, we must
first fix a coordinate system; only then can we solve the equations of motion in that system. Any
complete set of mode functions constructed within a given coordinate system leads to a set of
annihilation operators that define the same vacuum state. If, however, we switch to a different
coordinate system, solve the equations of motion there, and define a new basis {g; | i € N}, we
obtain a different family of annihilation operators, which now annihilate a new vacuum |0,):

qb:Z[bigi—i-bIgf} N (Vi,j €N) Ja;,a;]=0 A [a},aﬂ =0 A [ai,aﬂ =1

— (VieN) b]0,) = 0. (D.10)

These two vacuum states are fundamentally different. In a gravitational context, selecting
a particular coordinate system corresponds to choosing a particular observer associated with
that system; choosing another coordinate system corresponds to a different observer. In flat
spacetime, only Lorentz transformations are allowed (instead of general diffeomorphisms), and
these transformations leave the vacuum invariant. Consequently, all inertial observers agree on
the nature of the vacuum. In curved spacetime this agreement breaks down: different observers
correspond to different vacuum states. This is the hallmark of quantum field theory in curved
spacetime and leads to the conclusion that what one observer perceives as vacuum can appear
as a nontrivial particle spectrum to another. This is exactly the kind of situation realized in
the Unruh and Hawking effects.

D.2 Bogoliubov transformations

In Sec. D.1 we showed that each choice of coordinates leads to a different basis. Because these
are all bases of the same Hilbert space (as we are working on a single manifold), there must be
transformations that map one basis into another. These are known as Bogoliubov transforma-
tions. They frequently appear in condensed matter physics in the study of many-body systems,
where the experimentally observed excitations are collective in nature. A standard example is
provided by the BCS theory of superconductivity. The particular Bogoliubov transformation
connecting the g; modes and the f; modes, introduced in Eqgs. (D.10) and (D.6), respectively,
is as follows:
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9i = Z [aijfj + Bz‘jfﬂ ,  fi= Z [Oé;igj - 5jz‘gﬂ ’ (D.11)
J J
where o;; and 3;; are the Bogoliubov coefficients. It is straightforward to extract these coeffi-
cients using the scalar product (D.4):

Oézj = (g“ fJ) s ﬁij = — (g“ f]*) . (D12>

Since the same field is being expanded in two different bases, the Bogoliubov relations between
the mode functions induce corresponding Bogoliubov relations among the annihilation and
creation operators:

b, = Z [Oz a; — ,Bz*jaﬂ , b= Z [_/Bijaj + Oéija;r-] ) (D.13)

J J
a=Y [aﬁbj + 8 J] cod =Y [ﬁﬂb + aﬂbﬂ . (D.14)
J J

The mutual orthogonality of the f- and g-bases then yields a set of constraints on the Bogoli-
ubov coefficients. Conversely, these same constraints guarantee that the commutation relations
between creation and annihilation operators remain invariant under a change of coordinates.

We now demonstrate how this formalism implies that distinct observers associate different
vacuum states with the same physical situation. Let observer A employ the coordinates tied
to the f-basis, and observer B use those corresponding to the g-basis. Assume the quantum
state is such that observer A detects no particles, i.e. [) = |0f). Our objective is to determine
what observer B perceives in this same state. To do so, we evaluate the expectation value of
the occupation numbers defined with respect to observer B’s particle notion:

0
(041 mig |0f) = (07 B10: 105) = (041 ) <—5ijaj +W§)) ( ear — zkak> 10)
7.k
= BB (0slajal 107y = ByBidim = > 18I (D.15)
ik ik i

This leads directly to the following conclusion:

(Vi € N) (0f|mig[0F) =0 A (Ol nigl0s) =Y 18]* (D.16)
j

This relation implies that although observer A detects no particle spectrum, observer B does
register a particle spectrum as long as at least one Bogoliubov coefficient is nonzero. The key
question then becomes how these particles are actually measured. Given a specific detector in
curved spacetime, we must determine how to define the positive- and negative-frequency modes
associated with it. The most natural proposal is to impose

D
dr
If we can find modes that satisfy this condition, the issue is essentially settled. However, this

construction cannot always be carried out. It is guaranteed to work when the metric is static,
in which case we can choose coordinates such that

fi = —iwi fi. (D.17)

8ng, =0 A\ Jo; — 0. <D18>
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We now make explicit the form of the [J operator:
O = ¢" + g7 0:0; — g™T400; — g“ T, 0. (D.19)

Under these conditions, the Klein—Gordon equation allows a separation of variables into tem-
poral and spatial components:

1 y A y
0o = 0 [=970,0; + §°'T0; + g T30, +m* + ER] 6. (D.20)

We can now straightforwardly introduce the ansatz of the form f,(¢,7) = e ™'F,(Z). In
this way we define the positive-frequency modes. Taking the complex conjugate of this relation
then yields the negative-frequency modes. Clearly, these modes obey

80fw = —inw — ngw = —z'wfw, (D21>

where the second equality is the coordinate-independent form, written in terms of the Killing
vector €. In the chosen coordinate system, this Killing vector simply corresponds to & = 0.

D.3 Unruh effect

The Unruh effect describes how a uniformly accelerated observer in the Minkowski vacuum
experiences a particle spectrum corresponding to a thermal bath, with a temperature propor-
tional to that observer’s proper acceleration. An observer undergoing such a motion is referred
to as a Rindler observer. Our first step is to identify the coordinate system that is natural
to this Rindler observer. Since acceleration is only meaningfully defined in the observer’s own
reference frame, let us denote this proper acceleration by a. Working in Minkowski spacetime,
we must then ask: How does this acceleration behave under Lorentz transformations?

To address this, consider an inertial frame S" moving with constant velocity u along the
positive x-axis with respect to the laboratory frame S. Suppose further that a body moves
with velocity v" in S'. The corresponding velocity v as measured in S follows the relativistic
velocity addition formula:

_dz dz’ + udt’ v tu

— - i D.22
YT Tt + Sdo’ o pw ( )

Our next goal is to derive the corresponding transformation law for acceleration (where a;
denotes acceleration in the laboratory system S):

2

dv  do dv' dt =
_w_dvdvdl Ve D.23
TR T warar (D-23)

This is the general transformation rule for acceleration under Lorentz transformations. Our
discussion is restricted to the special case in which the body is at rest in the S’ frame, which
is the proper frame attached to the body. In other words, from this point on we take S’ to be
the frame comoving with the observer. Consequently, we have © = v and v" = 0. Hence,

a dv v2) 2 at
=4 i-(1-%) ot (D.24)
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This expression is valid for the initial condition v(0) = 0. We now compute how the observer’s
position evolves in time:

@_, = :c(t)—c2 T L0 N I (D.25)
dt Ca 0 '

Next, we determine ¢(7), since we wish to rewrite all quantities in terms of the proper time:

dt 1
Cmr= o = () =sinn (). (D.26)
dr 1_ 22 a c

c2

The integration constant is chosen so that t(0) = 0. With this, we can also express = as a
function of the proper time:

2 2 2 " 2
x(7) = C—\/l + sinh? (ﬂ) o - = = x(T) = < cosh (a_) o — . (D.27)
C a

a C a a

We may set the initial position (or coordinate origin) such that zy = % With this convention,
and choosing units where ¢ = 1, the coordinate transformations become

1 1
t(r) = —sinh (a7) A  xz(7) = —cosh (a7). (D.28)
a a
Thus, the worldline is a hyperbola in Minkowski space, with the proper time serving as the
parameter.

(ax)? — (at)® = 1. (D.29)

An observer following a geodesic inevitably reaches future timelike infinity. In contrast,
a uniformly accelerated observer does not approach timelike infinity; instead, their worldline
becomes asymptotically tangent to the light cone. Our aim is to introduce coordinates adapted
to this uniformly accelerated observer. The new time coordinate should coincide with the
observer’s proper time, and the observer should remain fixed at the origin of the new spatial
coordinate, reflecting the fact that they are at rest in this coordinate system. Consider the
coordinate transformation

1 1
t=—e“sinh(an) A x = —e*cosh (an). (D.30)
a a
The coordinates (7,£) defined in this way are known as Rindler coordinates. The uniformly

accelerated observer follows the worldline & = 0, precisely as required. Furthermore, the time
coordinate satisfies n = 7, where 7 is the proper time of the uniformly accelerated observer.
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The domain of these coordinates is R, in-
dicating that they are maximally extended.

It is clear that this observer can access only ® ¢ = const
. @1 = const
the first quadrant. The light cone sets the o Rindler horizon

boundaries of this accessible region. This ob-
server possesses two Rindler horizons: the hy-

persurface x™ = 0 is referred to as the fu- .
ture Rindler horizon, and the hypersurface
2~ = 0 is known as the past Rindler horizon.
In these coordinates, the structure of space-
time closely mimics the Schwarzschild geom-

etry in region I. The Rindler wedge together
with constant-coordinate hypersurfaces is pre-
sented in Fig. D.1.

Figure D.1: Constant coordinate hypersurfaces
in Rindler coordinates.

From now on, we restrict our attention to the two-dimensional case. In Rindler coordinates
the metric can be written as

ds? = e* (—dn* +d&?). (D.31)

Notice that the metric is independent of 1. Consequently, in these coordinates there is a Killing
vector K = 0,. To understand what this vector represents physically, let us express it in the
(x,t) coordinates. After performing the transformation we find

K =a(z0; +t0,), K'K,=—e"* =a(t—z). (D.32)

Thus, in region I this Killing vector is timelike, as expected, since 7 plays the role of time
there. However, it becomes spacelike upon crossing the Rindler horizons, which shows that it
represents a Killing horizon. Next, we introduce light-cone coordinates o= = n + &:

1 1
ot =t 4+ = —e [sinh (an) + cosh (an)] = -+ —  axt =Y, (D.33)
a a
— 1 qu . 1 a(é—_ ) _ —ac™
r~ =t—x = —e%[sinh (an) — cosh (an)] = == —  ar” = —e . (D.34)
a a

In Sec. 8.2.1 we focused on the Rindler observer. There we also derived the Bogoliubov
coefficients for the case in which the quantum state is the Minkowski vacuum, and we showed
that a Rindler observer detects a particle spectrum in this state. Furthermore, this spectrum
turns out to be exactly thermal, with temperature

ha
T = ) D.35
2rkpe ( )

Here we have reinstated the fundamental constants. The temperature is directly proportional
to the observer’s proper acceleration. This value corresponds to the observer located at z = 0.
We can now ask: what temperature is measured by an observer situated at an arbitrary £7 The
computation proceeds in precisely the same way as for the observer at £ = 0; the only change
is the observer’s proper acceleration «. His trajectory must satisfy

1 / 1 1 / 1
t = —sinh <om' ) = —e¢®sinh(an) A 2= —cosh <a7 > = —e® cosh (an), (D.36)
a

« a (0%
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where 7 denotes this observer’s proper time. From these relations we infer his trajectory in
(n,&) coordinates:

/ 1
n= YA £ = P (D.37)
a a «
We therefore deduce that the temperature measured by this observer is:
, h h ,
T a e = T =Te . (D.38)

- 2rkpc - 2rkgce

We observe that the temperature vanishes in the limit £ — oco. This is indeed what one
should expect, because as we move toward infinity the Rindler hyperbolae become increasingly
flat, and Minkowski space is effectively recovered. It is important to explain how this can be
consistent. An inertial (Minkowski) observer does not measure any particles, whereas a Rindler
observer perceives a thermal spectrum of particles. For the Rindler observer to register these
particles, they must carry a detector. To keep this detector accelerating, work must be done
on it continuously. From the viewpoint of the inertial observer, the detector is both absorbing
and emitting particles at the same time, while from the Rindler observer’s frame it is simply
detecting particles and maintaining its accelerated motion.

D.4 Event horizon and Kiling horizons

We now address the question of how to identify the event horizon of a black hole. In App. C,
we approached this by examining the behavior of the metric at »r = 2GM. But what is the
appropriate procedure when we are instead given a general metric? In particular, we ask: does
an event horizon exist, and if so, how can we locate it?

For a static, asymptotically flat spacetime with spherical topology, one can always find a
coordinate system in which the position of the event horizon is straightforward to determine. In
such a spacetime there exists a timelike Killing vector field 9;. We may then choose coordinates
so that 0;g,, = 0. On each hypersurface ¢t = const., we select spatial coordinates (r, 6, ¢) such
that the metric approaches the flat metric at spatial infinity.

With a suitable choice of coordinates, we can conceptually begin at spatial infinity, where
the metric is approximately flat, and move inward toward the singularity using r as a radial
coordinate. We examine the family of hypersurfaces defined by r = const.. For large r, these
hypersurfaces are spacelike, but as we move inward there will be some critical radius r = ry at
which their character changes: for r < ry they become timelike hypersurfaces. Consequently,
the hypersurface at » = rg itself must be null. If our coordinate choice is poor, this null property
may hold only in certain regions, complicating the interpretation. In any case, beyond this null
hypersurface, light rays cannot propagate out to infinity, so this surface is in fact the event
horizon. Thus, event horizons are null hypersurfaces.

This observation indicates how to locate the event horizon from the metric. Consider the
one-form @,r, which is normal to the hypersurfaces r = const.. At the radius where these
hypersurfaces become null, this normal vector must itself be null, i.e.:

0= POt =g = (o) =0 (D39

In Sec. D.3 we encountered the concept of a Killing horizon. This is a hypersurface on which
a certain Killing vector becomes null. One can show that any event horizon in a stationary,
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asymptotically flat spacetime is in fact a Killing horizon associated with some Killing field &.
If the spacetime is also static (which is automatically true in two dimensions), then this Killing
field is simply & = J;. The reverse statement, however, is not generally valid: a Killing horizon
need not be an event horizon. As discussed in the previous section, the Rindler horizons provide
an example: they are Killing horizons but not event horizons. By definition, a Killing horizon
is characterized by the condition £#¢, = 0 on the horizon. Consequently, V,(£#¢,) defines a
one-form normal to the Killing horizon. At the same time, we also know that £ itself is normal
to this horizon. From this it follows that

Vi (€"6,) = 268, = 'V = kg, (D.40)

where k is a constant over the Killing horizon, known as the surface gravity. Making use of
Frobenius’ theorem, £ A d¢ = 0, one can readily compute s and finds

1
K? = —5 VIV (D.41)

We will always understand this expression to be evaluated on the horizon. At first glance
k appears to be arbitrary, since multiplying a Killing vector by any constant yields another
Killing vector. However, in a static, asymptotically flat spacetime the timelike Killing vector
can be uniquely fixed by imposing the following convention:

£'¢, — —1,  when r — oo. (D.42)

A static observer has a four-velocity that is proportional to the timelike Killing vector. The
proportionality factor between the Killing vector and the four-velocity of a stationary observer
is defined as the redshift factor:

¢ =V(@Ur N U'U,=-1 = V(z)=+/—EC,. (D.43)

This quantity is called the redshift factor because it determines how photon frequencies mea-
sured by static observers at different spatial locations are related via gravitational redshift.
Consider a photon with four-momentum p#. Its conserved energy, defined using the timelike
Killing vector, is £ = —¢"p,. For a stationary observer with four-velocity U*, the photon en-
ergy measured in that observer’s frame is w = —U*p,,. We now derive the relation between the
photon frequencies recorded by two stationary observers located at different points in space:

wi _ —U'py _ V(@2)€'pu _ V()E _ V(xs)
wy  =Usp,  V(x1)&p, V(e)E  V(x1)
Next, we compute the four-acceleration of a stationary observer:

(D.44)

@ v ju
' = Dd(i ‘?VU“ U”VU“:VV (£>—§“§V( >+i”vy£“

0
1
= 5“% 728 Ve = _WW (€¢) = WW (V*) =Vv*InV. (D.45)

The first equality in the second line is justified for two reasons. First, V() is time-independent,
so the time derivative vanishes. Second, we used the Killing equation V,{* = —V#¢{,. In the
next step, we insert the defining relation for the surface gravity (D.40):
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1 K 2

K2 2
= —gEV €)= gt = = = =

K
72 Ve (D.46)
This relation yields another, conceptually more straightforward, method for determining the
surface gravity:

k=aV AN  Kk=+/VVV,V. (D.47)

Again, this expression is to be evaluated on the horizon. Let us now interpret the result.
Consider what the following relation encodes:

a = —a. (D.48)

This quantity represents the acceleration assigned by the observer at position 2 to an observer at
position 1 who measures a proper acceleration a. In our setup we take V; = V', the value of the
redshift factor on the horizon, and V5 = 1, which by Eq. (D.42) corresponds to spatial infinity.
We can thus infer the physical meaning of the surface gravity: In a static, asymptotically flat
spacetime, the surface gravity is the acceleration of a static observer arbitrarily close to the
event horizon, as redshifted to (i.e. as measured by) an observer at infinity.

For this statement to hold, the spacetime must be static; otherwise, the surface gravity
defined on the horizon cannot be given this interpretation. In a stationary spacetime, there
is still a timelike Killing vector, but the problem is that it does not become null on the event
horizon. Instead, it is null on a different hypersurface located outside the horizon, known as
the ergosurface. The event horizon is still a Killing horizon, but now with respect to a linear
combination of the two Killing vectors that exist in this situation, namely 0, + Qy0s. The
parameter 2y is called the angular velocity of the horizon. We will not analyze stationary but
non-static solutions any further, because in two dimensions every stationary solution is also
static.

D.5 Regularity of the metric at the horizon

Since the singularity at » = 2G M in the Schwarzschild solution is merely a coordinate sin-
gularity, there must exist a coordinate system that remains regular on this hypersurface (see
App. C.3). We now show that, at the instant an observer in radial free fall crosses the event
horizon, they notice nothing peculiar. Our analysis applies to a static spacetime with spherically
symmetric topology. We take the metric in the following form:

ds?® = gudt® + gppdr® + r? (d92 +sin? 6 d¢2) , (D.49)
and assume that gy = gu(r) and g, = g,(r). We now demonstrate that any such metric can
be re-expressed so that the relation g, = —¢"" holds:

o d 12
ds® = gy (dt2 - g—dﬂ) + r2d0? = gy <dt2 - 7; ) + r?dQ?. (D.50)
it it

In doing so, we have introduced a new radial coordinate ' = 7’/(r), defined via
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oy dr’? dr'’
Grr 2 _ — = — = O (D.51)

Gt it dr

Having reduced the problem to evaluating this integral, we are free to assume that the metric
is written in a form such that g;; = —¢"". From the previous section we know that the horizon
is located by the condition ¢""(ry) = 0. Let us expand the metric about this radial value, i.e.
set r=ryg+e¢e:

0 de?
ds? = <MTH) + Orgue(r) 5) dt* + 0 - + f(e)a®¥?
@ lru) + 0rg" (rir)
de?
=0, dt? 4+ ———— dQ?. D.52
gtt<rH) € + argTT<TH> c + f(g) ( )
We now define a new coordinate p by requiring
de? dp 1 1
d2: € — LA I E 5‘:—28TTTT . D.53
In terms of p, the metric becomes
1 2
ds® = — (E@QTT(TH)) dt* + dp® + f(p)dQ>. (D.54)

We now compute the surface gravity for this metric:

V = /=8 = /=gl = =gy = Kk=+/VIVV,V =1/g7 (0, V).  (D.55)

1 4 1
— K= —z J Orgut = = rQTT(TH)- (D-56>
—Gut 2

This is exactly the quantity that appears in front of d¢? in the metric. We can therefore
rewrite the metric as

ds? = —k?p*dt* + dp® = —p*d6* + dp?, (D.57)

where we have introduced the rescaled time coordinate 8§ = «t. By now defining new coordinates
(T, X) as

X =pcoshd A T =psinhf = ds*=—d7T?+dX? (D.58)

we see that the metric reduces locally to that of Minkowski spacetime. We thus confirm
that a freely falling observer indeed experiences nothing unusual when crossing the horizon.
We are now ready to examine how the tortoise coordinate (C.27) behaves in the vicinity of the
horizon:
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T g (D59

ds? = gudt? + g, dr® + f(r)dQ? = gy (cht2 + &dr2> + f(r)dQ? —

Gt
We can now expand this relation and arrive at:

dr, 1 ,
T _ =  2kr,=Ilne+C, (D.60)

0
de o lrn) + 0,97 (ri)e

where C” is an integration constant that needs to be fixed appropriately. As expected, this
expression diverges to minus infinity as we approach the horizon. Next, we determine the
relation between r, and p:

2kr, =1In (C%p?) = Cp=¢€". (D.61)

Substituting this expression into the defining relations of the (X,7T) coordinates yields:

X =Ce™ cosh(kt) AN T = Ce™* sinh (kt). (D.62)

We see that this reproduces the Rindler coordinate system. The only remaining free parameter
is C'. By recalling the standard definition of Rindler coordinates, we immediately identify
C = 1/k. We can thus express the transformation rule for the light-cone coordinates, o* =

t+zx — 2t =T+ X, as:

ket =" A kT =—e " . (D.63)

This relation specifies the coordinates in which the metric remains regular at the event
horizon. In this way, we have systematically arrived at the Kruskal coordinates. For the
Schwarzschild solution, one has k = 1/(4GM). We now analytically continue this coordinate
transformation so that it is valid over the entire spacetime, and not merely in the near-horizon
region. In doing so, we directly obtain the maximally extended geometry. This construction is
very general: it applies not only to static spacetimes, but also to stationary ones.

D.6 Hawking effect

The Hawking effect refers to the phenomenon in which black holes emit particles with a thermal
spectrum characterized by the Hawking temperature. In other words, a stationary observer
situated far away from the black hole measures a thermal distribution of particles. From the
derivations discussed so far, we infer that there must also be an observer for whom the state
appears as vacuum. The previous section demonstrated that an observer in free fall experiences
nothing unusual when passing through the event horizon. In this frame, the metric reduces
to the Minkowski spacetime metric, implying that such an observer perceives the Minkowski
vacuum. This vacuum is one of the admissible quantum states for the system and is known as
the Hartle-Hawking state. Because the metric is regular throughout the entire spacetime, this
state represents a black hole in thermal equilibrium with its environment.
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APPENDIX D. QUANTUM FIELDS IN CURVED SPACETIME

Our aim is to determine the temperature of the particles that arrive in the asymptotically
flat region at J+. We begin by evaluating the redshift factor in Schwarzschild spacetime:

[ 2G
V= /=81 = /gl =V—gn = V=14/1- 2 TM. (D.64)

The next step is to compute the acceleration experienced by an observer freely falling at the
horizon:

rr 1 M
a=\/V,mVVvimV =YL gv=—""04, = a= oM (D.65)
\% 2\/gM TQ 1 — 2G M

T

We observe that this proper acceleration becomes infinite exactly at the horizon. A freely
falling observer crossing the horizon locally experiences Minkowski spacetime, yet is subject to
a very large inward gravitational pull toward the black hole. Consequently, a static observer
hovering just outside the horizon effectively behaves like a Rindler observer, counteracting this
acceleration in order to remain at a fixed radial position relative to the event horizon. Such an
observer therefore measures a thermal particle spectrum (analogous to that seen by a Rindler
observer) with temperature ;-. However, our focus is on what a distant observer at spatial
infinity detects. This asymptotic observer also detects these particles, but with a temperature
that has been modified by gravitational gravitational redshift. Therefore, we can write that

the temperature detected by this observer is given by:

V(r) a 1 1 — 2 1
T= 1l H = i — = . D.66
rl—gICl;M r9—+00 V(T‘Q) 27T 271' r—2GM 7’2 1 _ 2GM 87TGM ( )
Upon reinstating all the physical constants, the Hawking temperature takes the form
hic?
T=——. D.67
87TG]€BM ( )

Thus, the temperature scales inversely with the mass. This behavior is initially surprising, as
it indicates that black holes have a negative heat capacity. It is important to stress that this
is the temperature of the emitted radiation; nonetheless, because this radiation is in thermal
equilibrium with the black hole (the underlying quantum state being everywhere regular, namely
the Hartle-Hawking state), it can also be identified as the temperature of the black hole itself.

We can now use standard thermodynamic relations to determine the entropy of the black

hole. We start from Einstein’s mass—energy relation, £ = Mc? and combine it with the
thermodynamic identity dE = T'dS. Integrating with respect to M, we arrive at the expression:
4G M?
S = szﬂh—. (D.68)
c

Since the Schwarzschild radius is proportional to M, the quantity M? is proportional to the
horizon area. Consequently, the entropy is proportional to the area of the event horizon. In this
way, we recover the Bekenstein-Hawking entropy formula (1.4). The final relations connecting
the mass, temperature, and entropy of a black hole can be summarized as

A
E=Me A T=2 A

Remarkably, these relations are quite general and hold for nearly all black hole solutions,

whether static or stationary. Finally, recall that the acceleration of a Rindler observer coincides
with surface gravity x = a, providing yet another confirmation of the equivalence principle.
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